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Quadratically Constrained Attitude Control via
Semidefinite Programming

Yoonsoo Kim and Mehran Mesbahi

Abstract—We consider the attitude control problem augmented with an
arbitrary number of nonconvex quadratic constraints. By utilizing the im-
plicit magnitude constraint of the state vector (i.e., quaternion), we are able
to reduce this problem to a convex quadratically constrained quadratic pro-
gram or a semidefinite program. This result leads to an efficient solution
strategy for general quadratically constrained attitude control problems.
An example demonstrates the proposed methodology.

Index Terms—Attitude control, convex optimization, semidefinite pro-
gramming, state constrained control.

I. INTRODUCTION

Consider a space mission with the task of collecting images of dis-
tant stars or other heavenly bodies. In such a mission, the spacecraft
is often required to change its orientation (attitude) in some optimal
manner while ensuring that its sensitive optical instruments are not ex-
posed to bright objects in the sky such as the sun. An important control
problem in such a setting is thus to determine the necessary control
torques such that the cones emanating from these sensitive optical de-
vices exclude the bright object(s) during the reorientation maneuver.
This problem, which we refer to as the quadratically constrained at-
titude control (Q-CAC), can in principle be formulated as an optimal
nonlinear control problem subject to nonconvex quadratic constraints.

The Q-CAC problem has arisen in the context of many space sci-
ence missions [1]. Nonetheless, an efficient solution strategy for the
Q-CAC has not been available so far—in fact, this problem is often
perceived to be computationally difficult and potentially in the class
of NP-hard problems.! Meanwhile, the two sources of problem com-
plexity—nonlinearity of the attitude dynamics and nonconvexity of
the associated quadratic constraints—have often been considered sep-
arately. In this venue, the goal has been to solve either the nonconvex
quadratically constrained control problem for linear plants [7], or the
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IThe researchers and engineers who need to solve this class of problems have
nevertheless proposed creative solution strategies for their solution [1].

linearly constrained control problems for nonlinear plants [4], [6], [14],
[16], or the more promising linearly constrained control problems for
linear plants [5], [10]. We particularly note the work of Yakubovich
[17] on the quadratically constrained optimal control problems and em-
ploying the S-procedure and the multiplier method as the core of its
solution strategy. Motivated by the new advances in the computational
methods for solving optimization problems defined over matrix spaces,
a wide range of control problems have recently been approached via
the theory of linear matrix inequalities (LMIs) and semidefinite pro-
gramming (SDP) [3], [15]. Specifically, we note the successful LMI
approaches in resolving optimization problems with limited number of
quadratic constraints, as reported, for example, in [2] and [13].

In this note, we employ an SDP approach for the general Q-CAC
problem, by including, and in fact exploiting, both the nonlinear and
nonconvex features in the problem. Our main contribution is an SDP-
based solution strategy (or one based on convex quadratically con-
strained quadratic program) for Q-CACs augmented with an arbitrary
number of nonconvex quadratic constraints. In retrospect, we believe
that the underlying ideas of our approach will contribute to the devel-
opment of new solution methodologies for a much wider class of con-
strained control problems beyond that of the attitude control.

The outline of the paper is as follows. In Section II, we formalize
the Q-CAC problem; Section III is devoted to the main result, where
we present the general convexification procedure for handling non-
convex quadratic attitude constraints. We then proceed to compute the
required control torques via an SDP-based procedure for the discretized
Q-CAC problem. A numerical example in Section IV concludes our
presentation.

First, a few words on the notation. The space of real numbers, real
n dimensional vectors, m X n real matrices, n X n symmetric ma-
trices, and n X n positive—semidefinite matrices, will be denoted by
R,R",R™ ", 8", and S, respectively. I,, and 0,,,x,, denote the
n X n identity and the m X n zero matrices; Diag (x) will designate
the square diagonal matrix of appropriate dimensions with the vector
x on its diagonal. The notation ||¢|| designates the two-norm of vector
q € R™; (A, B) is the inner product for square symmetric matrices A
and B, defined as the trace of their matrix product.

II. PROBLEM STATEMENT

The formal Q-CAC problem considered in this paper is as follows?:
Find the control torques u; (t) € R*(i=1,2, 3), over the time interval
t € [to,ty], subject to the initial and the terminal conditions on the
angular velocity vector w(t) and the attitude quaternion ¢(#)

(w(to),q(to)) (wlty),q(ty))

with

w(t) = [wi(t), wa(t), ws(t)]"
a(t) = [q1(t), a2 (). qa(t), qa(t)] "

the rigid body equations of motion

Jlubl(t) - (]2 - Jg)u)z(f)ug (f) = Uyl(t) (21)
JQU.JZ(t) - (]'g - .]1 )wg(f)LU1 (f) = Uyg(t) (22)
Jzu}g(t) — (]1 — JQ)LJ] (t)LUQ(t) = 11,3(f) (23)

2As stated, Q-CAC is a state constrained, rather than an optimal, control
problem.
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(J; being the body inertia along the principle axis ¢), boundedness of
the angular velocities and control torques

|wi(t)| <m o and |ul‘(t)| < 72, =123, te [tU*tf']

(given the constants v1, 72 > 0), norm preserving kinematic constraint

. 1 )
q(t) = 552(15)41(15) (2.4)
with
0 Wws (f) — W2 (f) w1 (f)
—w3(t) 0 wi(t)  wa(t)
Qt) = y
( ) wg(t) —w (f) 0 u}g(t)
— W (t) — W (t) — W3 (t) 0
guaranteeing that
la®)ll = 1. for ¢ € [to.t/]
and, finally, the attitude constraints
q(t)lvfii(;v, y,0)q(t) <0, for i=1,...,m 2.5)
with
~ ~ A; b;
Ai(z,y,0) = A, = {b’f d} e R (2.6)
and

A=yl +yir] — (fv?yi + cos 9) Is

bii=a; Xy d;:= ;L’iTyz- — cos b

see Fig. 1. To see how constraints of the form (2.5) specify the exclu-
sion zones in the attitude space-cones emanating from the spacecraft’s
sensitive instruments that need to exclude the bright objects in the sky
during the maneuver—one proceeds as follows [1]. First, consider the
unit celestial vector « (specified in the inertial coordinates) and the unit
body vector y (specified in the body coordinates).3 We would like the
time evolution of the cone with a half-angle § around the inertially rep-
resented vector y, y 1, to exclude « at all times. Enforcing the inequality

2y, < cosb, 6 €(0,m) 2.7

guarantees that in fact a minimum angular separation # is maintained
between the two vectors  and y; (see Fig. 2).# Inequality (2.7) is now
translated in terms of the constraints on the orientation of the space-
craft. Since y; represents y in the inertial coordinate frame in (2.7) it
satisfies

Y1 =y—2(quqo)y+2(qUTy) g0+ 2¢4(y X go) (2.8)

where the spacecraft attitude quaternion is represented by

q1

q2 qo
q=14q | = | ——

__ qa

q4

see, for example, [8] and [11]. We now expand the quadratic form (2.5)
2 (quy) (quzv) - (quqo) (" y) + a3 (2" y) + 2qaq0 (¢ x y)
< (ngo + qi) cos

3For notational brevity, we will drop the subscript 1.
4Note that considering the case where 6 € [, 27] is not necessary.
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which can be written as

aly—2 (quqo) ("y)+2 (quy) (qux)
+ 2gqa(x X y)lvqo < cos¥f.

In view of (2.8), this last expression is equivalent to (2.7).

III. MAIN RESULT

In this section, we will consider finding the required control torques
in the Q-CAC problem of Section II. In this venue, we will first state
and prove Proposition 3.1. We then proceed to discretize the kinematic
and dynamic constraints (2.1)—(2.4). The implications of Proposition
3.1 in the context of the discrete Q-CAC problem is then explored.

Let

B, :={x € R"|||z|]| = n} 3.9
where 7 is a nonnegative real number.
Proposition 3.1: Given the matrices W; € S§".b;, € R,i =
1,2,...,m,and n > 0, let
W= {w € B, |z Wiz > b, i=1,....,m} (3.10)

be nonempty. Then a feasible element of JV can be found by solving a
magnitude constrained SDP.
Proof: Our strategy is to convexify the quadratic constraints

2T Wix > b;, for
Fori € {1,...,m}, let

W, = Wi + M1, (3.11)
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where \; is greater than the largest eigenvalue of TW;. Note that — VA["’i €
SY (transformations similar to (3.11) have appeared in the design of
optimization algorithms, specifically, in the context of solving the trust
region subproblem [12]).5 Thus

2" Wir = 2" (Wi + ML)
2T Wix + M=)
=2TWiaT + An?

> b

Hence, (3.10) is feasible if and only if the set defined by inequalities

2" Wix < Xin® = b, i=1,....m (3.12)
el e =97 (3.13)
is feasible. Inequality (3.12), in turn, is equivalent to
T » 2 T > 2 2 .
pr(pra) ot pn (pre) <An” —bi (3.14)

where —W; = PDP?

P:[plv"'apn]T (pleRn)

and
D= Diag([ﬂla e :u’n]T)

(n; > 0,5 = 1,...,n). The quadratic inequality (3.14) is convex,
assuming an equivalent LMI representation

e

o, (3.15)

} >0
with

— 17T
I(x) := [1//11])1T,r.,...,1///,n Zr] .

Thereby, each constraint defining the set W (3.10)—except the implicit
magnitude constraint in (3.9)—can be rewritten in terms of a convex
quadratic inequality or a linear matrix inequality; the statement of the
proposition thus follows. |

We note that the proof of Proposition 3.1 also implies that if the set
B, consists of elements that satisfy the relaxed constraint

l«ll = n

for some real positive number 7, then (3.15) will only be a suffi-
cient—and not necessary—condition for guaranteeing the inequality

eI Wia > b

Proposition 3.1 states that once the magnitude constraint of the un-
known variable is implicitly satisfied, any set of nonconvex quadratic
inequalities in this variable can be transformed to a set of LMIs. This
metamorphosis does not completely eliminate nonconvexity per se, as
the relation that restricts the magnitude of a constrained vector is in
fact, nonconvex. Nevertheless, as we demonstrate shortly, for the atti-
tude constrained control problem, this possible complication does not
arise; the constrained state (the unit quaternion) is always guaranteed
to belong to set the 31 through the kinematic constraint (2.4).

A. Discretization

In this section, we discretize the original Q-CAC problem via Euler’s
first-order discretization method. The original Q-CAC problem is sub-

SThis similarity was pointed out to us by V. Balakrishnan.
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sequently transformed to finding the control torques u;(k)(i = 1,2, 3)
fork = 0,..., N—1,such that given the initial and terminal conditions

(@(0),q(0)) (w(N),q(N))
with
(k) = w1 (k) wa (), ws (1)
q(k) = [q1(k). g2 (k). g (k). qa (k)]"
the objective

[l (k +1) = w(NII* + IC(a(k +2) @ ¢(N)H)]1*

(3.16)
is minimized, where
C = [[3 03><1].

The constraints of this optimization problem are as follows: The kine-
matic and dynamic constraints®

F(k)a(k) = y(k)
Gra(k)| <mll 1 1)
|Goa(k)| <2l 1 1)

with
F =[5 | it | ]
where
Ji 0 0
J=[10 J» 0
0 0 Js
—qa(k)  qs(k)  —q2(k)
At | =gs(k) —qi(k) @ (k)
0= i) ) —ah)
qi(k)  ga(k)  gs(k)
Gr1:=[I3 0O3x7]
G2 :=[03x3 Is Ozxad]
ul(k)
wo (k)
(k) = us (k)
w(k+1)
L q(k+2)
rJiwi (k) + At(Jo — Jg)wa (k)ws (k)
Jowa (k) + At(Js — J1)ws(k)wi (k)
y(k) = | Jsws (k) + At(Jy — Jo)wi (k)wa (k)
w(k)
L q(k+1)

(the sampling time At is assumed to be fixed), and the attitude con-
straints

qk+2)" Aig(k+2) = w(k) Hix(k) <0
t=1,....,m (3.17)

where

| O6x6 Osxa
Hl_[om 4}

and A; is as defined in (2.6). The second expression in (3.16) is em-
ployed in our performance index for the reorientation problem as it

The notation || refers the vector [| |1, ..., |z|.]T.
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accurately represents the error between the controlled attitude and the
desired attitude.” In fact

—q1(N)
N —¢2(N)
BegN) " =q) e |
q(k) @ q(N) q(k) ()
qa(N)
= Q(N)q(k)
where
a(N)  @(N)  —@N) —qa(N)
O | B ) ) ()
) a2(N)  —q(N)  q(N)  —gs(N)
a(N)  @N)  @(N) ()
B. Control Torques
For the index set k = 0, ..., N — 1, we now consider the quadrati-

cally constrained quadratic program

Ill”(l}tr)l |: 1 ] E(k)|: (3.18)
subject to
F(k)aw(k) = y(k)
|Gie(k) <[t 1 1)F (3.19)
|Gz (k)| < %[t 1 1)° (3.20)
(k)Y Hix(k) <0, i=1,....,m (3.21)
where
03)(3 03><3 03><4 03)(1
03><3 Ig O3><,1 LU(J\’T)
E(k) =
( ) 0/1><3 04X3.. 04><,1 0/1><1
O1x3 W' 01xa w(N)TwW(N)
Osx6 O6 x4 O6x1
+ 1 0axs QIN)TQ(N) 04xi | €SY
01><G O1><4 01)(1

F(k) e R™*Y, Gy, G2 € RY7 1 and H; € S'°. As the linear con-
straints (3.19)—(3.21) guarantee that ||g(k)|| = 1 at each time index
k for small values of At, Proposition 3.1 implies that the spacecraft
constrained control attitude problem, as augmented with an arbitrary
number of nonconvex quadratic constraints, can accurately be repre-
sented by a (convex) SDP [15]. The convex representation remains
valid as long as the errors introduced by linearization are negligible;
otherwise, the attitude quaternion is not guaranteed to remain close to
a unit vector at each time step. As it pertains to this last remark, we
observe that the discretization of (2.4) has the form

1
glk+1)= {14 + §At9(k)}q(k)
and, thereby

llg(k+ D> = ¢(k)* {14 + %Af(&l(t) + Q")

+ imzsz(t)ixz(t)}q(kj)

= lla(k)II®
+ iAfzq(k)'fsz(t)"f?(t)q(k)
> lla(k)* G2

TThe notation is adopted from [11].
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since
Q)+t =o.

The inequality (3.23), along with the initial condition ||¢(0)|] = 1,
implies that

llg(R) = 1,

By our earlier observation proceeding Proposition 3.1, the SDP ap-
proach does still guarantee that the attitude exclusion zone (3.21) is
not violated despite errors introduced by the linearization. Nonethe-
less, as the linearization errors grow, the SDP representation becomes
more conservative. The sufficiency of the SDP-based approach to con-
strained attitude control becomes less restrictive as long as either 1) a
proper update rule is employed to propagate the attitude [9], or 2) some
positive multiple of the term ||¢(k + 2)||* is included in the objective
functional (3.18) that reinforces the desire to keep the magnitude of the
attitude updates close to one.

forall k > 1. (3.24)

IV. EXAMPLE

We now revisit our motivational example in Section [ where a space-
craft is to collect images of several stars without exposing its on-board
sensitive instruments to bright objects in the sky. To simplify our pre-
sentation, we assume that only one quadratic constraint—associated
with the sun—is present. The physical constants and initial and ter-
minal conditions used in our example are as follows: the spacecraft
mass is 1 kg, the inertia matrix along the principle axes is

J= Diag([J1.J2,J3]T)
= Diag([100, 200, 300]") kg m*

the initial and the final angular velocities are
w(to) = [0,0,0]" rad/s
w(ty) =0,0,0]" rad/s
the initial and final attitude quaternions are

q(to) = [0.5000, 0.5000,0.5000, 0.5000]"
q(ty) = [0.0258,0.0258,0.9990,0.0258]"

the sun vector (in the inertial coordinates) and the camera vector (in the
body coordinates) are, respectively

x=100,0,11" y =[0.750,0.433,0.500]"

and finally, the required angular separation is § = 50 deg. The initial
and the desired final attitude quaternions have been chosen to satisfy
(3.17), i.e., the sun is outside the constraint cone emanating from the
instrument’s bore-sight at the initial and terminal spacecraft configura-
tions. For the purpose of our example, it is convenient to introduce the
(2-space consisting of vectors of the form

T
Qg2 g3 .
—,=,=| |gaquaternion ;.
qa 44 44

Fig. 3 depicts the corresponding feasible attitude trajectory in
?-space (solid line) as found via the SDP-based solution strategy
(the exclusion zone is represented by the meshed surface extended to
infinity). As this figure depicts, the spacecraft attitude evolves along
the lower meshed surface—following the boundary of the constraint
surface—before reaching the final attitude without violating the sun
angle constraint. In our example, the term ||¢(k + 2)||* was included
in the objective functional (3.18) at each time step to alleviate the
effect of unit magnitude deviation in quaternion updates as introduced
by linearization (see Section III-B).
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Fig. 3. Attitude trajectory (solid line) in Q-space; the constrained set is the complement of the meshed region.

V. CONCLUDING REMARKS

It is generally believed that spacecraft attitude dynamics and
control problems are an order of magnitude more challenging than
those related to its translational degrees of freedom. In this note,
we have explored this idea in the reverse direction, showing that the
attitude control problem when augmented with an arbitrary number
of nonconvex quadratic constraints on the attitude variable, can in
fact be approached via convex optimization. An analogous statement
for the translational degrees of freedom is of course not valid. More
generally, we note that the approach proposed in this paper is
applicable to quadratically state constrained dynamic systems that
have an implicitly enforced magnitude constraint on their state vector.
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