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Abstract
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constrained multiple spacecraft re-orientations.
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Nomenclature

R = real numbers
Rn = n-dimensional Euclidean space
Rm×n = m × n real matrices
In = n × n identity matrix
0m×n = m × n zero matrix
Ji = rigid body inertia along principle axis i (i = 1, 2, 3)
A, J, Q, R,Ω = constant real matrices
eA = matrix exponential for the real matrices A
q = unit quaternion; q = [q1, q2, q3, q4]

T := [qT
o , q4]

T

vB, v = unit vectors describing the direction of instrument’s bore-sight
in body and inertial coordinate frames, respectively

wB, w = unit vectors describing directions of a celestial object or thrust
in body and inertial coordinate frames, respectively

u = control torque
ω = angular velocity vector
‖x‖ = 2-norm of vector x, i.e., (xT x)1/2

Diag(x) = diagonal matrix- of appropriate dimensions- with the vector x on its diagonal
S = the unit sphere in the Euclidean space
Sη = the set of vectors with 2-norm equal to η

Ŝη = the set of vectors with 2-norm greater than or equal to η
θ = angle (in degrees)
α, β, γ, η, κ, φ = constant real numbers
k, M, N = nonnegative constants
V, Φ = repulsive potential functions
f, g = real-valued functions
s(ka, kb) = sum of indexed terms starting with index ka and ending with index kb

[t0, tf ] = maneuver time interval
∆t = sampling interval for time discretization
SC = spacecraft

2



List of Figures

Figure 1: A tangential exclusion path q(t0) � q(ti) � q(tf ) around the attitude constraint set
dictated by the Sun (shaded area)

Figure 2: Geodesic deviation between current and final attitudes
for SC1 (solid line) and SC2 (dotted line)

Figure 3: The inner products between inertially represented sensitive instrument vector v(t) and
thruster vectors wi(t) (i = 1, 2, 3): v(t)T w1(t) (solid line),
v(t)T w2(t) (dotted line), and v(t)T w3(t) (dashed line)

Figure 4: Control torques about the x-axis exerted on SC1 (solid line) and SC2 (dotted line)

3



1 Introduction

A key software component for spacecraft operation is the guidance algorithm in charge of maneuver
planning in translational and rotational degrees of freedom. The guidance algorithm, for example,
is responsible for re-orienting the spacecraft- often in presence of constraints- in response to oper-
ational and scientific objectives of the mission. In this direction, consider a science space mission
with the task of collecting images of distant stars and other heavenly bodies. In such a mission, the
spacecraft is required to change its orientation (attitude) in some optimal manner while ensuring
that its sensitive optical instruments are not exposed to very bright objects in the sky, such as the
sun. An algorithmic problem that is of great practical importance is thus to determine the necessary
control torques on the spacecraft such that the cones emanating from these sensitive optical devices
exclude the bright object(s) during the re-orientation maneuver (Figure 1). We refer to this guid-
ance/control problem as the spacecraft re-orientation in presence of constraints (SRPC). Different
variants of SRPC appear in almost every space science mission equipped with heat or light sensitive
instruments, e.g., cryogenically cooled infrared telescopes, star trackers, and low energy ion com-
position analyzers. A representative set of such missions includes the Cassini mission to Saturn,1

FIRST/Planck,2 and SAMPEX (Solar, Anomalous, and Magnetospheric Particle Explorer).3 In all
such missions, on-board sensitive instruments are required to be protected from exposure to bright
or heat generating objects. As a consequence, all reorientation and re-targeting maneuvers have to
be realized via an autonomous onboard guidance law with a subroutine for addressing the SRPC.

Spacecraft re-orientation in the absence of constraints on permissible orientations has been ex-
tensively studied in the literature; see for example Ref. 4. On the contrary, systematic approaches to
the constrained version of the problem can only be found in a handful of references despite its prac-
tical significance; these include Refs. 5-13. The SRPC can in principle be formulated as an optimal
nonlinear control problem subject to nonconvex constraints. However, non-convex optimal control
problems are algorithmically difficult to solve and are not attractive candidates for being embedded
in an autonomous spacecraft guidance algorithm. Efficient solution strategies for the SRPC have
not been available so far due to its perceived computational difficulty and possible membership in
the class of NP-hard problems. In fact, the two sources of problem complexity- nonlinearity of
the attitude dynamics and nonconvexity of the associated constraints- have often been considered
separately. In this venue, the goal has been to solve either the nonconvex quadratically constrained
control problem for linear plants (Ref. 14), or the linearly constrained control problems for the
nonlinear plants (Refs. 15-17) or even the more promising linearly constrained control problems
for linear plants (Refs. 18-19). Meanwhile, motivated by the new advances in the computational
methods for solving convex optimization problems, a wide range of control problems have been
approached via the theory convex optimization over symmetric matrices; see Ref. 20. Specifically,
we note the success of this approach to resolve optimization problems with a limited number of
quadratic constraints, as reported for example in Ref. 21. Our motivation in this paper is to intro-
duce a parameterization of the spacecraft orientation in presence of constraints that can be utilized
in a convex optimization framework. This on the other hand, provides a venue for embedding an
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efficient SRPC solver in the guidance algorithm for the autonomous spacecraft operation.

1.1 Mathematical Formulation

The spacecraft re-orientation in presence of constraints can mathematically be represented as fol-
lows: given initial and terminal conditions on the angular velocity vector, ω(t), and the spacecraft
attitude parameterized in terms of quaternions, q(t), specified by

ω(to), = ωo, q(to) = qo, and ω(tf ) = ωf , q(tf ) = qf , (1)

with

ω(t) = [ω1(t), ω2(t), ω3(t)]
T ∈ R3, q(t) = [q1(t), q2(t), q3(t), q4(t)]

T ∈ R4,

5



determine spacecraft control torques ui(t) ∈ R3 (i = 1, 2, 3) over the time interval t ∈ [t0, tf ]
subject to:

• dynamic constraints specified by Euler’s equations

J1 ω̇1(t) − (J2 − J3) ω2(t) ω3(t) = u1(t), (2)

J2 ω̇2(t) − (J3 − J1) ω3(t) ω1(t) = u2(t), (3)

J3 ω̇3(t) − (J1 − J2) ω1(t) ω2(t) = u3(t), (4)

where Ji is the rigid body inertia along the principle axis i, for i = 1, 2, 3,

• bounded angular velocities and control torques, i.e., for given constants γ1, γ2 > 0,

|ωi(t)| ≤ γ1 and |ui(t)| ≤ γ2, i = 1, 2, 3, (5)

and

• (norm preserving) kinematic constraint

q̇(t) =
1

2
Ω(t)q(t), (6)

where

Ω(t) =

⎡⎢⎢⎢⎣
0 ω3(t) −ω2(t) ω1(t)

−ω3(t) 0 ω1(t) ω2(t)
ω2(t) −ω1(t) 0 ω3(t)
−ω1(t) −ω2(t) −ω3(t) 0

⎤⎥⎥⎥⎦ ,

guaranteeing that ‖q(t)‖ = 1 for all t ∈ [t0, tf ].

Let us denote the set of triplet trajectories (q(t), ω(t), u(t)) for the rigid body re-orientation, satis-
fying Eqs. (1)-(6) over the time interval [t0, tf ], by F , i.e.,

F = {(q(t), ω(t), u(t)) | (1) − (6) are satisfied}. (7)

In this paper, in addition to the above dynamic and kinematic constraints we consider

• point-wise in time constraints on the orientation of the spacecraft represented by

fi(q(t)) ≤ φ0, for all t ∈ [ta, tb], i = 1, 2, . . . , m, (8)

or ∫ tb

ta
gi(q(t)) dt ≤ φ1, i = 1, 2, . . . , m, (9)

for the proper functions fi and gi (i = 1, . . . , m), constants φ0, φ1, and time interval [ta, tb] ⊆
[t0, tf ].
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Devising viable means of computationally dealing with constraints of the form (8)-(9), is one of the
the central themes of the present paper. More specifically, let us identify a set of constraints of the
form (8)-(9) that often appear in space missions. These include:†

Type-I (static hard constraints): this class of constraints includes constraints imposed by
celestial objects that are relatively stationary with respect to an inertial coordinate frame and
those that are not actively controlled. We have in mind scenarios where there are strict non-
exposure constraints on the on-board sensitive instruments with respect to celestial objects
as in Refs. 1-3 and Refs. 6-10, or avoiding incoming particles, orbital debris, and micro-
meteoroid fluxes as in Ref. 3. In all such settings, given unit vectors v and w in the inertial
coordinate frame, describing the direction of instrument’s bore-sight and the bright celestial
object, respectively, one requires that

v(t)T w ≤ cos θ (10)

at each time instance, where θ is a required minimum angular separation; note that the angle
between v(t) and w is assumed to be in the range of [0, π] without loss of generality. As we
will see in §3.1, the inequality (10) translates to a constraint on the orientation of the space-
craft in the form of (8). We refer to the feasible spacecraft orientations that lead to satisfying
(10) by the set C1.

Type-II (static soft constraints): this category includes the relaxed version of Type-I con-
straint above. In this case, violations of the inequality (10) are allowed, however, only for a
limited time interval. For instance, the cryogenically cooled telescope can be exposed to an
external heat source provided that the total heat exposure does not accumulate beyond some
maximally allowed level.13 Such constraints can be written in an integral form as∫ ta

tb

|v(t)T w| dt ≤ φ1, (11)

where [ta, tb] ⊆ [t0, tf ] is the maneuver time interval during which we allow the constraint
violation v(t)T w > cos θ, φ1 is a fixed constant (that depends on exposure time limitations),
and the angle between v(t) and w is assumed to be in the range of [0, π]. As we will see in
§ 4.1, the inequality (11) translates to an inequality constraint on the orientation of the space-
craft. We refer to the feasible spacecraft orientations that lead to satisfying (11) by the set C2.

Type-III (dynamic constraints)‡: these constraints have rarely been considered in past but
they are of great importance in the context of multiple spacecraft formation flying. Type-III
constraints encompass scenarios where the plume generated by firing a particular thruster on

†As identified by the authors after an extensive literature search.
‡We include dynamic “hard” constraints in this section; nevertheless, dynamic “soft” constraints can be addressed in

a similar fashion.
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one spacecraft results in damaging the sensitive instruments mounted on another spacecraft.
Note that in this case, the source of attitude constraints are themselves dynamic and often
actively controlled; in fact, they can be represented by the inequality

v(t)T w(t) ≤ cos θ, (12)

with the standing assumption that the angle between the two vectors remain in the range of
[0, π]. As we will see in § 4.2, the inequality (12) translates to an inequality constraint on
the orientation of the spacecraft. We refer to the feasible spacecraft orientations that lead to
satisfying (12) by the set C3.

Type-IV (mixed constraints): in this last category, we include various possible combina-
tions of the preceding three types of constraints. Most space science missions, particularly
those involving multiple spacecraft formation flying, have mixed attitude constraints. Evi-
dently, the presence of mixed constraints further complicates the required attitude maneuver
planning and trajectory design for these missions.

Definition 1.1 The re-orientation of a rigid spacecraft in presence of constraints is the problem
of finding the triplet trajectories (q(t), w(t), u(t)) at the intersection

F ∩ C

where F is defined as in (7) and C denotes the intersection of C1, C2 and/or C3 as dictated by the
class of orientation constraints imposed on the spacecraft.

In this paper, after reviewing several approaches to the constrained spacecraft re-orientation
problem, we proceed to discuss an approach- based on convex optimization- that promises a wide
applicability as well as computational efficiency for autonomous spacecraft guidance. The organi-
zation of the paper is as follows. An overview of existing methods for solving the SRPC, including
those relying on geometric constructions, artificial potential functions, constraint monitoring, ran-
domized motion planning, and finally semidefinite programming, is provided in §2. In §3-5, we
present a convex approach to the general class of SRPC problems. §5 concludes the paper with an
example demonstrating the viability of the proposed framework in a multiple spacecraft setting.

2 Existing Frameworks

In this section we provide an overview of the existing frameworks for solving the SRPC problem
for various classes of constraints.
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Figure 3: A tangential exclusion path q(t0) � q(ti) � q(tf ) around the attitude constraint set
dictated by the Sun (shaded area)

2.1 Geometric Algorithms

The geometric approach, as exemplified in Refs. 6 − 7, relies on geometric relations between
vectors v and w in (10) to handle constraints of Types I. The main ingredient of this framework is
determining a feasible attitude trajectory prior to initiating the reconfiguration, if possible, or finding
feasible attitudes whenever an avoidance maneuver is needed during the course of the attitude slew
(see Refs. 3 and 13). Generally in this venue an optimal or an easily implementable on-board control
for the unconstrained attitude maneuver between two arbitrary orientations is first considered. Then,
the algorithm seeks an intermediate attitude q(ti) (a way-point) between q(t0) and q(tf ), such that
the aforementioned control strategy- without any constraint violation- can be applied for each time
interval [t0, ti] and [ti, tf ]. A typical example for such an approach- as found in Ref. 6- involves
finding a tangential exclusion path,

q(t0) � q(ti) � q(tf ),

such that the unconstrained maneuver planning for each subdivision can easily be accomplished
(Fig. 3). Another explicit way to determine feasible intermediate attitudes for Type-I constraints
is provided in Ref. 7. We note that although the geometric approach enjoys a certain level of con-
ceptual simplicity, it is mainly applicable to problems where only a small number of constraints
are present and selection of the attitude way-points is computationally feasible and/or relatively
straightforward.

2.2 Potential Function-based Algorithms

Potential functions have been recognized as one of the main tools for handling kinematic con-
straints that arise not only in the SRPC problem, but more generally, in a wide array of problems in
robotics and related fields. The starting point for this approach as it pertains to the SRPC problem,
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is constructing one or multiple outward vectors with respect to the constraints. Subsequently, one
proceeds to linearly combine these vectors, with appropriate weights, to generate a “repellent” con-
trol torque with respect to the constrained set. For example in Ref. 8, the repulsive potential Vα,β is
first defined by

Vα,β(θ) =
m∑

j=1

Φj(θ), (13)

where

Φ(θ) = α e−β
∑

3

i=1
(θi−θ̂i)

2

,

with

θ̇i(t) =
3∑

j=1

⎡⎢⎣ 1 sin θ1(t) tan θ2(t) cos θ1(t) tan θ2(t)
0 cos θ1(t) − sin θ1(t)
0 sin θ1(t) sec θ2(t) cos θ1(t) sec θ2(t),

⎤⎥⎦ ωj(t),

θ is the Euler angle, θ̂ is the attitude angle associated with Type-I constraint (10), parameters α and
β shape the potential function, and m is the number of constraints. The potential Vα,β (13) is then
combined with functions constructed for other purposes (e.g., to minimize the maneuver time); the
combination of these functions is then optimized at each time instance to obtain slew maneuvers
for the required attitude reconfiguration. An analogous approach for obtaining constraint avoidance
forces can be found in Ref. 7. Parallel to the same line of reasoning, an interesting direction that has
been pursued in the potential function framework proceeds to characterize the set Γ of forbidden
attitude quaternions via two orthonormal vectors z1 and z2. The vectors z1, z2 are then utilized in
defining the repulsive potential as

Vk(q) =
k(1 − q4)

(qT z1)2 + (qT z2)2
, (14)

where k is chosen as a positive constant.9 Now since

q violates the constraints if (qT z1)
2 + (qT z2)

2 = 0,

one expects that the repulsive control defined as

uk(q) = −∂Vk(q)

∂q
,

yields the torque required for the constrained reorientation. One of the main draw backs of this ap-
proach is that convergence to the target attitude can not be guaranteed. This is in light of the fact that
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superposition of potential functions of the form (14) often leads to functionals that are nonconvex.†

Moreover, the existence of vectors z1 and z2 above, utilized to characterize the constraint set, is not
ensured- particularly as the number of Type-I constraints increases. The potential function-based
algorithms do not generally guarantee the satisfaction of Type-I constraints, and hence, one might
in fact end up with a slight violation of critical constraints. Moreover, there is no guarantee that the
resulting path will satisfy rate and torque constraints which are often of importance in practice.

2.3 Constraint Monitor Algorithms

The constraint monitor algorithm (CMT) as described in Refs. 1 and 10, is a real-time algorithm
which actively monitors the constraints of all types and prescribes required avoidance actions. The
algorithm designed originally for the Cassini mission to Saturn has also flown successfully on the
Deep-Space 1 mission.14 In the constraint monitor architecture, a compliant path is not computed
a-priori; rather, a feasible path is computed in real-time by using a predictor-corrector approach.
In this venue, the current attitude motions are projected forward (local and short-duration) and cor-
rective actions are taken when the predicted motion is found to be non-compliant. The algorithm,
although sub-optimal, can be executed in real-time, and is eminently suited to the Cassini attitude
and articulation control system architecture. The CMT architecture also guarantees that prescribed
paths do not violate any of the required rate and acceleration limitations imposed on attitude mo-
tions. In the meantime, the issue of convergence for the constraint monitor algorithm can only be
addressed in a case-by-case basis. Generally, one needs to resort to extensive mission simulations
to demonstrate the viability of the algorithm.

2.4 Randomized Algorithms

Randomized motion planning algorithms have been used to solve the constrained attitude problem
in Refs. 11 and 12. These algorithms are based on following ingredients: (1) initialize a graph
G0 consisting of a distinct vertex v0 representing initial states q(t0), ω(t0), (2) at iteration k + 1,
perform a random search, starting from vk, to determine a set of feasible vertices among the vertices
of graph Gk, (3) select a feasible vertex, among those found in (2) such that a given cost functional
is minimized; call this vertex vk+1, (4) repeat steps (2)-(3), now initiated from vk+1; replace the
index k with k +1. Iterate until the final attitude q(tf ) is achieved, and (5) apply an optimal control
torque for each attitude trajectory subdivision found.

The random search approach has the advantage that it can deal with all types of trajectory con-
straints. However, one of its potential drawbacks is that convergence to the final attitude can be
guaranteed only in a probabilistic sense: it can be shown that as the number of vertices in the state

†In Ref. 8, it is stated that the proposed approach applied to a single Type-I constraint has a guaranteed convergence
behavior.
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graph increases, the probability of an incorrect termination exponentially decays to zero. Mean-
while, we note that the computational effort in searching for a feasible node at each time step
increases dramatically as the size of the underlying graph grows.

2.5 Semidefinite Programming-based Algorithms

We conclude our overview by mentioning the recently proposed semidefinite programming (SDP)
approach to constrained attitude control.5 This approach will be shortly elaborated upon, as it pro-
vides the main theme for the present paper. The SDP approach essentially exploits the nonlinearity
of dynamics and kinematic constraints on one hand, and the structured nonconvexity of attitude
constraints on the other, to propose a convexified SDP formulation of the original SRPC problem.
An SDP is the optimization problem involving a linear objective functional and a constrained set
defined by linear matrix inequalities (LMIs).20 An LMI on the other hand, is an inequality over ma-
trix variables, interpreted with respect to the positive semidefinite ordering (see the Nomenclature
section). The advantage of such an SDP formulation of the SRPC problem is its solvability via the
available efficient convex optimization software, e.g., Ref. 23.

3 Convex Approach to Constrained Re-orientation

In this section we delve into the convex parametrization of Type I constraints on the spacecraft re-
orientation. Our primary goal is to demonstrate that- although the set represented by this class of
constraints is generally nonconvex- an intrinsic property of the attitude parametrization via quater-
nions can be utilized to convexify the corresponding constraint set. This on the other hand, opens
up an efficient avenue for solving constrained spacecraft re-orientation problems via convex opti-
mization algorithms.

3.1 Type-I Constraints

The convex approach to the SRPC with Type-I constraints is based on the observation that the
corresponding set of admissible quaternions can be parameterized via quadratic inequalities.1,10

Recall that during the attitude maneuver, this class of constraints requires that

v(t)T w ≤ cos θ, (15)

at each time instance, where the unit inertial vectors v and w, denote, respectively, the instrument’s
bore-sight and the bright, relatively stationary, celestial object; θ is a minimum angular separation
allowed between v(t) and w during the attitude slew and is assumed to be in the range of [0, π];
see Figs. 1 and 2. We now employ the coordinate transformation formula, relating inertial and body
vectors via the quaternion representation of spacecraft attitude by24

v(t) = vB − 2(qT
o qo) vB + 2(qT

o vB)qo + 2q4 (vB × qo); (16)
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in (16) we have adopted the notation

qo := [q1, q2, q3]
T ,

and vB represents the inertial vector v in body coordinates. Combining (15) and (16), followed by a
few algebraic operations, we are led to the equivalent quaternion characterization of the constrained
set in terms of the quadratic inequality

q(t)T Ãq(t) ≤ 0, (17)

with

Ã := Ã(vB, w, θ) =

[
A b
bT d

]
∈ R4×4, (18)

and

A := vBwT + wvT
B − (vT

Bw + cos θ) I3,

b := w × vB, di := vT
Bw − cos θ;

this derivation parallels the analogous discussion in Ref. 1. Note that the matrix Ã in (17) is symmet-
ric and therefore has a real set of eigenvalues. In this meantime, since Ã is not positive semidefinite,
the set defined by inequality (17) is nonconvex in the spacecraft orientation represented by q(t).

As finding a feasible point in a nonconvex set is computationally difficult in general, in Ref. 5,
we proposed an alternative parametrization of (17) in terms of a convex quadratic inequality or a
linear matrix inequality. The proposed approach relies on the following proposition.

Proposition 3.1 Given an n × n symmetric matrix A, assume that the set

A := {q ∈ Rn | qT Aq ≤ 0}, (19)

has a nonempty intersection with the unit sphere S. Suppose that q is priori known to belong to S.
Then q is feasible for A (19) if and only if it is feasible for the convex set defined by

qT (A + µI)q ≤ µ, (20)

where A + µI is positive definite, e.g., µ is larger than the minimum eigenvalue of A.

Proof: Since

qT (A + µI)q = qT Aq + µqTq = qT Aq + µ

the equivalence follows. We note that when µ is larger than the minimum eigenvalue of A, the sum
A + µI is positive definite and hence, the set defined by (20) is convex.
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Proposition 3.1 states that although the set A (19) is not convex for an indefinite matrix A, it admits
a convex parametrization (20) when it is considered in the relative topology induced by the unit
sphere. In fact, one convenient parameterization of the resulting convex set is in terms of linear
matrix inequalities. This is facilitated through the Schur complement formula, stating that when A
is positive definite (which will be denoted as A > 0), one has[

A B
BT C

]
> 0 if and only if C − BT A−1B > 0; (21)

see Ref. 15. Using the Schur complement relation (21), Proposition 3.1 can be generalized in several
different ways, including the following two observations (see Ref. 5).

Proposition 3.2 Let Ai’s be a set of symmetric matrices and bi’s be a set of real numbers (i =
1, 2, . . . , m). Then the set

{q ∈ Rn |qT Ai q ≥ bi, i = 1, 2, . . . , m }, (22)

intersected with a sphere of radius η (denoted by Sη) can be represented by the the linear matrix
inequalities [

µiη
2 − bi xT

x Ãi

]
≥ 0, i = 1, . . . , m, (23)

where

Ãi := (µiIn − Ai)
−1,

and for each i, µi is strictly greater than the largest eigenvalue of Ai (and hence Ãi and its inverse
are positive definite).

In Proposition 3.2, the requirement that q is priori known to belong to the sphere of radius η can be
relaxed in the following way.

Proposition 3.3 Let

Ŝη := {q ∈ Rn | ‖q‖ ≥ η}. (24)

Then q ∈ Ŝη satisfying the matrix inequalities (23) is an element of the set (22).

Propositions 3.1 is utilized in the context of constrained attitude guidance in the following way.
Since the spacecraft attitude has been parameterized in terms of quaternions, and the quaternion
trajectory q(t) implicitly evolves on the unit sphere S, Propositions 3.1 can be employed to con-
clude that the spacecraft guidance problem in presence of an arbitrary number of nonconvex Type-I
constraints, can be parameterized as a convex set defined by linear matrix inequalities. In particular,
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this observation would completely solve the SRPC if one could seamlessly augment the nonlinear
dynamic equations (2)-(4) to this convex program. However, as augmenting the nonlinear differen-
tial equality constraint destroys the convexity of the corresponding feasible set, one needs to resort
to a linear approximation of the dynamic equations.1

3.2 Computational Ramifications of the Convex Approach to the SRPC

Let us consider the ramification of the convex parameterization of Type I constraints in terms of
solving the autonomous SRPC problem. One simple first order scheme to the approximate the
Euler’s equations is as follows: we consider the discretization of Eqs. (2)-(4) and with a proper
sampling time ∆t as,

∆t ω̇(t) ≈ ω(k + 1) − ω(k)

and propagate the orientation of the spacecraft over the time interval ∆t as

q(k + 1) = e
∆t

2
Ω(k)q(k) (25)

where

Ω(k) :=

⎡⎢⎢⎢⎣
0 ω3(k) −ω2(k) ω1(k)

−ω3(k) 0 ω1(k) ω2(k)
ω2(k) −ω1(k) 0 ω3(k)
−ω1(k) −ω2(k) −ω3(k) 0

⎤⎥⎥⎥⎦ .

Using this scheme, the convex optimization approach to constrained attitude guidance with Type-
I constraints assumes the following form: we iteratively solve the convex optimization problem
(26)-(32) for k = 0, 1, . . . , N − 1:

min
x(k)

α (26)

subject to

parameterizing (8): x(k)T {HT ÃiH}x(k) ≤ 0, i = 1, 2, . . . , m, (27)

or as a convex linear matrix inequality

parameterizing (8):

[
µi (Hx(k))T

Hx(k) (µiI4 + Ãi)
−1

]
≥ 0, i = 1, 2, . . . , m, (28)

1We note that such an approximation is not needed for a symmetric spacecraft or if one utilizes a feedback linearization
scheme.
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parameterizing (1):

⎡⎢⎢⎢⎢⎣
α (E(k)1/2

[
x(k)

1

]
)T

E(k)1/2

[
x(k)

1

]
I11

⎤⎥⎥⎥⎥⎦ ≥ 0, (29)

parameterizing (2)-(4) & (6): F (k)x(k) = y(k), (30)

parameterizing (5): |G1x(k)| ≤ γ1 [1 1 1]T , (31)

parameterizing (5): |G2x(k)| ≤ γ2 [1 1 1]T , (32)

where E(k) ∈ S11
+ , F (k) ∈ R7×10, G1, G2 ∈ R10×10, and H ∈ R4×10. In Eqs. (28)-(32) we have

E(k) =

⎡⎢⎢⎢⎣
03×3 03×3 03×4 03×1

03×3 I3 03×4 ω(N)
04×3 04×3 04×4 04×1

01×3 ω(N)T 01×4 ω(N)T ω(N)

⎤⎥⎥⎥⎦
+

⎡⎢⎣ 06×6 06×4 06×1

04×6 Q(N)T Q(N) 04×1

01×6 01×4 01×1

⎤⎥⎦ ,

F (k) =

[
−∆t I3 J 04×4

04×3 04×3 e−R(k)

]
,

where

J :=

⎡⎢⎣ J1 0 0
0 J2 0
0 0 J3

⎤⎥⎦ , R(k) :=
∆t

2

⎡⎢⎢⎢⎣
0 ω3(k) −ω2(k) ω1(k)

−ω3(k) 0 ω1(k) ω2(k)
ω2(k) −ω1(k) 0 ω3(k)
−ω1(k) −ω2(k) −ω3(k) 0

⎤⎥⎥⎥⎦

G1 :=
[

03×3 I3 03×4

]
, G2 :=

[
I3 03×7

]
,

x(k) :=

⎡⎢⎢⎢⎢⎢⎣
u1(k)
u2(k)
u3(k)

w(k + 1)
q(k + 1)

⎤⎥⎥⎥⎥⎥⎦ , y(k) :=

⎡⎢⎢⎢⎣
J1w1(k) + ∆t (J2 − J3) ω2(k) ω3(k)
J2w2(k) + ∆t (J3 − J1) ω3(k) ω1(k)
J3w3(k) + ∆t (J1 − J2) ω1(k) ω2(k)

q(k)

⎤⎥⎥⎥⎦ ,
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H =
[

04×6 I4×4

]
, Q(N) :=

⎡⎢⎢⎣
q4(N) q3(N) −q2(N) −q1(N)
−q3(N) q4(N) q1(N) −q2(N)
q2(N) −q1(N) q4(N) −q3(N)
q1(N) q2(N) q3(N) q4(N)

⎤⎥⎥⎦ ,

µi is chosen to be strictly greater than the largest eigenvalue of −Ãi; the matrix Ãi is as defined
in (18). In such a setup, the convex program (26)-(32) is solved for x(k), k = 0, 1, . . . , N − 1,
where (∆t)N is the time interval [t0, tf ] as designated for the required reorientation. The role of
the parameter α in (26) and (29) is to steer the spacecraft toward the desired terminal orientation
q(N) and angular velocity ω(N). Under the assumption that for each k this problem is feasible,
the approach offers convergence guarantee to the final desired spacecraft orientation. Note that due
to the propagation scheme (25), the quaternion updates always remain on the unit sphere. The pro-
gram (26)-(32) can be augmented with a similar set of inequality and equality constraints on future
states x(k+1), x(k+2), etc.2 This might be desired to ensure constraint avoidance in a look-ahead
type of algorithm over a finite time horizon. We also note that other computational techniques for
accurate quaternion updates are available (see Ref. 1), which can be used in conjunction with the
proposed convex optimization approach.

4 Type-II through Type IV Constraints

Let us now extend the convex optimization framework proposed in §3 to other classes of constraints
on the orientation of the spacecraft. In view of the problem formulation (26)-(32), it is evident that
this can be achieved via a convex parameterization of other classes constraints analogous to (27) or
(28). At that point, one only needs to replace (27) or (28) with the derived inequality constraints
and obtain a convex optimization problem for the corresponding instance of SRPC.

4.1 Type-II Constraints

Let us consider Type-II constraints of the form∫ tb

ta
v(t)T w dt ≤ φ1, (33)

or in its discretized form

s(ka, kb) :=
kb∑

k=ka

v(k)T w ≤ φ1, (34)

2Via a linear approximation of the matrix exponential in (25) or assuming that the angluar velocity has not significantly
changed from the previous time step.
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where [ta, tb] ⊆ [t0, tf ] is the maneuver time interval during which we allow the constraint violation
v(t)T w > cos θ. In our discussion of this class of constraints, we will implicitly assume that the
desired minimum angular separation satisfies θ ∈ [0, π/2]; however, the case of θ ∈ [π/2, π] can
be handled in the similar manner. As the convex approach of §3 is inherently a iterative algorithm,
let us consider its suitable extension allowing us to address constraints of the form of Eq. (34). Our
approach proceeds as follows:

1. if there are no constraint violations, solve the problem (26)-(32) without including the con-
straint (28).

2. if the attitude constraint (17) is not satisfied at the ka-th step and the estimated sum s̃(ka, kb)
†

is less than φ1, proceed with Step 1. Otherwise, solve the convex optimization (35)-(36) to
escape the attitude exclusive zone:

min
x(k)

α + M β (35)

subject to

x(k)T {HT ÃiH}x(k) ≤ β, i = 1, 2, . . . , m,

or equivalently the LMIs[
µi + β (Hx(k))T

Hx(k) (µiI4 + Ãi)
−1

]
≥ 0, i = 1, 2, . . . , m (36)

in conjunction with Eq. (29)-(32), with M chosen as a large positive constant.

A moment reflection on the inclusion of parameter M in the objective functional (35) reveals that
this modified objective ensures that the algorithm guides the spacecraft orientation to exit the con-
strained region as quickly as possible.3 This on the other hand leads to an attitude maneuver that
respects the integral constraint (33) that characterizes Type-II constraints.

4.2 Type-III Constraints

As it was pointed out in §II, Type-III constraints often arise in the context of multiple spacecraft
formation flying. In this venue, consider a dual-spacecraft system and let v and w be specified in
each spacecraft body frame. Let us recall that Type-III constraints assume the form

v(t)T w(t) ≤ cos θ, (37)

†One way to estimate s(ka, kb) is by directly integrating Eqs. (2)-(4) and (6) with a pseudo control force.
3The exit time depends on the magnitude of the weight M in (35).
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where both vectors v and w are time-varying and controlled. In view of the coordinate transfor-
mation in Eq. (16), we realize that Eq. (37) is no longer quadratic in the corresponding attitude
quaternions qv and qw, as

v(t) = vB − 2 (qv
o(t)T qv

o(t)) vB + 2 (qv
o(t)T vB) qv

o(t)

+ 2qv
4(t) (vB × qv

o(t)) (38)

w(t) = wB − 2 (qw
o (t)T qw

o (t))wB + 2 (qw
o (t)T wB) qw

o (t)

+ 2qw
4 (t) (wB × qw

o (t)). (39)

Nevertheless, let us make a few observations that will make the convex optimization formulation of
§3 a viable approach to handle this more complex scenario. First recall that attitude constraints of
Type-III are of the form[

v(t)
w(t)

]T [
03×3 I3

I3 03×3

] [
v(t)
w(t)

]
≤ 2 cos θ. (40)

In the case where the quaternions are accurately updated, i.e., when both qv, qw are priori on the
unit sphere S, one has,

‖
[

v(t)
w(t)

]
‖ = (‖v(t)‖2 + ‖w(t)‖2)

1

2 =
√

2.

Thus
[v(t)T w(t)T ]T ∈ S√

2 ,

and in view of Proposition 3.1, Eq. (40) can be convexified via the Schur complement formula (21)
as ⎡⎢⎢⎢⎢⎣

2 (µ + cos θ)

[
v(t)
w(t)

]T

[
v(t)
w(t)

]
D

⎤⎥⎥⎥⎥⎦ ≥ 0, (41)

where µ is chosen such that

D := (µ I6 +

[
03×3 I3

I3 03×3

]
)−1 (42)

is positive definite. In order to include (38)-(39) in our optimization framework, specifying the rela-
tion between vectors represented in inertial and body coordinate frames, an additional six quadratic
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inequalities are augmented to our original convex optimization formulation. For example, for the
first coordinate of v(t), denoted by v1(t), one can write

qv(t)T Cv
1 qv(t) = v1(t) − (vB)1, (43)

where

Cv
1 =

⎡⎢⎢⎢⎣
0 (vB)2 (vB)3 0

(vB)2 −2 (vB)1 0 −(vB)3
(vB)3 0 −2 (vB)1 (vB)2

0 −(vB)3 (vB)2 0

⎤⎥⎥⎥⎦
and vB = [(vB)1, (vB)2, (vB)3]

T . The equality (43), on the other hand, can be represented by two
quadratic inequalities,

qv(t)T Cv
1 qv(t) ≥ v1(t) − (vB)1, (44)

and

qv(t)T Cv
1 qv(t) ≤ v1(t) − (vB)1. (45)

Now Proposition 3.1 can be applied to (44)-(45) in order to convexify these inequalities by repre-
senting them as linear matrix inequalities

Lv
1+(t) :=

[
µ1 − v1(t) + (v1)B qv(t)T

qv(t) (µ1I4 − Cv
1 )−1

]
≥ 0

and

Lv
1−(t) :=

[
µ2 + v1(t) − (v1)B qv(t)T

qv(t) (µ2I4 + Cv
1 )−1

]
≥ 0,

where µ1 and µ2 are strictly greater than the largest eigenvalues of Cv
1 and −Cv

1 in (44)-(45),
respectively. Thus, our convex optimization formulation of the SRPC with Type-III constraints,
involves iterations of the form

min
xv(k), xw(k), v(k+2), w(k+2)

αv + αw

subject to ⎡⎢⎢⎢⎢⎣
2 (µ + cos θ)

[
v(k + 2)
w(k + 2)

]T

[
v(k + 2)
w(k + 2)

]
D

⎤⎥⎥⎥⎥⎦ ≥ 0,
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approach Type-I Type-II Type-III Type-IV
geometric

√ − − −
potential function

√ − − −
constraint monitoring

√ √ √ √
randomized

√ √ √ √
convex optimization

√ √ √ √

Table 1: Applicability and convergence properties of the various frameworks for solving the SRPC
problem.

Lv
j+(k + 2) ≥ 0, Lv

j−(k + 2) ≥ 0, Lw
j+(k + 2) ≥ 0, Lw

j−(k + 2) ≥ 0,

where D is defined by Eq. (42) and j ∈ {1, 2, 3}, in conjunction with constraints (29)-(32) associ-
ated with variables xv(k) and xw(k).

4.3 Type-IV Constraints

The most convenient feature of the convex programming approach to SRPC is its ability to handle
various combinations of all foregoing types of constraints. In this venue, we notice that all these
constraints can accurately be represented by convex quadratic inequalities or linear matrix inequal-
ities. Such a representation, on the other hand, leads to a convex programming solution to a wide
array of SRPC problems augmented with mixed constraints. Table 1 summarizes the applicability
of the various algorithmic frameworks for solving the SRPC problem as considered in this paper.

5 An example

In this section, we present an example for solving a SRPC problem subject to multiple Type-III
constraints via the proposed approach. As mentioned in §4.2 multiple spacecraft formation flying
missions are of the main source of this class of problems. Specifically, we consider the problem
of constrained relative attitude control in a dual-spacecraft mission; the two spacecraft are assumed
to be in close proximity of each other. The dual-spacecraft, denoted by SC1 and SC2, respectively,
have thrusters capable of providing control torques aligned with each principal axes; SC1 is as-
sumed to have an on-board sensitive instrument. Our objective is to find a sequence of control
torques u(k) (k = 0, 1, 2, . . .), such that SC1 and SC2 change their orientations from initial states
(q1(t0), ω1(t0)) and (q2(t0), ω2(t0)), to final states (q1(tf ), ω1(tf )) and (q2(tf ), ω2(tf )), while the
sensitive instrument on-board SC1 is not in a constrained cone around particular thrust directions
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emanating from SC2 during the entire attitude slew. The physical constants and the initial and
terminal conditions for our example are as follows: principle axes of inertia are

Diag [J1, J2, J3] = Diag [100, 200, 300] kg m2,

initial angular velocities,
ω1(t0) = ω2(t0) = [0, 0, 0]T rad/sec,

final angular velocities,
ω1(tf ) = ω2(tf ) = [0, 0, 0]T rad/sec,

initial attitude quaternions,

q1(t0) = [0.0000, 0.0000, 0.0000, 1.0000]T ,

q2(t0) = [−0.5000, 0.5000, 0.5000, 0.5000]T ,

final attitude quaternions,

q1(tf ) = [−0.5000, 0.5000, 0.5000, 0.5000]T ,

q2(tf ) = [0.0000, 0.0000, 0.0000, 1.0000]T ,

the sensitive instrument vector in the body frame attached to SC1 is,

vB = [0.750, 0.433, 0.500]T ,

the thruster vectors in the body coordinate frame attached to SC2 are,

(w1)B = [1, 0, 0]T , (w2)B = [0, 1, 0]T , (w3)B = [0, 0, 1]T ,

and finally, the required angular separation is required to be θ = 50 deg. The initial and the desired
final attitude quaternions have been chosen to satisfy (37), i.e., the sensitive instrument on SC1 is
outside the three constraint cones emanating from the bore-sight of each thruster on SC2, or more
precisely,

v(t0)
T w1(t0) ≤ cos θ (= 0.6428),

v(t0)
T w2(t0) ≤ cos θ,

v(t0)
T w3(t0) ≤ cos θ,

where v and w1, w2, w3 are the inertially represented vectors corresponding to uB and (w1)B ,
(w2)B , and (w3)B , respectively. Figure 4 depicts the geodesic distance to the final attitudes for
SC1 (solid line) and SC2 (dotted line) under the guidance of the convex-optimization based recon-
figuration algorithm. In Figure 5, each line represents the value of v(t)T wi(t) for i = 1 (solid
line), 2 (dotted line), and 3 (dashed line). As seen in this figure, the constraints v(t)T w2(t) ≤ cos θ
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Figure 4: Geodesic deviation between current and final attitudes for SC1 (solid line) and SC2 (dotted
line).
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Figure 5: The inner products between inertially represented sensitive instrument vector v(t)
and thruster vectors wi(t) (i = 1, 2, 3): v(t)T w1(t) (solid line), v(t)T w2(t) (dotted line), and
v(t)T w3(t) (dashed line).
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Figure 6: Control torques about the x-axis exerted on SC1 (solid line) and SC2 (dotted line).

and v(t)T w1(t) ≤ cos θ successively become active at 5.1 sec and 29.8 sec, and the corresponding
values of v(t)T wi(t) (i = 2, 1) stay constant at cos θ = 0.6428 until 699.3 sec and 810.8 sec, re-
spectively. We note that the value of v(t)T w3(t), where t ∈ [29.8 sec, 699.3 sec], remains constant
even when the corresponding constraint does not explicitly become active during the maneuver.
Figure 6 depicts the control torques about the x-axis exerted on SC1 (solid line) and SC2 (dotted
line).
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