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The general problem of evaluating quantum mechanical time correlation functions of quantities that are functions

of condensed phase bath coordinates is addressed. On the basis of the relation between such a general correlation
function and that for the position variable, and the analytical result for the relation of quantum and classical
correlation functions of position for harmonic baths, we develop an approximate expression for the quantum
correction to the general classical correlation function as an expansion in the quantum correction. The quantum
corrected correlation function only requires classical correlation functions and their derivatives with respect

to time and temperature. Hence, the result can be implemented directly using only computer simulated classical
data. Application to analytically solved model problems involving harmonic baths demonstrates that the method

is accurate both for highly nonlinear coupling and surprisingly small temperature.
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It is well established that many experimental phenomena can
be described effectively theoretically by expressions that are
formulated in terms of appropriate time correlation functions wherex,n = M|x|mldm, X is a solute vibrational coordinate of
(CFs) of dynamical variables. The calculation of classical time interest,wnmthe frequency corresponding to the energy differ-
CFs from molecular dynamics simulations in the condensed ence between stateB, the force exerted by the bath on the
phase is also well established. The difficulty arises in systems coordinatex, and[l..[dn denotes a trace over the quantum bath
where significant quantum effects occur because fully quantum states. Note that the force is a function of collective bath
simulations for systems with large numbers of degrees of coordinatesq. If g is effectively the same as a coordinate
freedom remain inaccessible, despite the growth of computa- operator for a harmonic potential, then the bath is a harmonic
tional power. The main interest in such systems is typically one bath. Hence, the problem of determining the vibrational transi-
involving an interesting subsystem in a condensed phase bathfion rate reduces to that of obtaining the force-force CF quantum
such as a solvent. Because the bath molecules correspond tanechanically.
the vast majority of degrees of freedom, mixed quantum-classi- The approach followed for many years, sometimes referred
cal methods, which treat the sub-system quantum mechanicallyto as the “standard” approach, involves the replacement of the
and bath molecules classically, are an attractive alternative.real part of the quantum correlation function by the classical
However, recent progress, particularly focused in the area of analog® With this assumption, the rate constant of eq 1 can be
vibrational relaxation, has demonstrated that bath quantumexpressed exactly as
effects can be very large, and that, in some cases, the mixed
guantum-classical approach can yield results far less accurate |xnm|2 2 w0
than a completely classical treatment of both bath and sbfute. Kom = K2 1+ exppho m)f_” dt

If one can find a useful relationship between the classical i
and quantum CF, one can calculate quantum effects using exp{an ) FOF (0. (2)
classical, or potentially mixed quantum-classical, methods.
Obtaining an accessible relationship is the main purpose of
this paper. To this end, we focus on the context of vibrational
energy relaxation in the present paper, although the results
are developed in somewhat greater generality. The vibra-
tional energy relaxation of molecules in condensed phases
plays an essential role in a wide variety of chemical and ot
biochemical process@s? Besides its practical importance, it J ., dt€“'0a(t),q(0)],/24, =
is also an excellent theoretical subject in the present context Ao Aw\ po
because Fermi's golden rule provides us with a simple formula ﬁTCOt’(ﬁT)f,w dte“'[g(t)q(0)d, (3)
for the transition rate between solute vibrational stémé&nd
Imdin terms of a correlation function of bath coordinates, where p,B]+ = AB + BA is the anticommutor. The quantum

More recent work has shown that this assumption is not broadly
applicable. In particular, Bader and Betnfound that the
following relation holds between the Fourier transform of the
classical CF for linear coupling and that of quantum CF, a result
that is exact for harmonic baths

namely CF can be easily obtained in this case, simply by multiplying
the classical CF by a so-called quantum correction factor.
T Part of the special issue “John C. Tully Festschrift”. Because such a quantum correction approach is quite appealing,
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there have been efforts to find a more general quantum comparison of eqs 7 and 8 leads to the relation betvi&g(t)
correction factor for general couplii§.1?2 Egorov et al! and Cg(t)

critically reviewed the known quantum correction approaches )

which include standaréil® harmonicl1* Schofield!® and Egel- _ iph d (i) o?

staffl® approximations. By comparing the results of these Cqm(t)_ccl(t)""Td_t ol + 12 Ecm(tﬂ‘
approaches for exactly solvable models, they found that no

method was satisfactory for all of the models they considered, - (ﬁh)Z”B

and, more importantly, the performance was inconsistent and _ n E an C.(H) + ﬂ_c ®) 9)
evidently unpredictable. Thus, the process of estimating these B & (2n)! \d ¢ 2 dt °

quantum correlation functions for complex systems was not

controlled. Further, the method that appeared to perform overall ipA(d/dt)

most accurately, the Egelstiffapproximation, requires the Calt)

evaluation of the classical correlation function at a complex 1= exp —ifh(d/d)}

argument. Hence, either a functional form is required for the \hereB, is Bernoulli number, and the exponential of an operator

CF or one must accurately evaluate a numerical Fourier js defined in the usual way. This relation holds for any spectral

transform and an inverse Fourier transform. The same complica-gensity. With the Fourier transformygw) = /., dt exp(ot)-

tion is associated with the Schofiétapproach. Cqn(t), we can recover the relation obtained by Bader and Berne
This situation motivated us to pursue a more reliable method ;, frequency space

to calculate general quantum CFs. In the present paper, we

consider a fairly general CF between functions of bath coor- - _ Bho = _ (Phw Bhw
dinates. We focus on the development of the quantum correctionCarl®) = 1— exp- ﬂhw)ccl(w) - {TCO“(T) +

to the general CF in terms of the quantum correction, denoted Bho) ~

Q, for the linear autocorrelation function of position itself. Using T} Cy(w) (10)

the exact result for the correction Q for a harmonic bath, and
expanding the correction to the general CF in terms of Q, we The second term on the right in eq 10 emerges since the CF

obtain an explicit expression for the general CF in terms of pere s not symmetrized (cf., eq 3). As for the relation in eq 3,
classical CFs and their time derivatives. We test our new result o4 10 is particularly useful because the quantum CF can be

for two exactly solvable harmonic models that have been gptained simply by multiplying the classical CF by a correction
considered by others, and demonstrate its usefulness. In thgactor. To get the value 0€qnit) from Cy(t), one can take

following section, we outline the derivation of the method. The a4vantage of either the expansion of eq 9 or the inverse Fourier
numerical results and comparison with other methods are t{yansform of eq 10.

presented and discussed in section Ill, followed by concluding  T¢ find the relation betweefBy(t) and Gy(t), we rewrite

remarks in section IV. the general CF, eq 4, following Egorov and SkinHe@ne uses

the general identit
Il. Theory g y

In this section, we utilize a previously developed exparigion B a(t)} of a(0)} =

of a general CF in terms of the linear position CF to develop  [exp{q(t)(d/0q')} exp{d(0)(d/oq")} f(a)a(d"){f—oq—0 (11)

an expression for a generally applicable time domain quantum

CF approximation. and we make the assumption of a harmonic bath, for which
A. Development of the CF in the Time Domain.We start one has the identit{exp@) 0= exp[A%12] yielding

by defining the following general time CF
[exp{ q(t)(a/aq')} exp{a(0)(6/aq")} U
Gon(®) = (HOY(O) g @) , ,
= exp[C(0)/2(3°/0q"“)} exp{ C(0)/2(0°/
Ca(®) = HOGO, ®) aq"%)} exp (970 9a")} (12)

wheref and g are assumed as functions of a collective bath Thus, they found
coordinateq. [l..[dm and [1..[g are traces over the quantum and

classic bath states, respectively. If the functions are equal to Cqm(O)'+qum(t)k
i.e.,f=g=q, the CF becomes the linear position CF, denoted qu(t) = Z—f2'+kg2m+k’ (13)
hereafter a€(t), namely Em Kimi2'm
Cyn(t) = [(H)a0) g (6) wheref, = d"f(g)/dcf|q—o andg, = d"g(q)/df|qo. This equation
) ) demonstrates that, for a harmonic bath, the general CF can be
and its classic analogu@(t). _ represented in terms of the linear CF, for which we already
Wheq the bath is taken to be harmonic, one can evalD@le  know the relation between quantum and classical CF. The
exactly classical CF can be expressed similarly
Cy() =H jz)m dwJ(w){ coth(Bhw/2)cosvt — i sinwt}, (7) C,(0)*"MC (b
) Gy(t) = mezwkgzmﬂc (14)
_ 00 2z kI)m Hm!
Cot) = f; dwd(w) ﬂwcosm, (8)

Defining the quantum correction ©(t) as Q(t)
defined in terms of the bath spectral densiy) = >« cﬁé(w
— wy) with the real expansion coefficientg. Then a close Q) = Cqm(t) = Cu(® (15)
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we utilize a binomial expansion as follows 3G (1) Cy (< c )™
_ ) S —— P T ¢ S
Canf®) = Coi(® + kCy(®0* Q) + 0Cy(1)]cy0)  MT(k — 1)imi2"™
k(k—1) . k2
2 o QT Ca(0Cy(0) f(t) 99(0)
. = —HranWK+lgzl+k+l = =
= exp{ Q(t)a/dC ()} Cy(1) (16) KT Kk!Imi2 q(t) Bq(g) El) o2
| t 1,1
When we use eq 16 to substitute 10gx(t)k and Cqr(0) ™ in ‘
eq 13, we obtain the following relation aG,(t)
P~y = {Gcl(t)z,o + Gc|(t)o,2}/2 (23)
8CCI(O) C(®)
Gl = 3 o QOICO) ¢ ]GO C
=) —eX
o Znumlz g P o G0l Note thatG(t) = G(t)o,0 and 8Ge(t)/dCa(0) = Ga(t)z,0 when
f=ag.
x expl Q)/3C, (1)} (0)]Cc|(t)k (17) To obtain our working equation, and consistent with the

expansion in Q, we expand eq 17 in termgiofVith the help

of the relation eq 15
= exp[ Q(0)d/dC(0)} ¢ + { QU)IC(D)} ¢ o) Cer(t)

iph d (iph)* o
This is an exact expression within the harmonic bath assumption Q) = Can(t) — Ca(t) = ﬂz dt~c 12 dt2 Ca®) +.
and is one of the main results of the present paper. It can be (24)
expanded in various ways. One can easily confirm that eq 17
holds for two model caseGq(t) = Cgy(t) and Gg(t) = eCa©- and eq 19, we can obtain the following result, correct thorough
{eCa® — 1} orderh?
The last equation can be expanded in Q as
Gyt t) + IﬁhG' (ﬁ W
I( ) C|( ) qm( ) CI( ) cl( )
Gynt) = cm+wgg® QO35 9
o\ Jc,(0) CAG/ I (ifh)? C" (DG (1) (iﬂh)ZC”d(O){ 3G,(t)
— + -
Q)Y G4 (1) 24 C ) 12 aCy(0))c
3Cy()? C,(0) (25)
The last term can be calculated using eqs 20 or 23. The term is
9 zero for the case wher&(t) can be represented fully as a
+ Q(t)Q(O)(aC (t)) (ac ) Gy(t) + function of C4(t), such as the linear coupling case because the
e e\ ey differentiation ofGg(t) is on the fixedCq(t) surface. The fourth
Q(O)Z 82Gc|(t) term of eq 25 has an apparent singularitZaf(t) = 0. However,
1= . (18) for the harmonic bath, the following relation holds
9C4(0) Cy®
Gyt =C (G112 (26)

We can make evaluation of the partial derivatives more practical

by two methods. One is to change the derivative variables to SO thatGy(t) is also zero wherCy(t) = 0. Although this

time t and temperatur® using partial derivative identities. For ~ relation does not hold for an anharmonic bath, in the spirit of

example, we can replace the terms in the above equation usinghe other approximations, we can substitute this result into eq
25 to obtain the singularity-free equation

(aGc.(t)) _ 1 4G, 19)

3Cy(M/c.0) C'cl(t) Cdt Gy =G |(t)+lﬁhG' (Iﬂ) a®
6,0 _ T {aGd(t)) 1 Cy(t) dGy(h) 412 (iBR)2C" _(0)[9G(t
(8Ccl(0))cc|(t) Ca(O)\ ¢ Ty Cy(0) dt 0 _(|§4) a0Gu(:2 T =73 ) (BCT((O)) c,0

Here, and hereafter, we omit the notation of fixed temperature 27)
()r from the time derivatives, as usual. In obtaining eq 20, we All terms on the right-hand side of eq 27 are obtainable from
have assumed that the spectral den3fty) is independent of  analytic equations or, more importantly, from classical molecular
temperature, namelyCe(t)/dT = Cqi(t)/T. This restriction could  dynamics simulation. Hence, in principle, we can get the
be relaxed. quantum correlation function without any quantum calculation,
Defining the derivative correlation function§(t)nm as within the validity of the approximations made. The method is
exact through ordeh? for a harmonic bath, and the detailed
G(t),m = B"{ q(t)}/oq(t)™"gf q(0)} /aq(0)"0  (21) balance conditioB(t)* = G(t — i) also holds to this ordéf
We consider this last point further below. In principle, this result
we can obtain alternative derivative expressions in terms of will start to deviate from exact results when the anharmonicity
G(t)n,m namely of the bath increases and/or quantum effects increase. The
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anharmonic error may be corrected by considering anharmo-expressions above are fully correct through second order. Hence,
nicity in the above derivation, for example by corrections to one might expect that the accuracy depends on the model and
eqs 12 and 24. The latter truncation error may be corrected byits parameters. Indeed, Egorov ethfound that the Egelstaff

expanding to higher order i However, both corrections will
make the relation more complex.
In particular, we can expand eq 17 ugifoorder in the same

scheme performs better than others despite inconsistencies
among model problems. These comparisons also help us to
understand the variation in accuracy with system of the other

manner to obtain approaches, evident in the figures of ref 11.

Another notable approximation is the so-called harmonic/

|() Schofield approximation introduced by Skinner and co-work-
Gam(®) = Go(t) + 1 ers1112.19They suggest this scheme by averaging the harmonic
G (t C' ()G (t c' (0 and Schofield schemes, which underestimate and overestimate,
(iBh)> o ) - o Co® o(0) 6G4(®) respectively, the vibrational relaxation rate for an exponential
8 Cut) 24 12 4C,(0) coupling model. For their chosen parameters, this approximation
shows surprisingly accurate results. In the time domain, this
T iphy G",® B cC',®)G", M B cC"., G, alternative approximation can be expanded through ditlas
48 c, @ 48 c.,b 48 | ,Bh 5(i ﬁ %
R . — + + I +
C”c|(t)2 G’cl(t) C”CI(O) BG'cl(t) (28) Gharmom¢$chof|elc(t) cl(t) c|(t) —= G (t) .
CF 48 | 24 iC,0) (33)

By comparison to eq 31, one sees that the third term here is
To evaluate higher ordét terms requires the value of higher smaller than that in the Schofield scheme. One can see how
order derivatives, which may present numerical challenges, butthis then compensates for overestimation in this model. How-
we anticipate that one can rely on various interpolation methods ever, this scheme is not analytically more justified than others,
to reduce statistical noigé. and therefore may be expected to also lack consistency when

These expressions provide estimates of quantum CFs onlyapplied to different model systems.

from the classically calculable values. In particular, the quan-  For future reference, the above schemes are represented in
tum rate of vibrational energy relaxation via eq 1 is acces- the frequency space by
sible, although the relations above are applicable to general CFs

that can be expressed only through functions of bath coor- () = 2 G (@) (34)
dinatesq. Before testing the results, we consider some analysis Getandar 1+ exp(phw) Ga
below.

B. Comparison with other Approaches.Using these results, G () = ﬂh—wé ) 35
we have a useful window on the exact result that we can use to ramonid ) 1— exp(—phw) (@) (33)
analyze other previous approximations. Expanding the known N .
approaches in terms df in the time domain, we obtain the Gschofield @) = eXpBhaol2)G,(w) (36)
following _

(ﬁ ) GEgeIstaf(w) =
Gyandardt) = Goi() + ﬁ—G' o® -5 G 4O + ... (29) expBhol2) [ dtexp(o)Ge{ vt + (Bh/2)%} (37)
~ hw

Ghamonidh) = Gy(t) + 'ﬁh (ﬁ ) 4O+ ... (30) Gharmonieschofieid @) = €XpBhiw/4) ﬂ—h a(@)

exp(—phw) (38)

With the aid of the corredt? order expansion in eq 25, we can
improve the widely used Schofield and Egelstaff schemes to
reproduce the correch? terms, if one neglects the terms
involving G (t)/aC(0). We then find the followingxtended
Egelstaff and Schofield schemes

GSchofielt(t) = (t + Igh) cl(t) + IﬁhG’cl(t) +
(iBh)°
8

SO+ .. (3D)

GEgeIstaﬁ(t) = Gcl(\' t(t + |ﬁh)) o (t)
|
G H=G \/ + ipht + (iph) ( ——= ))
i iBA E_Egelstal cl 4 12 ¢

Gy(t) + 'ﬁh G0+ (ﬁ y G (1) - (ﬂ y 1(3' O+ o)

(32) (39)
Comparing our result eq 25, one sees that all approachesGE schofierd?) =

reduce to the classical result fir= 0 and also predict the - ish (|ﬁh) - iBh o i+ g o fi+ iBh
correct first order term. This means that all approaches are valid ( 2 ) 24 ( 2 ) cl( 7) cl( T)
for small quantum effect. As the quantum effect increases, all (40)

of the above approaches necessarily become erroneous (for a

harmonic bath) because they fail to predict higher order terms The first, the extended Egelstaff approximation, reduces to the
correctly. Among them, we can expect that the Schofield and original Schofield scheme for the special case tg(t) = 0
Egelstaff approaches may be better than others in that their thirdand reduces to Egelstaff whegj;(t)/C(t) = 3/t. However, it
term in each equation above is correct, although none of theis singular whenCy(t) = 0. On the other hand, the latter,
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extended Schofield, approximation actually reproduces the terms

throughh® order correctly (see eq 28) except those that include
9G(t)/0C(0) derivatives. Further, we can use the relation of
eq 26 to avoid singularity. With that substitution, eq 40 becomes

Ge schofiedt) = GC,(t + @) _

(iBR)°
24

(t + '/;h)e (t + 'ﬁh) (41)

We test the usefulness of this result in the next section.

I1l. Numerical Results

In this section, we implement the primary results of this paper
for two specific models for which both the exact result and that

of all other approximations discussed can be evaluated. These

two exactly solvable models are linear coupli@¢) = [q(t)-
g(0)Cand exponential couplinG(t) = @10eiO0— @903, The
last model is only apparently different from the definition of
CF eq 4; it can be put in that form by incorporating a
displacement by the mean value in the definition of the
correlated function. The linear coupling case is of interest
because it allows us to readily test the impact of the truncated
series representations characterizing our present results.

For explicit calculations, we specify the form of the spectral
density as in earlier wotk

o) = Z;Lwa/woa+le—a)2/woz (42)
with a = 1 (Ohmic) oro. = 3 (super-Ohmic). Note tha{w) is
normalized agy dwJ(w) = A. Fortunately, analytical expres-

sions forCg(t) are available for these spectral densities, namely

C,) = 2;;{;—’ exp(— %woztz) (=1  (43)
Ca®) = ﬁﬂf S 2~ o) exil~ iwoztz) (x=3) (44)

From these functions, the analytical expressions of Schofield
and Egelstaff approaches can be obtained by the first equality
in egs 31 and 32, respectively. And we can Fourier transform
these functions analytically

2

Cyw) = 7 p(— &) (@=1) (45
a)o Wq

Cylw) = Har” exp(— &22) («=3)  (46)
a)o Wq

The expressions of da(w) can be obtained from these functions
and eq 10. We set = 0.2, wp = 1.0, andh = 1.0 in all
calculations below.

A. Linear Coupling. For the linear coupling case, the relation
G(t) = C(t) simplifies eq 25 to

Ca(®) + Iﬂhc'cl(t) (Iﬁh)

Canl®) ~ a0 (@47

Kim and Rossky

T

Classical
— Exact

- - - - Schofield
Egelstaff
o Eq.(47)

[ =l =
oo N

N
(XIS
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Re <q(t)a(0)>

o N
w IS
r

o
N
T

0.1

0.0

Figure 1. Time dependence of the real part @ft)g(0)Cfor § = 1

and 2. The Ohmic spectral density is used. The classical result is
obtained from eq 43. The Schofield and Egelstaff results are obtained
from the first equality in relations eqs 31 and 32 and the classical result,
respectively. The exact result is from inverse Fourier transform of eq
10 with eq 45.

0.5

0.4

Classical
— Exact

- - - - Schofield
Egelstaff
® Eq.(47)

0.3

Figure 2. Time dependence of the real part @ft)q(0)Cfor g = 3
and 5. The Ohmic spectral density is used. The results are obtained by
the same method as in Figure 1.

In Figures 1 and 2, we compare our series results eq 47 for
the real part of the CF with others, for various temperatures,
using the Ohmic spectral density. & 1). For3 = 1.0 when
the quantum effect is not large, all approaches show excellent

These are the first three terms in the expansion of the harmonicagreement with the exact result. As the temperature is lowered,

approximation eq 30. We note that the (infinite order) “har-
monic” approximation scheme is exact for linear coupling.

the predictions of approximations start to deviate from the exact
result. Although the classical result relaxes more slowly, the
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0.0 - r - - - - Schofield
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Figure 3. Time dependence of the real part [@ft)q(0)Jfor 8 = 2 Figure 4. Frequency dependence of the Fourier transformed

and 5. The super-Ohmic spectral density is used. The results areld(t)a(0)Ifor 5= 3 and 10. The super-Ohmic spectral density is used.

obtained by the same method as in Figure 1 except that the classicalThe classical result is obta_ined from eqgs 46. The exact, Schofield, and
results are given by egs 44 and 46. Egelstaff results are obtained form the relations eqs 10, 36, and 37

along with the classical result, respectively.
results of Schofield and Egelstaff approximation show faster

relaxation than the exact result. Fr= 5.0, the Schofield 08 T T ]
approach shows very poor prediction. Note that this effect will 04 L p=2 [—Ead |
diverge withf, sinceCschofieidt) = Cei(t)elP@)?16d6it The new I N - - - - Schofield
result, based on the truncated series in eq 47, is evidently 03 L e H
superior to all other approximations shown for all temperatures. L
Although the results are nearly indistinguishable from the exact 02| .
result atf = 3.0, there is some deviation f@gr = 5.0. How- 3
ever, even for that low temperature, our result still follows the 0.1} .
exact result strikingly, and perhaps surprisingly well, considering A i
that it is based on a low order series. In Figure 3, we plot the T 00F 7
same CFs fon. = 3, and they show the same trend as Figures 5 10
1 and 2. Z) 08 ]
For results in Fourier transformed space, eq 47 can be o 06 | 1
represented by 0: N b
ho | (o)’ "2t ]
~ ) ~ 1
Cqm(w) ~ { 1+ ﬂT + 12 }Ccl(w) (48) _2(2) : ; ]
04 [ I;" ]
Fourier transformed CF is plotted in Figure 4 for various 06 L ]
approximations, using the super-Ohmic spectral density. Overall o0sk - ]
accuracy improves because the imaginary term (first order in ol L X ! . L . L 1
h) contributes in the Fourier transformed domain. With the 0 2 4 6
exception of the Egelstaff approximation, all approaches predict t

correctly that G"'(.O) = Ca(0). The Clpse a_greeme_nt_ of the Figure 5. Time dependence of the real part @ft)q(0)Ofor g = 2
current method with the exact result is again surprising. EVen ang 5. The Ohmic spectral density is used. The resuits are obtained by
for the very low temperaturg = 10.0, the present method is  the same method as in Figure 1. The result of the extended Schofield
nearly indistinguishable from the exact result, while the approximation eq 41 is also shown for comparison.
Schofield and Egelstaff approximations predict nearly meaning-
less results. The classical result is more accurate than these twdt correctly reproduces the lower ordorder terms, but is an
infinite order approximations. The figure demonstrates that in infinite order approximation. However, as evident in the Figure
this case, neglecting higher order terms is a better approximation5, it is clear that, in contrast to the truncated series result, this
than keeping incorrect terms, particularly for large quantum extended approximation manifests large errors for the case of
effects. largesh, where the higher order terms are more important. We
One might have expected the extended Schofield approxima-believe that this fact can be attributed to the structure of higher
tion eq 40 to be the best of all schemes considered here becauserder terms. Although the magnitude of individual higher order
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Figure 6. Frequency dependence 0f-&v) for 8 = 10. The Ohmic — [exp{q(0)} @ for # = 3 and 5. The Ohmic spectral density is used.

(upper panel) and super-Ohmic (lower panel) spectral density are used.The exact results are obtained from eq 51, and the analytical result for
The results are obtained from eq 49, wittuQ determined by the same
method as in Figure 4, except that the classical result is given by eq

45 in the lower panel. W
08F - .
terms increase with the value gf, the sum of higher order 06 L \ ik S gflascstlcal ]
terms is evidently not large and their values must somehow T ----Schoﬂelf?
effectively cancel each other. By expanding eq 9 or eq 10 to 04 A Egelstaff
higher order, one can confirm that the sign of these terms 02 L ]
appears to alternate. Consequently, we find strong evidence that L
ignoring higher order terms is preferred to the incorrect infinite 0.0 |- -
order summation, at least for the models considered here. 02l i
As previously mentioned, the truncated solution satisfies the =
detailed balance condition in the frequency space O -04f
2 10
A — PR 08 F .
Gonf—@) = e 7" Gyfw) (49) .
06 [ i
only to the truncated order. In other words, férorder, eq 49 04 .
becomes 02 L . i
" 00 el -
~ (Bhw)| ~ [ I NTLh
Gygn(—®) ~ { 1- pho + > Ggn(@) (50) 0.2 | :, -
04 |- 1 ! —
However, when the value @#iw is much larger than unity, eq 0.6 5 : P IR

50 is expected to fail numerically because the exponential
function in eq 49 is not well described by the polynomial factor
in eq 50. Thus, the value of Fourier transformed CF for the Figure 8. Time dependence of the real part@kp{q(t)} exp{q(0)} O
negative frequencés(—w) obtained from the truncated solution ~ — [€xp{q(0)} B for # = 3 and 5. The super-Ohmic spectral density is
eq 25 will likely be erroneous. This can be understood since used. The results are obtained by the same method as in Figure 7.
for negative frequency, the effective cancellation of the values . .

of higherh order terms does not work since the signs of the D€ used for positive frequency and eq 49 with eq 25 should be
terms change. We can overcome this limitation readily by using USed for negative frequency.

eq 49 instead of eq 50 for negative frequency. To test this, we B. Exponential Coupling. For the exponential coupling

plot C(—w) for § = 10.0 for both spectral densities in Figure = €xp@)

6. The results from eq 50 are worse than even the classical

results, wheréq(—w) = Ga(w). However, the present method G(t) = exp[C(O)} [exp{ C(1)} — 1] (51)
using eq 49 gives very accurate results up to orderOlfor

negative frequency. Therefore, we conclude that eq 25 shouldholds, and our result for this coupling is given by eq 25
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1 T T T T T T T sion has been useful in identifying the origins of the inconsistent
I ] performance of alternative approximations in earlier work, which
differ from the exact result in second order fin The new
expressions have the advantage that they require no functional
s form for the classical correlation functions to obtain accurate
results, so that the quantum result can, in principle, be evaluated

L | EL‘;S:““' 1 directly from simulated classical correlation functions. We also
Ar - - - - Schofield C ] note that the expressions developed do not require the prescrip-
5L T san S . tion of an underlying harmonic model for implementation.
sl — ] We have applied the current method to two exactly solvable

L . I s ! . L models involving harmonic baths and shown that its accuracy
T J T y T T T is consistently superior to other known approaches for these
models. Surprisingly, when the quantum effect is larger, the
7 difference in the accuracy between previous and present
] approaches is even larger, with the present approach remaining
quite close to the correct result. We have attributed this fact to
the tendency of higher order termsfirio cancel, and the errors
S . in infinite order approximations to the failure to correctly capture
6 o 2nd order ] this cancellation for positive frequency. This origin is indicated
= 3rd order . also by the failure at low temperature of the extended Schofield
I T | approximation, introduced in the present work. Because our
-10 L . L : ' : L derivation is based on the harmonic bath assumption, anhar-
monic systems will be a more severe test of the new expressions.
o The fact that the anharmonicity is fully treated at the classical
Figure 9. Frequency dependence of the Fourier transforrigeg- level in the present approach provides some reason for optimizm.

g ot} expf Q(O)gﬁih@xp{ q(0)} 3 f|0fﬁ =3 t;’m_d lg-t;rh% Olf:lmic_ Spetha]! Results for anharmonic systems will be reported elsewhere, but
ensity is used. The exact results are obtained by the Fourier transformy aliminary results are encouraging.

of eq 51. The second and third order curves are obtained by the Fourierp y ging
transform of eq 52 and eq 28, respectively.
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