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Numerical methods for solving kinetic equations for diffusion-influenced bimolecular reactions are
presented for three cases. Finite difference method is used to solve diffusion-reaction equations for
the pair distribution function. The kinetic equation for the concentration is evolved by the Runge—
Kutta method with adaptive time step. Theundary doubling methoid introduced to study long

time dynamics, where the truncation problem of the infinite boundary is crucial. The above methods
are applied, in the first case, to the classical Smoluchowski approach to a binary reaction with
random initial condition and the results are compared with ones in two dimension. In the second
case, an isolated pair recombination dynamics with a delta function initial condition is investigated
and the results are compared with analytic expression in three dimension with spherical symmetry.
A more complicated system with the hierarchical Smoluchowski approach with the Kirkwood
superposition approximation is also investigated in the third case. The efficiency and the accuracy
of the numerical calculations are examined against the asymptotic analytical solutions and a Monte
Carlo simulation in one dimension. @998 American Institute of Physics.
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I. INTRODUCTION truncation error as well as to save computing time, we intro-
- o duce theboundary doubling methoBDM). This method is

The diffusion equation is one of the most fundamentalpased on the fact that the range covered by diffusive motion
equations in physical sciences. Since the seminal contribys proportional to t¥2 according to the Einstein—

tion of Smoluchowskt, theories of the diffusion-influenced Smoluchowski relation and thus the outer boundary can be
reactions have been developed by many authior3here simply doubled at every quadruple time.

are many |nt'erest|ng ph.enomena where .the' diffusion- ', order to demonstrate the merit of employing the BDM
reac_tlon .e'quatlon plays an'lmportant r6’FéI_Desplte 't,s broad we consider three cases. The first case is a simple binary
applicability, one can obtain exact analytical solutions of thechemical reaction with a random initial condition for the
diffusion equations only for very simple cases and, in gen- . o ) .
. ) . 2 "concentrations of reactants. The kinetic equations for this
eral, one has to rely on numerical techniques for finding

. . case are those derived from the classical Smoluchowski
approximate solutions. There have been constant efforts t0

find more efficient numerical method%:1* Recently, the ef- approac.hl. The second case is the recombination of an iso-
fect of like-particle correlations on the bimolecular reactionsIated pallr (,)TA andB rnolgculgs with ,an |.n|t|al separatpn of
has attracted considerable inter&st” which shows differ- i~ The initial condition in thI.S case is glveq by&a‘unctlop -
ent behavior from the mean-field predictions. Such studie¥/Nich needs to be treated with care numerically. The kinetic
are primarily concerned with the long time dynamics which€guations are those derived from the hierarchical Smolu-
requires more exact numerical methods. chowski approach(HSA) with a simple superposition
The diffusion-reaction equation is an evolution equation@Pproximation:®=?° The third case is the same as the first
for a certain distribution function which is a parabolic-type case but the kinetic equations are those derived from the
partial differential equatioiPDE) and it cannot, in general, HSA with the Kirkwood superposition approximatidrt!in
be solved analytically. Therefore, the need for an accuratwhich the effect of like-particle correlations becomes impor-
and efficient algorithm for numerical solutions of diffusion- tant at long times.
reaction equations is ever increasing. The main difficulty of ~ The remainder of this paper is organized as follows. In
solving the equations numerically arises from implementingSec. Il, we will explain the numerical method for the classi-
boundary conditions. The outer spatial boundary needs to beal Smoluchowski approach to a simple binary reaction. As
extended to infinity, in principle, but it is truncated at a finite an example of the initially localized system, an isolated pair
separation for numerical calculations. The error resultingdynamics will be solved numerically in Sec. lIl. The effect
from the truncation grows with time and, as a result, it be-of |ike-particle correlations on the bimolecular reaction will
comes crucial for long time dynamics. In order to reduce theye investigated numerically and the results are compared
with the Monte Carlo simulation in Sec. IV. Section V con-
dAuthor to whom all correspondence should be addressed. cludes the present work.
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Il. BIMOLECULAR REACTION WITH RANDOM INITIAL (rN—o)
CONDITION Ar= N , (2.6b
Consider a viscous medium containing moleculeAof .
g At=ti—t_; (j=1,2..), (2.60

andB which diffuse independently. The product molecule is
created by the instantaneous reaction when the reactants aghere N+ 1 is the number of discrete spatial points. Then

proach within a certain distance. The bimolecular reactionhe first and second derivatives of the pair distribution func-
can be represented by+B— product. The time evolution tjon, p(r,t), with respect to the spatial coordinate are ap-

of the averaged concentration Afis given by proximated by
%[A]zk(t)[A][B], (2.1) 0P(ri,tj)%P(riuytj)_P(ri—l,tj), (2.7a
ar 2Ar
where k(t) is the time-dependent rate coefficient gnal] )
and[B] are the concentrations of reactaAtandB at time Fp(ri )  p(rivat)—2p(ri t)+pli-1.4) 2.7h
t, respectively. In the classical Smoluchowski approach, the ar? Ar? ' |

time-dependent rate coefficient can be calculated from the L .
time-dependent pair distribution function of reactants With these approximations, we apply the Crank—Nicholson

p(r.1), which is given ind spatial dimension as follow&: _finite difference methdd to Eq.(2.3) as follows:

gy 27D e N d p(ri tysa) =~ p(ri )
()= T(d2) ar & ey K At
r=o
22 _Dp(rivatie) =2p(ri i) +p(rig,tj0)

whereD is the relative diffusion constank,(x) the gamma ) Ar?
function, o the reaction distancg= (kgT) !, andU(r) the
potential of mean forcep(r,t) is assumed to satisfy the fol- n d—1 p(riss i) —p(ri-1,tj41)
lowing diffusion equatiorf* 2r; Ar

ap(r,t)=DVe_BU(r)VeBU(r)p(r,t), (23) +p(ri+lltj)_2p(ri21tj)+p(ri*11tj)

Jt Ar
This equation is a parabolic-type PDE and requires two d—1 p(ris1.t)—p(ri—1.t)
boundary conditions at two spatial positions and one initial o Ar : 2.9
|

condition att=0 for p(r,t). Therefore, the diffusion equa-
tion is usually an initial value problem with respect to time This method is second order in time and stable for any size
and a boundary value problem with respect to the spatiabf At. In order to obtairp(r;,t;, 1), however, a little expen-
coordinate. For the diffusion-influenced reaction system, theive inversion of the tridiagonal matrix is unavoidable in
above PDE is usually considered to be subject to the randomompensation for the stability. Considering the boundary
initial and Collins—Kimball boundary conditions which are conditions, Eqs(2.4b and(2.49, the matrix can be given by
given by - -

L m u; O
p(r,0)=e AV, (2.49 l, m u 0
d KoT'(d/2) 0 Iz m
U _
aeﬁ (r)p(l’,t)k= =5 02D 8 1o~ U() p(O‘,t), .
(2.4b m uys O
p(r—ot)=1, (2.49 0 'NO—Z | m  Un-2
_ m
wherek? is the intrinsic rate constant. The Smoluchowski - N -
boundary condition can be obtainedlds—. For simplic- p(ra,tje1) by
ity, let us neglect the effect of the detailed short-range struc- p(ra,tj1) b,
ture in the potential of mean force, namely, : : =l i |, (2.9
0 for r=0 p(rn—2,tj+1) bn-2
UD=1% for r<o (2.9 p(rn-1,tj+1) bn-1

The finite difference technique can be used to solve thavhere
above equations with the outer boundary truncated at a finite

separation, e.gr,y. The radial and time coordinates are dis- uj=— D_At (iJr (d_l)) (i=1,..N—2), (2.109
cretized as follows: 2Ar \Ar 2
[ _ DAt
=y (o)t (i=01..N), (2.6a m=1+-—+7, (2.10h
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Iy be large enough to satisp(ry ,t) =1, while Ar needs to be

m'=m+ — T(d2)Ar " (2.100  small enough to get converged results, withas small as
1+ 202D 50 T possible. This causes a crucial problem for long time dynam-

ics. To minimize the computational cost in some cases, Ped-
ersen and Freed used a variable step size suchAthds

DAt [ 1 (d—-1) )
(i=2,..N—1), (2100  chosen small in the region ef<r<r, with ry<ry andAr

2Ar 1Ar 2 is taken much larger iny<r=<ry .9 In this case, the Rich-
by=(—uy)p(ra,t)+(—m"+2)p(ry,t;), (2.100 ardson extrapolation method cannot be used and the error
around ry, can be amplified with time. Therefore, their
bi=(—upp(ris1,t)+(=m+2)p(ri.t)) method is not suitable for long time dynamics. Although the
+(=1p(riot)  (i=2,..N-2), (2.10f  @symptotic solution is used for the largeegion;™*“it is not
always possible to get one and the error inherent with it still
byo1=(=m+2)p(ry_1,t)+(=In-1)p(rn-2,t) persists. Transformation methd8s*°have been used to

_ou (2.109 avoid the infinite boundary such that thespace range of
N-1- ' {0} is nonlinearly transformed into the space with the
Following the above procedure, we can calculate the pairange of{1,0}, for example'® by a relation such ag=exp
distribution function and therefore the rate coefficient at a —a(r/oc—1)]. Here a is a dimensionless constant and the
given time. Then the rate equation, E@-1), can be inte- grid points for thex space are taken to have equal spacings.
grated by any of several numerical methods for solving or-This transformation method gives an additional advantage
dinary differential equations. The fourth-order Runge—Kuttathat the grid in the original space can be more finely spaced
method with adaptive step size control by step douBfing near the inner boundary which is the most important region
has very attractive features for the investigation of long timen the Smoluchowski approach. Despite such advantages of
dynamics since the pair distribution function changes venthe transformation method, however, the problem of truncat-

smoothly at long times. ing infinite outer boundaryinfinitesimal inner boundary in
The concentration atj ¢+ 1)th time step[A];.,, is ob-  thex spacg which causes amplification of error at long times
tained as follows: still remains due to the finite difference scheme.
At We now introduce the boundary doubling method
[Alj+1=[A];+ - (a;+2a,+2az+ay), (2.1)  (BDM) with a growing outer boundary which evolves with

time. Because of the finite number of discrete grids, this
variable outer boundary requires interpolations at new grid
points for each time step. We note the fact that the range of
a;=—k(t)[A];[B];, (21238 yegions covered by diffusive motion is proportional tf?

(the Einstein—Smoluchowski relatipnand thus the outer

where

At a a
a,=—k tj+? ([A]j+?l ([B]j+?l , (2.12p  boundary can be simply doubled at every quadruple time
without very expensive interpolations. We introduce the fol-
o At ([A] N a, ([B] ) a, (2.12 lowing scheme:
az=—k{ti+ i+ = i+ =, .
: ) 12 2 t(n)=4t(n-1), n=1,2,., (2.143
ay=—k(t;+ At)([A]j+a3)([B]; T ag). (2.129 ry(t)=cy2dDt(n), t(n)<t<t(n+1), (2.14b
Let us denote the two approximate solutiop&]” obtained i
by using one step of 2t and[A]’ by two steps ofAt and ri(t)= N (ry()—o)+o, 1=0,1,2,..N. (2.140

defines=[A]' —[A]". When we denot&’ as a desired er-
ror, the optimum time step sizé\t’, is calculated by the ¢ every doubling timet=t(n), the pair distribution func-

following equations? tion is given by
110.20 .
At’ =SAt|— (8'=96) . | p(rzi(),0), 1=N/2
110.25
=SAt|—~ (6'<9), (213  wheret(0)=t, andc is an adjustable parameter. Initially,

the value ofc should be controlled to obtain an optimum
whereS is the safety constant. By controlling the value of outer boundary. At short times, this method can increase
&', we can control the accuracy and speed of the calculatioraccuracy and speed greatly using a finer grid with the same
We also note that for the spatial grids, the Richardson exaumber of grid points{l). For long times, it can minimize
trapolation method can be used to obtain the optimized nunthe truncation error by using the large outer boundary. One
ber of discrete point¥? possible drawback of the method is that the error may in-
The error resulting from restricting the outer boundarycrease abruptly right after the outer boundary audare
will be significant at long times since the physical value likedoubled. However, the adaptive size Runge—Kutta method
the pair distribution function at the truncated boundarycan minimize such error by reducing the time step size
changes with time. The outer truncated boundegy,should  around the doubling time.
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For d=1 and 3, the diffusion equation with Smolu- T T
chowski boundary conditionkf—) for a random initial
condition wher{ A],=[B], can be solved exactly to gi¢e

[A] ( llGDt+ 1 -1 (2.153 g - zzabo'et«lat
= —_— —_— — Numerica
1d T [Aly) > sl |
<)
1\t -
[A]3d=<47TO'Dt+80'2\/7TDt+ W) . (215[:) ol i
0
But for d=2, no closed form solution in terms of elementary
functions is available. Instead, the solution of the Laplace e e ez 0 8 5 4 20
transform of rate coefficientk(t), has been known as log,,t
follows:23
FIG. 1. The rate coefficients in the two-dimensional Smoluchowski ap-
K _ 27D \20?/DK(yz0?/D) 216 proach for the short time limit approximatidthe dotted line with circles
(Z)2d_ ( : a long time limit (the dashed line with trianglgsSzaboet al’s (Ref. 29

approximation (the dot-dashed line with squajesand direct numerical

ZKy( Jza?ID) '
whereK . is a modified Bessel function of the second kind. Laplace transform inversiofthe solid ling [see Eqs(2.16)]. See the text
v for the values of other parameters.

The inverse Laplace transform of this solution can be given
and approximated 13§

8 o exp(— 7x2) with the result of the numerical inversion of E(.17). In
k(t)2d27 Jo X[Jo(X) 2+ Yo(x)?] dx Fig. 2, we plot the survival probability curvesP(t)
=[A]/[A]p) in log—log scale for several values &f. The
= 2aD((7r) " Y2+ 12— 147l ) Y%+ - ) values for the parameters a®=2.0x10°m?s!, o
70 =1.0x10"m, [A]o=[B]o=1.0x10** m~2, and the initial
> 2y time interval At=1.0x10"%s. In order to realize the
= ZWD(In(4T)_2 - (n(47)—2 )2+~-~ Smoluchowski boundary condition numerically, we take a
7o Y Y large value fork®(=10"x2xD). If one is interested in the
short and intermediate time dynamicbl=10° will be
=24D exp(— 7 7/10 enough, since it shows an indistinguishable result with the
Jmr exact one until about 1010 ° s (2.0x 1% in the dimen-

sionless time unity) and it takes abdib s for computatiors!
N 1 N=10" gives correct results up to about XQ0 ' s and
In[ V47 exp(— 7) + exp(5/3)] takes about 1 min, and=10° up to 1.0< 10 ® s with about
i ) 12 min. The most time-consuming part is the inversion rou-
where y is the Euler constantr=Dt/o, and Jo(x) and  (ine of the tridiagonal matrifsee Eq(2.9)], hence the com-
Yo(x) are the zero-order Bessel functions of the first and,ing time is roughly proportional thl. The adaptive size
second kind. The last approximation was suggested by Sza%nge—Kutta method is shown to be very useful. With a

et al”® They reported that it is accurate to 1.3% for all times.fiyad time step size algorithm, one should calculate 1.0
It is not easy to perform the numerical inversion of they qn10 steps until 1.¢ 10" s, '

Laplace transform containing special functions likg with
high accuracy. We apply the present numerical method to
this two-dimensional Smoluchowski approach. Of course, . . . . . .

our method can be applied to more general cases where even or 1
the Laplace transformed solution is not available, as will be
shown in Sec. IV. Moreover, the magnitude of error in our T ]
method can be easily controlled. In Fig. 1, we compare the E
direct numerical inversidfi of Eq. (2.163 with the results of 22T i
approximate expressions in Eg.16b to examine the accu- g 5l |
racy of them. Indeed, the approximation of Sza#al. is
quite accurate for all times. al ]

The concentration ofA can be evaluated using Eq.
(2.1649 as follows: 5l . . . . \

-16 -14 12 -10 -8 -6
27D \za2IDK(za2ID) 1\t log,, t
[Alyg=| L~ e + !
2°Ko(Vzo /D) [A]O FIG. 2. The survival probabilities in the two-dimensional Smoluchowski

(2.17 approach for several values Nf BDM results(dotted line$ for N=2, 10,

1 . 1%, 1C°, 10%, and 16 (from top to bottom are compared with the numeri-
whereL ™" denotes the inverse Laplace transform. We can, Laplace transform inversigthe solid ling. All other parameters are the

examine the numerical accuracy of the BDM by comparingsame as those in Fig. 1.
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Interestingly we notice in Fig. 2 that the slope of each of -6 . T T .
the survival probability curves tends to change toward the
value of— 0.5 in the long time limit. The slope 6f 0.5 is an \ ";EZDE'J”“’-
exact value in one dimensidsee Eq(2.153], and the pair N Fixed 106
distribution function in one dimension becomes linear with N Fixed 1000

respect tar in the long time limit a8

,,,,,,, Fixed 1000c

log,, k(t)

t f(r_g>~ "7 (d=1) (2.18 °l
p(r,t)y=er 2\/D— = bt ( , .
where erfk) denotes the error function. Therefore we can
infer that the slope of-0.5 reflects the fact that the pair -14
distribution function is treated, in this time region, linearly @
due to the insufficient number of grid pointd, This is why .
the error increases with time and it does not result from the or
truncation of the outer boundary. If the BDM is applied to
the one-dimensional case, the accuracy will increase greatly. r
And the BDM can be further improved by adopting, addi-
tionally, an appropriate nonlinear transform scheme. Then
we can treat the nonlinear pair distribution function with a
smaller value oiN for a given magnitude of error.
The outer boundary is extended from abamtt1.0 4
X 10~ 13 m at beginning up to abowt+ 1.0x 10 8 m at time
1.0x10 ® s by repeated application of the BDM. On the 5L - : s ' ?
other hand, with a fixed outer boundary, the error will con- e
tinuously increase with time, as shown in Figa3 We com-
pare the time dependence of the rate coefficient for three
fixed boundariesr,N= 100, 100s, and 1000 with the result FIG. 3. (a) The rat_e coefficients_in the t\_/vo—dimensional Smoluchows_ki ap-
. proach for three fixed boundariédash lineg the BDM result(the solid
of BDM. N for all data is set at 10 As expected, when the line), and Szabet al's approximation(the dot-dashed lineN=10000.(b)
fixed outer boundary becomes smaller, the result starts tohe survival probabilities in the two-dimensional Smoluchowski approach
deviate significantly earlier from the correct value. It is in- for several values dil. The outer boundary is fixed at &0Fixed boundary
teresting to note that the rate coefficient becomes a constaffuits(dotted lines for N=2, 10, 16, 10, and 10 (from top to bottori
. are compared with the numerical Laplace transform inverssofid line).
Valute ftOI’ a fl).(”ed EUter tioundary Icaseba?‘d’ t.her.efotrhe, tlhe CorA'II other parameters are the same as those in Fig. 2.
centration will show—1 power law behavior in the long
time limit. On the other hand, when the fixed outer boundary
is set large enough, the error in short and intermediate times
will increase since\r increases for a fixed value of even  lll. RECOMBINATION OF AN ISOLATED PAIR
though the truncation error becomes smilee the line of
the 100@ case in Fig. 8)]. Therefore, one should find an
appropriate value of the fixed outer boundary by trial and
error. As previously mentioned, the error increases in th
long time due to the insufficiently small value bf for the
BDM case. And a larger value df should be used to ex-
amine the longer time dynamics.

log,, P(t)

log,,t

Despite the success of the classical Smoluchowski ap-
proach for some simple problems, it cannot be generally ap-
lied to more complex problems. One important example is
he recombination dynamics of initially separated pairs. The
interplay between bulk and geminate recombinations has

been studied by many authd¥&2%2° However, an exact
In Fig. 3(b), we plot the survival probability curves for solution ha}s not been given dug (o its comple.x dynamics of
many particle nature. To examine the numerical procedure

several values oN and the fixed boundary,y=100. The . . )
) . for solving the relevant equations, let us consider only one
slope of all curves is-1 at long times due to constant rate .

coefficient as expectefhote [Al,y ~ (In t)/]. This results !solated pair which is initially separated by the distangg,
e in the system.

from the fact that the conditiop(ry,t)=1 causes the con- Based on the HSA with a simple superposition approxi-
stant input at the boundary and the system reaches a psefation, one can obtain the following kinetic equatidfis:
dosteady state and has a constant rate. The error due to the

small value ofN is the early appearance ef1/2 power law at P(t)=—k(t)P(t), (3.139
behavior in the survival probability and the error caused by

the fixed boundary is reflected by1 power law behavior. 2d2pd=1

As a result, the survival probability curve from the fixed k(t):f dr T2 S(r)p(r,1), (3.1
boundary method crosses the correct curve due to the fortu-

itous cancellation of these errors even for a small valud.of d

However, being free from the fixed boundary error, the BDM 4t p(HO=LN)p(r,) =S(r)p(r,) +k(t)p(r.1),
shows the correct result & becomes sufficiently large. (3.19
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whereP(t) is the survival probability at timég, S(r) denotes . . . - - '
the reactive sink function at the spatial distanceandL (r) 00t T
represents the nonreactive evolution operator which can be
approximated by the Smoluchowski operator if one neglects 02} '
the effects of hydrodynamic interactions. Name®{r) and g
L(r) can be given as follows: o 04 .
=2}
[
KT (d/2) 8(r — o) ~ oef i
S(r)= 2 A2 T (3.29 &
0.8 T
g d-1 d AU(r) . . . . . .
L(r)= EjLT D(r) 07_r+’8 or -16 -14 -12 -10 -8 -
log,, t
#? d-129
=D (9_YZ+TO7_I' . (3.2b FIG. 4. The survival probabilities of an isolated pair in the three-

dimensional Smoluchowski approach for several valueld.oBDM results
(dotted lineg for N=10, 1¢, 1¢°, 10*, and 2< 10* (from top to bottor are
compared with the exact resiithe solid ling. See the text for the values of
other parameters.

The initial distribution is given by

I'(d/r2)8(r—oy)
p(r, )ZWT- (3.33
g DAt
m=1+ ——x(t)), (3.43
From the viewpoint of numerical calculation, it is not easy to Ar
represent thé-function initial condition which represents an

bi=(—u)p(ris,.tj)+(—m+2+x(t; ri,t
unfavorable singularity. Therefore, we should start from a ' (Zu)p(ria )+ ()plrity)

very smallt(0)#0, and approximate the initial evolution of +(=1)p(ri-1.t), (3.4b

pair distribution function as follows: by=(—UD)p(ra.t)+(~m +2+x(t)p(ret)), (3.40
I'(d/2) =(— : )
p(r,t(O))Em_—lG(r,t(ONgi)' (3.3 bn-1=(=m+2+x(tj))p(rn-1,t))

I +(=In-D)p(rn-2.t) —2UN-1, (3.49

whereG(r,t(0)|o;) is the Green’s function or the propaga- wherex(t;)=k(t;)At/2. To obtain the above equations, we
tor for moving fromor; to r in t(0), which is known ford  sed the following approximation:

=1, 2, and 33 In applying the BDM described in Sec. I,
one should carefully determine the values for the constants  X(1j+1)=X(t}). (3.5

given in Egs(2.14). Using too smalt(0) results in the steep The error due to this approximation can be controlled by
function arounds;, and requires smalleAr, while large  adjusting 8’ of Eq. (2.13. In other words, one can use a
t(0) causes an initial error for the above approximation. Ofsmaller time step to make this error smaller. We can confirm
coursec should be large enough for the initial outer bound-that the error in this approximation is not large by checking
ary to be larger tham; . If the boundary doubling is done too the convergence. Using this modified tridiagonal matrix and
early, it may result in the loss of information about initial the Runge—Kutta scheme considering E8.13, we can
distribution. Initial doubling timet(1), needs to be carefully sgjve Eq.(3.1) in the same manner as before.

treated for a certain class of initial condition, e.g., Iarge In this case, we can solve the diffusion equation with the
For this casef(1) may be modified tat(1)=4t(0)+c’,  radiation boundary condition exactly in three dimension with
wherec’ is an adjustable parameter which delays the initia|spherica| symmetry using the Green’s function method and

boundary doubling until the Sharp initial distribution is the resumng expression for the survival probabi”ty
somewhat broadened. The localized initial condition needs tgecome%2°

be represented more accurately with small enaighwhich " 0

requires using largeN due to the extension of the outer _1_ _

boundary. The nonlinear transformation mettfdd cannot PIH=1 oi K%+ 47aD OB/~ Q(AVE+ B/\D)
be easily applied to this kind of problem because of the pres-
ence of two separated steep regigamundo; and o).

The &function sink used in Eq3.23 is more cumber- where
some in a numerical calculation than the other equivalent K\ D
boundary conditions. One can replace the sink function and AE( 1+ ) ~~ B= ,
the reflecting boundary condition with the equivalent radia- 4moD/ o 2D
tion boundary conditiofisee Eq(2.4b]. To include the con- _
tribution from the last term on the right-hand side of Eq. Q(x)=exp(x?)erfolx).

(3.10, a similar tridiagonal matrix to that in E§2.9) can be  The complementary error function is denoted as &)fc(
constructed by modifying the previous equations as follows: In Fig. 4, we plot numerical results for the survival prob-

X exp(— B?/t), (3.6

g,—0
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abilities in three dimension using several valuesNofand
compare them with the exact result given by Eg86). We
seto;=1.2x10"1m, k°=10*x47¢D, and the other pa-

rameters are the same as those in Fig. 1. As expected, the

initial value of Ar which is determined byN affects the

result significantly. The initial outer boundary set at about

1.1 0 is found to give the best results. For Bl the results

show similar qualitative behaviors but converge to different

values. Deviation from the exact asymptotic value become
large asN decreases. Since the asymptotic value$ ()
depend only on the initial conditidithe exact value is given
by 1-o/o; from Eq.(3.6)], the large deviations result from
inexact treatment of the initial distribution when using
smaller values olN. The largero; requires a larger outer
boundary ¢y) which in turn increasedar for a givenN.
This causes the larger error. In order to reduce the error i

this caseN has to be increased, thereby requiring more com-

puting time.

IV. LIKE-PARTICLE CORRELATION EFFECT

The classical Smoluchowski approach usually shows

quite a good result in the short and intermediate times but i
incorrect asymptotically due to its lack of consideration for
the effects of like-particle correlations. In the long time limit,
it is known to bl A]~t~ 7 with y=min(1d/4), whereas the
Smoluchowski approach predict§ A]~t~7” with
=min(14d/2).*°

Kuzovkov and Kotomif® adopted the Kirkwood super-

position approximation in the HSA and obtained a set of

coupled evolution equations for different pair distribution
functions instead of Eq(2.3). When D,=Dg and [A],

=[B]p, these equations can be rewritten, using the sink

function formalism, as

Ipas(r t
DAL (1) pas(r.) ~ S(F)pas(r, )+ 2k(1)
X[Alpas(r,t)[1—Xaa(r,t)], (4.19
Ipan(r t
ZeANTD (1) paalr.0)+ 2KOLATpan(r D)
X[l_XAB(r!t)]l (41b)
xv(r’t):pv(r+0-1t)_;pv(r_0-1t)’
v=AAAB (d=1). (4.10

Here, pag(r,t) corresponds top(r,t) of Eq. (2.3) and its
evolution is coupled to the like-particle pair distribution
function, paa(r,t).

If we definex(r,t)=k(t)[A][1—Xaa(r,t)]At, we can
construct the following tridiagonal matrix to solve Eg.

(4.19:
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'm; u; O |
I, m, u, 0
I3 mg
My-3  Un-3 0
0 In—2 My—2  Un-2
L 0 In-1 My-1)
pas(r1,tj+1) by
pas(r2:tj+1) b,
: = |, 4.2
paB('n-2:tj+1) bn-2
paB('n—1:t+1) bn-1
Mvhere
DAt by
Ui==5Ar E+2—ri (i=1,.N-2), (439
t I
ml:l+_7Ar —x(rl,tj)+—(h T(d2)Ar " (4.3b
+271'6|2D0'a_1
S DAt )
mi:1+F_X(ri,tj) (i=2,...N—-1), (43@
. DAt(1 @1 . ia
I__2Ar Ar. 2I’i (I_ !N_ )! ( d)
bi=(—Uup)pap(rz,tj) +(—my+2+x(rq,t)))
Xpas(ristj), (4.3¢
b1=(—U)pas(ris+1,tj)+(—m+2+x(r;,t;))
Xpap(ri t)+(—1)pas(ri-1.t))
(i=2,..N-2), (4.3f)
by =(=MN_1+2+X(rN-1,1))pas(TN-1,t))
+(—In-Dpas(fn-2,t) —2Un_1. (4.39

The above equations can also be used to solve£Edjb) if
we definex(r,t)=k(t)[A][1— Xag(r,t)JAt and modify Eq.
(4.3b as

DAt
m1—1+m—x(r1,tj)+ll, (4.9
which considers the reflecting boundary condition. The ap-
proximation,x(r,t;,,)=x(r,t;) is again used to obtain the
above equations and the numerical solution can be obtained
as before.

Since no exact solution of the problem has been re-
ported, we carry out a Monte Car[MC) simulation in one
dimension in order to compare with the numerical solution of
Eqg. (4.1). The detailed method of our simulation was de-
scribed in the previous work. The diffusion motion is mod-
eled as simple jumps to neighboring lattice point. Based on
the Einstein—Smoluchowski relation, the optimum size of the
time step should be found until the simulation results con-
verge. The size of the system should also be chosen to mini-
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ool T tems. The diffusion-type equations satisfied by the time-
dependent pair distribution function with appropriate bound-
ary conditions are solved by the finite difference method.
The values of the pair distribution function at the spatial grid
points for a particular time are obtained by the inversion of
the tridiagonal matrix defined in terms of the quantities at the
. previous time step. The usual error resulting from restricting
A5 q the formally infinite outer boundary to a finite distance is
, avoided by introducing the BDM. The pair distribution func-
20 R tion is used to calculate the time-dependent rate coefficient
5 A4 43 42 1 10 s 8 7 6 5 and the kinetic equation for the concentration is integrated by
log,, t the fourth-order Runge—Kutta method with adaptive time-
step size by step doubling.
FIG. 5. The survival probabilities in the presence of like-particle correla- The BDM is easily applied to the two-dimensional

tions in one dimension for several valuesNof BDM results(dotted line$ S ; :
moluchowski approach where no exact solution has been
for N=10, 1¢, 10°, and 18 (from bottom to top are compared with that of PP

the Smoluchowski approadthe dashed lifeand the Monte Carlo simula- knO_W”- And more general diﬁUSion'reaCti(_)n_ systems d_e'
tion result(the solid line. scribed by HSA can also be treated efficiently by this

method. The advantage of the BDM over other methods is in
the straightforward application to the initially localized sys-
mize the finite edge effect. The periodic boundary conditiontem where careful treatment of the initial pair distribution is
and the minimum image convention are used. The computdmportant. Another important advantage is clearly shown in
tional cost is reduced greatly by using the parallel programstudying long time phenomena such as the like-particle ag-
ming, MC algorithm with only integer operations, the safe gregation since the BDM can effectively minimize the error
distance method, and the multiple jump method, which argjue to the finite boundary.
described in our previous work.Our simulations were done Evolution equations obtained from the Kirkwood super-
on an IBM SP2 model MPPMassively Parallel Processing position approximation can describe the effect of like-
computer with 40 nodes. particle correlations to a certain extent and the BDM can be
The survival probabilities in one dimension are plottedapplied satisfactorily. However, absolute deviation of well-
in Fig. 5. We find that the critical exponent, is about 0.31, converged numerical result from the exact asymptotic results
which is in agreement with the previous calculatférand  or with Monte Carlo simulation tells us that the Kirkwood
can be compared with 0.5 obtained from the Ol’le-dimension@uperposi’[ion approximation itself in the HSA is yet to be
Smoluchowski approach and 0.25 predicted by the simulaimproved.
tion. Therefore the evolution equations with the Kirkwood
approximation, which account for the like-particle correla-
tion effect, treat the real binary reaction dynamics better thaf CKNOWLEDGMENTS
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