
JOURNAL OF CHEMICAL PHYSICS VOLUME 108, NUMBER 14 8 APRIL 1998
On the numerical solutions of kinetic equations for diffusion-influenced
bimolecular reactions
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Numerical methods for solving kinetic equations for diffusion-influenced bimolecular reactions are
presented for three cases. Finite difference method is used to solve diffusion-reaction equations for
the pair distribution function. The kinetic equation for the concentration is evolved by the Runge–
Kutta method with adaptive time step. Theboundary doubling methodis introduced to study long
time dynamics, where the truncation problem of the infinite boundary is crucial. The above methods
are applied, in the first case, to the classical Smoluchowski approach to a binary reaction with
random initial condition and the results are compared with ones in two dimension. In the second
case, an isolated pair recombination dynamics with a delta function initial condition is investigated
and the results are compared with analytic expression in three dimension with spherical symmetry.
A more complicated system with the hierarchical Smoluchowski approach with the Kirkwood
superposition approximation is also investigated in the third case. The efficiency and the accuracy
of the numerical calculations are examined against the asymptotic analytical solutions and a Monte
Carlo simulation in one dimension. ©1998 American Institute of Physics.
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I. INTRODUCTION

The diffusion equation is one of the most fundamen
equations in physical sciences. Since the seminal contr
tion of Smoluchowski,1 theories of the diffusion-influence
reactions have been developed by many authors.2–9 There
are many interesting phenomena where the diffusi
reaction equation plays an important role.2,3 Despite its broad
applicability, one can obtain exact analytical solutions of
diffusion equations only for very simple cases and, in g
eral, one has to rely on numerical techniques for find
approximate solutions. There have been constant effort
find more efficient numerical methods.10–14Recently, the ef-
fect of like-particle correlations on the bimolecular reactio
has attracted considerable interest,15–17 which shows differ-
ent behavior from the mean-field predictions. Such stud
are primarily concerned with the long time dynamics whi
requires more exact numerical methods.

The diffusion-reaction equation is an evolution equat
for a certain distribution function which is a parabolic-typ
partial differential equation~PDE! and it cannot, in general
be solved analytically. Therefore, the need for an accu
and efficient algorithm for numerical solutions of diffusio
reaction equations is ever increasing. The main difficulty
solving the equations numerically arises from implement
boundary conditions. The outer spatial boundary needs t
extended to infinity, in principle, but it is truncated at a fin
separation for numerical calculations. The error result
from the truncation grows with time and, as a result, it b
comes crucial for long time dynamics. In order to reduce

a!Author to whom all correspondence should be addressed.
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truncation error as well as to save computing time, we int
duce theboundary doubling method~BDM!. This method is
based on the fact that the range covered by diffusive mo
is proportional to t1/2 according to the Einstein–
Smoluchowski relation and thus the outer boundary can
simply doubled at every quadruple time.

In order to demonstrate the merit of employing the BD
we consider three cases. The first case is a simple bin
chemical reaction with a random initial condition for th
concentrations of reactants. The kinetic equations for
case are those derived from the classical Smoluchow
approach.1 The second case is the recombination of an i
lated pair ofA andB molecules with an initial separation o
s i . The initial condition in this case is given by ad function
which needs to be treated with care numerically. The kine
equations are those derived from the hierarchical Smo
chowski approach~HSA! with a simple superposition
approximation.18–20 The third case is the same as the fi
case but the kinetic equations are those derived from
HSA with the Kirkwood superposition approximation10,11 in
which the effect of like-particle correlations becomes imp
tant at long times.

The remainder of this paper is organized as follows.
Sec. II, we will explain the numerical method for the clas
cal Smoluchowski approach to a simple binary reaction.
an example of the initially localized system, an isolated p
dynamics will be solved numerically in Sec. III. The effe
of like-particle correlations on the bimolecular reaction w
be investigated numerically and the results are compa
with the Monte Carlo simulation in Sec. IV. Section V co
cludes the present work.
1 © 1998 American Institute of Physics
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II. BIMOLECULAR REACTION WITH RANDOM INITIAL
CONDITION

Consider a viscous medium containing molecules oA
andB which diffuse independently. The product molecule
created by the instantaneous reaction when the reactant
proach within a certain distance. The bimolecular react
can be represented byA1B→product. The time evolution
of the averaged concentration ofA is given by

]

]t
@A#5k~ t !@A#@B#, ~2.1!

where k(t) is the time-dependent rate coefficient and@A#
and @B# are the concentrations of reactantsA andB at time
t, respectively. In the classical Smoluchowski approach,
time-dependent rate coefficient can be calculated from
time-dependent pair distribution function of reactan
r(r ,t), which is given ind spatial dimension as follows:21

k~ t !5
2pd/2Dsd21e2bU~s!

G~d/2! F d

dr
ebU~r !r~r ,t !G

r 5s

,

~2.2!

whereD is the relative diffusion constant,G(x) the gamma
function,s the reaction distance,b5(kBT)21, andU(r ) the
potential of mean force.r(r ,t) is assumed to satisfy the fo
lowing diffusion equation:21

]r~r ,t !

]t
5D¹e2bU~r !¹ebU~r !r~r ,t !. ~2.3!

This equation is a parabolic-type PDE and requires t
boundary conditions at two spatial positions and one ini
condition att50 for r(r ,t). Therefore, the diffusion equa
tion is usually an initial value problem with respect to tim
and a boundary value problem with respect to the spa
coordinate. For the diffusion-influenced reaction system,
above PDE is usually considered to be subject to the ran
initial and Collins–Kimball boundary conditions which a
given by

r~r ,0!5e2bU~r !, ~2.4a!

F d

dr
ebU~r !r~r ,t !G

r 5s

5
k0G~d/2!

2pd/2Dsd21e2bU~s! r~s,t !,

~2.4b!

r~r→`,t !51, ~2.4c!

where k0 is the intrinsic rate constant. The Smoluchows
boundary condition can be obtained ask0→`. For simplic-
ity, let us neglect the effect of the detailed short-range str
ture in the potential of mean force, namely,

U~r !5 H 0
`

for r>s
for r ,s. ~2.5!

The finite difference technique can be used to solve
above equations with the outer boundary truncated at a fi
separation, e.g.,r N . The radial and time coordinates are d
cretized as follows:

r i5
i

N
~r N2s!1s ~ i 50,1,...,N!, ~2.6a!
ap-
n

e
e
,

o
l

al
e
m

i

c-

e
te

Dr 5
~r N2s!

N
, ~2.6b!

Dt5t j2t j 21 ~ j 51,2,...!, ~2.6c!

whereN11 is the number of discrete spatial points. Th
the first and second derivatives of the pair distribution fun
tion, r(r ,t), with respect to the spatial coordinate are a
proximated by

]r~r i ,t j !

]r
'

r~r i 11 ,t j !2r~r i 21 ,t j !

2Dr
, ~2.7a!

]2r~r i ,t j !

]r 2 '
r~r i 11 ,t j !22r~r i ,t j !1r~ i 21 ,t j !

Dr 2 . ~2.7b!

With these approximations, we apply the Crank–Nichols
finite difference method22 to Eq. ~2.3! as follows:

r~r i ,t j 11!2r~r i ,t j !

Dt

5
D

2 Fr~r i 11 ,t j 11!22r~r i ,t j 11!1r~r i 21 ,t j 11!

Dr 2

1
d21

2r i

r~r i 11 ,t j 11!2r~r i 21 ,t j 11!

Dr

1
r~r i 11 ,t j !22r~r i ,t j !1r~r i 21 ,t j !

Dr 2

1
d21

2r i

r~r i 11 ,t j !2r~r i 21 ,t j !

Dr G . ~2.8!

This method is second order in time and stable for any s
of Dt. In order to obtainr(r i ,t j 11), however, a little expen-
sive inversion of the tridiagonal matrix is unavoidable
compensation for the stability. Considering the bound
conditions, Eqs.~2.4b! and~2.4c!, the matrix can be given by

3
m8
l 2

0

u1

m
l 3

0
u2

m
0

�

0
m

l N22

0

uN23

m
l N21

0
uN22

m

4
•F r~r 1 ,t j 11!

r~r 2 ,t j 11!

A
r~r N22 ,t j 11!

r~r N21 ,t j 11!

G5F b1

b2

A
bN22

bN21

G , ~2.9!

where

ui52
DDt

2Dr S 1

Dr
1

~d21!

2r i
D ~ i 51,...,N22!, ~2.10a!

m511
DDt

Dr 2 , ~2.10b!
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m85m1
l 1

11
k0G~d/2!Dr

2pd/2Dsd21

, ~2.10c!

l i52
DDt

2Dr S 1

Dr
2

~d21!

2r i
D ~ i 52,...,N21!, ~2.10d!

b15~2u1!r~r 2 ,t j !1~2m812!r~r 1 ,t j !, ~2.10e!

bi5~2ui !r~r i 11 ,t j !1~2m12!r~r i ,t j !

1~2 l i !r~r i 21 ,t j ! ~ i 52,...,N22!, ~2.10f!

bN215~2m12!r~r N21 ,t j !1~2 l N21!r~r N22 ,t j !

22uN21 . ~2.10g!

Following the above procedure, we can calculate the p
distribution function and therefore the rate coefficient a
given time. Then the rate equation, Eq.~2.1!, can be inte-
grated by any of several numerical methods for solving
dinary differential equations. The fourth-order Runge–Ku
method with adaptive step size control by step doublin22

has very attractive features for the investigation of long ti
dynamics since the pair distribution function changes v
smoothly at long times.

The concentration at (j 11)th time step,@A# j 11 , is ob-
tained as follows:

@A# j 115@A# j1
Dt

6
~a112a212a31a4!, ~2.11!

where

a152k~ t j !@A# j@B# j , ~2.12a!

a252kS t j1
Dt

2 D S @A# j1
a1

2 D S @B# j1
a1

2 D , ~2.12b!

a352kS t j1
Dt

2 D S @A# j1
a2

2 D S @B# j1
a2

2 D , ~2.12c!

a452k~ t j1Dt !~@A# j1a3!~@B# j1a3!. ~2.12d!

Let us denote the two approximate solutions,@A#9 obtained
by using one step of 2Dt and @A#8 by two steps ofDt and
defined[@A#82@A#9. When we denoted8 as a desired er
ror, the optimum time step size,Dt8, is calculated by the
following equations:22

Dt85SDtUd8

d U0.20

~d8>d!

5SDtUd8

d U0.25

~d8,d!, ~2.13!

whereS is the safety constant. By controlling the value
d8, we can control the accuracy and speed of the calculat
We also note that for the spatial grids, the Richardson
trapolation method can be used to obtain the optimized n
ber of discrete points.12

The error resulting from restricting the outer bounda
will be significant at long times since the physical value li
the pair distribution function at the truncated bounda
changes with time. The outer truncated boundary,r N , should
ir
a

-
a

e
y

n.
x-

-

be large enough to satisfyr(r N ,t)51, while Dr needs to be
small enough to get converged results, withN as small as
possible. This causes a crucial problem for long time dyna
ics. To minimize the computational cost in some cases, P
ersen and Freed used a variable step size such thatDr is
chosen small in the region ofs<r<r M with r M!r N andDr
is taken much larger inr M<r<r N .10 In this case, the Rich-
ardson extrapolation method cannot be used and the e
around r M can be amplified with time. Therefore, the
method is not suitable for long time dynamics. Although t
asymptotic solution is used for the larger region,11,14it is not
always possible to get one and the error inherent with it s
persists. Transformation methods12–14,19 have been used to
avoid the infinite boundary such that ther -space range of
$s,`% is nonlinearly transformed into thex space with the
range of$1,0%, for example,19 by a relation such asx5exp
@2a(r/s21)#. Here a is a dimensionless constant and t
grid points for thex space are taken to have equal spacin
This transformation method gives an additional advant
that the grid in the originalr space can be more finely space
near the inner boundary which is the most important reg
in the Smoluchowski approach. Despite such advantage
the transformation method, however, the problem of trunc
ing infinite outer boundary~infinitesimal inner boundary in
thex space! which causes amplification of error at long time
still remains due to the finite difference scheme.

We now introduce the boundary doubling meth
~BDM! with a growing outer boundary which evolves wit
time. Because of the finite number of discrete grids, t
variable outer boundary requires interpolations at new g
points for each time step. We note the fact that the range
regions covered by diffusive motion is proportional tot1/2

~the Einstein–Smoluchowski relation!, and thus the outer
boundary can be simply doubled at every quadruple ti
without very expensive interpolations. We introduce the f
lowing scheme:

t~n!54t~n21!, n51,2,..., ~2.14a!

r N~ t !5cA2dDt~n!, t~n!<t,t~n11!, ~2.14b!

r i~ t !5
i

N
~r N~ t !2s!1s, i 50,1,2,...,N. ~2.14c!

At every doubling time,t5t(n), the pair distribution func-
tion is given by

r~r i~ t !,t !5H r~r 2i~ t !,t !, i<N/2

1, i .N/2
,

where t(0)[t0 and c is an adjustable parameter. Initially
the value ofc should be controlled to obtain an optimu
outer boundary. At short times, this method can incre
accuracy and speed greatly using a finer grid with the sa
number of grid points (N). For long times, it can minimize
the truncation error by using the large outer boundary. O
possible drawback of the method is that the error may
crease abruptly right after the outer boundary andDr are
doubled. However, the adaptive size Runge–Kutta met
can minimize such error by reducing the time step s
around the doubling time.
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For d51 and 3, the diffusion equation with Smolu
chowski boundary condition (k0→`) for a random initial
condition when@A#05@B#0 can be solved exactly to give2

@A#1d5SA16Dt

p
1

1

@A#0
D 21

, ~2.15a!

@A#3d5S 4psDt18s2ApDt1
1

@A#0
D 21

. ~2.15b!

But for d52, no closed form solution in terms of elementa
functions is available. Instead, the solution of the Lapla
transform of rate coefficient,k(t), has been known a
follows:23

k̂~z!2d5
2pDAzs2/DK1~Azs2/D !

zK0~Azs2/D !
, ~2.16a!

whereKv is a modified Bessel function of the second kin
The inverse Laplace transform of this solution can be giv
and approximated by24

k~ t !2d5
8D

p E
0

` exp~2tx2!

x@J0~x!21Y0~x!2#
dx

5
t→0

2pD~~pt!21/211/221/4~t/p!1/21¯ !

5
t→`

2pDS 2

ln~4t!22g
2

2g

~ ln~4t!22g!2 1¯ D
>2pDS exp~2Apt/10!

Apt

1
1

ln@A4t exp~2g!1exp~5/3!#
D , ~2.16b!

where g is the Euler constant,t5Dt/s2, and J0(x) and
Y0(x) are the zero-order Bessel functions of the first a
second kind. The last approximation was suggested by Sz
et al.25 They reported that it is accurate to 1.3% for all time
It is not easy to perform the numerical inversion of t
Laplace transform containing special functions likeKv with
high accuracy. We apply the present numerical method
this two-dimensional Smoluchowski approach. Of cour
our method can be applied to more general cases where
the Laplace transformed solution is not available, as will
shown in Sec. IV. Moreover, the magnitude of error in o
method can be easily controlled. In Fig. 1, we compare
direct numerical inversion26 of Eq. ~2.16a! with the results of
approximate expressions in Eq.~2.16b! to examine the accu
racy of them. Indeed, the approximation of Szaboet al. is
quite accurate for all times.

The concentration ofA can be evaluated using Eq
~2.16a! as follows:

@A#2d5S L21S 2pDAzs2/DK1~Azs2/D !

z2K0~Azs2/D !
D 1

1

@A#0
D 21

,

~2.17!

whereL21 denotes the inverse Laplace transform. We c
examine the numerical accuracy of the BDM by compar
e

.
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with the result of the numerical inversion of Eq.~2.17!. In
Fig. 2, we plot the survival probability curves (P(t)
[@A#/@A#0) in log–log scale for several values ofN. The
values for the parameters areD52.031029 m2 s21, s
51.031010 m, @A#05@B#051.031019 m22, and the initial
time interval Dt51.0310216 s. In order to realize the
Smoluchowski boundary condition numerically, we take
large value fork0(510432pD). If one is interested in the
short and intermediate time dynamics,N5103 will be
enough, since it shows an indistinguishable result with
exact one until about 1.031029 s ~2.03102 in the dimen-
sionless time unit,t! and it takes about 5 s for computation.27

N5104 gives correct results up to about 1.031027 s and
takes about 1 min, andN5105 up to 1.031026 s with about
12 min. The most time-consuming part is the inversion ro
tine of the tridiagonal matrix@see Eq.~2.9!#, hence the com-
puting time is roughly proportional toN. The adaptive size
Runge–Kutta method is shown to be very useful. With
fixed time step size algorithm, one should calculate
31010 steps until 1.031026 s.

FIG. 1. The rate coefficients in the two-dimensional Smoluchowski
proach for the short time limit approximation~the dotted line with circles!,
long time limit ~the dashed line with triangles!, Szaboet al.’s ~Ref. 25!
approximation ~the dot-dashed line with squares!, and direct numerical
Laplace transform inversion~the solid line! @see Eqs.~2.16!#. See the text
for the values of other parameters.

FIG. 2. The survival probabilities in the two-dimensional Smoluchow
approach for several values ofN. BDM results~dotted lines! for N52, 10,
102, 103, 104, and 105 ~from top to bottom! are compared with the numeri
cal Laplace transform inversion~the solid line!. All other parameters are the
same as those in Fig. 1.



o
th

ith

an
ir
ly

th
to
at
i-

he
a

e
n

re

s
n-
ta

co

ar
m

n
n
th

-

r

te

-
s
o

b

d
rt

M

ap-
ap-
is

he
has

of
ure
ne

xi-

p-

ch

5865J. Chem. Phys., Vol. 108, No. 14, 8 April 1998 Kim, Shin, and Shin
Interestingly we notice in Fig. 2 that the slope of each
the survival probability curves tends to change toward
value of20.5 in the long time limit. The slope of20.5 is an
exact value in one dimension@see Eq.~2.15a!#, and the pair
distribution function in one dimension becomes linear w
respect tor in the long time limit as2

r~r ,t !5erfS r 2s

2ADt
D >

t→`

r 2s

ApDt
~d51!, ~2.18!

where erf(x) denotes the error function. Therefore we c
infer that the slope of20.5 reflects the fact that the pa
distribution function is treated, in this time region, linear
due to the insufficient number of grid points,N. This is why
the error increases with time and it does not result from
truncation of the outer boundary. If the BDM is applied
the one-dimensional case, the accuracy will increase gre
And the BDM can be further improved by adopting, add
tionally, an appropriate nonlinear transform scheme. T
we can treat the nonlinear pair distribution function with
smaller value ofN for a given magnitude of error.

The outer boundary is extended from abouts11.0
310213 m at beginning up to abouts11.031028 m at time
1.031026 s by repeated application of the BDM. On th
other hand, with a fixed outer boundary, the error will co
tinuously increase with time, as shown in Fig. 3~a!. We com-
pare the time dependence of the rate coefficient for th
fixed boundaries,r N510s, 100s, and 1000s with the result
of BDM. N for all data is set at 104. As expected, when the
fixed outer boundary becomes smaller, the result start
deviate significantly earlier from the correct value. It is i
teresting to note that the rate coefficient becomes a cons
value for a fixed outer boundary case and, therefore, the
centration will show21 power law behavior in the long
time limit. On the other hand, when the fixed outer bound
is set large enough, the error in short and intermediate ti
will increase sinceDr increases for a fixed value ofN even
though the truncation error becomes small.@See the line of
the 1000s case in Fig. 3~a!#. Therefore, one should find a
appropriate value of the fixed outer boundary by trial a
error. As previously mentioned, the error increases in
long time due to the insufficiently small value ofN for the
BDM case. And a larger value ofN should be used to ex
amine the longer time dynamics.

In Fig. 3~b!, we plot the survival probability curves fo
several values ofN and the fixed boundary,r N510s. The
slope of all curves is21 at long times due to constant ra
coefficient as expected@note @A#2d ;

t→`
(ln t)/t]. This results

from the fact that the conditionr(r N ,t)51 causes the con
stant input at the boundary and the system reaches a p
dosteady state and has a constant rate. The error due t
small value ofN is the early appearance of21/2 power law
behavior in the survival probability and the error caused
the fixed boundary is reflected by21 power law behavior.
As a result, the survival probability curve from the fixe
boundary method crosses the correct curve due to the fo
itous cancellation of these errors even for a small value ofN.
However, being free from the fixed boundary error, the BD
shows the correct result asN becomes sufficiently large.
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III. RECOMBINATION OF AN ISOLATED PAIR

Despite the success of the classical Smoluchowski
proach for some simple problems, it cannot be generally
plied to more complex problems. One important example
the recombination dynamics of initially separated pairs. T
interplay between bulk and geminate recombinations
been studied by many authors.6,20,28,29 However, an exact
solution has not been given due to its complex dynamics
many particle nature. To examine the numerical proced
for solving the relevant equations, let us consider only o
isolated pair which is initially separated by the distance,s i ,
in the system.

Based on the HSA with a simple superposition appro
mation, one can obtain the following kinetic equations:20

d

dt
P~ t !52k~ t !P~ t !, ~3.1a!

k~ t !5E dr
2pd/2r d21

G~d/2!
S~r !r~r ,t !, ~3.1b!

]

]t
r~r ,t !5L~r !r~r ,t !2S~r !r~r ,t !1k~ t !r~r ,t !,

~3.1c!

FIG. 3. ~a! The rate coefficients in the two-dimensional Smoluchowski a
proach for three fixed boundaries~dash lines!, the BDM result~the solid
line!, and Szaboet al.’s approximation~the dot-dashed line!. N510000.~b!
The survival probabilities in the two-dimensional Smoluchowski approa
for several values ofN. The outer boundary is fixed at 10s. Fixed boundary
results~dotted lines! for N52, 10, 102, 103, and 104 ~from top to bottom!
are compared with the numerical Laplace transform inversion~solid line!.
All other parameters are the same as those in Fig. 2.
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whereP(t) is the survival probability at timet, S(r ) denotes
the reactive sink function at the spatial distance,r , andL(r )
represents the nonreactive evolution operator which can
approximated by the Smoluchowski operator if one negle
the effects of hydrodynamic interactions. Namely,S(r ) and
L(r ) can be given as follows:

S~r !5
k0G~d/2!d~r 2s!

2pd/2sd21 , ~3.2a!

L~r !5S ]

]r
1

d21

r DD~r !S ]

]r
1b

]U~r !

]r D
>DS ]2

]r 2 1
d21

r

]

]r D . ~3.2b!

The initial distribution is given by

r~r ,0!5
G~d/2!d~r 2s i !

2pd/2s i
d21 . ~3.3a!

From the viewpoint of numerical calculation, it is not easy
represent thed-function initial condition which represents a
unfavorable singularity. Therefore, we should start from
very smallt(0)Þ0, and approximate the initial evolution o
pair distribution function as follows:

r~r ,t~0!!>
G~d/2!

2pd/2s i
d21 G~r ,t~0!us i !, ~3.3b!

whereG(r ,t(0)us i) is the Green’s function or the propag
tor for moving froms i to r in t(0), which is known ford
51, 2, and 3.23 In applying the BDM described in Sec. I
one should carefully determine the values for the consta
given in Eqs.~2.14!. Using too smallt(0) results in the steep
function arounds i , and requires smallerDr , while large
t(0) causes an initial error for the above approximation.
course,c should be large enough for the initial outer boun
ary to be larger thans i . If the boundary doubling is done to
early, it may result in the loss of information about initi
distribution. Initial doubling time,t(1), needs to be carefully
treated for a certain class of initial condition, e.g., larges i .
For this case,t(1) may be modified tot(1)54t(0)1c8,
wherec8 is an adjustable parameter which delays the ini
boundary doubling until the sharp initial distribution
somewhat broadened. The localized initial condition need
be represented more accurately with small enoughDr , which
requires using largerN due to the extension of the oute
boundary. The nonlinear transformation method12,19 cannot
be easily applied to this kind of problem because of the p
ence of two separated steep regions~arounds i ands!.

The d-function sink used in Eq.~3.2a! is more cumber-
some in a numerical calculation than the other equiva
boundary conditions. One can replace the sink function
the reflecting boundary condition with the equivalent rad
tion boundary condition@see Eq.~2.4b!#. To include the con-
tribution from the last term on the right-hand side of E
~3.1c!, a similar tridiagonal matrix to that in Eq.~2.9! can be
constructed by modifying the previous equations as follo
be
ts

a

ts

f
-

l

to

s-

t
d
-

.

:

m511
DDt

Dr 2 2x~ t j !, ~3.4a!

bi5~2ui !r~r i 11 ,t j !1~2m121x~ t j !!r~r i ,t j !

1~2 l i !r~r i 21 ,t j !, ~3.4b!

b15~2u1!r~r 2 ,t j !1~2m8121x~ t j !!r~r 1 ,t j !, ~3.4c!

bN215~2m121x~ t j !!r~r N21 ,t j !

1~2 l N21!r~r N22 ,t j !22uN21 , ~3.4d!

wherex(t j )[k(t j )Dt/2. To obtain the above equations, w
used the following approximation:

x~ t j 11!>x~ t j !. ~3.5!

The error due to this approximation can be controlled
adjustingd8 of Eq. ~2.13!. In other words, one can use
smaller time step to make this error smaller. We can confi
that the error in this approximation is not large by checki
the convergence. Using this modified tridiagonal matrix a
the Runge–Kutta scheme considering Eq.~3.1a!, we can
solve Eq.~3.1! in the same manner as before.

In this case, we can solve the diffusion equation with t
radiation boundary condition exactly in three dimension w
spherical symmetry using the Green’s function method a
the resulting expression for the survival probabili
becomes2,20

P~ t !512
s

s i

k0

k014psD
@V~B/At !2V~AAt1B/At !#

3exp~2B2/t !, ~3.6!

where

A[S 11
k0

4psD D AD

s
, B[

s i2s

2AD
,

V~x![exp~x2!erfc~x!.

The complementary error function is denoted as erfc(x).
In Fig. 4, we plot numerical results for the survival pro

FIG. 4. The survival probabilities of an isolated pair in the thre
dimensional Smoluchowski approach for several values ofN. BDM results
~dotted lines! for N510, 102, 103, 104, and 23104 ~from top to bottom! are
compared with the exact result~the solid line!. See the text for the values o
other parameters.
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abilities in three dimension using several values ofN and
compare them with the exact result given by Eq.~3.6!. We
set s i51.2310210 m, k0510434psD, and the other pa-
rameters are the same as those in Fig. 1. As expected
initial value of Dr which is determined byN affects the
result significantly. The initial outer boundary set at abo
1.1 s i is found to give the best results. For allN, the results
show similar qualitative behaviors but converge to differe
values. Deviation from the exact asymptotic value becom
large asN decreases. Since the asymptotic values ofP(t)
depend only on the initial condition@the exact value is given
by 12s/s i from Eq. ~3.6!#, the large deviations result from
inexact treatment of the initial distribution when usin
smaller values ofN. The largers i requires a larger oute
boundary (r N) which in turn increasesDr for a given N.
This causes the larger error. In order to reduce the erro
this case,N has to be increased, thereby requiring more co
puting time.

IV. LIKE-PARTICLE CORRELATION EFFECT

The classical Smoluchowski approach usually sho
quite a good result in the short and intermediate times bu
incorrect asymptotically due to its lack of consideration
the effects of like-particle correlations. In the long time lim
it is known to be@A#;t2g with g5min(1,d/4), whereas the
Smoluchowski approach predicts@A#;t2g with g
5min(1,d/2).15

Kuzovkov and Kotomin16 adopted the Kirkwood super
position approximation in the HSA and obtained a set
coupled evolution equations for different pair distributio
functions instead of Eq.~2.3!. When DA5DB and @A#0

5@B#0 , these equations can be rewritten, using the s
function formalism, as

]rAB~r ,t !

]t
5L~r !rAB~r ,t !2S~r !rAB~r ,t !12k~ t !

3@A#rAB~r ,t !@12XAA~r ,t !#, ~4.1a!

]rAA~r ,t !

]t
5L~r !rAA~r ,t !12k~ t !@A#rAA~r ,t !

3@12XAB~r ,t !#, ~4.1b!

Xv~r ,t !5
rv~r 1s,t !1rv~r 2s,t !

2
,

v5AA,AB ~d51!. ~4.1c!

Here, rAB(r ,t) corresponds tor(r ,t) of Eq. ~2.3! and its
evolution is coupled to the like-particle pair distributio
function,rAA(r ,t).

If we definex(r ,t)[k(t)@A#@12XAA(r ,t)#Dt, we can
construct the following tridiagonal matrix to solve E
~4.1a!:
the

t

t
s

in
-

s
is
r

f

k

3
m1

l 2

0

u1

m2

l 3

0
u2

m3

0

�

0
mN23

l N22

0

uN23

mN22

l N21

0
uN22

mN21

4
•F rAB~r 1 ,t j 11!

rAB~r 2 ,t j 11!

A
rAB~r N22 ,t j 11!

rAB~r N21 ,t j 11!

G5F b1

b2

A
bN22

bN21

G , ~4.2!

where

ui52
DDt

2Dr S 1

Dr
1

~d21!

2r i
D ~ i 51,...,N22!, ~4.3a!

m1511
DDt

Dr 2 2x~r 1 ,t j !1
l 1

11
k0G~d/2!Dr

2pd/2Dsd21

, ~4.3b!

mi511
DDt

Dr 2 2x~r i ,t j ! ~ i 52,...,N21!, ~4.3c!

l i52
DDt

2Dr S 1

Dr
2

~d21!

2r i
D ~ i 52,...,N21!, ~4.3d!

b15~2u1!rAB~r 2 ,t j !1~2m1121x~r 1 ,t j !!

3rAB~r 1 ,t j !, ~4.3e!

b15~2ui !rAB~r i 11 ,t j !1~2mi121x~r i ,t j !!

3rAB~r i ,t j !1~2 l i !rAB~r i 21 ,t j !

~ i 52,...,N22!, ~4.3f!

bN215~2mN21121x~r N21 ,t j !!rAB~r N21 ,t j !

1~2 l N21!rAB~r N22 ,t j !22uN21 . ~4.3g!

The above equations can also be used to solve Eq.~4.1b! if
we definex(r ,t)[k(t)@A#@12XAB(r ,t)#Dt and modify Eq.
~4.3b! as

m1511
DDt

Dr 2 2x~r 1 ,t j !1 l 1 , ~4.4!

which considers the reflecting boundary condition. The
proximation,x(r ,t j 11)>x(r ,t j ) is again used to obtain th
above equations and the numerical solution can be obta
as before.

Since no exact solution of the problem has been
ported, we carry out a Monte Carlo~MC! simulation in one
dimension in order to compare with the numerical solution
Eq. ~4.1!. The detailed method of our simulation was d
scribed in the previous work.29 The diffusion motion is mod-
eled as simple jumps to neighboring lattice point. Based
the Einstein–Smoluchowski relation, the optimum size of
time step should be found until the simulation results co
verge. The size of the system should also be chosen to m
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mize the finite edge effect. The periodic boundary condit
and the minimum image convention are used. The comp
tional cost is reduced greatly by using the parallel progra
ming, MC algorithm with only integer operations, the sa
distance method, and the multiple jump method, which
described in our previous work.29 Our simulations were done
on an IBM SP2 model MPP~Massively Parallel Processing!
computer with 40 nodes.

The survival probabilities in one dimension are plott
in Fig. 5. We find that the critical exponent,g, is about 0.31,
which is in agreement with the previous calculation,17 and
can be compared with 0.5 obtained from the one-dimensio
Smoluchowski approach and 0.25 predicted by the sim
tion. Therefore the evolution equations with the Kirkwoo
approximation, which account for the like-particle corre
tion effect, treat the real binary reaction dynamics better t
the Smoluchowski approach but it still remains to be i
proved to achieve the simulation result.

The effects of nonlinearity of distribution function due
like-particle pair correlations are expected to make the m
nitude of error of this problem similar to the previous tw
dimensional Smoluchowski approach. Indeed, the conver
results up tot51.031026 s are obtained forN5103, which
is smaller than the two-dimensional Smoluchowski appro
(N533104). This can be explained as follows. The slope
the survival probability curve in the long time limit in tw
dimension is about21 ~in fact @A#2d ;

t→`
(ln t)/t! while the

calculated slope in one-dimensional HSA with the Kirkwo
approximation is 20.31, which is the closer value t
20.5—the slope in the one-dimensional Smoluchowski
proach. Therefore, we can infer that the pair distribut
function in one-dimensional HSA with the Kirkwood ap
proximation is less nonlinear than that of the tw
dimensional Smoluchowski approach and can be treated
a smaller value ofN.

V. CONCLUDING REMARKS

We have presented accurate and efficient numer
methods for solving various general diffusion-reaction s

FIG. 5. The survival probabilities in the presence of like-particle corre
tions in one dimension for several values ofN. BDM results~dotted lines!
for N510, 102, 103, and 105 ~from bottom to top! are compared with that of
the Smoluchowski approach~the dashed line! and the Monte Carlo simula-
tion result~the solid line!.
n
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tems. The diffusion-type equations satisfied by the tim
dependent pair distribution function with appropriate boun
ary conditions are solved by the finite difference metho
The values of the pair distribution function at the spatial g
points for a particular time are obtained by the inversion
the tridiagonal matrix defined in terms of the quantities at
previous time step. The usual error resulting from restrict
the formally infinite outer boundary to a finite distance
avoided by introducing the BDM. The pair distribution fun
tion is used to calculate the time-dependent rate coeffic
and the kinetic equation for the concentration is integrated
the fourth-order Runge–Kutta method with adaptive tim
step size by step doubling.

The BDM is easily applied to the two-dimension
Smoluchowski approach where no exact solution has b
known. And more general diffusion-reaction systems d
scribed by HSA can also be treated efficiently by th
method. The advantage of the BDM over other methods i
the straightforward application to the initially localized sy
tem where careful treatment of the initial pair distribution
important. Another important advantage is clearly shown
studying long time phenomena such as the like-particle
gregation since the BDM can effectively minimize the err
due to the finite boundary.

Evolution equations obtained from the Kirkwood supe
position approximation can describe the effect of lik
particle correlations to a certain extent and the BDM can
applied satisfactorily. However, absolute deviation of we
converged numerical result from the exact asymptotic res
or with Monte Carlo simulation tells us that the Kirkwoo
superposition approximation itself in the HSA is yet to
improved.

ACKNOWLEDGMENTS

This work was supported by a grant from IBM Kore
Inc. and by the Korea Science and Engineering Founda
through the Center for Molecular Catalysis at Seoul Natio
University. H.K. would like to thank Professor J. S. Joe
gensen for the program source.13

1M. Smoluchowski, Z. Phys. Chem.~Munich! 92, 129 ~1917!.
2S. A. Rice,Diffusion Limited Reactions~Elsevier, New York, 1985!.
3A. A. Ovchinnikov, S. F. Timashev, and A. A. Belyy,Kinetics of Diffu-
sion Controlled Chemical Process~Nova, Commack, 1989!.

4F. C. Collins and G. E. Kimball, J. Colloid Sci.4, 425 ~1949!.
5R. M. Noyes, Prog. Reac. Kinet.1, 129 ~1961!.
6T. R. Waite, Phys. Rev.107, 463 ~1957!.
7L. Monchick, J. L. Magee, and A. H. Samuel, J. Chem. Phys.26, 935
~1957!.

8G. Wilemski and M. Fixman, J. Chem. Phys.58, 4009~1973!.
9S. Lee and M. Karplus, J. Chem. Phys.86, 1883 ~1987!; Erratum,96,
1663 ~1992!.

10J. B. Pedersen and J. H. Freed, J. Chem. Phys.58, 2746~1973!.
11G. P. Zientara and J. H. Freed, J. Chem. Phys.71, 744 ~1979!.
12J. E. Larsen and J. B. Pedersen, J. Comput. Phys.49, 458 ~1983!.
13J. B. Pedersen, L. I. Lolle, and J. S. Jorgensen, Chem. Phys.165, 339

~1992!.
14K. L. Aminov and J. B. Pedersen, Chem. Phys.193, 297 ~1995!.
15A. A. Ovchinnikov and Y. B. Zeldovich, Chem. Phys.28, 215 ~1978!; D.

Toussaint and F. Wilczek, J. Chem. Phys.78, 2642~1983!; Papers in the
special issue of J. Stat. Phys.65„5/6…, 837–1284~1991!.

16V. Kuzovkov and E. Kotomin, Rep. Prog. Phys.51, 1479~1988!.

-



m

g

t-

The

5869J. Chem. Phys., Vol. 108, No. 14, 8 April 1998 Kim, Shin, and Shin
17E. Kotomin, V. Kuzovkov, W. Frank, and A. Seeger, J. Phys. A27, 1453
~1994!.

18S. Lee, M. Yang, K. J. Shin, K. Y. Choo, and D. Lee, Chem. Phys.156,
339 ~1991!; J. Sung, K. J. Shin, and S. Lee,ibid. 167, 17 ~1992!; J. Sung,
K. J. Shin, and S. Lee,ibid. 179, 23 ~1994!; J. Chem. Phys.101, 7241
~1994!; S. Jang, K. J. Shin, and S. Lee,ibid. 102, 815 ~1994!.

19M. Yang, S. Lee, Y. S. Kim, and K. J. Shin, Bull. Korean Chem. Soc.10,
529 ~1989!; J. Kim, Y. Jung, J. Jeon, K. J. Shin, and S. Lee, J. Che
Phys.104, 5784~1996!.

20Y. Jung and S. Lee, Chem. Phys. Lett.231, 429 ~1994!.
21A. Szabo, J. Phys. Chem.93, 6929~1989!.
22W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterlin
.

,

Numerical Recipes in C~Cambridge University Press, Cambridge, 1988!.
23H. S. Carslaw and J. C. Jaeger,Conduction of Heat in Solids~Oxford

University Press, London, 1959!.
24K. Razi Naqvi, Chem. Phys. Lett.28, 280 ~1974!.
25A. Szabo, D. K. Cope, D. E. Tallman, P. M. Kovach, and R. M. Wigh

man, J. Electroanal. Chem.217, 417 ~1987!.
26IMSL FORTRAN Library, IMSL, Houston, 1989.
27All the numerical calculations are done on a SGI R10000 workstation.

simulations are performed on IBM SP2 MPP with 40 nodes.
28W. Naumann, Chem. Phys.144, 147 ~1990!.
29H. Kim, S. Shin, S. Lee, and K. J. Shin, J. Chem. Phys.105, 7705~1996!.


