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A Monte Carlo~MC! simulation study of radical recombination dynamics in solution is presented.
Random walks on a three-dimensional lattice are used to simulate the diffusion of radical pairs
initially prepared by photolysis. The survival probability as a function of time is calculated by the
dynamical interpretation of the MC methods. For the dynamics of radical pairs, the interplay of the
geminate and the bulk recombinations is important at high concentrations. In most previous
simulations only the dynamics of isolated geminate pairs were considered. In our simulations such
interplay is clearly demonstrated by studying the intermediate to long time dynamics of many
radical pairs. We compare our results with the predictions of the diffusion and the kinetic theories
to examine the validity of their approximations. For low concentrations, results of the simulations
show good agreement with theoretical predictions and provide a microscopic basis for
understanding the recombination process. But notable deviations are found for high concentrations,
which can be attributed to the approximations in theoretical studies. ©1996 American Institute of
Physics.@S0021-9606~96!03041-3#

I. INTRODUCTION

Photolytic radical recombination reactions have been
studied extensively.1 As a result of photodissociation, an ini-
tial distribution of fragment pairs is produced, typically with
a small separation. The subsequent fate of these pairs reflects
general aspects of the reactive pair dynamics in liquids such
as diffusion or cage effect. The overall radical recombination
reaction in liquids can be divided into two regimes, namely,
the geminate and the bulk recombination phases. Geminate
recombination refers to the process where the original pair of
fragments from the same parent molecule recombine with
each other. In this case, most recombination occurs within a
few nanoseconds. Bulk recombination involves radicals
which have diffused away from their geminate counterparts
to the bulk solution. The time after which bulk recombina-
tion dominates geminate recombination depends on the ini-
tial concentration of radical pairs or the ratio of the initial
separation of radical pairs~intra-pair separation! to the aver-
age distance from the neighboring ones~inter-pair separa-
tion!. When the concentration of the photodissociated radical
pairs is small, the bulk recombination phase is well separated
in time scale from the geminate recombination phase and
typically occurs for over microseconds. For a high initial
concentration of radical pairs, the interplay between the
geminate and the bulk recombination cannot be ignored.

The standard approach to the theoretical description of
radical recombination phenomena makes use of a diffusion
equation for pair probability distribution functions.1,2 The
diffusion equation is then solved subject to suitable boundary
conditions at contact to account for the reaction and the ini-
tial conditions appropriate to the experimental situations. For
the very short distance and time scale involved in geminate
recombination, the diffusion equation may not be assumed to

apply with confidence and its range of validity must be
tested. One needs to go beyond the phenomenological Fick’s
law in describing microscopic details of the dynamical prop-
erties of liquids. Shin and Kapral3 proposed a theory of re-
active pair dynamics in liquids based on the kinetic theory of
chemical reactions in dense fluids. Given initial pair distri-
butions, the probability that the pair of particles will remain
unreacted~Survival probability! can be calculated. The re-
sults of kinetic theory were shown to be a generalization of
the simple diffusion equation approach to the problem.

The kinetic theory has not been extended to include the
bulk radical recombination. Since the bulk recombination
phase is usually well separated from the geminate recombi-
nation phase, the diffusion equation approach can be applied
with more confidence. Waite4 proposed a general formula-
tion for treating diffusion-influenced bimolecular reactions
that was based on a hierarchical system of many-body
Smoluchowski equations for the reactant molecule distribu-
tion functions. He derived the rate equation which takes ac-
count of the interplay between geminate and bulk recombi-
nation. Recently, Jung and Lee5 presented a pedagogical
derivation of the rate equation for the recombination reac-
tions based on the Lee and Karplus6 reformulation of the
nonequilibrium distribution function approach to general
diffusion-influenced bimolecular reactions.

Computer simulations have been used to study the
chemical reactions in solution for a long time and will cer-
tainly be extended to more complex systems with the devel-
opment of more powerful computer technologies.7 One usu-
ally uses molecular dynamics~MD! simulations to obtain
dynamical information involved in reaction dynamics in
liquids.8 For the processes occurring in liquids, one may also
use stochastic trajectory simulations or Brownian dynamics
methods in which the dynamical solvent effects are ac-
counted for by a random force and frictional terms.9 The MD
simulations intrinsically face the finite sample size and thea!Author to whom all correspondence should be addressed.
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finite time limitations for integration of the equations of mo-
tions when using a large number of particles. Monte Carlo
~MC! simulations can be more efficient in studying complex
systems with many particles for a long period of time. Even
though the MC technique is in principle concerned with the
static properties of the system, there have been many at-
tempts to utilize the MC method in studying dynamical phe-
nomena. Such applications include the adsorption–
desorption phenomena and various chemical reaction
systems on a surface or in liquids.10–15

Random walk provides a well-established model for
studying various physical processes such as reaction rates,
biological problems, and transports in solid state systems,
both in bulk and on surfaces.16–18Simple random walks can
be modified in such a way to describe many different physi-
cal situations.19 There has been a lot of interest in diffusion-
controlled reaction kinetics based on random walk models
such as uni- or bimolecular recombinations with trapping or
annihilation.20–26The main concern of such studies is to un-
derstand scaling behavior at long times by using analytical
theories and computer simulations. The dimensionality of the
system, the initial distribution of particles, and the exact
mechanism of reaction kinetics are found to influence the
long time behavior of such systems in a fundamental way.

The main purpose of the present study is to investigate
the interplay between the geminate and bulk recombination
processes using the MC method based on random walks.
Direct quantitative description of the interplay has not been
available from any of existing analytic theories but this can
be done in the MC simulation by following the fate of radi-
cals individually. In this way, we can obtain a better picture
of the process and test the validity of analytic theories devel-
oped previously. The diffusive motion of the radicals is de-
scribed by random walks on a lattice and the dynamical
properties, such as survival probability, are obtained by ap-
propriate interpretations of the MC simulation. Results of the
simulations are compared with theoretical predictions. Since
our interest is focused on the interplay between geminate
recombination occurring at early times and bulk recombina-
tion, which becomes dominant at long times, we have carried
out the simulation up to times when there is no longer any
geminate recombination occurring. This may not be a long
enough time to investigate the scaling behaviors; separate
works are being carried out in this direction.

II. THEORETICAL BACKGROUND

In this section we briefly review the main results of the
analytical theories for geminate and bulk recombination dy-
namics, with which the simulations will be compared. As
introduced in the previous section, our focus is on the kinetic
theory by Shin and Kapral3 and the theory for bulk recom-
bination based on a hierarchical many-body Smoluchowski
equation by Jung and Lee.5

The survival probability obtained from the kinetic theory
can be written as

p~t!512L̃21H ~kf
0/k!exp@2~k21!Az̃#

z̃@kf
01kD~ z̃!#

J , ~1!

where t5t/t0 , z̃5t0z, t05s2/D, k5sd/s, a25s2z/D,
kD54psD, and kD(z)52akD/[12exp~22a!#. Here s is
the relative distance at which the recombination reaction oc-
curs,sd is the initial separation of the geminate pair,D is the
sum of individual self-diffusion coefficients of each frag-
ments, andkf

0 is the equilibrium rate constant.L̃21 denotes
the inverse Laplace transform in complexz̃ plane. The small
frequency limit~or long time limit! of the survival probabil-
ity can be obtained by taking the small frequency form for
kD( z̃ ), namely,kD( z̃ ) > kD • (1 1 Az̃ ). With this approxi-
mation the inverse Laplace transform can be solved analyti-
cally to yield

p~t!512
l

k~11l!
H erfcS k21

2At
D 2exp@~11l!~k21!#

3exp@~11l!2t#erfcF ~11l!At1
k21

2At
G J , ~2!

where l5kf
0/kD . This result is the same as the diffusion

approach with the Collins–Kimball boundary condition.1

It is interesting to note that ast goes to infinity,p(t)
converges to the following value:

lim
t→`

p~t!512
l

k~11l!
. ~3!

The result indicates that an isolated pair of radicals may not
recombine even for a long time, because they infinitely fall
apart in liquids. When the equilibrium rate constant,kf

0, goes
to infinity, namely, in the Smoluchowski boundary
condition,1 the result of the kinetic theory reduces to that of
the diffusion theory:

p~t!512
1

k
erfcS k21

2At
D . ~4!

It is noted that this result can be obtained directly from Eq.
~1! by using the Smoluchowski boundary condition, and the
kinetic and diffusion approaches give the same result in this
limit.

Shin and Kapral3 compared the kinetic theory with dif-
fusion equation approaches and shows that the major devia-
tions for most circumstances occur for reduced times less
than t/t052, which is in the range of 40–100 ps for iodine
recombination in CCl4. For short times, the diffusion equa-
tion leads to a faster rate of reaction compared with the ki-
netic theory results. In this time range, the diffusion equation
suffers from lack of information concerning microscopic
phenomena, which has also been noted experimentally by
Langhoffet al.27
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Jung and Lee obtained the rate equation for the general
recombination reaction,A1B→AB, given by5

2
d@A# t
dt

5kg
0~ t !expH 2E

0
dtkb~t!~@A#t1@B#t!J @A#0

1kb~ t !@A# t@B# t . ~5!

[A] t is the concentration ofA at time t, and the first and the
second terms on the right-hand side represent geminate and
bulk recombination rates, respectively.kg

0(t) is the decreas-
ing rate of the survival probability of an isolatedA-B pair.
kb(t) is the rate coefficient for the diffusion-influenced bi-
molecular recombination ofA andB molecules that are ran-
domly distributed att50 with no geminate correlation. They
obtained the following expressions for the rate coefficients:

kg
0~ t !5l~AD/sd!@1/Apt2XV~XAt1Y/At !#

3exp~2Y2t !, ~6!

kb~ t !5@kf
0/~11l!#@11lV~XAt !#, ~7!

whereX5(11l)(AD/s), Y5(sd2s)/2AD, V(x)5exp(x2!
3erfc~x!, and the other terms are the same as in Eqs.~1! and
~2!. When [A]5[B], or the speciesA andB are the same,
the Eq.~5! reduces to Waite’s rate equation.4

To avoid the complexities which result from many-
particle correlations, Jung and Lee5 used the superposition
approximation and neglected the correlation between like-
particles in obtaining the Eq.~5!. Three-particle probability
density functions were reduced to the superposition of three
two-particle probability density functions, and the like-
particle correlation was neglected by letting the correspond-
ing distribution function equal to unity. For instance, a three
body probability density function would be approximated
like the following:

(
i51

NA
0

(
l51
lÞ i

NA
0

PAiBiAl
~r A ,r B ,r A8 ,t !

>@A#2Pg~ ur B2r Au,t !rAB
b ~ ur B2r A8 u,t !rAA

b ~ ur A2r A8 u,t !

>@A#2Pg~ ur B2r Au,t !rAB
b ~ ur B2r A8 u,t !, ~8!

where PAiBiAl
~rA ,rB ,rA8 ,t! is the three-particle probability

density functionPg(ur B2r Au,t) is the geminate-pair correla-
tion function, andrAB

b (ur B2r A8 u,t) is the bulk-pair correla-
tion function, whilerAA

b (ur A2r A8 u,t) represents the correla-
tion between like-particles. More complete definitions of the
terms can be found in the original work by Jung and Lee.5

In general, rate equation~5! can only be solved numeri-
cally. However, when one species are in large excess of the
other, this equation reduces to the pseudo-first-order problem
and can be integrated exactly. In this limit, Eq.~4! results in
the expression for the survival probability which coincides
with that obtained by Agmon and Szabo.28 Also when the
effect of bulk recombination is ignored, the survival prob-
ability of geminate recombination obtained from the rate
equation reproduces that of the kinetic theory by Shin and
Kapral3 in the long time limit @Eq. ~2!#. As time goes to

infinity, kg
0(t) goes to zero andkb(t) becomes a constant,

which suggests that the process is dominated by bulk recom-
bination and the rate equation reduces to a simple second-
order problem. When the survival probability is plotted as a
function of time in logarithmic scales for both variables one
obtains a linear curve with the slope of21 in the very long
time limit. This results from the neglect of like-particle cor-
relations, which have been known to lower the reaction rate
in the long time.21

III. MONTE CARLO SIMULATIONS

The main assumptions of our MC simulations are similar
to those of the diffusion equation approach. In the diffusional
picture of the recombination process, radical pairs are
formed suddenly by the initial separation,sd , due to an ex-
ternal agency~e.g., photolysis!; then they diffuse apart or
recombine together in solvent, which is regarded as a struc-
tureless continuum. The solvent molecules are considered
not to interact with the radicals directly, but to influence the
diffusion motions of the radicals indirectly. When the sepa-
ration between the radicals equals the encounter or the reac-
tion distance,s, recombination reaction may occur. Re-
peated collisions with the surrounding solvent molecules
result in a very short velocity relaxation time for the radicals.
This leads to the description of the diffusion motions as ran-
dom walks consisting of a series of small steps. The average
displacement of random walks or Brownian motions is given
by the Einstein–Smoluchowski relation^r2&56Dt. This re-
lation is used to define the displacement for one MC step as

L5A6Dt. ~9!

This definition of the average displacement, along with a
lattice model, provides a connection between the Monte
Carlo steps and the real times for the dynamics of the sys-
tem.

The diffusion of radicals is modeled as simple jumps to
neighboring lattice points in a cubic lattice. Based on the
relation given by Eq.~9!, one needs to find the optimum size
of the time step by defining the appropriate distance between
lattice points. One of the time scales involved is the velocity
relaxation time,tR5mD/kBT, wherem is the mass of the
particle,kB is the Boltzmann constant, andT is the tempera-
ture. The diffusion process is physically meaningful after this
time. The time step of the simulation needs to be sufficiently
small so that the force on the radicals can be assumed to be
constant during one MC step. The step size should be re-
duced until the simulation results converge. The periodic
boundary condition and the minimum image convention are
used for the simulations to minimize the edge effects. The
boundary should be large enough to examine the behavior of
the system in the long time when the edge effects become
important. For geminate recombination, in which only the
relative distance between one pair of radicals is important,
virtually infinite lattice without the periodic boundary condi-
tion can be used.

Initially, a pair of particles are created at the same time
on an unoccupied site in a lattice~forced geminate landing!.
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One particle will move immediately to a neighbor site with
random direction. If all the neighbor sites are occupied, the
creation process is repeated from the start. The initial cre-
ation of the radical pairs is assumed to be done by a photoly-
sis with an instantaneous delta-function radiation. The simu-
lation can be easily extended to the more general case
involving a light pulse with finite duration by generating
radical pairs continuously during that time. One can also
consider the case where there exists a distribution for the
initial separation of radical pairs. After all the particles~only
one pair of radicals for the geminate case! are placed on the
lattice, they start moving in random directions. If one radical
moves within the reaction distances of the other, which is
defined as a collision, a reaction may occur with the pre-
sumed reaction probability. If a reaction occurs, both par-
ticles are removed from the system. The microscopic reac-
tion probability ~W!, which is the ratio of the number of
reactive collisions to the number of total collisions in a sys-
tem, is related to the equilibrium rate constant,kf

0, used in
the analytic theories. Unit reaction probability represents the
case of infinite rate constant where every collision results in
a reaction. In this paper, the excluded volume between non-
reactive like-particles is not considered in order to mimic the
diffusion theory. Therefore, the overlap between like-
particles is allowed in the simulations. The excluded volume
effect may be important in some conditions.29

The computational cost for the simulation with large
number of particles for a very long time~;108 steps!, which
is needed in the bulk recombination case, is very high. We
have used several methods to reduce the computing time
significantly. First all programs of the simulations were
coded in the C language for parallel processing. MC simula-
tions can be done by averaging the results of each indepen-
dent ensemble which can be easily parallelized into each
CPU. Therefore, MC simulations are very well suited for the
parallel processing. One can obtain the gain in computation
speed as many times as the number of CPUs. Our calcula-
tions were done on an IBM SP2 model MPP~massively
parallel processing! computer with 40 nodes, and a speed
gain of 30–40 times could be obtained. Second, using the
lattice model can allow one to use only integer operations for
the main MC steps of the program. Most computer architec-
tures are more optimized for the integer calculation than the
floating point calculation. One can increase the computa-
tional speed significantly~up to;10 times! by avoiding the
floating point calculations. The fact that all particles move
the same distance in the lattice model leads to additional
methods of improving the speed. We define the safe distance
as the distance a particle can travel without colliding with
nearest-neighbor particles. Within this distance, one can
move the particle safely without checking reactive collisions
which is the most time consuming part of the MC simulation.
The safe distance should be updated with the particle moves
by that distance. We may introduce the multiple jump
method which utilizes such safe distances. If the minimum
safe distance of all the particles is larger than the single step
size, all particles can move safely within the minimum dis-
tance, or the step size can be increased up to the minimum

safe distance. From Eq.~9! the speed gain is proportional to
the square of the step size increase. The time savings by this
method can be larger at low concentrations. However, con-
vergence should be checked because the increase of step size
may result in inexact results.

IV. RESULTS

We have performed Monte Carlo simulations for the
geminate and the bulk recombination reactions which model
the recombination of radical pairs in various solvents. The
typical values for some of the parameters used are as fol-
lows: the diffusion constant,D52.031025 cm2/s; the reac-
tion distances58.031028 cm; the temperature,T5300 K.
When using the above values for the parameters, we ob-
tained the velocity relaxation time oftR50.102 ps. In order
to determine an optimum~converged! time step for the simu-
lations, we first consider the geminate recombination reac-
tion with unit reaction probability. Such simulations must
give the same results as the simple diffusion approach@Eq.
~4!#. It is found that converged results are obtained for time
steps,5 fs, which corresponds to the lattice displacements
less thanL55310210 cm. The converged time step is

FIG. 1. The comparison of the survival probability,p(t), obtained from the
simple diffusion theory~dashed line!, the kinetic theory~dotted line!, and
the MC simulation~solid line!. The parameters used are~a! k51.25 and unit
reaction probability and~b! k51.25 andl52.0.
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smaller than the velocity relaxation time, which suggests that
one step of real diffusion process corresponds to few jumps
in the lattice used for MC simulations.

In Fig. 1~a! we plot the survival probability for the gemi-
nate recombination reaction withk51.25 and unit reaction
probability (W51;l→`!. In this diffusion-controlled limit,
the results of the MC simulations are in good agreement with
those of the diffusion theory and the kinetic theory. For a
finite l, we determine the corresponding reaction probability
by adjustingW until the asymptotic behavior of the survival
probability from the simulation is equal to that of the diffu-
sion theory. When the reaction probability is less than unity,
the simulation results show deviations from the kinetic
theory while they follow more closely with the results of the
diffusion theory@Fig. 1~b!#. This is because the MC methods
are based on the diffusion-type mechanism. The important
difference between the kinetic theory and the diffusion ap-
proach is that in the former, the recollision events are incor-
porated in a systematic fashion. We have also studied the

dependence of the survival probability on the initial separa-
tion ~k!. As shown in Fig. 2, the general trends found are in
excellent agreement with the results of Shin and Kapral.3

For the bulk recombination case, the simulations are ex-
tended to fairly long times~107–108 steps!. We have used a
rather large box size to minimize the finite size effect which
can be further minimized by the periodic boundary condi-
tion. The finite size effect can be important for the bulk

FIG. 2. p(t) calculated from the MC simulations as a function of time for
several values ofk with unit reaction probability.

FIG. 3. Time dependence of the survival probability in a log–log plot for
the diffusion approach~Ref. 5! ~dotted line! and the MC simulation~solid
line! with k51.25, withs58.0 Å, and unit reaction probability. The three
initial concentrations ofA are considered as indicated in the figure.

FIG. 4. Time dependence of the fraction of geminate~solid line! and bulk
~dotted line! recombinations normalized by the asymptotic~long time! val-
ues for each case. The initial concentrations are~a! [A] 050.0010 M;
~b! [A] 050.010 M; ~c! [A] 050.10 M. The other parameters used are the
same as in Fig. 3.
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recombination processes at long times, which involves large
distance movements. The convergence should be checked
carefully by increasing the system size. Using a larger sys-
tem size with a larger number of particles to maintain the
same concentration makes the simulations very expensive
computationally. We have done such large simulations very
efficiently by using both parallel computation and several
algorithmic improvements as discussed in Sec. III.

Figure 3 shows the survival probabilities as a function of
time for the MC simulations and the diffusion theory at three
different initial concentrations of radicals. The results clearly
indicate that there exist two regimes of the recombination
process: the initial decrease of the survival probability due to
the geminate recombination, and the second decrease after
the plateau region due to the bulk recombination.18 As indi-
cated before, the theory by Jung and Lee5 neglected the like-
particle correlations, while our simulations have all those
effects included. The difference between the two cases can
be nonnegligible at high densities. As shown in Fig. 3, the
results of the simulations show deviations from those of the

theory at high concentrations, while they show good agree-
ments for low concentrations. It is not clear whether the
agreement between the theory and the simulations at low
densities may result from a fortuitous cancellation of errors.
Issues concerning the details of microscopic mechanism of
recombination dynamics such as competition or like-particle
correlation effects will be fully discussed elsewhere.30

In the simulations one can monitor the time evolution of
the two processes separately, which will illuminate detailed
mechanism of the recombination dynamics. In Figs. 4~a!–
4~c! we plot the time dependence of the fraction of the gemi-
nate and the bulk recombinations normalized by the asymp-
totic ~long time! values for each case. In other words, the
plot indicates the degree of completion for each phase of
recombination processes. One can clearly see the different
time scales in which the two processes are occurring. At low
initial concentration, bulk recombination starts to occur a
fairly long time after geminate recombination. The absolute
number of bulk recombination should be very small in this
case, because it happens when geminate recombination is
almost complete@Fig. 4~a!#. As the concentration of particles
is increased, bulk recombination appears at earlier times and
the interplay between the germinate and the bulk recombina-
tion becomes more important. The survival probability and
the fraction of recombination process clearly indicate that the
change in concentration affects the bulk recombination more
than the geminate one. For high enough initial concentration
of radical pairs, it is possible to have the bulk recombination
start to occur before the germinate one at early times@Fig.
4~c!#.

We also examined the behavior of the system when we
change the other parameters:k ~initial separation! ands ~re-
action radius!. When the initial separation of the radical pair
is changed, geminate recombination is more affected~Figs. 5
and 6!. The reduced density of the system, which represents
the number of pairs within the reaction radius, depends not
only on the concentration of particles but also on the reaction
radius. When we vary the reaction radius, both the geminate
and the bulk recombinations are affected~Figs. 7 and 8!.

FIG. 5. log10[p(t)] calculated from the MC simulations as a function of
log10[ t] for several values ofk with [A] 050.010 M ands58.0 Å.

FIG. 6. Time dependence of the fraction of geminate and bulk recombina-
tions for several values ofk. The parameters used and the line specifications
are the same as in Fig. 5.

FIG. 7. log10[p(t)] calculated from the MC simulations as a function of
log10[ t] for several values ofs with [A] 050.010 M andk51.25.
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Sincek5sd/s is fixed in this case, larges corresponds to
the large initial separation and the behavior of the geminate
recombination changes as explained above. For the large re-
action radius, which is equivalent to the decrease in inter-
pair separation, the probability of bulk recombination is in-
creased.

V. CONCLUDING REMARKS

We have presented the results of the Monte Carlo simu-
lations of radical recombination dynamics in solution. The
simulation is based on random walks on a lattice after the
initial creation of radical pairs by photolysis with the possi-
bility of recombination upon a close approach. Both gemi-
nate and the bulk recombination processes are considered.
The results of the simulations are shown to reproduce the
theoretical predictions fairly well, even at short times when
the diffusion equation is valid. For geminate recombination,
the MC method mimics the diffusion theory more closely
than the kinetic theory, because the molecular details of the
solvents are ignored. The interplay of geminate and bulk
recombinations is demonstrated by the simulations extended
to long times. The results show good agreement with the
theory of Jung and Lee5 at low densities. The onset of bulk
recombination is found to be dependent on the initial con-
centration of radical pairs. For high enough densities, the
results of the simulations show deviations from those of the
theory, which can be attributed to the like-particle correla-
tions neglected in the theoretical assumptions. Further stud-
ies are needed to examine the microscopic details of recom-
bination dynamics in the bulk recombination phase.

Some of the possible extensions of the present MC simu-
lations are to include the effect of finite duration of the ex-
citation pulse in photolysis and examine the role of a scav-
enger in the recombination process.31 One may also
introduce a distance-dependent rate constant for the recom-
bination reaction to model such processes as electron
transfer.14,32
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