
JOURNAL OF CHEMICAL PHYSICS VOLUME 111, NUMBER 3 15 JULY 1999
Dynamic correlation effect in reversible diffusion-influenced reactions:
Brownian dynamics simulation in three dimensions

Hyojoon Kim, Mino Yang, and Kook Joe Shina)

Department of Chemistry and Center for Molecular Catalysis, Seoul National University,
Seoul 151-742, Korea

~Received 9 February 1999; accepted 23 April 1999!

A Brownian dynamics~BD! simulation for a pseudo-first-order diffusion-influenced reversible
association–dissociation reaction of a target system in three dimensions with spherical symmetry is
presented. The exact Green function for a reversible geminate dissociation that we obtained recently
is utilized in the simulation. We compare the results of simulation with two successful theoretical
predictions, the enhanced version of the superposition approximation approach~SA! and the more
rigorous kinetic theoretical approach~KT!. The KT predicts the correct power law behavior of
;t23/2 with a slightly higher amplitude in the long-time region, but it is in good agreement with the
BD result in the transient region. On the other hand, a faster relaxation is observed in the transient
region for the SA, but the correct power law behavior with numerically exact amplitude is predicted
for the exact target system. An interesting interplay between the mobility of the system and the
dynamic correlation effect incorporated with many-body problems is also revealed. ©1999
American Institute of Physics.@S0021-9606~99!51227-0#
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I. INTRODUCTION

Recently, diffusion-influenced reversible reactions ha
attracted growing interest. Typically, the reversib
association–dissociation reaction@A1B↔C# has been stud
ied by many authors.1–10 In order to check the validity of
various theoretical predictions, one has to compare any
oretical result with that of a reliable simulation study.

Edelstein and Agmon3 developed an efficient Brownia
dynamics~BD! simulation method in one dimension~1D!
based on the exact Green function for the reversible ge
nate dissociation. The main advantage of this method o
other conventional BD simulations and random walk sim
lations on the lattice is that the time step can be larger du
the incorporation of the exact solution. For a reversible tr
the probability located near the trap is higher than that for
irreversible one. Therefore the time step should be v
small with the conventional BD method. Their simulatio
study has been a standard reference ever since for com
sons with theoretical works in 1D. Recently, Naumannet al.9

compared their theory of the enhanced superposition
proximation for the reversible association–dissociation re
tion with the BD result of Edelstein and Agmon11 in 1D.
Essentially the same BD algorithm was adopted by K
et al. to investigate the asymptotic behavior of the pseu
first-order reversible association–dissociation with photo
sis in 1D.10

Edelstein and Agmon tried to extend their method
three dimensions~3D! by using three~x,y,zdirections! ran-
dom numbers at each coordinate.12 This algorithm is superior
to other conventional simulation methods in 3D. Howev
they utilized the 1D Green function to simulate the mov

a!Author to whom correspondence should be addressed. Electronic
statchem@plaza.snu.ac.kr
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ment and reaction of particles. Therefore, the error aris
from the correlation between coordinates forces their met
to have a smaller time step. Zhou13 proposed his own BD
simulation method to study the enzyme-catalyzed reactio
He used the spherically symmetric irreversible 3D proba
ity functions. Since his method neglects the correlation
tween association and dissociation reactions, the time
again should be small. Note that the crudest BD simulat
can give the exact result only if the time step is sufficien
small. Recently, Kim and Shin14 obtained the exact field-free
Green function for the ground-state reversible geminate
sociation in 3D with spherical symmetry. This opens a do
to reliable BD studies in 3D. Shortly after the work of Kim
and Shin, Gopich and Agmon worked out the exact solut
for the excited state with two different lifetimes and with th
contact quenching in 3D.15 They also discovered an interes
ing transition in the long-time behavior of the solution. As
first attempt to apply the exact solution to the BD simulati
in 3D, we investigate, in the present work, the ground-st
reversible association–dissociation reaction without the c
tact quenching for which various theoretical predictions
available.

On the theoretical side, Naumannet al.9 and Sunget al.4

investigated the same system with the enhanced versio
the well-known approach of the superposition approximat
~SA!. In obtaining some analytical results, they adopted
linearized version~LSA!. The SA is based on the hierarch
cal Smoluchowski equations. Sunget al.4 also analyzed the
present system depending on the mobility of the system,
target, and the trap problems. For the target problem,A is
fixed while Bs can move around, and vice versa for the tr
case. A more rigorous kinetic theoretical approach~KT!
based on the renormalized kinetic theory has been rece
applied to the same system by Yanget al.7 One of the salient
il:
8 © 1999 American Institute of Physics
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features of the KT is to reveal the contribution of the d
namic correlation effect of a third particle incorporated w
the inherent nature of many-body problems. In Ref. 7, s
eral conventional theories including the SA were critica
discussed in this context.

In this paper, we perform the BD simulations in 3D wi
spherical symmetry for the target problem, and the results
compared with those of the KT and the target version of
SA. Since the KT is originally formulated for the mobil
system, it may not be justifiable to compare it directly w
the target BD results. But, in doing so, we find some int
esting interplay between the mobility of the system and
dynamic correlation effect which is not properly incorp
rated in the SA.

This paper is organized as follows. In Sec. II, we revie
theoretical approaches mentioned above and make s
critical comparisons between the SA~and the LSA! and the
KT. The BD simulation method is described in Sec. I
Simulation results and discussions are presented in Sec
followed by some concluding remarks in Sec. V.

II. THEORETICAL BACKGROUND

The SA, based on the formulation of Lee and Karplu1

has been applied rather successfully to ma
phenomena.16–20 They derived a rate equation which
coupled to the hierarchical evolution equations of the p
correlation function, starting from the many-body Smo
chowski equation, and truncated the hierarchy by the sim
superposition approximation. They also introduced two ad
tional approximations. One is the low concentration ofB
particle, and the other is the separability of time scales of
bulk concentration and the pair distribution function. T
latter can be removed by the linearization technique
Szabo,2 who showed that the SA could also give the pow
law behavior of;t2d/2 in d dimensions in the long-time
limit. The enhanced linearized version of SA~LSA! was re-
cently developed by Sunget al.4 They removed the forme
approximation and thus obtained improved amplitude of
power law behavior. At the same time, Naumannet al.9 also
reported the same result independently, focusing on the lo
time behavior. They reported that the LSA predicts the ex
long-time behavior by comparing with the BD simulatio
results of Edelstein and Agmon11 in 1D for the target prob-
lem. Despite the successful prediction of the LSA at lo
times, it still shows unsatisfactory behavior at short and
termediate times, which seems to arise from both the su
position and linearization approximations. In particular, t
weakness of the LSA due to the superposition approxima
was discussed by Yanget al.7,21,22as the improper treatmen
of the dynamic correlation effect inherent with the man
body problem.

Consider a pseudo-first-order reversible reaction sys
A1B↔C with the equilibrium constant, Keq

5@C#eq/cB@A#eq5kr /kd , wherecB is the constant bulk con
centration ofB, andkr andkd are the intrinsic recombination
and dissociation rate constants, respectively. The main
sults of the SA for this system, before the linearization s
is taken, are the following coupled evolution equations
concentrations and pair correlation functions:4
-
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dt
52krrAB~s,t !@A#cB2kd@C#, ~2.1a!

]

]t
rAB~r ,t !

5LABrAB~r ,t !2S~r !@krrAB~r ,t !2kr@C#/@A#cB#

1kr@rCB~r ,t !2rAB~r ,t !#@C#/@A#, ~2.1b!

]

]t
rCB~r ,t !

5LCBrCB~r ,t !1krrAB~s,t !@rAB~r ,t !2rCB~r ,t !#

3@A#cB /@C#, ~2.1c!

wherer(r ,t) is the nonequilibrium pair correlation function
s the reaction distance,L the Smoluchowski operator, an
S(r ) denotes the sink function which is assumed to be
contact reactivity here. The initial condition that we consid
here is that there are onlyAs (@A(0)#51 normalized such
that @A(t)#1@C(t)#51! is surrounded by an equilibrium
distribution of Bs@rAB(r ,0)5rCB(r ,0)51#. The superposi-
tion approximation, compromising both the exact mobility
the system as shown below and the full information on
many-body dynamic correlation effect on the doublet dis
bution function, was already employed to obtain Eqs.~2.1!.
Further progress can be made by introducing another
proximation regardingLCB which could also change the mo
bility of the system. Since the mobility of the system, alter
by these approximations, is closely coupled to the ma
body dynamic correlation effect, it may be appropriate
look into both aspects more carefully.

A. Mobility of the system

In a pure binary problem, only the relative motion of tw
particles determines the reaction dynamics, and conseque
we do not have to distinguish the target from trap or/a
mobile systems. The exact mobility of the system starts to
compromised as one considers the ternary dynamics in
nection with the dynamic correlation effect that will be di
cussed in the next section. For a three-particle system
which twoB particles (B1 andB2! randomly move around a
fixed A particle ~the target problem!, A–B1 andA–B2 pair
dynamics can be independent of each other only if there is
interaction betweenB particles. In this case, it is well-known
that the simple superposition approximation becomes e
even for the pseudo-first-order irreversible system.23 On the
other hand, for the system in which twoB particles are fixed
and anA particle moves around~the trap problem!, two pair
dynamics (A–B1 and A–B2! could not be independent be
cause there is only one degree of freedom due to the mo
A particle. In this case, the superposition approximation c
not be exact with respect to the mobility, even in the irr
versible system.

Up to the stage of Eqs.~2.1!, the SA formulation is
carried out defining neither the target nor the trap proble
Strictly speaking, the SA starts from a certain system
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which the mobility of particles is described by the se
diffusion constants of each particle at various levels of
hierarchy. In principle, the mobility of the system can
described exactly by this infinite hierarchy. However, by ta
ing the superposition approximation to make a closed se
equations up to the doublet level, the exact description of
mobility of the system is also compromised.

In fact, the usual practice is that the target problem~it
actually is a pseudo-target problem! is defined by setting
LCB5LAB ~and, thus,DCB5DAB! in Eqs. ~2.1!. In the
pseudo-first-order case~@A# or @C#!cB!, this relation could
approximately describe a system in whichA ~and thusC!
particles are fixed whileB particles are mobile with the dif
fusion constantDB5D; thus, the target problem. Howeve
it is interesting to note that, even if Eqs.~2.1! were exact for
the target problem, the relationDCB5DAB holds not only for
the target problem but also for the system in which bothA
andC particles are mobile with the same diffusion consta
DA5DC , andB particles can have a different mobility wit
DB . This makes the uniqueness of Eqs.~2.1! questionable
regarding the mobility of the system, which is inevitable
long as one introduces any approximation to many-bo
problem such as the truncation of the hierarchical equatio
Therefore, we believe that the mobility of a system should
handled rather carefully in connection with the truncati
which alters the nature of the dynamic correlation effe
Nevertheless, the approximation ofDCB5DAB is usually
taken for the target problem and, somehow, the long-t
behavior of the LSA is known to be numerically in goo
agreement, in 1D, with the BD simulation for the exact tar
problem. The usual trap problem is defined by settingLCB

50, which represents the system in whichB ~and thusC!
particles are fixed (DB5DC50) while A particles are mo-
bile with the diffusion constant,DA5D. There appears to b
no problem in the uniqueness, if Eqs.~2.1! were exact, for
the trap problem.

In the LSA formulation, the linearization technique
employed to Eqs.~2.1! and, also, the usual target or the tr
problem has to be chosen in order to get approximate a
lytical expressions. For the usual target problem, the conc
tration deviationj(t)[@A#2@A#eq is obtained in the Laplace
transformed domain,f̂ (z)[*0

` f (t)exp(2zt)dt, as follows:4

ĵLSA
target~z!5@z1~cB1Keq

21!k̂LSA~z!#21, ~2.2a!

1

k̂LSA~z!
5

1

kr

1
cBKeq

11cBKeq

•

1

k̂D~s!
U

s5z1~cB1K
eq
21!kr

1
1

11cBKeq

•

1

k̂D~z!
, ~2.2b!

k̂D~z!5kD@11As2z/D#, ~2.2c!

whereD is the diffusion constant ofB particles relative to
fixed A ~and thusC! particles andkD54psD. The super-
script targetdenotes that the relationLAB5LCB is utilized to
e

-
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t,
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e
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e
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solve Eqs.~2.1b! and ~2.1c!. From Eqs.~2.2a!–~2.2c!, one
can obtain the long-time asymptotic expression of the c
centration deviation as

lim
t→`

jLSA
target~ t !;

Keq

~11cBKeq!
2 ~4pDt !23/2. ~2.3!

For the usual trap case, the concentration deviation is
tained as

ĵLSA
trap ~z!5F z1

krcB1kd

11 k̂D~z1krcBz/~z1kd!!
G21

, ~2.4!

and the long-time asymptotic expression is given by

lim
t→`

jLSA
trap ~ t !;

Keq

A11cBKeq

~4pDt !23/2. ~2.5!

Note that the above equation was first obtained by Gop
and Doktorov8 using the scale transformation of exact ser
without their averaget-matrix approximation.

Recently, Yanget al. applied the fully renormalized ki-
netic theory to the present reaction scheme.7 They started
with a reaction-Liouville equation satisfying in the pha
space for all particles of the system. They derived a mem
equation for the singlet field of reactants by use of the Mo
projection operator technique. A many-body effect is inc
porated into the memory kernel with a renormalized hier
chical structure, which was truncated by the disconnec
approximation. This formulation was quite successfully a
plied to the steady-state fluorescence quenching kinetic21

and the reversible reaction kinetics ofA1B↔C1B.22 In the
application to the current system, the KT predicted a sa
factory behavior in the transient region. The predictions
the KT are given by

ĵKT~z!5@z1~cB1Keq
21!k̂KT~z!#21, ~2.6a!

1

k̂KT~z!
5

1

kr

1
cBKeq

11cBKeq

•

1

k̂D~s!
U

s5z1~cB1K
eq
21!k̂KT~z!

1
1

11cBKeq

•

1

k̂D~z!
. ~2.6b!

The same initial condition as in the SA was employed he
In deriving Eqs.~2.6!, the off-diagonal elements of the dif
fusion tensor were neglected, and it was also assumed
DAB5DCB . The latter assumption is in the same spirit
that employed in the LSA for the usual target problem.
mentioned earlier, however, this may also correspond t
mobile system approximately, namely,A and C particles
with the same mobility andB particles with a different mo-
bility. Previously, we attempted to interpret our system
mobile rather than as the usual target problem.22 Whether a
system can be treated as the target problem or as mobile
only be determineda posteriori from the comparison with



be
th

he
y
he
ec

o
iv
n
on
th

g

ne
-
lf-
n
p

he
la
c-
em

se
th
la
r-
th

n
e
e

m

as
e
y

en
in

ch

o
t
e
k
-
-

a
re-

or
rs

in
e
cal

all,
at
sh-

re-
n
mic
st
de
A
but

e
he
A,

SA
ible
re-
on

by
he

ion
to
ct

e
n

en-

1071J. Chem. Phys., Vol. 111, No. 3, 15 July 1999 Reversible diffusion-influenced reactions
the simulation study which is designed exactly, from the
ginning, as one of those unless the exact description of
dynamic correlation effect is provided.

B. The dynamic correlation effect

The LSA and the KT are similar to each other in t
sense that Eqs.~2.2a! and~2.6a! can be rewritten as memor
~rate kernel! equations for the concentration deviation in t
time domain. However, two theories are different in the s
ond terms of Eqs.~2.2b! and~2.6b!, which contain the many-
body effect influencing the dynamics of a specific pair
particles via the rate kernels in the argument of the diffus
rate kernelk̂D(z). Both theories require certain truncatio
steps for the hierarchical set of equations in the formulati
The simple superposition approximation is employed at
level of the doublet reduced distribution function~SA!, and
the disconnected approximation is employed to the propa
tor at the level of the doublet density field~KT!; it was
pointed out earlier that the latter approximation is more fi
grained than the former.21 As a result, the dynamic correla
tion effect of the third bath molecule is included se
consistently in the KT while the Markovian descriptio
resulted in the LSA. Based on this difference in both a
proaches, Yanget al. suggested that the shortcoming of t
LSA should result from the neglect of the dynamic corre
tion effect of the third particle on the evolution of the rea
tive pair of particles. Namely, the LSA describes the syst
that a specific pair propagates while otherB particles are at
equilibrium, which makes the relaxation faster and cau
the error of the faster decay of the deviation function in
transient region. The KT also shows the same power
behavior in the long-time limit as in the SA but with diffe
ent amplitude. The long-time asymptotic expression of
deviation function is given by

lim
t→`

jKT~ t !;
Keq

~11cBKeq!
2~12P!

~4pDt !23/2, ~2.7!

where the factorP incorporates the dynamical correlatio
effect still remaining in the power law region, which th
LSA neglects@see Eq.~2.3!#. The expression for that can b
found in Ref. 7. By comparing Eqs.~2.3! and ~2.7!, even
though the numerical value of the LSA is indiscernible fro
the simulation data, Yanget al. questioned Naumannet al.’s
claim that Eq.~2.3! should be exact.

However, the LSA which is a limiting case of the SA,
given by Eqs.~2.1!, could represent the latter only near th
equilibrium, and thus the above limitation of the LSA ma
not be relevant to the prediction of the SA in the transi
time region. This motivates us to examine the dynamic
formation contained in the SA before the linearization te
nique is introduced. In fact, Sunget al. reported that the
results of the LSA were hardly distinguishable from those
the SA, even in the transient region.4 Based on their repor
and assuming that the linearization technique is valid n
the equilibrium, Yanget al. pointed out earlier that the lac
of the dynamic correlation~which should exist in a real sys
tem even near the equilibrium! in the LSA should be as
cribed to the superposition approximation itself.12 However,
-
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it may be required to compare the LSA with the SA for
wide range of parameter sets to confirm their coincident p
dictions.

In Fig. 1, we plot the results of the LSA and the SA f
several concentrations ofB for a comparison. The paramete
used areD5s51, kr5125.0, andkd55.0. We add the re-
sult of the KT as a reference. We use the FLINV routine
the IMSL24 in order to invert the results of the LSA and th
KT in the Laplace transformed domain and the numeri
method of Kim et al.25,26 to obtain those of the SA. The
deviation among all three theories is small forcB50.01,
where the dynamic correlation effect is expected to be sm
but becomes larger ascB increases. It should be noted th
the results of the LSA and the SA are already indistingui
able prior to thet23/2 power-law phase.~The slope is about
21.0 at the value of log10 t520.5 in the curve ofcB51.0.!
As previously mentioned, the neglect of the dynamic cor
lation effect in the LSA is shown to make the relaxatio
faster. From this comparison, one can see that the dyna
correlation effect is partially included in the SA in contra
with the LSA. Based on this observation, we can conclu
that the lack of the dynamical correlation effect in the LS
may be due not only to the superposition approximation
also, at least partially, to the linearization approximation. W
can also find, from the coincidence of the amplitude of t
power law behavior predicted by both the SA and the LS
that the dynamic correlation effect incorporated into the
does not seem to affect the long-time dynamics. A poss
explanation of this fact is that the long-time dynamic cor
lation effect in the SA may have a higher order contributi
~e.g.,;t25/2! than the long-time power law behavior (t23/2)
of the evolution of the pair.

On the other hand, the long-time behavior predicted
the KT shows a slightly higher amplitude compared with t
SA ~and the LSA! due to the correction factorP in Eq. ~2.7!.
The difference between the SA and the KT in the predict
of the amplitude of the power law behavior was ascribed
the different ways of treating the dynamic correlation effe
as discussed previously.22 Recalling the discussion of th
mobility in Sec. II A, the difference may well have arise

FIG. 1. Comparison between the SA and the LSA through the time dep
dence of the concentration deviation for several values ofcB . The KT result
is also plotted for a reference.kr5125.0,kd55.0, andD5s51.
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from introducing the usual target relation at different stag
of the formulation in two theories. Moreover, it is probab
that the dynamic correlation effect and the mobility assum
tion are closely coupled to each other. The possibility
interpreting the usual target relation as describing a mo
system makes the situation more difficult. This confusion c
be cleared when we compare these theoretical predict
with a computer simulation. At present, the KT is develop
only for the case of 3D, and the computer simulation in 3D
required to compare with the KT and the SA~and the LSA!.
This motivates us to develop a BD simulation method in 3

III. BD SIMULATION

The overall method of the present BD simulation is ve
similar to that of Edelstein and Agmon3 in 1D. We assumed
that the direct correlations between the noninteracting
particles (Bs) may be ignored and the particleA ~or C! is
immobile, which represents an exact target problem. Fr
these assumptions, we can realize the pseudo-first-order
tem taking advantage of the exact Green functions for
isolate pair without loss of accuracy. One assumption to
alize in the many-particle system is that the remaining p
ticles are fixed when one particle moves or reacts, wh
may cause error at short times less than one time step.

From the practical viewpoint, the main difficulty for th
3D simulation is that one cannot increase the boundary~R!
easily as in the 1D case because the number of particleN
;R3 to maintain the same concentration, namely, a thous
timesN, are needed to increaseR ten times. Therefore, on
should be very careful of the finite system size error.

In our simulation, anA ~or C! particle is regarded as
fixed target, representing thereal target problem. OnlyB
particles can move around in our simulation. We put o
target ~A or C! at the origin of the spherically symmetri
radial coordinate,r, and N particles ofB into the interval
@s,R# randomly. Note that a uniform distribution in the 3
space corresponds to the distributionp(r )53r 2/(R32s3) in
the radial coordinate.13

Then, the particleB may move or react withA one by
one. Each particle has only one chance to change its pos
during one time step by generating a random list. After
trials of all particles, one can continue the next step.

One particle is randomly selected and moved to a n
location, which is calculated as follows. When the selec
particle is in the bound state~* !, it will remain there with the
probability ofp(* ,Dtu* ) or move tor with the probability of

E
s

r

dr8 4pr 82p~r 8,Dtu* !

after Dt. When an unbound particle atr 0 is selected, it will
end up at the target with the probability ofp(* ,Dtur 0) or
move tor with the probability of

E
s

r

dr8 4pr 82p~r 8,Dtur 0!.

All the necessary probability functions were obtained
Kim and Shin14 from their exact Green function in 3D a
follows:
s

-
f
le
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m
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n
-
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e
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p~r ,tur 0!4prr 0AD

5
1

A4pt
H expF2

~r 2r 0!2

4Dt G1expF2
~r 1r 022s!2

4Dt G J
1

a~g1a!~a1b!

~g2a!~a2b!
WS r 1r 022s

A4Dt
,aAt D

1
b~a1b!~b1g!

~a2b!~b2g!
WS r 1r 022s

A4Dt
,bAt D

1
g~b1g!~g1a!

~b2g!~g2a!
WS r 1r 022s

A4Dt
,gAt D , ~3.1!

p~* ,tur 0!5
kr

4pr 0sAD
H a

~g2a!~a2b!
WS r 02s

A4Dt
,aAt D

1
b

~a2b!~b2g!
WS r 02s

A4Dt
,bAt D

1
g

~b2g!~g2a!
WS r 02s

A4Dt
,gAt D J , ~3.2!

p~r ,tu* !5
kd

4prsAD
H a

~g2a!~a2b!
WS r 2s

A4Dt
,aAt D

1
b

~a2b!~b2g!
WS r 2s

A4Dt
,bAt D

1
g

~b2g!~g2a!
WS r 2s

A4Dt
,gAt D J , ~3.3!

p~* ,tu* !5
a~b1g!

~g2a!~a2b!
V~aAt !

1
b~g1a!

~a2b!~b2g!
V~bAt !

1
g~a1b!

~b2g!~g2a!
V~gAt !, ~3.4!

where W(a,b)[exp(2ab1b2)erfc(a1b), V(a)
[exp(a2)erfc(a) and erfc(x) denotes the complementary e
ror function.a, b, andg satisfy the following relations:

a1b1g5~11kr /kD!AD/s, ~3.5!

ab1bg1ga5kd , ~3.6!

abg5kdAD/s. ~3.7!

It is worthwhile to note the detailed balance conditio
krp(r ,tu* )5kdp(* ,tur ).

The endpoint of the stochastic trajectory (r j) can be
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found by comparing a uniform distribution random numb
0,j,1, such that

j2p~* ,Dt !5E
s

r j
p~r ,Dt !dr. ~3.8!

The calculation of the trajectory for every particle
n
as

en

ns

n
ns
c

u
SA
tr
-

,every step is the most time-consuming part. We introdu
the precalculated look-up tables constructed from the ab
probability functions. The look-up table method reduces
computing time greatly, but requires much more memo
space. The following relations are useful to construct
look-up tables:
Q~r ,tur 0![E
s

r

dr8 4pr 82p~r 8,tur 0!1p~* ,tur 0!

52
ADt

r 0Ap
S expS 2

~r 2r 0!2

4Dt D2expS 2
~r 1r 022s!2

4Dt D D1
1

2 S erfS r 2r 0

A4Dt
D

1erfS r 1r 022s

A4Dt
D D 1

1

r 0
S r 2

AD

a D ~g1a!~a1b!

~g2a!~a2b!
WS r 1r 022s

A4Dt
,aAt D

1
1

r 0
S r 2

AD

b D ~a1b!~b1g!

~a2b!~b2g!
WS r 1r 022s

A4Dt
,bAt D 1

1

r 0
S r 2

AD

g D ~b1g!~g1a!

~b2g!~g2a!
WS r 1r 022s

A4Dt
,bAt D , ~3.9!

Q~r ,tu* ![E
s

r

dr8 4pr 82p~r 8,tu* !1p~* ,tu* !

5erfS r 2s

A4Dt
D 1

kd

s S r 2
AD

a D 1

~g2a!~a2b!
WS r 2s

A4Dt
,aAt D 1

kd

s S r 2
AD

b D 1

~a2b!~b2g!
WS r 2s

A4Dt
,bAt D

1
kd

s S r 2
AD

g D 1

~b2g!~g2a!
WS r 2s

A4Dt
,gAt D . ~3.10!
nd
u-

et-
of
the

ror
D.
on-

e-
ged,
,
n-

tion
e

u-
e
in
ame
e
ese
on
SA
od
One can confirmQ(`,t)51 easily. The look-up tables ca
be constructed monotonic in order to perform the e
look-up procedure.

The reflecting boundary condition is used in the pres
simulations at the outer boundary (r 5R). And when a par-
ticle is already bound to the fixed target, namely, tra
formed to theC state, the inner boundary (r 5s) is also
regarded as the reflecting one because other particles ca
react with the target anymore. The probability functio
should be changed to the following well-known Green fun
tion with the reflecting boundary, instead of Eq.~3.1!:

p~r ,tur 0!4prr 0AD

5
1

A4pt
H expF2

~r 2r 0!2

4Dt G1expF2
~r 1r 022s!2

4Dt G J
2

AD

s
WS r 1r 022s

A4Dt
,
ADt

s D . ~3.11!

IV. RESULTS AND DISCUSSION

In order to verify the methodology of the present sim
lation, we compare the simulation result with those of the
and the KT in Fig. 2. The time dependence of the concen
tion deviation,j(t), is plotted in the log–log scale. The cho
y

t

-

not

-

-

a-

sen values of parameters arecB50.001, kr5125.0, kd

55.0, andD5s51. For these parameters, both the SA a
the KT predict almost the same results. The result of sim
lation is also shown to be indistinguishable from the theor
ical predictions. The different descriptions of the mobility
the system as well as the dynamic correlation effect by
SA and the KT do not appear at this low concentration ofB.
Interestingly, we found that the finite system size er
makes the relaxation slower in 3D, while it is faster in 1
We increased the size of the simulation system until the c
verged results were obtained.

In Fig. 3, the relaxation curves of the concentration d
viation are plotted but the values of parameters are chan
such thatcB51.0,kr5125.0, andkd550.0. For these values
two theories predict the different behaviors in both the tra
sient and the long-time regions. Furthermore, the simula
result supports neither the KT nor the SA for the entire tim
domain. Prior to the asymptotic power law region, the sim
lation results follow the prediction of the KT but support th
SA in the long-time power law region. This trend is aga
found in Fig. 4, where the values of parameters are the s
as those of Fig. 3, exceptkd55.0. Note that, in general, th
largercBKeq, the more severe test for the theories. For th
parameters, the deviation of the SA from the BD simulati
is larger than that in Fig. 3 in the transient region, but the
is still good in the power law region at long times. The go
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agreement of the KT with the simulation in the transie
region shows that the dynamical correlation effect plays
important role during the transient relaxation period to ma
a slower relaxation compared with the SA, which accou
for it only partially. On the other hand, the coincidence of t
SA and the BD results in the power law region tells us th
since the BD simulation is designed for the exact target pr
lem, the SA for the usual target problem is also numerica
exact for the exact target problem in the long-time power l
region in 3D. This is in line with the previous result of Na
mannet al. that the usual target version of the LSA for th
present reversible system becomes numerically exact in
long-time limit in 1D. Of course, it is well-known that th
SA for the irreversible reaction system describes the ta
system exactly. For the reversible system, it is now c
firmed that the LSA is also exact in 3D, at least numerica
in the long-time limit for the exact target problem.

The dynamic correlation effect does not seem to app
in the SA in the power law behavior of the target syste
This may not mean the absence of the dynamic correla
effect in the SA formulation in the power law region. Rath
we suspect that it has a higher order contribution thant23/2

to the relaxation kinetics and is not exposed in the lowe

FIG. 2. Comparison of the BD result with those of the SA and the
through the time dependence of the concentration deviation.cB50.001,kr

5125.0,kd55.0, andD5s51.

FIG. 3. The same as Fig. 2, exceptcB51.0, andkd550.0.
t
n
e
s

t,
-

y

he

et
-
,

ar
.
n

,

t-

order term to have any effect on the power law behavior
similar explanation may also be given for the long-time d
namic correlation effect of the BD simulation for the exa
target system. On the other hand, the long-time dynamic
relation effect in the KT makes a contribution to the lowe
order (t23/2) relaxation behavior, and this alters the amp
tude of the power law from that of the SA~or the BD!.

In the KT formulation, the long-time dynamic correla
tion effect is included through the factorP in Eq. ~2.7!,
which is absent in the LSA result of Eq.~2.3!. From the
observation of a slightly higher amplitude of the KT resu
compared with that of the BD in the power law region, w
can conclude that the dynamic correlation effect se
consistently considered by the KT does not represent tha
the exact target system. This fact was discussed previous22

in which the irreversible survival probability predicted by th
KT is a little bit different from that of the exact target syste
~presented in Fig. 1~b! in Ref. 22!. In our previous works, we
suggested that the KT is an approximate model for a mo
system, although we employed the approximation ofDAB

5DCB , since this relation can represent not only the us
target problem but also a mobile system, as we pointed ou
Sec. II A.

From the above discussions, we believe that a sys
with a certain mobility~say, the exact target problem! has a
different dynamic correlation effect from that of another sy
tem with different mobility~say, a mobile system!. The dif-
ferent dynamic correlation effect associated with the diff
ent mobility appears as a faster~or a slower! relaxation
behavior in the transient region, or in the different amplitu
of the power law behavior in the long-time limit. The origi
of the difference in the amplitude of the power law behav
between the SA and the KT can actually be investiga
from the comparison with a reliable simulation study for t
mobile system. As of now, neither the reliable simulati
study nor the exact theory is available for the mobile syste

V. CONCLUDING REMARKS

We have investigated the pseudo-first-order diffusio
influenced association–dissociation reaction with the

FIG. 4. The same as Fig. 2, exceptcB51.0.



m
nc
b
-
he

a
o
t

m

fo
c

on

o
a
tr
e

in
n
er
ic

cs
a

he

in
p-
e

ge
,

e-

is-
ing
at

.

1075J. Chem. Phys., Vol. 111, No. 3, 15 July 1999 Reversible diffusion-influenced reactions
simulation study in 3D for a spherically symmetric syste
with the aid of the exact field-free ground-state Green fu
tion for the reversible geminate dissociation recently o
tained by Kim and Shin.14 The simulation results are com
pared with those of the SA and the KT formulations. T
main conclusions are as follows:

~1! The dynamic correlation effect appears to be closely
sociated with the mobility of the system. The exact m
bility is known only for the BD simulation for the exac
target problem. In the SA~or the LSA!, the usual target
assumption may not be justified as the target approxi
tion.

~2! The dynamic correlation effect is partially accounted
in the SA, and the lack of the dynamic correlation effe
in the LSA is due not only to the simple superpositi
approximation but also to the linearization technique.

~3! The long-time behaviors of the SA and the LSA are c
incident, indicating that the dynamic correlation effect
accounted for in the SA may have a higher order con
bution to the long-time relaxation kinetics than th
power law behavior oft23/2. A similar behavior may
also be ascribed to the BD simulation.

~4! The BD simulation for the exact target problem is
good agreement with the KT in the transient region a
with the SA for the usual target problem in the pow
law region, respectively. This tells us that the dynam
correlation effect is important in the transient dynami
However, the long-time behavior of the SA for the usu
target problem is numerically exact in 3D also for t
exact target problem.

~5! A slightly higher amplitude of the power law behavior
the KT shows that the KT formulation may not be a
propriate for the exact target problem in the long-tim
region. It can be easily figured out that the usual tar
assumption may also be employed for a mobile system
,
-
-

s-
-

a-

r
t

-
s
i-

d

.
l

t
a

reliable simulation study for the mobile system is r
quired in order to clarify this point.
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