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Long time behavior of reversible diffusion-influenced reaction perturbed
by photolysis: Brownian dynamics simulation
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New power law behavior (t23/2) in the asymptotic relaxation of pseudo-first-order reversible
diffusion-influenced reaction,A1B↔AB perturbed by photolysis is confirmed by a Brownian
dynamics simulation in one dimension when the photolytic dissociation distance is equal to the
thermal dissociation distance as predicted by Yanget al. @Phys. Rev. Lett.79, 3783 ~1997!#. For
larger photolytic dissociation distances, however, our simulation curves follow the thermal
relaxation curve at the beginning and deviate from the latter to showt23/2 power law behavior at
longer times. The effect of photolytic perturbation on various nonequilibrium initial states is also
examined by Brownian dynamics simulations. ©1999 American Institute of Physics.
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I. INTRODUCTION

Recently, the relaxation kinetics of the diffusion
influenced reversible reaction,A1B↔AB , has been widely
investigated theoretically. The superposition approximat
~SA! approach proposed by Lee and Karplus1 was modified
to predict the asymptotict2d/2 power law for the pseudo
first-order system.2,3 More refined results along this approa
have been reported to describe the relaxation kinetics in
only the asymptotic but also the transient regions.4–6 Com-
puter simulation studies confirmedt21/2 power law behavior
in one dimension for the pseudo-first-order system by sev
workers with their Monte Carlo3,7 and Brownian dynamics
~BD!8–10 simulation methods.

Although these theories all predict thet21/2 asymptotic
power law behavior in one dimension, they all show so
discrepancy with the simulation in the transient region, m
distinct at high concentration. A rigorous kinetic theoretic
investigation11 revealed that the dynamical correlation effe
is not properly incorporated in the above theories. All t
above theories and simulations considered the case o
thermal perturbation of the initial equilibrium system by
abrupt temperature change.

Recently, Yanget al.12 predicted a new power law be
havior (t23/2 and t25/2 in one and three dimensions, respe
tively! in the asymptotic relaxation of the concentration d
viation of the same reversible reaction system perturbed
photolysis. The initial equilibrium system is perturbed by
photoflash with a short duration which is turned on at tim
zero abruptly to break up some fraction ofAB molecules to
produce geminate pairs ofA andB molecules separated by
distancer 0 . The role of these geminate pairs, which does
exist in the thermal perturbation case, is proven to be
crucial as to change the power law behavior in the long ti
limit. They presented a simple probabilistic arguments un
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the condition that the photolytic dissociation distance,r 0 , is
the same as the thermal dissociation distance,s , which is
the reaction distance.

The main purposes of this article are~1! to confirm the
new power law behavior predicted by Yanget al.12 for the
case ofr 05s by the BD simulation method and~2! to ex-
amine the relaxation behavior for anyr 0 larger thans for
which no theoretical explanation is available, and~3! to in-
vestigate the effect of the photolytic perturbation on the n
equilibrium initial state.

II. THEORETICAL BACKGROUND

Consider a reversible reactionA1B↔AB with the equi-
librium constant,Keq5@AB#eq/cB@A#eq wherecB is the con-
stant bulk concentration ofB ~the pseudo-first-order model!.
When the initial equilibrium system is perturbed by photo
sis, each ofA’s dissociated fromAB’s by the perturbation
sees a geminate partnerB separated by the photolytic disso
ciation distancer 0 and the equilibrium distribution of othe
B’s. Then the concentration deviation ofA, defined byj(t)
[(@A(t)#2@A#eq)/(@A#02@A#eq), can be expressed by12

j~ t !5S~ tur 0!2S~ tu* !, ~1!

where@A#0 is the initial concentration ofA. Since one can
set @A#eq1@AB#eq as a constant,@A#eq can be determined
exactly in terms ofcB and Keq.S(tu* ) and S(tur 0) are the
conditional probabilities of findingA’s in the unbound state
at time t for initially bound A’s and for initially geminate
pairs withA-B separationr 0, respectively.

When r 05s , we can utilize the relation13

S~ tu* !5kdE
0

t

dt e2kdtS~ t2tus!, ~2!

wherekd is the thermal dissociation constant and Eq.~1! can
be simplified as
il:
6 © 1999 American Institute of Physics
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j~ t !5
1

kd

d

dt
S~ tu* !. ~3!

The long time behavior ofS(tu* ) is well known in one di-
mension as2,3,14

S~ tu* ! ;
t→`

@12b~4pDt !21/2#, ~4!

whereD is the diffusion constant andb a time-independen
constant. Hence the long time power law behavior ofj(t) in
one dimension is given by12

j~ t ! ;
t→`

t23/2. ~5!

In general, however,r 0 need not be the same ass and
one cannot utilize Eq.~2! in this case and the asymptot
behavior ofj(t) is yet to be determined. Another interestin
phenomenon would be the effect of photolytic perturbat
to the nonequilibriuminitial states for which no theoretica
explanation has been provided yet. Our simulation results
these cases will be presented after a brief review of the
simulation method.

III. BD SIMULATION

We perform the BD simulations with the aid of th
method of Edelstein and Agmon8 with minor technical varia-
tions. Their simulation method utilizes the exact analyti
solutions of one-dimensional reversible diffusion equat
for a geminate pair15,16 under the assumptions that dire
correlations between noninteracting like particles may be
nored and the particleA or AB is immobile, namely, regarde
as a static trap. Under these assumptions as many the
also do, the method can be applied to a pseudo-first-o
system of our concern.

To simulateN particles in the system of sizeL, one
particle is randomly selected and moved to a new loca
which is calculated as follows. When the selected particl
in the bound state~AB!, it will remain there with the prob-
ability of p(* ,Dtu* ) after Dt given by8

p~* ,tu* !5
1

DFl1VS l2A t

D D 2l2VS l1A t

D D G , ~6!

where V(x)5exp(x2)erfc(x) , l6[(kr6D)/2 , D2[kr
2

24Dkd , erf(x) and erfc(x)denote the error and the compl
n

or
D

l
n

-

ies
er

n
is

mentary error functions, respectively, andkr the recombina-
tion rate constant. Otherwise it will move tox with the prob-
ability of *0

xdx8p(x8,Dtu*) with8

p~x,tu* !5
kd

D FWS x

A4Dt
,l2A t

D D
2WS x

A4Dt
,l1A t

D D G , ~7!

whereW(a,b)[exp(2ab1b2)erfc(a1b) . When an unbound
particle atx0 is selected, it will end up in the trap with th
probability of p(* ,Dtux0) given by8

p~* ,tux0!5
kr

D FWS x0

A4Dt
,l2A t

D D
2WS x0

A4Dt
,l1A t

D D G , ~8!

or move tox with the probability of*0
xdx8p(x8,Dtux0) with8

p~x,tux0!5
1

A4pDt
H expS 2

~x2x0!2

4Dt D1expS 2
~x1x0!2

4Dt D J
2

kr

D
WS x1x0

A4Dt
,krA t

D D . ~9!

Here we assume that the remainingN21 particles are
fixed during the time interval,Dt , which may cause error a
short times less thanDt . The endpoint of the stochasti
trajectory is found by comparing a uniformly distributed ra
dom number, 0,j,1 , with the integral of the exact solu
tion. The particle ends up in the trap ifj,p(* ,Dt) and it
ends up being unbound ifj.p(* ,Dt) . In the latter case, the
endpoint (xj) is found from the following relation:8

j5p~* ,Dt !1E
0

xj
p~x,Dt !dx. ~10!

The calculation of the trajectory for every particle at eve
step is the most time consuming part and the precalcula
look-up tables are constructed from the above probab
functions. Since Eqs.~7! and ~9! can be integrated analyti
cally, the following relations turn out to be useful to co
struct the look-up tables more efficiently:
p~* ,tu* !1E
0

x

dx8p~x8,tu* !5erf~x/A4Dt !1
1

D
exp~2x2/4Dt !@l1V~x/A4Dt1l2At/D !2l2V~x/A4Dt1l1At/D !# ,

~11a!

p~* ,tux0!1E
0

x

dx8p~x8,tux0!5
1

2
erf@~x1x0!/A4Dt#1

1

2
erf@~x2x0!/A4Dt#1

kr

D
exp@2~x1x0!2/4Dt#

3$V@~x1x0!/A4Dt1l2At/D#2V@~x1x0!/A4Dt1l1At/D#%. ~11b!
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The look-up table method reduces the computing ti
greatly but requires much more memory space. We use
interpolation method to reduce the memory space.

In our simulation, each particle has only one chance
move or to remain duringDt by generating a ‘‘random list’’
which is found to help reducing errors during the first fe
time steps. The reflecting boundary conditions are used a
inner ~x 5 0! and the outer (x5L) boundaries, respectively
when a particle is bound to the trap. After the trials of
particles, one can continue the next step. Incorporating
exact solutions into the calculation of the trajectory,Dt can
be much larger than that in the conventional BD or in t
lattice random walk simulations.

In order to reduce the computing time of the trajecto
the radius of influence of the reversible trap,xrev, is also
introduced.8 In the interval@0, xrev# the reaction dynamics is
calculated by using the precalculated look-up tables c
structed from the exact solutions but free diffusion is
sumed in the interval@xrev, L#.

The initial photolysis is represented by a compulso
dissociation of the particleAB by planting theB particle at
the photolytic dissociation distance,r 02s away fromx50.
Note that only oneA or AB can exist in each realization o
the system and all the otherB particles are in their equilib-
rium distribution. The numbers of realizations with and wit
out the initial photolysis can be estimated from the ratio
@AB#eq/@A#eq5cBKeq.

The effect of photolytic perturbation on the nonequili
rium initial state is examined as follows. The initial equilib
rium system is first perturbed thermally and we wait unti
nonequilibrium state is reached after a certain period of tim
Then the photolytic perturbation is turned on and the rel
ation behavior thereafter is monitored as described abov

The converged result for the photolytically perturb
system is much more difficult to obtain than that of previo
t21/2 decay simulations since more rapid decay requires m
accurate results. Up to 33109 realizations are averaged t
obtain the present results. Since all realizations are inde
dent of each other, we can reduce the computing time gre
by the parallel programming method. The simulations
performed on an IBM SP2 model massively parallel proce
ing ~MPP! computer with 40 nodes.

IV. RESULTS AND DISCUSSION

The values of parameters in our simulations arekr5D
51, kd51, cB50.01, andN510 (L51000). The values are
chosen to obtain the converged results easily in a physic
reasonable condition. In order to check the validity of t
present simulation, we compare, in Fig. 1, the simulat
result for the thermal perturbation case in one dimens
with that of the SA-based theory4–6 which predictst21/2

asymptotic power law behavior. The SA-based theory is c
sen because the more rigorous kinetic theoretical predic
is not available in one dimension and the former is known
yield rather good agreement with the simulation at lo
concentrations.5 Since the concentration of our system is lo
enough, the simulation result is in good agreement with
theory at all times. The numerical integration of the kine
equations@Eqs.~2.9!, ~2.10!, ~2.12!, and~2.17! of Ref. 6# in
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the theory is carried out by using our previously develop
method.17 Actually, we use this comparison to check the
nite system size error due to the artificial reflecting bound
condition. This error makes the concentration of the syst
higher than the given value7 and therefore the slope becom
more steep. For a given concentration, the smaller the bou
ary, the smaller number of particles can be used. By
comparison we could find an optimum size of the system.
reduce the computing time, we set the size of the system
small as possible.

The time dependence of the concentration ofA for the
photolytic perturbation case is plotted for several values
r 0 in Fig. 2. The thermal perturbation case is also plotted
comparison. Indeed the equilibrium is reached more rap
in the photolytic perturbation case. Note that the deviat
from the thermal perturbation case starts at aboutt51021/2

when r 02s52 , and at aboutt510 when r 02s510 ,
which is consistent with the Einstein–Smoluchowski law
the form of Dr 2 /Dr 1;ADt2 /Dt1 . We can infer that the
geminate correlations affect dynamics seriously from this
viation starting point.

FIG. 1. Time dependence of the concentration deviation for a therm
perturbed case. The present BD simulation result~solid! is compared with
the theoretical prediction~dots!. See the text for the parameters.

FIG. 2. Survival probabilities ofA for several values ofr 0 for the photolyti-
cally perturbed case. Thermally perturbed case~thick solid! is also plotted
for comparison. The parameters are the same as those in Fig. 1.
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In Fig. 3, the time dependence of the concentration
viation, j(t) , for the photolytic perturbation case is plotte
for several values ofr 0 . Again, the thermal perturbation cas
is plotted for comparison. As a reference, we add a stra
line with the slope523/2. For the photolytic perturbation
cases,t23/2 asymptotic power law behavior is clearly ob
served forr 05s as Yanget al.12 predicted. For larger value
of r 0 , however, our simulation curves follow the therm
relaxation curve at the beginning and deviate from the la
to showt23/2 power law behavior at longer times. A slightl
less steep slope (,3/2) detected for a very large values ofr 0

~e.g., r 02s510! may indicate that the asymptotic pow
law region has not been reached yet. Asr 0 gets even larger
the departure from the thermal relaxation curve would
further delayed reminding us the fact that the relaxation
havior should be the same as that of the thermally pertur
case forr 0→`.

We could not carry out the simulation belowj(t)51.0
31023 . In order to obtain noise-free data at the value
j(t)51.031024

,the hundredfold more realizations tha
those atj(t)51.031023 should be averaged. That mea
the average over 331011 realizations is beyond the limita
tion of our computing power.

For all the above results, the photolytic perturbation
applied to the initial equilibrium states. Although there is
theoretical explanation, it would be interesting to exam
the nonequilibrium photolysis by the present BD simulati
method. In order to obtain a nonequilibrium initial state, t
original equilibrium state is first perturbed thermally a
wait until tp when the photolytic perturbation is turned o
The relaxation behavior ofj(t) is monitored afterward and
the results are plotted in Fig. 4. All curves are for the case
r 05s. For comparison, we add the thermal~A! and the pho-
tolytic ~B! perturbation curves both for theequilibrium initial
states. The results show that the nonequilibrium photoly
curves follow the curveB at short times, but approach th
curveA at long times. It is very interesting to note that th
plateau region is observed for the curve fortp51000. The
value of j(t) at the beginning of the plateau region is ve
close to that of the curveA at t 5 1000. This implies that the

FIG. 3. Time dependence of the concentration deviations for several va
of r 0 for the photolytically perturbed cases. The parameters are the sam
those in Fig. 1.
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curve reaches a pseudoequilibrium state at the level of
initial nonequilibrium state. We infer that the large diffe
ence between the relaxation times for the bulk~curveA! and
the geminate~curve B! correlations may cause the pse
doequilibrium state.

From the above observation, the photolytic perturbat
technique is found to be useful in making the early stage
the relaxation kinetics toward equilibrium from a given no
equilibrium initial state faster than that without it.

In summary, the asymptotic power law behavior in t
pseudo-first-order reversible diffusion-influenced reacti
A1B↔AB perturbed by photolysis in one dimension is i
vestigated by the BD simulation method.t23/2 asymptotic
power law behavior is clearly observed forr 05s as Yanget
al.12 predicted. For larger values ofr 0 , however, the depar
ture from the thermal relaxation curve at longer time is o
served to showt23/2 asymptotic power law behavior. For th
nonequilibrium photolysis, we find the plateau region whi
implies a pseudoequilibrium state due to the difference
tween the relaxation times of the bulk and the geminate c
relations.
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