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We obtain exact analytic solutions of the diffusion-influenced excited-state reversible geminate
recombination reaction,A* 1B↔(AB)* , with two different lifetimes and quenching under the
influence of a constant external field in one dimension. These fundamental solutions generalize two
previous results@Kim et al., J. Chem. Phys.111, 3791 ~1999!; 114, 3905 ~2001!# and provide us
with the insight necessary to analyze their specific relations and asymptotic kinetic transition
behaviors. We find that the number of kinetic transitions can be changed due to interplay between
the field strength and lifetimes. Unlike the previous works, the number of lifetime dependent
transitions is found to be one or zero. On the other hand, the number of the field dependent
transitions becomes two, one, or zero. We find a new pattern of kinetic transitionet→t21/2→et

when there is only one field dependent transition. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1704632#

I. INTRODUCTION

Recently Gopich and Agmon1,2 found that an interesting
kinetic transition behavior can be observed at long times for
a diffusion-influenced excited-state reversible germinate re-
combination when the lifetimes of reactant and product are
different. Agmon3 extended the results to the case with a
competing quenching process. At nearly the same time, Kim
and Shin4 found a way to obtain the exact Green functions or
the fundamental solutions for geminate reversible reaction in
three dimensions~3D!. This result led Gopich and Agmon5

to find the exact solutions including two different lifetimes
and quenching in 3D. This theoretical prediction of the ki-
netic transition was confirmed experimentally with the kinet-
ics of excited-state proton transfer from a photoacid to
solvent.6

On the other hand, Kimet al.7 ~Part I! were successful to
obtain the exact results of the excited-state geminate recom-
bination in one dimension~1D! and found that the different
lifetime effect can cause the similar kinetic transition behav-
ior in 1D as well as in 3D. The exact results in 1D are
important not only because they can be applied to a class of
effectively 1D systems such as polymers or DNA chains8–10

but also because they are practically useful to obtain the
numerical results for the nongeminate case by the efficient
Brownian dynamics simulations.11–16 Later on, Kimet al.17

~Part II! proved that the external field could also cause ki-
netic transitions by obtaining the exact solutions considering
both the reversibility and the external field effect in the
ground-state geminate system. They noted an interesting
mathematical isomorphism between solutions of Part I and
Part II.

Then, it is a natural question what effect the external
field can give to the dynamics in the excited-state geminate
reversible recombination. The main purpose of the present
paper is to obtain the general exact solutions by combining
the previous works of Part I with Part II. The general solu-
tions can give us the straight answer for the external field
effect on the excited-state geminate system as well as the
theoretical insight about the interplay between the field and
lifetime effects. Indeed, we find that the field effect can de-
stroy the lifetime-dependent kinetic transition of Part I and
the lifetime effect can play a destructive role in the field-
dependent kinetic transitions of Part II. Thus, we will show
that the number of asymptotic kinetic transitions can be
changed as the values of lifetime or the field strength are
varied.

This paper is organized as follows: We obtain the exact
solutions in Sec. II and three special cases are investigated in
Sec. III. Long-time asymptotic behaviors are obtained in Sec.
IV and the numerical results are discussed in Sec. V followed
by concluding remarks in Sec. VI.

II. EXACT SOLUTIONS

Consider a pair of point particles, an electronically ex-
citedA* particle and a ground stateB particle diffusing on a
line under the influence of a constant external field. When
two particles collide, they can associate with the intrinsic
rate constantka into the excited-state bound pair (AB)* ,
which can dissociate reversibly with the ratekd . The com-
peting contact quenching reaction with the ratekq can also
occur. The excited-statesA* and (AB)* can decay to their
ground state with the ratek08 and k0 , respectively. The
present mechanism can be depicted as follows:

A* 1B�
kd

ka

~AB!* , ~2.1!
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A* 1B→
kq

A1B, ~2.2!

~AB!* →
k0

AB, ~2.3!

A* →
k08

A. ~2.4!

Let p(x,t) be the probability density for observing the par-
ticles separated by a distancex at time t. The following dif-
fusion equation can describe the present system:

]p~x,t !

]t
5DS ]2

]x2 12a
]

]xD p~x,t !2k08p~x,t !, ~2.5!

whereD is the relative diffusion constant anda determines
the magnitude of the external field. A positive value ofa
makes the pair prefer getting close to each other. The bound-
ary conditions are given by

DF]p~x,t !

]x
12ap~x,t !G

x50

5~ka1kq!p~0,t !2kdp~* ,t !,

~2.6!

p~`,t !50. ~2.7!

Let p(* ,t) denote the binding probability which obeys the
following time evolution equation

]

]t
p~* ,t !5kap~0,t !2~kd1k0!p~* ,t !. ~2.8!

Initial conditions of the pair in the bound and unbound state
at x5x0 are given, respectively, by

p~x,0u* !50, p~* ,0u* !51. ~2.9!

p~x,0ux0!5d~x2x0!, p~* ,0ux0!50. ~2.10!

As Smoluchowski noted,17,18 the above equations can be
more tractable utilizing the following transformations,

q~x,tux0!5exp@a~x2x01aDt!#p~x,tux0!, ~2.11!

q~* ,tux0!5exp@a~2x01aDt!#p~* ,tux0!, ~2.12!

q~x,tu* !5exp@a~x1aDt!#p~x,tu* !, ~2.13!

q~* ,tu* !5exp@a2Dt#p~* ,tu* !. ~2.14!

Thus, Eqs.~2.5!, ~2.6!, and~2.8! can be transformed to

]q~x,t !

]t
5D

]2q~x,t !

]x2 2k08q~x,t !, ~2.15!

D
]

]x
q~x,t !U

x50

5~ka1kq2aD!q~0,t !2kdq~* ,t !,

~2.16!

]

]t
q~* ,t !5kaq~0,t !2~kd1k02a2D !q~* ,t !. ~2.17!

If Eqs. ~2.15!–~2.17! are compared with Eqs.~2.9! and
~2.10! in Part II, a mathematical isomorphism can be invoked
again. Thus we can get the Laplace transformed Green func-

tion p̃(x,sux0)5*0
`p(x,tux0)exp(2st)dt using relation~2.11!

and replacingkq and k0 in Eq. ~2.13! of Part I with
kq2aD andk02a2D, respectively,

q̃~x,s2k08ux0!5ea@x2x0#p̃~x,s2k082a2Dux0!5 f̃ ~x,sux0!

2
~a11a21a3!ADs1a1a2a3DAD

~As1a1AD !~As1a2AD !~As1a3AD !

3
e2~x1x0!As/D

ADs
, ~2.18!

f̃ ~x,sux0!5
1

2ADs
@e2ux2x0uAs/D1e2~x1x0!As/D#, ~2.19!

where f̃ (x,sux0) is the Laplace transformed Green function
for the reflecting boundary~all rate constants anda are 0!
anda1 , a2 , anda3 are roots satisfying the following rela-
tions:

b1[a11a21a35~ka1kq!/D2a, ~2.20!

b2[a1a21a2a31a3a15~k02k081kd!/D2a2, ~2.21!

b3[a1a2a35@~k02k082a2D !~ka1kq2aD!

1kd~kq2aD!#/D2. ~2.22!

We can get the roots by solving the cubic equation19

a15A11A21
b1

3
, ~2.23!

a252
1

2
~A11A2!1

b1

3
1

i)

2
~A12A2!, ~2.24!

a352
1

2
~A11A2!1

b1

3
2

i)

2
~A12A2!, ~2.25!

where A153AB21AB1
31B2

2, A253AB22AB1
31B2

2, B1

5(3b22b1
2)/9, andB25(27b329b1b212b1

3)/54.

We find that the following amusing relations hold:

b35b1b22kakd /D2, ~2.26!

~a11a2!~a21a3!~a31a1!5kakd /D2, ~2.27!

~a21a3!~a1
2b11b3!5a1kakd /D2, ~2.28!

~a11a!~a21a!~a31a!D25~k02k08!~ka1kq!1kdkq ,
~2.29!

~a12a!~a22a!~a32a!D2

5~k02k08!~ka1kq!1kdkq22aD~k02k081kd!. ~2.30!

In the time domain the Green function in the present
system becomes
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q8~x,tux0!

5ea~x2x01aDt!ek08tp~x,tux0!

5 f ~x,tux0!1(
i 51

3

a i~ak1a i !~a i1a j !F i jk~x1x0!,

~2.31!

where

F i jk~x!5
1

~ak2a i !~a i2a j !
WS x

A4Dt
,a iADt D ,

~2.32!

W~x,y!5exp~2xy1y2!erfc~x1y! ~2.33!

and iÞ j Þk51,2,3. Here we defineq8[ek08tq and erfc(x) is
the complementary error function. We callq8(x,t) by the
effective Green function. One can note thatW(0,a iADt)
5exp(ai

2Dt)erfc(ai ADt).

The binding probabilities can be calculated in the same
way as above. The expressions of the binding probability of
initially unbound state in the Laplace domain and the time
domain are given by

q̃~* ,s2k08ux0!5
ka

~As1a1AD !~As1a2AD !~As1a3AD !

3
e2x0As/D

AD
, ~2.34!

q8~* ,tux0!5
ka

D (
i 51

3

a iF i jk~x0!. ~2.35!

For the binding probability of initially bound state, we get

q̃~* ,s2k08u* !5
As1b1AD

~As1a1AD !~As1a2AD !~As1a3AD !
,

~2.36!

q8~* ,tu* !5(
i 51

3

a i~a j1ak!F i jk~0!. ~2.37!

The probability functionp(x,tu* ) can be obtained by the
detailed balance condition

p~x,tu* !5kde22ax0p~* ,tux!/ka , ~2.38!

which can be simplified for the effective probability func-
tions as

kaq8~x,tu* !5kdq8~* ,tux!. ~2.39!

Let us define the survival probability of the unbound or
bound state by

S~ tux0 or * !5E
0

`

p~x,tux0 or * !dx. ~2.40!

The present survival probabilities have different structures
from those in the previous works because the latter corre-
spond formally to the integration procedure ofp(x,t)eax

overx @see Eq.~2.18!#. Their expressions in the Laplace and
time domains are given by

e2ax0S̃~s2k082a2Dux0!5
e2ax0

s2a2D
2

aAD

As~s2a2D !
e2x0As/D

2
b1ADs1b3DAD

~As1a1AD !~As1a2AD !~As1a3AD !~As1aAD !As
e2x0As/D, ~2.41!

S8~ tux0!

[ek08te2ax01a2DtS~ tux0!

5e2ax01a2Dt2
1

2
WS x0

A4Dt
,2aADt D

2
~a11a!~a21a!~a31a!

2~a12a!~a22a!~a32a!
WS x0

A4Dt
,aADt D

2(
i 51

3
a i~ak1a i !~a i1a j !

~a i2a!
F i jk~x0!, ~2.42!

S̃~s2k082a2Du* !

5
kd

~As1a1AD !~As1a2AD !~As1a3AD !~As1aAD !
,

~2.43!

S8~ tu* !
D

kd
[ek08t1a2DtS~ tu* !

D

kd

5
2a

~a12a!~a22a!~a32a!
W~0,aADt !

2(
i 51

3
a i

~a i2a!
F i jk~0!. ~2.44!

Here we similarly define the effective survival probability,
S8(tux0 or * ).

The generalized normalization condition does not de-
pend on the field strength and, therefore, is the same as in
Part I,

~s1k08!S̃~s!1~s1k0! p̃~* ,s!1kqp̃~0,s!51. ~2.45!

In the time domain, this condition can be rewritten as
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@S~ t !1p~* ,t !#ek08t512~k02k08!E
0

t

p~* ,t !ek08tdt

2kqE
0

t

p~0,t !ek08tdt. ~2.46!

III. SPECIAL CASES

The general exact results in the previous section contain
complicated expressions of the roots. In some special cases,
the roots and, thus, the results can be simplified. Here we
consider the following three important cases.

A. The transition region

One can see from Eq.~2.22! that at least one of the roots
vanishes when

~k02k081kd2a2D !~ka1kq2aD!5kakd . ~3.1!

As in Parts I and II, the transition behavior can appear in this
case. Suppose that the vanishing root isa3 , then

a11a25~ka1kq!/D2a, ~3.2!

a1a25~k02k081kd!/D2a2. ~3.3!

If we defineD1
2[(ka1kq2aD)224@(k02k081kd)2a2D#,

the two roots can be rewritten as

2Da15ka1kq2aD1D1 , ~3.4!

2Da25ka1kq2aD2D1 . ~3.5!

The binding and survival probabilities for this case can be
easily obtained by substituting these roots,

q8~x,tux0!5 f ~x,tux0!1
a11a2

a12a2
Fa2WS x1x0

A4Dt
,a2ADt D

2a1WS x1x0

A4Dt
,a1ADt D G , ~3.6!

q8~* ,tux0!5
ka

D~a12a2! FWS x0

A4Dt
,a2ADt D

2WS x0

A4Dt
,a1ADt D G , ~3.7!

q8~* ,tu* !5
1

a12a2
@a1W~0,a2ADt !2a2W~0,a1ADt !#,

~3.8!

S8~ tux0!5e2ax01a2Dt2
1

2
WS x0

A4Dt
,2aADt D

1
~a11a!~a21a!

2~a12a!~a22a!
WS x0

A4Dt
,aADt D

2
a11a2

a12a2
F a2

a22a
WS x0

A4Dt
,a2ADt D

2
a1

a12a
WS x0

A4Dt
,a1ADt D G , ~3.9!

S8~ tu* !
D

kd
5

1

~a12a!~a22a!
W~0,aADt !

2
1

a12a2
F 1

a22a
W~0,a2ADt !

2
1

a12a
W~0,a1ADt !G . ~3.10!

Note thata12a25D1 /D.

B. Irreversible case

For the irreversible casekd50 or ka50. Thuskakd50
andb35b1b2 as can be seen from Eq.~2.26!. One can also
see from Eq.~2.27! that one of the summations of two roots
vanishes. Suppose thata11a250, then the roots are given
by

a152a25Aa22~k02k081kd!/D, ~3.11!

a35~ka1kq!/D2a, ~3.12!

in which eitherkd or ka must be set to zero. The probabilities
can also be obtained by the substitution of these roots,

q8~x,tux0!5 f ~x,tux0!2a3WS x1x0

A4Dt
,a3ADt D , ~3.13!

p~* ,tu* !5exp@2~k01kd!t#, ~3.14!

S8~ tux0!5e2ax01a2Dt2
1

2
WS x0

A4Dt
,2aADt D

2
a31a

2~a32a!
WS x0

A4Dt
,aADt D

1
a3

a32a
WS x0

A4Dt
,a3ADt D . ~3.15!

Here, the expressions ofq8(* ,tux0) andS8(tu* ) for the irre-
versible case are not much simplified and thus omitted here.

For the case that Eq.~3.1! also holds, namely, for the
transition region in the irreversible case,aD5ka1kq and/or
a2D5k02k081kd . For the latter relation, two roots (a1 and
a2) vanish and we can get further simplified probability ex-
pressions as follows:

9145J. Chem. Phys., Vol. 120, No. 19, 15 May 2004 Reversible germinate recombination in one dimension. III

Downloaded 10 Sep 2005 to 142.150.227.98. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



q8~* ,tux0!5
ka

Da3
FerfcS x0

A4Dt
D 2WS x0

A4Dt
,a3ADt D G ,

~3.16!

S8~ tu* !
D

kd

5
1

a3a
1

1

a32a F 1

a3
W~0,a3ADt !2

1

a
W~0,aADt !G .

~3.17!

C. One root is Àa

One can see from Eq.~2.29! that one root, say,a3 be-
comes2a when the following condition is satisfied:

~k02k081kd!~ka1kq!5kakd . ~3.18!

Interestingly, this relation corresponds to the transition re-
gion in Part I and it always holds in Part II. This case can be
regarded as a generalized case of Part II in that one root (a3)
is 2a. We can calculate the other roots as

2Da15ka1kq1D2 , ~3.19!

2Da25ka1kq2D2 , ~3.20!

where D2
25(ka1kq)214D@a2D2a(ka1kq)2(k02k08

1kd)#. The survival probability functions can be simplified
to

S8~ tux0!5e2ax01a2Dt2~a11a2!(
i 51

3

a iF i jk~x0!, ~3.21!

S8~ tu* !5
kd

~a12a!~a22a!D

3Fea2Dt2(
i 51

3

a i~a j1ak!F i jk~0!G , ~3.22!

where (a12a)(a22a)D5k02k081kd as one can see from
Eqs.~2.29! and ~2.30!.

The generalized normalization conditions can be reduced
to the following relations:

S8~ tux0!1q8~* ,tux0!5e2ax01a2Dt2
kq

D (
i 51

3

a iF i jk~x0!,

~3.23!

S8~ tu* !1q8~* ,tu* !5
1

k02k081kd
Fkdea2Dt1~k02k08!

3(
i 51

3

a i~a j1ak!F i jk~0!G . ~3.24!

If there is no quenching reaction, Eq.~3.23! is further re-
duced toS(tux0)1q(* ,tux0)5exp(2k08t). For the equal life-
times case, Eq.~3.24! is simplified to S(tu* )1q(* ,tu* )
5exp(2k08t).

IV. ASYMPTOTIC SOLUTIONS

The unimolecular reactions make all the excited mol-
ecules decay to their ground states at very long times. To
effectively cancel out the unimolecular decay effect, we mul-
tiply the probabilities by exp(k08t). The effective excited-state
probabilities are of interest because they show kinetic tran-
sition behaviors at long times.

From a physical point of view, the kinetic transition be-
havior from the power-law decrease to the exponential in-
crease results from the fact that the diffusion effect becomes
less dominant as the field effect and/or the lifetime effect
become~s! stronger, recalling that the power-law behavior is
a characteristic of the diffusion-influenced reactions. From a
mathematical point of view, the kinetic transition behavior
arises from the following feature of the error function or the
W-function for larget,

WS x

A4Dt
,aADt D 55

1

aApDt
2

1

2DtApDt
S x2

2a
1

x

a2 1
1

a3D , when uargau,3p/4,

2ea2Dt1ax2WS 2x

A4Dt
,2aADt D , when uargau.3p/4,

~4.1!

which is Eq.~4.1! of Part II. Therefore, the asymptotic long
time behavior critically depends on the sign of the roota.
Since the sign ofb3(5a1a2a3) directly depends on each
sign of the roots, it plays an important role in determination
of the long time behavior. This is the reason why the transi-
tion region appears whenb350 in the previous works.

A. Power-law decrease region

In order to have the long time power-law behavior, the
exponential term should not appear in theW-function or all
roots should be positive. We can prove that all roots are

positive if b1(5a11a21a3) andb3 are both positive. This
can be realized when~1! all roots are positive or~2! one root
is positive with two negative roots. According to Eq.~2.28!,
when bothb1 and b3 are positive, the signs ofa1 and a2

1a3 should be the same. Therefore, the case~2! is not al-
lowed. Consequently, bothb1 and b3 should be positive to
give the power-law behavior at long times.

In Part I, only the sign ofb3 needs to be considered to
analyze the long time asymptotic behavior sinceb1 is always
positive there. In Part II and the present system, however,b1

can be negative whenaD.ka and aD.ka1kq , respec-
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tively, and so we have to check the sign ofb1 as well as that
of b3 . There are three rootsa50, a5a6 , wherea6[(ka

6Aka
214kdD)/2D, satisfying the conditionb350 in Part II.

But b1 is negative fora5a1 which makes the effective
binding probabilities increase exponentially at long times.
Since we considered the effective deviation function of the
binding probability from the equilibrium value in Part II
which showst21/2 transition behavior. This was the reason
that a5a1 was regarded as a transition point in Part II.

We can see from Eqs.~2.20! and ~2.26!, b1 andb3 can
be positive, respectively, when the parameters satisfy the fol-
lowing relations:

aD<ka1kq and b1b2D2.kakd . ~4.2!

Thus the effective binding probabilities show thet23/2 power
behavior at long times as follows:

q8~* ,`ux0!;
ka

D

1

2DtApDt

1

b3
S x01

b2

b3
D , ~4.3!

q8~* ,`u* !;
1

2DtApDt

1

b3
S b1b2

b3
21D . ~4.4!

The following generalized relation holds analogous to Eq.
~4.6a! in Part I:

kdp~* ,`u0!5~k02k081kd2a2D !p~* ,`u* !. ~4.5!

One can easily check, with the help of Eq.~2.26!, that Eqs.
~4.3! and ~4.4! reduce to those in Part I whena50. On the
other hand, these reduce to those in Part II (k05k085kq

50) only whena,0. Whena.0, one root becomes nega-
tive in Part II and the asymptotic behavior becomes an ex-
ponential increase.

The effective survival probabilities show different
asymptotic behaviors from earlier works. They showt21/2

behavior in Part I@see Eq.~4.3! in Part I# and exponentially
increasing behavior in Part II. Notice that the latter behavior
can be seen from Eqs.~3.21! and~3.22! with k05k0850 and
kq50. In the present case the asymptotic expressions of the
effective survival probabilities become

S8~`ux0!;F12
~a11a!~a21a!~a31a!

~a12a!~a22a!~a32a!
e2ax0G

3H~2a!e2ax01a2Dt1const•
1

tAt
, ~4.6!

S8~`u* !;
22akdH~2a!

D~a12a!~a22a!~a32a!

3ea2Dt1const•
1

tAt
, ~4.7!

whereH(a) is the Heaviside function. These survival prob-
abilities show thet23/2 behavior whena>0 while increase
exponentially whena,0. This different asymptotic behavior
from the previous works arises from the different interplays
of terms containingaADt and 2aADt in Eqs. ~2.42! and
~2.44!.

Notice that asymptotic expressions of Parts I and II can-
not be obtained from Eqs.~4.6! and ~4.7! either by taking
limits of a→0 or k0 ,k08→0. This kind of situation also arises
when we take the irreversible limits as shown in Parts I
and II.

B. Exponential increase region

There is at least one negative root when eitherb1 or b3

is negative and the long time asymptotic behavior shows
exponentially increasing behavior. This can occur when the
following relations are satisfied:

aD.ka1kq or b1b2D2,kakd . ~4.8!

The asymptotes in this region are controlled by the terms
containing the negative root. One has to apply the second
relation in Eq. ~4.1! to the corresponding probabilities in
order to obtain asymptotic solutions. When only one root is
negative~say,a1,0), we get the following asymptotic ex-
pression for the binding probability of the initially bound
state:

q8~* ,`u* !;
2a1~a21a3!

~a32a1!~a12a2!
exp~a1

2Dt !. ~4.9!

Asymptotic expressions of other probabilities can be easily
obtained similarly.

C. Transition region

The transition behavior can be obtained whenb350
@Eq. ~3.1!# and b1.0. In this case one root vanishes. From
Eq. ~2.28!, we can prove that two roots are either positive or
complex conjugate with positive real parts. As mentioned in
Sec. IV A, we should also check the sign ofb1 in the tran-
sition region unlike Part I where it is always positive. From
the corresponding equations in Sec. III A, we obtain the
asymptotic expressions of the binding probabilities as fol-
lows:

q8~* ,`ux0!;
ka

D

1

a1a2

1

ApDt
, ~4.10!

q8~* ,`u* !;
a11a2

a1a2

1

ApDt
. ~4.11!

The asymptotic expressions of the binding probabilities, Eqs.
~4.10! and ~4.11!, again reduce to those in Part I whena
50 but reduce to those in Part II only whena,0. Whena
.0, the asymptotic behavior belongs to the exponentially
increasing region as explained in Sec. IV A.

The effective survival probabilities show different
asymptotic behaviors from earlier works. They converge to-
ward constant values witht21/2 decreasing behavior in Part I
@see Eq.~4.9! of Part I# and exponentially increasing behav-
ior in Part II. The latter behavior can be also seen from Eqs.
~3.21! and ~3.22! with k05k0850 andkq50. In the present
case, we obtain the asymptotic effective survival probabili-
ties as follows:
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S8~`ux0!;F11
~a11a!~a21a!

~a12a!~a22a!
e2ax0G

3H~2a!e2ax01a2Dt1
1

aApDt
, ~4.12!

S8~`u* !;
2kdH~2a!

D~a12a!~a22a!
ea2Dt1

kd

Daa1a2

•

1

ApDt
. ~4.13!

These survival probabilities show thet21/2 behavior when
a>0 while increase exponentially whena,0.

For the irreversible case, the long time expressions of
Eqs.~3.16! and ~3.17! are given by

q8~* ,`ux0!;
ka

Da3
F12S x01

1

a3
D 1

ApDt
G , ~4.14!

S8~`u* !
D

kd
;

1

a3a
2

a1a3

a2a3
2

1

ApDt
. ~4.15!

Note that the dependence onx0 appears in Eq.~4.14! unlike
Eq. ~4.10!.

V. NUMERICAL RESULTS

We investigate numerically the kinetic transition behav-
iors with respect tok08 ~the lifetime effect! and a ~the field
effect! since both effects take parts in the long time behavior
in the present system.

A. The lifetime effect

In order to investigate the lifetime effect~with two dif-
ferent lifetimes!, we display the time-dependence of
q8(* ,tu* ) for several values ofk08 in Fig. 1. We use the same

parameters as those in Part I excepta50.1, namely,ka

51.0, kd50.1, kq50.1, k050.2, andD51.0. We can ob-
serve the usual transition pattern from Fig. 1:t23/2 decrease
for k0850.18, t21/2 decrease fork0850.19 ~transition region!
and exponential increase fork0850.20. Rearranging Eq.
~3.1!, we obtain

k085k02a2D1kd~kq2aD!/~ka1kq2aD!, ~5.1!

from which one transition point is calculated. In the present
parameter set, the transition occurs atk0850.19. The solid
lines are the exact results from Eq.~2.37!. The dotted lines
are from appropriate asymptotic expressions: Equation~4.4!
for the power-law decrease region, Eq.~4.9! for the exponen-
tial region, and Eq.~4.11! for the transition region.

Although Eq.~5.1! is a generalized version of Eq.~3.1!
in Part I, there is an interesting difference. Sincek08 cannot
be negative andb1.0 in order to have the transition behav-
ior, there is no transition if following relations hold:

k0,a2D2kd~kq2aD!/~ka1kq2aD! ~5.2!

or

aD>ka1kq , ~5.3!

In other words, only exponentially increasing asymptotic be-
havior exists for all values ofk08 . To demonstrate this fact,
we plot the evolution ofq8(* ,tu* ) for two values ofk08 ;
exponential increase fork0850.01 andt21/2 decrease fork08
50.0 below which there is not23/2 decrease region. The
values of parameters are the same as in Fig. 1 exceptk0

50.01, which is the critical value for satisfying the condition
for transition given by Eq.~5.2!. Whenk0,0.01, there is no
lifetime-dependent transition andq8(* ,tu* ) always increases
exponentially regardless of values ofk08 ~Fig. 2!.

Another demonstration of nontransition behavior is re-
lated to Eq.~5.3!. We plot the evolution ofq8(* ,tu* ) for two
values ofk08 in Fig. 3 showing no lifetime-dependent kinetic
transition. The values of parameters are the same as in Fig. 1
excepta51.1, which is the critical value given by Eq.~5.3!.

FIG. 1. The lifetime-dependent kinetic transition ofq8(* ,tu* ) for several
values ofk08 : t23/2 decrease fork0850.18,t21/2 decrease fork0850.19 ~tran-
sition region! and exponential increase fork0850.20. The solid lines are
evaluated from the exact expression and the dotted lines from the asymptotic
expressions. The values of parameters arek050.2, ka51.0, kd50.1, kq

50.1, D51.0, anda50.1.

FIG. 2. The evolution ofq8(* ,tu* ) for two values ofk08 ; exponential in-
crease fork0850.01 andt21/2 decrease fork0850.0 below which there is no
t23/2 decrease region. The values of parameters are the same as in Fig. 1
exceptk050.01, which is the critical value for satisfying the condition for
transition given by Eq.~5.2!.
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Notice that Part I is a special case where the condition of Eq.
~5.3! cannot be met unlesska5kq50. This is why there is
always one transition point in Part I.

B. The field effect

In order to investigate the field effect, we rearrange Eq.
~3.1! in terms ofa to get the following cubic equation:

a32
ka1kq

D
a22

k02k081kd

D
a

1
~ka1kq!~k02k081kd!2kakd

D2 50. ~5.4!

The transition region is obtained when Eq.~5.4! and the
condition aD,ka1kq ~or b1.0) are satisfied. However,
one root of Eq.~5.4! is always bigger than (ka1kq)/D as
proved in the Appendix and it does not satisfy the condition
of b1.0. Therefore, the transition region can occur at most
at two values ofa. Actually, the number of the transition
points is determined by the number of real roots of Eq.~5.4!
smaller than (ka1kq)/D. It depends on the sign of the dis-
criminant of Eq.~5.4!.19 Two transitions exist for the nega-
tive discriminant, one transition for zero value of discrimi-
nant, and no transition for positive discriminant.

In Fig. 4, we plot the evolution ofq8(* ,tu* ) for several
values ofa showing two field-dependent kinetic transitions.
The values of parameters are the same as in Fig. 1 except
k0850.0. For the present parameter set, the discriminant is
negative and, therefore, two transition regions exist. The
roots of Eq.~5.4! are a1520.486806,a250.397144, and
a351.189662. Sincea3 is bigger than 1.1@5(ka1kq)/D#,
there are two transition regions ata1 anda2 . The first tran-
sition behaviors arounda1 are plotted in dotted lines; expo-
nential increase fora520.49,t21/2 decrease fora5a1 ~first
transition region!, t23/2 decrease fora520.48. The second
transition behaviors arounda2 are shown in solid lines;t23/2

decrease fora50.39, t21/2 decrease fora5a2 ~second tran-
sition region! and exponential increase fora50.40 anda
5a3 . An additional curve is plotted to show that the expo-

nentially increasing behavior appears ata5a3 . Altogether,
the transition behaviors followet(a,a1)→t21/2(a5a1)
→t23/2(a1,a,a2)→t21/2(a5a2)→et(a.a2) pattern. In
other words,et behavior appears in the outer region (a,a1

or a.a2) and t23/2 behavior in the inner region (a1,a
,a2). This pattern is similar to that in Part II.

For k0850.3 and the same other parameters, the discrimi-
nant is positive and the roots of Eq.~5.4! are a1

520.03635710.289742i,a2520.03635720.289742i and
a351.172714. Notice thata1 anda2 are complex conjugates
and a3.1.1. Therefore, there is no transition for these pa-
rameters as shown in Fig. 5.

One peculiar transition occurs for the zero discriminant
whenk0850.210683 with other parameters same as in Fig. 1.
The two roots of Eq.~5.4! coalesce toa15a2520.03857
and the other root isa351.177140~.1.1! which does not

FIG. 3. The evolution ofq8(* ,tu* ) for two values of k08 showing no
lifetime-dependent kinetic transition. The values of parameters are the same
as in Fig. 1 excepta51.1, which is the critical value given by Eq.~5.3!.

FIG. 4. The evolution ofq8(* ,tu* ) for several values ofa showing two
field-dependent kinetic transitions; exponential increase fora520.49,t21/2

decrease fora5a1520.486806~first transition region!, t23/2 decrease for
a520.48 anda50.39,t21/2 decrease fora5a250.397144~second transi-
tion region! and exponential increase fora50.40 anda5a351.189662.
The values of parameters are the same as in Fig. 1 exceptk0850.0.

FIG. 5. The evolution ofq8(* ,tu* ) for several values ofa showing no
field-dependent kinetic transition. Only exponentially increasing behaviors
appear ata5a351.172714,a5Re(a1)520.036357, anda522.0. The val-
ues of parameters are the same as in Fig. 1 exceptk0850.3.
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show the transition. So we can expect only one transition
behavior in this case. In Fig. 6, we plot the evolution of
q8(* ,tu* ) for several values ofa showing one field-
dependent kinetic transition; exponential increase fora
520.06, t21/2 decrease fora520.03857 ~transition re-
gion!, and exponential increase fora520.02. It is surprising
that, unlike the transitions in other cases, there is not23/2

region and a peculiar transition behavior ofet→t21/2→et

pattern appears asa is increased. This can be understood by
the fact that the inner region (a1,a,a2) is collapsed due to
the coalescence of two roots causing the disappearance of the
t23/2 region.

VI. CONCLUDING REMARKS

We have obtained the exact Green function and binding
and survival probabilities for the diffusion-influenced
excited-state geminate reversible reaction with two different
lifetimes and quenching under the influence of a constant
external field in one dimension. The binding probabilities
have the same structures as those in the previous works even
though the detailed expressions of roots are different. This is
the reason why we can use the mathematical isomorphism.
However, the survival probabilities have more complicated
and different structures than those of previous works.

By investigating the long time asymptotic expressions of
the effective probability functions, we found that the number
of asymptotic kinetic transitions can be changed depending
on certain conditions. In our previous works, the number of
transitions is always fixed. As the difference of lifetimes is
changed, the number of lifetime dependent transitions is
found to be one (t23/2→t21/2→et) or zero. The latter case is
due to the destructive interplay of the field strength with
lifetimes.

On the other hand, as the field strength is changed, the
number of the field dependent transitions becomes two, one,
or zero. It depends on the sign of the discriminant of a cubic
equation fora at transition@Eq. ~5.4!#. When the discrimi-
nant is negative, two transition regions appear and the
asymptotic behaviors followet→t21/2→t23/2→t21/2→et

pattern. When the discriminant is positive, there is no transi-
tion behavior and only the exponentially increasing behavior
is shown. When the discriminant becomes zero, only one
peculiar kinetic transition behavior (et→t21/2→et) appears
asa is increased. This can be understood by the fact that the
t23/2 region is collapsed due to the coalescence of two roots.
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APPENDIX: A ROOT OF EQ. „5.4…

In this Appendix, we will prove that only one root of Eq.
~5.4! is bigger than (ka1kq)/D. If we denote the roots of
Eq. ~5.4! by a1 , a2 , and a3 , then the following relations
hold:

a11a21a35~ka1kq!/D, ~A1!

~a11a2!~a21a3!~a31a1!52kakd /D2. ~A2!

Notice that the latter relation is similar to Eq.~2.27!. Since
the product of sum of two roots is negative, three sums
should be1, 1, 2 or 2, 2, 2. By Eq.~A1!, the latter is not
possible and only one sum is negative. To satisfy Eq.~A1!,
the root which is not included in the negative sum should be
bigger than (ka1kq)/D. As a result only one root is bigger
than (ka1kq)/D.
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FIG. 6. The evolution ofq8(* ,tu* ) for several values ofa showing one
field-dependent kinetic transition; exponential increase fora520.06, t21/2

decrease fora5a15a2520.03857~transition region!, and exponential in-
crease fora520.02. The values of parameters are the same as in Fig. 1
exceptk0850.210683. Notice that we can observe new type of kinetic tran-
sition: et→t21/2→et as the field strengtha is increased.
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