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inverse of 3&4 (Relativity Postulate), so w=0. 11-14 become: 

        1 = A(-u)*A(u) + u*A(-u)*B(u)                   15 

        0 = A(-u)*(-u)*C(u) + A(-u)*A(u)*u              16 

        0 = B(-u)*A(u) + C(-u)*B(u)                     17 

        1 = C(u)*C(-u) - u*B(-u)*A(u)                   18 
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Assuming u*A(-u) is non-zero (see below), eqn 16 says: 

        C(u) = A(u)                                     19 

        [Note this is true in general (not just for v=-u); it is 

         a mathematical statement about the two functions, valid 

         for all u.] 

The Isotropy postulate requires that C(-u) = C(u) [if I boost S' 

in a different direction (i.e. backwards), the clocks of S' must 

be affected exactly the same as before]. This plus eqn 17 gives: 

        B(-u) = -B(u)                                   20 

        [Note that the stated symmetries of A(u), B(u), and C(u) are 

         all consistent with their values at u=0 given above.] 

Eqns 15-18 reduce to: 

        1 = A(u)**2 + u*A(u)*B(u)                       21 

Returning to the general case (arbitrary v), Eqns 11-14 become: 

        A(w) = A(v)*A(u) - v*A(v)*B(u)                  22 

        w*A(w) = v*A(u)*A(v) + u*A(u)*A(v)              23 

        B(w) = B(v)*A(u) + A(v)*B(u)                    24 

        A(w) = A(u)*A(v) - u*B(v)*A(u)                  25 

        [Note the symmetry of Eqns 22-25 under interchange of u <-> v 

         (interchange 22 and 25); this is expected, as adding collinear 

         velocities should not depend upon their order.] 

Eqns 22 and 25 yield: 

        v*A(v)*B(u) = u*B(v)*A(u)                       26 

or (assuming u*A(u) and v*A(v) are both non-zero): 

        B(u)/(u*A(u)) = B(v)/(v*A(v))                   27 

Since Eqn 27 must hold for all u and for all v, eqn 27 must 

be a universal constant; call it q: 

        q == B(u)/(u*A(u)) = B(v)/(v*A(v))              28 

or 

        B(u) = q*u*A(u)                                 29 

Substituting 29 into Eqn 21 gives: 

        1 = A(u)**2 + q*u**2*A(u)**2                    30 

Solving for A(u) gives: 

        A(u) = 1/sqrt(1+q*u**2)                         31 

Combining Eqns 3, 4, 19, 29, and 31, we have the general form of 

the transformation equations: 

        A(u) = 1/sqrt(1+q*u**2)                         31 

        x' = A(u) * (x - u*t)                           32 

        t' = q*u*A(u)*x + A(u)*t                        33 

By solving Eqn 22 for w, we get the rule for composition of velocities: 

        w = (u + v) / (1 - q*u*v)                       34 

The choice of q is arbitrary. There are three basic choices that 

have significantly different behavior: zero, negative, and positive. 

This is the topological choice mentioned above. 

Choosing q=0 yields the Galilean transformation: 

        x' = x - u*t                                    35 

        t' = t                                          36 

        w = u + v                                       37 

        Note the universal time; velocities simply add. 

        These are the "familiar" transformation equations that are 

        approximately true (to very high accuracy) in our ordinary 

        lives where velocities are small. 

Choosing q<0 yields the Lorentz transformation. By convention, 

define a constant, c, by q==-1/c**2 [manifestly negative], and let 

G(u/c)==A(u), we have: 

        x' = G(u/c) * (x - (u/c)*ct)                    38 

        ct' = -(u/c)*G(u/c)*x + G(u/c)*ct               39 

        G(u/c) = 1/sqrt(1-(u/c)**2)                     40 

        w/c = (u/c + v/c) / (1 + (u/c)*(v/c))           41 

        Here, ct and ct' are the time coordinates multiplied by c 

        (which gives them the same units as x and x': length). 

        Normally, G(u/c) is called gamma, and u/c is called beta. 

        In the limit u/c -> 0, 38-41 reduce to 35-37, the Galilean 

        transformation. Here, velocities do not simply add, but have a 

        more complicated composition rule; an object moving with 

        velocity c in one frame moves with velocity c in all frames. 

        Note, however, that the transformation equations are not 

        well-behaved when transforming to a frame moving with 

        velocity c; the velocity c serves as a limiting velocity, 

        because G(u/c) goes to infinity as u/c goes to 1. Eqn 41 

        guarantees that the composition of two velocities will be 

        less than c, as long as the individual velocities are each 

        less than c.  If u/c > 1, imaginary numbers appear, leading 

        most physicists to be sceptical of the physical applicability 

        of such velocities. 

Choosing q>0 yields a third transformation; 

here q==+1/c**2 [manifestly positive], and H(u/c)==A(u): 

        x' = H(u/c) * (x - (u/c)*ct)                    42 

        ct' = (u/c)*H(u/c)*x + H(u/c)*ct                43 

        H(u/c) = 1/sqrt(1+(u/c)**2)                     44 

        w/c = (u/c + v/c) / (1 - (u/c)*(v/c))           45 

This transformation can be cast into more familiar form by substituting: 

        u = c * tan(k)  (where k,l,m are in the range -PI/2 < k,l,m < +PI/2 ) 

        v = c * tan(l) 

        w = c * tan(m) 

Then the transformation becomes (with some analytic continuation and 

trigonometric identities): 

        x' = x * cos(k) - ct * sin(k)                   46 

        ct' = x * sin(k) + ct * cos(k)                  47 

        H(u/c) = 1/sqrt(1+tan(k)**2) = cos(k)           48 

        m = k + l                                       49 

        This transformation is clearly a simple Euclidean transformation, 

        in which the time coordinate behaves just like the spatial 

        coordinate, and boosts are simple rotations.  The limit 

        (u/c) -> 0 still yields the Galilean transformation. 

        The velocity c serves as a velocity "scale", but nothing 

        dramatic happens to the transformation when (u/c) = 1 

        (i.e. k = PI/4), or when (u/c) > 1. The singularity 

        of Eq. 45 disappears when "velocities" are viewed as "angles" 

        in Eq. 49. Note that two positive velocities greater than c 

        are composed into a NEGATIVE velocity (Eq. 45), which is explained 

        by Eq. 46-49 as simply going more than halfway around a circle. 

        Note that there is no velocity that is the same in all frames, 

        and that causality is not necessarily preserved by a coordinate 

        transformation (ct' can run BACKWARDS with respect to ct). 

        It seems very difficult to build a world view based upon 

        Eqs 42-45 (or 46-49). 

Before discussing the implications of these transformation equations, 

let me suggest the following exercises: 

        Exercise for the reader: At several places in the derivation, 

        the velocities u and v were assumed to be non-zero, as well 

        as some other functions of u or v were assumed to be non-zero. 

        Verify that all such assumptions are valid. 

        Exercise for the reader: Re-do the derivation while retaining 

        the translation terms of Eqns 1 and 2; show that their presence 

        doe not change the conclusions. 

        Exercise for experts: As you know, the full Poincare group 

        includes not only the boosts derived here, but also spatial 

        rotations and two point transformations: parity inversion 

        (x' = -x) and time reversal (t' = -t). Don't bother deriving 

        the equations for the full Poincare group (adding rotations 

        is trivial, but tedious). Instead, note that Eqns 31-33 were 

        derived from very general considerations, BUT DO NOT INCLUDE 

        THE POINT TRANSFORMATIONS. Point out exactly where they were 

        left out, and modify the derivation to retain them. 

Choosing the actual topology of space-time can only be done by resorting 

to physical observations of phenomena in the real world (i.e. by doing 

an experiment). There is a tremendous body of experimental evidence that 

shows that the speed of light is independent of the velocities of either 

the source or observer (there are also many other, equivalent observations). 

This compels us to choose the Lorentz Transformation (Eqns 38-41), and 

to identify the arbitrary constant "c" with the speed of light. No other 

choice is possible, while satisfying the four Postulates and the 

experimental evidence. 

This is why most (if not all) physicists today believe in Special 

Relativity - it is IMPOSSIBLE to construct an alternative description 

without violating one of the postulates or disregarding a very large 

body of experimental evidence. If you truly believe that Special 

Relativity simply must be false (for whatever reason), go back and 

review the four Postulates, and find a hole in them. 

Einstein DID find a hole in the four Postulates, and brought us 

General Relativity. He was, in a very real sense, the first fish to 

see the water, and to describe it. 

Einstein's departure was in the Isotropy/Homogeneity Postulate - 

he proposed that space-time is isotropic and homogeneous only within 

an infinitesimal region of any given point in space-time; that is, 

in the presence of matter, space-time itself is NOT homogeneous, 

but its geometry is affected by the presence of matter. 

        [Before General Relativity, Cartesian coordinates were used as 

         a matter of course, and their applicability to the real world 

         was never challenged (Lagrangian mechanics is very different 

         from this). Physical theory had two basic parts, in which the 

         Laws of Physics possess many symmetries (such as isotropy and 

         homogeneity of space-time), while the initial conditions rarely 

         possess the same symmetries (this remains true today, but the 

         lesson has been learned to be careful). Implicitly, these 

         symmetries were applied GLOBALLY, to the entire space-time 

         (e.g. as in the statements of the Postulates above). After 

         General Relativity, Cartesian coordinates have been replaced 

         by general curvilinear coordinates, and the symmetries are LOCAL 

         in nature (i.e. apply only within each infinitesimal region of 

         space-time). Unfortunately, this generality causes enormous 

         complexity in the mathematics; curvilinear coordinates and 

         general coordinate transformations have not yet been successfully 

         applied to the other great advancement in physics of the 

         Twentieth Century - Quantum Mechanics.] 
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