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A SET-VALUED APPROACH TO OBSERVABILITY*
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Abstract. We restate observability in a set-valued setting which generalizes the standard output
equation, then a close connection to viability kernels is established. Both global and local cases are
studied by means of a set of single-valuedness results. Among these, we highlight the results which
are derived by monotone set-valued mappings theory and the ones using contingent and paratingent
derivatives. Moreover, this new setting gives rise to the notions of maximal observability domains
and minimal unobservability domains, which we characterize in the framework of antitone mappings
and their fixed points.
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1. Introduction and statement of the problem. Observability means that
initial data of a dynamical system can be uniquely determined from the available
observation data. For the finite dimensional continuous systems under consideration
in this paper, and except for the linear case, most work carried out until now has led
to local results; see, for instance, Bartosiewicz [3], Hermann and Krener [13], Isidori
[14], Sontag [18], and Sussmann [19]. They use a geometric approach based on the
(repeated) Lie derivatives of the output mapping with respect to the system vector
fields, locally around a given state.

This paper continues the line of research started in [12] on observability of systems
governed by ODEs within a general set-valued context, which can be presented as
follows. Let t; > 0 and f be a function from [0,¢;] x RY into RY for an integer N.
Consider the system

(1.1a) 2= f(t, z), t €[0,ty],
with output given via a subset © of [0,%] x R, as follows:
(1.1b) (t,2(t)) € ©.

We call subset © the output domain. This new output expression stands for the key
idea that motivates this study; its benefits can be listed as follows:

(i) Tt generalizes the standard output equation. In fact, assume the latter is
given by

(1.2a) 0(t) = h(t, z(t)), tel0,ty],

for given functions € and h. Then the associated output domain can obviously be
expressed as follows:

(1.2b) Qs = {(t,2) € [0,t7] x RY | 0(t) = h(t, 2)}.
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(ii) It may be used to model incomplete or incertain information and even may
describe any phenomena involving the state of the system.

(iii) It presents output as a viability condition, allowing use of various technics
of viability theory and set-valued analysis.

An appropriate definition of observability can then be adapted to this setting: we
say that state zo € RY generates output domain © on the horizon [to, t 7] if constrained
system (1.1) has a solution Z on [to,ts], which satisfies Z(t¢) = z¢. For notation, we
will use

zZ0 © on [to,tf].

Two states in R are said to be indistinguishable on horizon [to, ts] if both generate
output domain ©. For a subset ¥ in RY, system (1.1) (or the pair (f,0)) is said to
be X-observable on the horizon [ty ty] if there are no pairs of distinct indistinguish-
able states on [ty t¢], which both belong to subset . Then subset © is called an
Y-observability domain for field f. Note that, logically, this definition involves the
case when there are no states in ¥ that generate the output ©.

The role of subset X is dictated by practical situations: we may sometimes know
a priori a given subset to which the unknown initial data must belong. Note this
Y-setting incompasses both global and local observability, as in the former case it
suffices to let ¥ = R™, and in the latter, ¥ = W, where W stands for a neighborhood
of a given state zo. If that happens, pair (f,©) is said to be locally observable on
horizon [to, 5] around zo.

Within the above setting, we are led to the relevant notion of extremal domains
that can be intimately associated with the vector field f and the horizon [to, tf]. Later,
we will see that observable pairs, the standard case (1.2) included of course, can be
easily characterized by using these domains.

DEFINITION 1.1.  We call the mazimal observability domain (maxod) any maz-
imal element of the set of observability domains, ordered by inclusion order. Minimal
elements of the set of unobservability domains are called minimal unobservability do-
mains (minuds).

The objective of this paper is to establish new results pertaining to all the previous
concepts, demonstrating that the above set-valued framework can be considered as a
unified setting for dealing with observability in several situations: linear, nonlinear,
global, local, constrained, etc. For that end, we adapt various tools from set-valued
analysis and viability theory, as mainly extracted from the books of Aubin [1], Aubin
and Frankowska [2] and Rockafellar and Wets [16].

Also, it is worth mentioning that similar set-valued and viability theory tools have
been used by Doyen and Rapaport [10] to introduce and design set-valued observers
for nonlinear control systems.

The treatment of extremal output domains introduced by Definition 1.1 relies
on a background in antitone mappings in partially ordered sets and their fixed point
theory; see Carl, Heikkild, and Dacié [6] and Dacié¢ [8].

Now, we present the fundamental definitions and notation needed for a compre-
hensive reading of this paper.

For a Euclidean space, the inner product is denoted by (-, -), the corresponding
norm by |- |, and the ball on an element @ with radius » > 0 by B,(a). For a linear
functional u we set u™ = {y | u(y) > 0}.

Let F' stand for a set-valued mapping, we respectively denote its domain and its
graph by

dom(F) = {z | F(z) # 0} and gph(F) = {(z,y) | y € F(z)}.
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Also we will use the notation F~1(y) = {z | y € F(z)} to define the inverse of
mapping F and ker(F) = F~1(0) its kernel.

We say that a property holds near a point zp iff it holds for all points of a
neighborhood of zj.

In the following, we introduce some [2] tangent cones. Let K denote a subset of
the Euclidean space RY and x € K. The contingent cone to subset K at point z is
defined by

. .. .dx+hy,K)
j— N ? p—
Tk(z) = {yeR |111}r11¢10nf B e— —0},

where d(z, K) = infyep ||y — z|| for each z € RY. When subset K is given through
equalities and inequalities by
K={z]|Xz)=0, and 8;(z) >0fori=1,...,q}

for continuous mappings A (possibly with vectorial values) and 3;, we have [2] the
estimate

Tk(x) C{y | d\(z)y =0, and dB;(x)y > 0 for i € I(x)}
for all  in 0K at which functions A and § are differentiable, where
I(z) = {i | Bi(z) = 0}.

The paratingent cone is given by

d(z' + hy, K
Pte) = {y e | i "D <o),

We now define two derivatives of a set-valued mapping F' at a point (z,y) € gph(F).
The contingent derivative is the set-valued mapping DF'(z,y), introduced through its
graph as follows:

gph(DF($7 y)) = Tgph(F) (CE, y)
In a similar way, the paratingent derivative PF(z,y) is given by
(1.3) gPh(PF(z,y)) = Pypn(r)(7,y).

The set-valued mapping F' is said to be locally injective around zg whenever there
exists a neighborhood W € N (z¢) such that

x1, o2 € W1 #x0 => F(x1) N F(z2) = 0.

For a field g, the viability kernel of subset K under g on horizon [0 t¢] corresponds
to the set of all initial states zy € K for which the constrained ODE,

z2=g¢(z),z € K and 2(0) = 2o,

has a solution on [0,t¢]. It is denoted by viaby(K,0,t5). The viability kernel of
subset K under g is viaby (K, 00) and is denoted viaby(K'). Subset K is said to be
viable under field g on horizon [0,ts] whenever it coincides with its viability kernel
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on that horizon. See Aubin [1], Bonneuil [4], Frankowska and Quincampoix [11], and
Saint-Pierre [17] for this notion, which will play an important role in this study.

The organization of this paper is described as follows. Section 2 is devoted to
output domains, providing some situations in which they are observability domains.
The aim of section 3 is to investigate the new extremal domains we have introduced in
Definition 1.1. In section 4 we clarify the connection between observability and viabil-
ity theory, while in section 5 necessary and/or sufficient conditions for X-observability
are demonstrated. Finally in section 6 we provide new results for local observability.

2. Output domains and observability. In this section we are interested in
output domains © and their role in achieving observability. We thus assume, unless
indicated otherwise, that both horizon [to,ts] and subset ¥ are fixed. Let X =
[to,ts] x RN, and define the following subsets by

(2.1) Jo={2€% |z~ O on [ty,tf]} VO €2¥\ {0}.

Denote by O and U, respectively, the set of 3-observability domains of f and the set
of Y-unobservability domains of f, i.e.,

O ={0|(f,0) is Z-observable} and U = O°.

Then we get the following immediate result.
ProroSITION 2.1.
(i) © € O iff subset Jo has almost one element.
(ii) If©® €O and © C O, then © € O.
(i) If®@ €U and © D O, then O € U.
Proof. Statement (i) holds by definition of observability, while (ii) and (iii) follow
from (i) and the fact that Jg is increasingly dependent upon ©. d
Ezxample 2.2. As a simple illustrative example in one dimension, we consider
system Z = —z? on horizon [to tf]. Its solution is given by

_ <0
t, 1t =——Vitetgt d zg > 0.
Z(7 0720) 1+(t—t0)2'0 6[0 f] and zp =

By managing this solution along with output domain,
O =Tty ty] x [a p] for B>a >0,
it can be readily verified that subset Jg of (2.1) is given by
Jo ={z|z<pBand z(1 — oty —ty)) > a},
and consequently,

] if 1< a(tf —tp),
Jo =

It follows that pair (—z2, ©) is observable on [to tf] iff

(2.2) 1<afty—to)orl—— <afty—ty) <1

™[R
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The statements of Proposition 2.1 lead us to set the following noteworthy facts:

(a) According to statement (i), emptyset belongs to O and in general X is an
element of U.

(b) Tt follows from (ii) that the intersection is a stable operation for observability
domains. On the contrary, note that the union is not. A counterexample actually can
be constructed on the basis of characterizing condition (2.2). For ¢t; = to + 1, one can
see that output domains [ty tf] x [0.5 1] and [to tf] X [1 1.5] are observability domains
of the field f(¢,z) = —22, but domain [ty t¢] x [0.5 1.5] is not.

(c) Suppose that O is an open output domain, on which function f is continuous;
then Peano’s theorem [1, Theorem 1.2.2] can be invoked to examine system (1.1). Let
20 € Oy,, where

@to = {Z | (to,Z) S @}

Then denote by [ty To(20)) the maximal interval (possibly of infinite length) on which
the system has a solution Z issued from zg at instant ¢g and satisfies

(t,z2(t)) € OVt € [ty To(20)).
As a result, subset Jg of (2.1) can obviously be expressed by
Jo={z€Xn Oy, | To(z) > tf}.

In particular, if 7¢ (20) > ty for at least two distinct zp’s, then © is an unobservability
domain. That especially arises when subset Jo has a nonempty interior, beeing then
infinite as it includes a ball. On the contrary, if 7¢(2) < ¢y for all z in ¥ N Oy, then
Jo = 0, and hence © is an observability domain.

(d) Statement (iii) sets us in a topological context of nets. Actually, when it is
endowed with order D, collection of unobservability domains U stands for a directed
set:

O,clfand Oy cUd — O, UO, € U.

This motivates us to investigate when subset ¥ is compact, taking the opportunity to
use the topology notion of cluster point.

THEOREM 2.3. Assume that ¥ is compact; then there exists a subset @ C X
which satisfies the following statement:

(2.3) Qnint (] J& #0 = ©€0.
o'cu
[SIae1C]
Proof. Let Q be the set of cluster points of nets (xor)erecys of subset X, satisfying
(2.4) zro € Jo VO €U.

Such nets actually do exist because Jo: # 0 for all ©' € U. Also note that subset Q
is nonempty due to the fact that every net of a compact subset has a cluster point;
see [5, Theorem 13.13].

Let © be as in the left side of (2.3), and assume that it belongs to collection U.
Consider the open subset

W=int () J§,

o’'cu
[Sw1C]
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and let ¢ belong to QNW. As ¢ is a cluster point of some net (zeor)eorey, there exists
a subset ©f in U such that ©p D © and ze, € W. This is in contradiction with the
fact that zey € Joy . O

3. Maxods and minuds.

3.1. Characterizations. According to Definition 1.1, a subset is a mazod if it
is a maximal element of collection of observability domains O. It is a minud if it is
a minimal element of /. Here both O and U are viewed as subsets of the power set
2% ordered by inclusion.

In other words, O, is a maxod iff the only output domain © satisfying © D O,
and (f, ©) observable is © = O,. Likewise, ©* is a minud iff the only domain © such
that © C ©* and (f, ©) is unobservable, is © = O*.

Out of statement (ii) of Proposition 2.1, a second characterization of maxods and
minuds can be provided as follows.

ProroSITION 3.1. A mazod O, and a minud ©* are also characterized by the
following statements:

(3.1a) ©CO, = 00 and ©20, = Ol
and
(3.1b) 000" = O0cld and ©C O = O cO.

As a consequence of Proposition 3.1, involving the relationship between maxods,
and the one between minuds, we have the following result.

COROLLARY 3.2. Any two distinct mazods and any two distinct minuds are
necessarily uncomparable.

Proof. Assume two distinct maxods ©1 and ©2. Due to expression (3.1b), when-
ever they were comparable, then one of them would be both observable and unob-
servable, yielding a contradiction. O

It is of interest to note that implications (3.1) present maxods and minuds as
subsets separating observability domains from unobservability domains. This separa-
tion principle turns out to be easy to use, although only output domains which are
comparable are of concern. For instance, as regards standard output equation (1.2),
assertions given by (3.1) apply as follows.

COROLLARY 3.3. Let O, be a mazod; then

0(t) = h(t,z) ¥(t,z) € T

(3.2a) (with T D ©,) = (f,(1.2a)) unobservable
and
(3.2b) 0(t) # h(t,x) V(t,z) € O = (f,(1.2a)) observable.

Proof. Let O, be as given by (1.2b). Note that the left-hand sides of (3.2a) and
(3.2b), respectively, express that O, 2 O, and ©, C O, when applying assertions
given by (3.1). O

Define the mappings ¢, : 2% — 2% as follows:

(3.3a) ©(0) ={(s,y) e X |OU{(s,y)} € O}

and

(3.3b) $(0) ={(s,y) e X | O\ {(s5,9)} € O}.
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Below, we list some properties satisfied by mappings ¢ and ¥ and which are
needed in what follows.
PROPOSITION 3.4. We have the following statements:
(i) Both ¢ and v are decreasing (with respect to inclusion).
(ii) @(©) C Y(©) for all ©® C X.
(ili) © € O implies © C p(O).
(iv) © € U implies ¥(©) C ©.
Proof. To show assertion (i), let ©1 C ©2 be two subsets of X'; then by statement
(ii) of Proposition 2.1, we get

(5,9) € 0(02) = O2U{(s,9)} €0 = ©:1U{(5,9)} €0 = (s,y) € p(61).
In the same way, for mapping v, we get

(s,y) € 9(02) = B2\ {(5,9)} €O = O1\{(s,9)} € O = (s,9) € ¥(O1).

Next we prove assertion (ii). Let © be a subset of X'; then we have
(5,9) €p(0) = OU{(s5,9)} €0 = O\{(5,9)} €O = (s,y) €9(O).

To show (iii), suppose that pair (f,©) is observable, and let (s,y) € ©; then
O U{(s,y)} = ©, and thereby (s,y) belongs to ¢(0). Therefore © C p(0).

To show (iv), let (s,y) belong to ¥(0). If (s,y) € O, then © = ©\ {(s,y)} would
belong to O. d

In the next result we prove a further characterization of maxods and minuds in
terms of fixed points.

THEOREM 3.5. Let M, and M* denote respectively the set of mazxods and the
set of minuds; then we have the following statements:

(3.4) » = fix(p) and M* = fix(¢).
Proof. Suppose that ©, is a maxod; then by using (3.1a) we get
(s,y) € O = (f,0,U{(s,y)}) is unobservable.

That implies that subset ¢(0,) is included in subset ©,. Since pair (f,©,) is ob-
servable, then statement (iii) of Proposition 3.4 yields ©, C »(0,). Thus, we get
O, = ¢(0,).

Conversely, assume that ©, = ¢(0,). To prove that ©, is a maxod, we begin
by checking observability of pair (f,©,). Since ¢(0,) # 0 (as p(0) # 0), let (so,yo)
belong to p(©,); then ©, U {(so,y0)} belongs to @ and so does 6.

Now, let © be a subset which includes ©, and for which pair (f, ©) is observable.
Let (s,y) € ©; then O, U {(s,y)} C ©. As a result ©, U {(s,y)} € O and so
(s,y) € ©(O,). Therefore © = ©,, and hence O, is a maxod.

Next, we proceed to show that M* = fix(¢)). Assume that ©* is a minud; then
by using (3.1b) we get

(s,9) € 0 = 0"\ {(s,9)} €O = (f,0"\ {(s,y)}) is observable.

It follows that ©* C ¥ (©*).

Let (s,y) belong to ¥(0*); then ©* \ {(s,y)} belongs to O. If (s,y) & ©*, it
follows that ©* \ {(s,y)} = ©*, yielding a contradiction with the fact that ©* € U.
Consequently, we get ©* = ¢(0*).
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Conversely, assume that ©* = (0*). To show that ©* is a minud, we first
check whether it is an unobservability domain. Assume that ©* C X (otherwise
O* =X €U), and let (s,y) & O*. If ©* € O, we would have (s,y) € ¥(0*), yielding
a contradiction with ©* = ¢(©*).

Let © belong to U and be such that © C ©*. Assume that ©* \ © # 0 and let
(s0,90) belong to ©* \ ©; then we get © C ©*\ {(s0,¥0)}, leading to a contradiction
originated from the facts that (so,y0) € ¥(©*) and O belongs to . We therefore have
proved that © = ©*. O

Remark 3.6. Thanks to Theorem 3.5, a nonempty subset O is a maxod iff the
following condensed statement holds:

(s,y) €O <= OU{(s,y)} € O.
Also, subset O is a minud iff
(s,9) €0 = O\ {(s,9)} € O.

3.2. Existence and uniqueness. For the sake of exposition we shall restrict
attention to studying maxods, as similar results for minuds can be derived by duality.
As a consequence of Theorem 3.5, one is led to seek fixed points of the antitone (i.e.,
decreasing) self-mapping ¢, on the power set 2, equipped with the inclusion order.
Define the subset

(3.5a) r=1{Je,
0c0
and
(3.5b) To= (] ©, where 0'={0C X |¢(®)C 6}
0c0’

Then we can show the result below.
THEOREM 3.7. The following statements hold:
(i) IfT € O, then T is the unique mazod of f.
(ii) If Ty € U, then there is no mazxod.
Proof. The hypothesis of the theorem entails existence and nonemptiness of subset
I'. Assume that I' € O; then by Proposition 3.4(iii), we get I' C ¢(I"). Let (s,y) €
o(T); then T U {(s,y)} € O, and (3.5a) yields

ru{(s,y)} cT.

This implies that (s,y) € I', and thus ¢(I') C I'. As a result ¢(I') =I', from whence
I" is a maxod. To get its uniqueness, if subset © is a maxod, then © belongs to O.
Thereby © C I', and because two distinct maxods must be uncomparable, we deduce
that © =T

As regards assertion (ii), whenever subset © is a maxod, it belongs to O N O’
and hence it satisfies I'g C O, yielding a contradiction with unobservability of pair
(f7 PO) a

For computational reasons, it is of interest to connect with fixed points of mapping
©? = p o, the latter being an isotone mapping (i.e., preserving the inclusion order),
whose fixed points are dictated by the famous Tarski [6, 7, 8] theorem. This provides
the largest fixed point I' . and the least fixed point I'_, as follows:
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(3.6) ry= [(J 6 andT_= () o
OCp2(0) ©D¢%(0)

We next show assertions involving the remarkable domains introduced by formulas
(3.6).
THEOREM 3.8. We have the following statements:
(i) If © is a mazod, thenT_ C © C Ty.
(ii) If one of the conditions
(a) (f,T'4) is observable,
(b) (s,y) € T implies (f,I'— U {(s,y)}) unobservable
is satisfied, then I'y and I'_ do coincide with the unique mazod.
Proof. Statement (i) holds thanks to Theorem 3.5 and the fact that

fix(p) C ﬁx(goQ).

As regards assertion (ii), assume that condition (a) is fulfilled; then I't C ¢(I'y).
Since ¢(I'y) is also a fixed point of mapping 2, then I'y D ¢(I'y). It follows that
'y = ¢(T'4), and thereby it is a maxod. Suppose that © € fix(¢?); then © C T';. As
a result ©(0) D ¢(I'y), that is, ¢(©) D I'y. But, as ¢(O) is also a fixed point of p?,
we have ¢(0) C T';. It follows that ¢(0©) =T';, and thereby,

0 =¢*(0) =p(l'y) =T},
We have thus proved that mapping 2 has a unique fixed point. That implies that
].—‘+ = ].—‘,.

If condition (b) is rather assumed, then it is equivalent to I'_ D ¢(I'_). Since
I'_ is the least fixed point of p?, and ¢(I'_) is also a fixed point of mapping 2, then
I'_ C p(I'2). It follows that I'_ = ¢(I'_), and thereby it is a maxod. To get its
uniqueness as a fixed point of mapping ¢?, the proof is analogous to case (a). ad

4. Connection with viability theory. In this section, we cover some of the
aspects relating observability with viability theory [1]. We introduce the following
multifunction by

(4.1) J(t)={z ]z~ O on [t} tel0ty).

As an immediate result, we have the following.

PROPOSITION 4.1. Let toy belong to [0,tf), sy > ty, and let 3,541, and Xy be

subsets of RN such that ¥1 C Xa. Then, we have the following statements:
(i) Pair (f,©) is X-observable on [to,t¢] iff subset ¥ N J(to) has almost one
element.
(ii) If (f,©) is Xa-observable on [to,ts], then (f,©) is Xi-observable on [to,ty].
(ili) If (f,©) is observable on [to,ty], then (f,©) is observable on [to, sy].

By (i) above, it can be seen that all the starting times for which the system is
observable can be provided by examining the geometry of subset gph(J), as illustrated
by Figure 4.1. In what follows, we prove an estimate for subset gph(J) by means of
viability kernels.

Let g = (1, f); then we show the main result of this section.

THEOREM 4.2. We have the following statement:

(4.2) viaby(©,0,t5) Cgph(J) C | ] viaby(®,0,7).

0<r<ty
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Zo

Fic. 4.1. Observability holds when the vertical section of gph(J) has almost one element. In
this instance, it holds only on horizons [t T] for t < tg or t > ta, whereas the property is only local
near zo, on horizon [t1 T].

Proof. Let (to, z0) € viabg(0,0,ty); then there exists a solution (¢, Z) satisfying

Note t(s) = to + s for all s € [0,t¢]. Let g(t) = Z(t — to) for all t € [to,tf]. Then,

y(t) = f(t,5(1)); (t,5(t) € OV T € [to, ] and y(to) = 2o.

Therefore zg € J(to). Now for (to, z0) € gph(J), by going up, we get a viable solution
on horizon [0,y — to]. As a result (¢, z0) € viaby(©,0,7) with 7 =t — t. O

COROLLARY 4.3. For pair (f,0) to be X-observable on [to,ty], it is necessary
that it satisfies the statement

K C O, K viable at most one zy € X

(4.3) under g on [0,ty] = s such that (to, 20) € K.

Proof. Suppose that (f,©) is X-observable on [to,tf]. Let K as in (4.3) and
(to, 21), (to, 22) belong to K with z; two distincts elements of . Hence there exist
two solutions (¢;,z;),i = 1, 2, satisfying

ti(s) =1, 2(s) = f(fi(s), 2i(s)); (i(s), 7i(5)) € K Vs € [0,17],
and (ti(O), 21(0)) = (to, Zl)

As in the proof of Theorem 4.2, there exist two solutions 7;,7 = 1,2, which satisfy
Ui(t) = f(£,5:(8); (t,5:(t) € KVt € [to, tf] and F;(to) = 2.

Since K C O, then both z; and z5 belong to ¥NJ(#p). This contradicts Y-observability
of pair (f,©) on [to, t]. a0

Similarly, by using the upper estimate in (4.2), we get the following sufficient
condition.
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COROLLARY 4.4. Assume that the following statement holds:

at most one zg € X is such that there exists
T € (0 ty) such that (to, z0) € viaby(0,0, 7).

Then pair (f,©) is X-observable on [to,ty].
We now consider the following condition:

(4.4) viabgy (0,0, 7) C viaby(©,0,t5) V 7 € (0,t¢).
COROLLARY 4.5. Under condition (4.4), we have

and condition (4.3) is sufficient for (f,©) to be X-observable on [to,tf].

Proof. The statement of (4.5) is due to both (4.2) and (4.4). Therefore gph(J)
is a viable subset of ©. Let K = gph(J); then there exists at most one zp € X
such that (to,z0) € gph(J). This implies that subset (X N J(fyp) has almost one
element. a

We now provide some comments about the results above:

(i) Condition (4.4) means that any viable solution on [0, 7] can be extended to a
viable solution on [0, t¢]. In particular, it holds if f has linear growth or when output
domain © is bounded.

(ii) Note that condition (4.4) does not require knowledge of the viability kernel
of ©. It can be checked as follows:

K C ©, K loc. compact and . at most one zg € X
(1, f(t,2)) € Tk(t,2) V(t,2) € K is such that (tg,z0) € K.

Nonetheless if the viability kernel is available, then it suffices to check whether
the subset

{ZQ ex | (tQ,ZQ) S Viabg(G,O,tf)}

has almost one element.

5. X-observability. We devote this section to the study of ¥-observable pairs on
horizons [to t¢] with to € [0 t£), nonfixed, and for a given susbet ¥ in RV. The single-
valuedness results we shall use have relevance to monotone maps theory, convexity,
and the contingent derivative.

5.1. Using monotone maps. Let 7: RY — [0 ¢;); then consider the statement

z1~ O on [m(y1) ty]

(5.1) 29 ~» O on [ﬂ'(yz) tf]

= (22 —21,y2 —y1) > &(22 — 21,42 — Y1)

for all z;, 2o in ¥ and yy,y2 in RY, where function ¢ satisfies

there exists o > 0 such that

(5.2) E(u,u+ov) — |ul> >0V u,v e RV,

Then we are ready to show the following result.
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THEOREM 5.1. Suppose that statements (5.1) and (5.2) hold. Then pair (f,O)
is S-observable on [to ty] for all to € m(RN).

Proof. Let G be defined by G(y) = XN J(n(y)) for all y € RN with J as in (4.1),
and let the map F' be as follows:

(5.3) Fz)={yeRY | 2€G(z +oy)}.
Then G = (I + oF)~!. Indeed, we get

zeCGy) — %eF(x),

— yex+oF(),
— zec({+oF) (y).

Next we show that the map F' is monotone. Let (z1,y1) and (z2,y2) belong to gph(F');
then z; € G(z; + 0y;),1 = 1,2. Thereby we get

zi ~ © on [n(z +oy;) ty] for i =1,2,
and thanks to (5.1) we get
(2 =21+ 0(y2 —w1), 22— 21) 2 &§(22 — 21+ 0(y2 — y1), 22 — 21).
Putting u = 22 — 21 and v = yo — y1, and using (5.2), it follows that
o{u,v) > &(u+ ov,u) — [u* > 0.

Hence (22 — z1,y2 — y1) > 0, and so the set-valued mapping F' is monotone.

As a result, the map G is the resolvent of a monotone set-valued mapping, and
therefore G(y) is single-valued for all y € dom(G); see [2, 16]. It follows that subset
¥ N J(n(y) is a singleton for all y such that 7(y) € dom(J). Thus pair (f,0) is
S-observable on [ty t¢] for all to € m(RY). O

Remark 5.2. Whenever function 7 is surjective, then pair (f,©) is ¥-observable
on [tg ty] for all ¢y and the function ty — zo is Lipschitz continuous globally with
constant 1/07; see [16, Proposition 12.54] relative to strongly monotone maps.

Next we show that it is possible to weaken the hypothesis of Theorem 5.1 by
replacing condition (5.1) by

21~ © on [m(y1) ty]

64 2 O on [nlyy) ] 7 WL A 20

for 21, 29 and yi,y2 in RY. In this case the map J o 7 is monotone and by using [20,
Theorem 1] we get the following result.

THEOREM 5.3. Assume that 7=1(dom(J)) has nonempty interior and that (5.4)
holds for all z1, zo in subset 3. Then pair (f,©) is X-observable on horizon [to t¢] for
almost every ty in [0,ty].

Proof. In [20, Theorem 1], it is stated that when the domain of a monotone set-
valued mapping has nonempty interior, the set of points where it is not single-valued
has a Lebesgue measure zero. This is actually satisfied by the map J o 7. a
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5.2. Using convexity and/or contingent derivative. There are also single-
valuedness results where convexity plays a central role; see [9, 15] and the references
therein, and see [2], where the contingent derivative is also used as a tool. The later
allows for providing a characterization of observability in terms of sequences.

THEOREM 5.4. Assume that Jx(to) is convex and that the following statement
holds for some zg € Jx(to):

(hn7 Sn) — (OJr, 0) and Yn — Y with
(5.5) 20 + hnyn € X Vn and ¥V n: — y=0;
zo + hnyn ~ 0 on [t() + hnSn tf] ,

then pair (f,©) is X-observable on horizon [ty tf].
Proof. Note that (5.5) can also be expressed in the form

hp, — 07 and (sn,yn) — (0,y) with

20 + hnyn € Jz(to + hnsn) YV n: = y=0
which is equivalent to
+ .
hn, — 0% and (yn, Sn) — (y,0) with ey =0

(20:0) + " (Yn $n) € gPR(J5T) ¥
This means that
(4,0) € Ty sz (20, t0) = y =0,
whence we get
(,0) € gph(DJ5 ' (20, t0)) = y =0.
That is to say ker DJg* (20, to) = {0}. Thanks to the second part of [2, Theorem
5.4.7], we get (') (to) = {20}. This therefore yields Jx(to) = {z0}. O

As a consequence of Theorem 5.4, we next derive a sufficient tangential condition
for Y-observability. We begin by introducing the following sequence of subsets:

0 = @ and for each k € N,

(5.6) O+ = [(t,2) € ©W) | (1, f(t,2)) € Tow (t,2)}.

By construction, these stand for a decreasing sequence of subsets.
COROLLARY 5.5. Assume that Jx(to) is conver and that the following statement
holds for some zp € Jx(to) and m € N:

y € Tx(z0) and
(0,y) € Toem (to, 20)

Then pair (f,©) is X-observable on [to tf].
Proof. First, we claim that (to,20) belongs to all subsets ©0). Indeed, as zy €
J(to), there exists a solution zZ which satisfies,

(5.7) — y=0.

Z(to) = 29 and (t,g(t)) cOVvVte [to tf].

By repetitively using the tangential condition of [1, Lemma 1.1.4], and taking into
account (6.4), we infer that

(t,2(t) € @OVt € [ty ts] and k € N,

and hence (g, z9) € O for all k.
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Now, suppose that pair (f,©) is not X-observable on horizon [ty tf]; then
Condition (5.5) does not hold. As a result, there exist a sequence (hy, $n, Yn)n Which
converges to (0,0,%), with g # 0, and a sequence of system solutions (2, ), such that

Zn(to + hnsn) = 20 + hnyn € V0.

Thereby § € Tx(z9). Furthermore, these solutions satisfy the following viability
condition:

(t,Zn(t)) € OVt € [to+ hnsy tf] and V n.
As in the beginning of the proof, a repetitive use of [1, Lemma 1.1.4] yields
(t, 20 (1) € O Y t € [to + hysn t7] and k,n € N.
In particular we get, by taking ¢t = ¢y + h,s,, k = m in the last expression,
(to, 20) + hn(8n, yn) € O™ ¥ n,

This implies that (0,7) € Tomm (to,20). With § € Tx(z) and § # 0, we get a
contradiction of implication (5.7). O

Remark 5.6. Toward applications of Corollary 5.5, we notice the following im-
portant facts:

(1) An instance for which condition (6.5) holds can be provided by almost count-
ability of subset G)(Em). Indeed, this implies that its contingent cone is reduced to the
origin at each of its elements. As a result, for all (o, z9) € ©™ Ngph(Jy), pair (f,©)
is X-observable on [ty ty].

(ii) Subset © alone may provide an ¥-observable pair with any field f. In fact,
(5.7) could hold for m = 0.

Ezxample 5.7. Consider the continuous time-varying linear system

(5.8) 2=A(t)z+0b(t) for 0 <t <ty,

where A(-) and b(-) are functions of class CV (0,ty) with values respectively in L(RY)
and RY. Assume that the output domain © is convex.

Let to € [0 ty); then J(fo) is convex. In fact, let z; and z9 be two elements of
J(to) and denote by z; and Z2 the corresponding solutions which satisfy

(t,7:(t) € © for i = 1,2.

Let «, 8 belong to [0 1] and satisfy o+ 8 = 1. As subset © is convex, we can easily
see that az; + B2 is a solution of system (5.8) which yields az; + Sz2 € J(to).

Let © be equal to the hyperplane ® of R x RY, given through reals 6,7 and a
nonnull vector u € RY by

(5.9) O ={(t,2) eRxRY | 6t + (u,2) =~}

Note ® has an empty interior, as well as all its subsets ®*) given by (5.6). These can
be estimated by first observing that

To(t,2) = {(s,y) € Rx RN | §s + (u,y) =0} V (t,2) € D.
It follows that

W = {(t,2) | 6t + (u,2) =~ and &+ (u, A(t)z + b(t)) = 0}.



4534 KHALID KASSARA

For m > 2, we claim that

O {(t,2) | 6t + (u,2) =, § + (u, A(t)z + b(t)) = 0,

(5.10) and (u, A®) (t)z +bF) (t)) =0 for k =2,...,m},

where functions A®) and b%) are given for k > 1 through the scheme

AFFD = AR 4 AR A with A = A,

(5.11) b+ — (k) £ AR with bl = b.

Indeed, for m = 1, expression (5.10) is true. Suppose that it holds for m, and let (¥
denote the function defined by pu® (¢, z) = (u, A®)(t)z + b®) (t)) for all ¢, z; then we
get

du™(t,2)(s,y) = su, AD ()2 + 50 (1)) + (u, AP (1)) ¥ (s, ).
Then, picking s =1 and y = A(¢t)z + b(t), we use (5.11) to get
dp®) (¢, 2)(1, A(t)z + b(t)) = (u, AP ()2 + 5P (1)) + (u, AR (£)(A(t)z + b(t)))
= (u, ARV 1)z + oD (1)),
As a result, for all (¢,2) € Ot we get

d+ (u, A(t)z+b(t)) =0 and

(1,A(t)z 4 b(t)) € Tpum+n (t,2) = (u, A (£)z +b® (1)) = 0 for k = 2,...,m + L.

Consequently, (5.10) holds for all m > 2.
Next, we proceed to apply Corollary 5.5. Let tg € [0 tf) such that J(tg) # 0 and
zo € J(to). Out of expression (5.10), we get

(0,y) € Tgm (to, 20) =
Whence, (5.7) can be set as follows:
(0,9) € Tpom (to, 20) = (u,y

As a conclusion, it turns out that the pair given by linear system (5.8) and the output
domain @ given by (5.9) is observable on [ty ¢f] providing that the following condition
holds:

rank (u, Al(to)u, . .. ,A(N_l)/(to)u) = N.

Because it fits our context, we also consider a result [15, Theorem 3] which states
conditions under which midconvex set-valued mappings have singleton images. Let X
be a nonempty subset of RV, and define the set-valued mapping

JE = J() n Ev

where J is as in (4.1). Next, we consider the following implication:

4 t
(5.12) z1 ~ © on [t tf) 21+ 22 - O on { 1;— 2 tf>

Zo ~» © on [ty tf) 2
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for all z1, 22 in ¥ and t1,¢2 in [0,t5) with t; possibly equal to infinity. Then we are
ready to show the following.

THEOREM 5.8. Let ¥ be convex, and assume that (5.12) is satisfied. Suppose
that there exist an open interval J C dom(Jx) and an instant t € J such that pair
(f,©) is X-observable on horizon [t tg). Then the following statements hold:

(1) Pair (f,0) is X-observable on [ty ty) for all tg € J.
(ii) There exist yo € RN and an additive function & : J — ¥ — yo such that

&(to) +yo ~> © on [to ty] for each to € J.

Proof. Consider set-valued mapping Jx|7; then we observe that condition (5.12)
expresses that it is midconvex, i.e.,

Jx(t Jx(t t1+t
S0 ) (458 e g

Since it has a singleton image (at instant ¢ ), statements (i) and (ii) are immediate
from using [15, Theorem 3. O
Ezample 5.9. Let f(t,z) = Az with A € L(RY), and assume that subsets ¥ and
© are convex. Then the implication given by (5.12) is satisfied, with t; = co. To show
this, let t1,t2, 21, 22 as in the left-hand side of that implication, and denote by z1, Z2
the corresponding solutions. Therefore,
(t,z:(t)) € ©Vte[t; oo) and i =1,2.

Define the following function by

1 to — ¢ to — 1 t t
Zg(t)i§<21(t— 22 1>+Z2<t+ 22 1)) Vt€|:l_g 2 OO),

It stands for a solution of system Z = Az and satisfies

z ittt 2tz
3 2 - 2 )
and by expressing t as

_ to —ty to —t t1 +to
= (- ) 4 (1228 et ),

and using the convexity of subset ©, it follows that

(t,25(t) €OVt € {# oo) .

As a consequence of Theorem 5.8, for convex subsets © and 3, whenever a pair (A4, ©)
is X-observable on horizon [t co) for some ¢ > 0, then it is so on all horizons [ty o)
for tg > 0.

6. Local observability. To create a trivial instance of a locally observable pair
around a point zy on horizon [ty tf], let subset J(to) be closed and zy belong to the
open subset J(tp)¢. Hence, the later contains a ball B centered at point 2o, and so
BN J(ty) coincides with emptyset.

Also, we notice that Theorems 5.1, 5.3, and 5.8 and, more generally, any
Y-observability result can be used to establish conditions under which a pair is locally
observable around a state zg. Actually it suffices to check whether the statements of
these results hold when subset X can be taken as a ball centered at point zg.
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6.1. A negative result. Due to Peano’s theorem (see section 2 for more details),
it can be noticed that in most cases, whenever a point (¢g, zg) belongs to the interior
of the output domain, the pair under consideration is not locally observable around
zp on [to ty].

For a point (%o, z9) belonging to the boundary 90, an immediate application of a
result stated in [1, section 4.3.3] shows how a pair can first be checked to be nonlocally
observable near that point.

THEOREM 6.1. Let (to, z0) € 00, and assume that there exists r > 0 such that

(6.1) (1, f(t,2)) € To(t,2) ¥ (t,2) € 9O N By (to, 20).

Then pair (f,©) is not locally observable around zy on some horizon [to tf].
Proof. According to the above mentioned result, (6.1) implies that system

(t.a Z) = (17 f(ta Z))

has a viable solution in subset ©, which is issued from (tg, z9) and defined on some
interval [tg t1]. As a result, zg ~ © on [tg, t1].
Now, let p and z; be such that

0<|z1—20]<p< g and (tg,21) € 00;

then, by virtue of the triangle inequality, (6.1) holds true with (z1,7/2) instead of
(z0,7). Consequently, there exists to > ¢y such that z; ~» © on [tg,t2], and so
both zp and z; are distinct indistinguishable elements of the ball B(zp, p) on horizon
[to inf(tl,tg)]. |

Ezxample 6.2. Consider the unforced pendulum equation,
(6.2a) & —ad — bsin(a) =0 (a>0,b>0)
with output given by
(6.2b) t? 4o’ +a% <2
Here, the output domain is © = B(0,2) and function f is defined by

ft, a, &) = (&, ace + bsin(a)).
To check whether (6.1) holds, we first note that
(1,&,aa + bsin(w)) € To(t,a,a) iff t+ ad + d(ac + bsin(a)) <0

for all (¢, @, @) in 9O. Now, let (tg = 0,0 = 1,49 = —1) be an element of 90; then
(6.1) can be stated, for some r > 0, as follows:

t + a(a + ad + bsin(a)) <0V (t,0,0) € 90 N B,.(0,1, —1).

Actually, such real r does exist for a — bsin(1) < 1, because of continuity of the last
expression, which takes the value @ — bsin(1) — 1 for (¢, o, &) = (0,1, —1).

As a conclusion, for a—bsin(1) < 1, the pair given by (6.2) is not locally observable
near point (1, —1) on some horizon [0 t¢] with t > 1.
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6.2. By means of contingent derivative. Next, by using a property that
holds the contingent derivative in checking local uniqueness, we prove a new result,
characterizing local observability in terms of sequences.

THEOREM 6.3. Let (to,20) € gph(J) and assume that the following statement
holds:

(hn, 8n) — (07,0) and y, — y with

(6.3) 20 + hnYn ~» © on [to+ hpsy tf] Vn

then pair (f,©) is locally observable around zy, on horizon [tg t¢].

Proof. Indeed, (6.3) can also be expressed as follows:

hyn, — 0 and (yn, sn) — (y,0) with

(20, £0) + hn(t, 5) € gph(J-1) v~ Y= 0

This means that
(¥,0) € Typn(s-1)(20,t0) = y =0,
whence we get
(y,0) € gph(DJ " (20, t0)) = y =0.

That is to say ker DJ!(z0,t9) = {0}. By virtue of [2, Theorem 5.4.7], there
exists € > 0 such that (J=1)71(tg) N B(z0,€) = {z0}. This therefore yields

J(to) N B(ZQ, 6) = {ZQ}

That ends the proof. O

As a consequence of Theorem 6.3, we next establish a sufficient tangential condi-
tion for local observability. It involves the sequence of subsets which are introduced
by (5.6) and can be expressed here, as follows:

00 = @ and for each k € N

(64) O+ = [(t,2) € ©W) | (1, f(t,2)) € Tow (t,2)}.

COROLLARY 6.4. Let (to,z0) € gph(J), and assume that for some m € N, the
following statement holds:

(6.5) (0,9) € Towm (to,20) = y =0.

Then pair (f,©) is locally observable around zy on horizon [ty ty].
Proof. First, we claim that (to,20) belongs to all subsets ©0). Indeed, as zy €
J(to), there exists a solution z which satisfies

E(to) = zp and (t,f(t)) €EOVte [to tf].

By repetitively using the tangential condition of [1, Lemma 1.1.4], and taking into
account (6.4), we infer that

(t,2(t)) € ©F) ¥ t € [ty t;] and k € N,

and hence (%o, z9) € O for all k.
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Now, suppose that pair (f,©) is not locally observable around 2y on horizon
[to tf]; then Condition (6.3) does not hold. As a result, there exist a sequence
(hny SnsYn)n which converges to (0,0,%), with § # 0, and a sequence of system solu-
tions (2, )n such that, z,(to + hnsn) = 20 + hnyn for all n, and the following viability
condition holds for all n:

(t,Zn(t)) € O YV t € [to + hpsy ty].
As in the beginning of the proof, a repetitive use of [1, Lemma 1.1.4] yields
(t, 20 (t)) € O Y t € [to + hnsn t7] and k,n € N.
In particular we get, by taking t = ty + h,Sn, k = m in the last expression,
(t0: 20) + n (0, yn) € O™ V 1.

This implies that (0,7) € Tgmm (to, 20), and § # 0 yields a contradiction. O

By the result [2, Theorem 5.4.7] itself, we can infer that whenever the map J
has the Aubin property [16] at point (to, z0), then condition (6.3) is also necessary in
order pair (f,©) be locally observable around zy on horizon [ty tf]. Here, this Aubin
property holds that there exists a constant p > 0 such that the following statement
holds:

(6.6) V e there exist n > 0 such that
Vitse (to - g to + g) and z € J(t) N B(zo,7),

one has d(z, J(s)) < (p+¢€)|s —t|.

This leads us to derive a necessary condition, which may be more easily checked
than the condition of (6.6).

PROPOSITION 6.5. Let (to,20) € gph(J), and assume that the regularity assump-
tion (6.6) is satisfied. In order for pair (f,©) be locally observable around zy, on
horizon [to tf], it is necessary that the following statement holds:

K C O, viable under g,
(6.7) (to,z0) € K, and — y =0,
(0,y) € Tk(to,20)

where g = (1, f)'.
Proof. Suppose that assertion (6.7) is false; then there exist a viable subset under
mapping g, K C O, and yq such that

Yo 75 0 and (0, yo) S TK(tQ, Zo).
As a result, there is a sequence (hy,, Sy, Yn)n such that (hy, sn,yn) — (0,0,y0) and
(to + hnsn, 20 + hayn) € K V n.

As subset K is viable under g, for each n, there exists a system solution z,, which
satisfies the following statement:

Zn(to + hnSn) = 20 + hnyn and (¢, 2,(t)) € K V t € [to + hnsp tg].

Because subset K is included in subset O, condition (6.3) does not hold, and, thanks
to assumption (6.6), pair (f,©) cannot be locally observable around zy on horizon
[to tf]. O
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6.3. Local observability for output given by equalities and inequalities.
Assume that the output domain is given through expressions of the form

O, ={(t,2) e RT xRN | pi(t,2) =0,i=1,...,p,

(6.8) and p;(t,z) >0 for j=p+1,...,q},

where p and ¢ are integers, with ¢ > p, and p = (u1,. .., uq)" denotes a continuous
R?-valued mapping. One instance that is described by this setting consists of the
standard output equation (1.2b), in which case p = ¢ =n and = h — 6. In order
to get estimates of subsets @Etm) provided by (6.4), we need to assume that output
domain ©, has an empty interior, i.e.,

V (t,z) € ©, and r > 0, there is (s,y) € B,(t, z)

(6.9) such that (s, y) # 0 for some 4 or p;(s,y) < 0 for some j.

Also, assume that function p is smooth enough to allow the well-definiteness of the
Lie derivatives,

0) .

k k
(k+1) - 5#5 : + 3#5 :
! ot 0z

for ke Nandi=1,...,p. Then we build the sequence of subsets by

(6.10a)

f,

. k .
(6.10D) Xm:{(t,z)|,u1(-):Qforz:1,...,pandk=0,...,m,
and p; >0for j=p+1,...,q}

for all m € N, and we introduce the set-valued mapping, defined for all (¢, z) in subset
© by

o O,

(6.10c) Ku(t,2)= (] ker g; t2)n N %(t,zﬁ,
L= JeI(t,z)

where,

It,z)={j=p+1,...,q| p;(t,z) =0}

Then, applying Corollary 6.4 yields the result below.

THEOREM 6.6. The following statements hold:

(i) Let (to,z0) € gph(J) be such that K,,(to,20) = {0} for some m; then pair
(f,©,) is locally observable near zy on horizon [tg tg].

(ii) Whenever for some m € N, subset X, is almost countable, then for all
(to, z0) € gph(J), pair (f,0,) is locally observable near zy on horizon [to t¢).

Proof. We begin by showing that

(6.11) O™ C X,, VmeN.

Indeed, inclusion (6.11) is true for m = 0 because it stands for an equality. Suppose
the inclusion be true for m. It follows that

O™ = {(t,2) € () | (1, f(t,2)) € Typm (t,2)}
C{(t,2) € X | (1, f(t,2)) € T, (£, 2)}.
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Since subset A}, is included in ©, it has an empty interior too. Therefore,

O™ C {(t,2) € 0 | (1, £(t,2)) € T, (t,2)}

PRCINPAC
C{(t,z)| /gt + g; f=0fori=1,....pand k=0,...,m,

anduj>0forj:p+1,...,q}.

Thanks to (6.10a) and (6.10b), we get O™ ™) A, 1.
Now, let (to,20) as in (i); then it belongs to subset @&m) and by inclusion (6.11)
it is an element of X,,. As a result,

Tg(m) (to, ZQ) CTy,, (to, ZQ).
P

To check implication (6.5), we then get
o (k)

7

0z

(to,z0)y=0fori=1,...,p, and k=1,...,m,
(O,y) € T(_)ELm)(tO,ZO) —

oL .
%(tO,ZO)y 2 ov J € I(th ZO),

whence (6.10c) yields
(0,y) € T@gm (to,20) = y € K(to,20).

Then we can conclude assertion (i) by virtue of Corollary 6.4. As regards (ii), we
see that subset @Lm) is almost countable too, and it follows that its contingent cone
coincides to {0} at each of its elements. O

Ezample 6.7. Let us get back to the pendulum equation (6.2a) and assume that
the output domain is described by

(6.12) a+da=3t ad>2 and o® +a* > 5t2
Let
pr=a+a&—3t, pp=ad—2, uz=ao®+a* —5t2,  and (to, o, ) = (1,1,2).

For that point, one easily gets py = p2 = us = 0, and so I(tg, g, ) = {2,3},
and the partial derivatives of functions u; with respect to z = («, &) are given for
y = (y1,92) by

O Ous

5, Y=t %y =2y1 +y2, and 8;9 =2(y1 + 2y2).
It follows that Ko(to, o, ) = {0}. Moreover, by executing an ODE solver, it turns
out that initial data (1,2) generates the output given by (6.12) on horizon [1 1.4].
Thanks to Theorem 6.6 we finally conclude that the pair constituted of system (6.2a)
and output (6.12) is locally observable near point (1,2) on horizon [1 1.4].

A relevant issue to address is how the standard output equation (1.2b) can be
examined in light of the previous results. Actually, we recover the rank test for
nonlinear local observability.
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COROLLARY 6.8. Let O be given as in (1.2b); then pair (f,0;) is locally observ-
able near a point zg on [ty ty], provided that zo € J(to), and

on) Ohm)

Oh
(613) rank |:—(t0, ZO) W(fo, zZ0) ... W

P (to, zo)] =N

for some m € N.
Proof. By letting, u =h — 6 in (6.10c), we get

on® On®)
Km (to, Z()) = ﬂ ker 812 (to, ZO) = ﬂ ker W(fo, ZQ)
i=1, k=0,m

for m € N. Noting that rank condition (6.13) holds true iff K,,(to,20) = {0}, we
invocate assertion (i) of Theorem (6.6) to end the proof. O

6.4. Local observability by local injectivity. Below, we use a set-valued
concept of local injectivity in order to get a supplemental result on local observability.
We first need to to prove the following lemma.

LEMMA 6.9. There exists W € N(zo) such that pair (f,©) is W-observable on
[to tf] for all to iff the set-valued mapping J~1 is locally injective around point zg.

Proof. We have the following statements:

J~1 is not loc. injective around zg <=V W € N (20), 3to € [0 tf), (21, 22) € W?
s.t. 21 75 zo and tg € J_l(Zl) N J_l(ZQ),

—VWEe N(Z()), dtg € [0 tf),EI(zl,zQ) e W2
s.t. 21 # 22, and z1, 22 ~» © on [ty tf),

<= VW e N(z), 3to € [0 tg) s.t.
(f,©) is not W-observable on [tg tf]. O

Next we apply [2, Theorem 5.4.10] to establish conditions under which the map
J~1 is locally injective. For a set-valued mapping F' from a finite dimensional space
X to a normed space Y, this theorem stipulates that F' is locally injective around an
element x¢ € dom(F') whenever the following statements hold:

(i) gph(F) is closed,
(ii) F(B(xg,n)) is relatively compact for some 7 > 0,
(iii) ker PF(xo,y) = {0} for all y € F(xo),
where PF(-,-) is the paratingent derivative as introduced by (1.3).

THEOREM 6.10. Let gph(J) be closed and let zy belong to dom(J~1). Further-

more, assume that the following statement holds:

z0 € J(to), zn — 20 and
(6.14) (hn, 8n) — (07,0), yn — y with = y=0.
Zn + hpYn ~> © on [to + hnsy ty] Vn

Then pair (f,©) is locally observable near zy on all horizons [t tf] such that zy belongs
to subset J(to).

Proof. Thanks to Lemma 6.9, it suffices to show that J~! is locally injective
around 2. To that end, we proceed by checking statements (i), (ii), and (iii) relatively
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to F'= J~L. Obviously (i) and (ii) hold. Concerning (iii), we note that (6.14) can be
rewritten as

z0 € J(to), 2n — 20 and
hp — 07, and (yn, sn) — (y,0) with = y =0,
(ZnatO) + hn(yna Sn) S gph(Jfl) Vn

and by definition of the paratingent cone, we get

20 € J(fo)

= y=0.
(4,0) € Pgpn(s-1)(20,t0) Y

On another hand, we have

(4,0) € Pypu(s-1)(20,t0) <= (y,0) € gph(PJ " (20, t0))
< y€ker PJ ! (20,1).

It follows that ker PJ~1(20,t9) = {0} for all to € J~1(20). 0

It is of interest to notice that due to the proof of Lemma 6.9, the neighborhood
of zp that derives local observability of pair (f,©) can be taken the same for all the
horizons which are mentioned in Theorem 6.10.

Below, we use subsets ©) of (6.4) in order to prove a sufficient condition involving
the paratingent cone.

COROLLARY 6.11. Let 29 € dom(J 1), and assume that for some m € N, the
following statement holds:

zo € J(to) and

(6.15) (0,y) € Poom (to, 20)

— y=0.

Then pair (f,©) is locally observable around zy on all horizons [ty tf] for which zy €
J(to).

Proof. As in the beginning of the proof of Corollary 6.5, we observe that if
to € J7'(20), then couple (%o, z9), belongs to all subsets ©).

Now, suppose that pair (f, ©) is not locally observable around zy on horizon [tg ]

for some ¢ty € J71(20). As a result, Condition (6.14) does not hold. Thereby, there
exist a sequence (N, Sn,Yn, 2n)n Which converges to (0,0,y, z0), with § # 0, and a
sequence of system solutions (Z, ), such that z,(tg + hnSn) = 2zn + hnln, for all n, and
the following viability condition holds for all n:
(t, Zn(t)) €cOVte [to + hpSn tf] .

Hence, we get

(t, Z,(t)) € ©F) YV t € [tg + hps, t7] and k,n € N.
In particular, we pick ¢t =ty + hnSn, kK = m in the last expression to obtain

(to, 2n) + hn(Sn,yn) € O ¥ n,

This implies that (0,y) € Pgoem (to, 20), and § # 0 yields a contradiction. O
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