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Abstract. Immunotherapy control is set as a target control problem under state-control constraints, taking into
account a general ODE tumor dynamics. Then a set-valued approach based on viability theory is used to enable
building feedback protocol laws by which cancer cells may beasymptotically destroyed.

1. Introduction and statement of the problem. Cancer development and the dynamics
of the immune system have been a significant focus of mathematical modeling in recent
decades, see [6, 13]. Immunotherapy, a treatment approach that enhances the body’s natural
ability to fight cancers, is becoming increasingly prevalent in many multi-stage treatment
programs. Models of such a process abound in the literature,see [4], [9], [10] and [12] and
the references therein. They give rise to numerous works which take on immunotherapy
control, by using the well-known methods of control theory ([2], [5], [7], [11]).

In this paper we investigate an ODE tumor dynamics versus theimmune system, given
in general form as follows,

ẋ = f(x, τ) +G(x, τ)u, (1.1a)

τ̇ = τψ(x, τ) (1.1b)

with initial data,

x(0) = x0 andτ(0) = τ0. (1.1c)

wherex
.
= (x1, . . . , xn)

′ denote densities of cells that interact with tumor cells such as effec-
tor cells, interleukin-2, antibodies, etc. The control (protocol) is denoted byu = (u1, . . . , up)

′

and consists of the rates of the administered cells. Densityof tumor cells is denoted byτ .
The functionsf andψ mapR

n×R into R andR
n respectively and are smooth. The operator

G mapsRn × R intoL(Rp,Rn) .
In this context we conceive a successful therapy as follows :Find a protocolu such that,

(a) u ranges in the constraints subsetK
.
=

∏p

i=1 [0, umax
i ], to preserve patient’s

quality of life.
(b) lim

t→∞

τ(t) = 0, to clean cancer.

(c) τ(·) decreases, as one wishes.

2. A set-valued approach. LetDν
.
= {(x, τ) ∈ R

n+1
+ | ψ(x, τ) ≤ −ν} for ν > 0. If

the trajectory(x, τ) is viable inDν then condition (c) is fulfilled. It follows by using viability
theory [1] thatu can be given as a selection of the feedback map given as follows,

Fν(x, τ)
.
= {u ∈ K | (f(x, τ) +G(x, τ)u, τψ(x, τ))′ ∈ TDν

(x, τ)}, (2.1)

whereTDν
denotes the cotangent cone ofDν , see [3]. Then we have the following basic

result.
THEOREM 2.1. If σ : Dν → K is a selection of the mapFν (ie. σ(x, τ) ∈ Fν(x, τ) for

all (x, τ) ∈ Dν) and system (1.1) withu = σ(x, τ) has a solution on[0,∞) then protocolu
solves problem (a-b-c) andτ(t) ≤ e−νtτ0 for all t ≥ 0.
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DEFINITION 2.2. Suchσ in Theorem 2.1 is said to be an immunotherapy protocol law,
in short,itp law. By computing the cotangent coneTDν

(x, τ) we get for all(x, τ) ∈ Dν ,

Fν(x, τ) =
K if ψ(x, τ) < −ν
C(x, τ) if ψ(x, τ) = −ν,

(2.2)

where,

C(x, τ)
.
= {u ∈ K | 〈h(x, τ), u〉 ≥ `(x, τ)} , (2.3)

and the functionsh and` are given by,

h(x, τ)
.
= −G?(x, τ)∇xψ(x, τ) (2.4a)

and,

`(x, τ)
.
= 〈∇xψ(x, τ), f(x, τ)〉 + τψ(x, τ)

∂ψ

∂τ
(x, τ). (2.4b)

CONDITION 2.3. For all (x, τ) ∈ Dν there existsu ∈ K such that

〈h(x, τ), u〉 > `(x, τ).

CONDITION 2.4. There exist non-negative real functionsm1,m2 which map bounded
subsets into bounded images and satisfy the linear growth :

‖f(x, τ)‖ ≤ m1(τ)(‖x‖ + 1) and‖G(x, τ)‖ ≤ m2(τ),

for all (x, τ) ∈ Dν . Then we can generateitp laws from the map (2.1) by using the result
below. For that end we need the notation,

c?(x, τ)
.
= πC(x,τ)(0) and σν? (x, τ)

.
=

0 if ψ(x, τ) < −ν
c?(x, τ) if ψ(x, τ) = −ν,

whereπC(·) denotes the operator of best approximation on a convex closed subsetC.
THEOREM 2.5. Assume that conditions 2.3 and 2.4 hold true then :

(i) The minimal selection of the feedback map (2.1),σν? stands for anitp law.
(ii) Continuousitp lawsσ can be provided onDν byσ(x, τ)

.
= eψ(x,τ)+νc?(x, τ).

EXAMPLE 1. To illustrate the above results we consider the Kuznetsov immunotherapy
model as given in [4],

ẋ = β(τ)x − µ(τ)x + σq(τ) + u(t),
τ̇ = τ(g(τ) − φ(τ)x),

where

g(τ) = 1.636(1 − τ/100), β(τ) = 1.131τ/(20.19 + τ), φ(τ) = 1,
µ(τ) = 0.347 + 0.0311τ, q(τ) = 1, andσ = 0.6, x0 = 1, τ0 = 70.

In the figures below we represent simulation results which correspond to the continuousitp
law (ii) with ν = −ψ(x0, τ0) = 0.5092.
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FIG. 2.1.Dose of the infused effector cells.
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FIG. 2.2.Density of tumor cells.

3. Concluding remarks. In this note we state a framework by which protocol laws can
be designed to solve the immunotherapy control problem.

These laws have the advantage that they let the cancer cells decrease over the therapy
session, providing that the initial stage of the cancer is less developed, ie.ψ(x0, τ0) < 0.
Although it is discontinuous the minimal law (i) involves minimal doses to destroy cancer.
Note also that the continuousitp laws (ii) are slightly higher then the minimal law, due to its
exponential decay. In a forthcoming study we will investigate stage developed cancers which
initially satisfyψ(x0, τ0) ≥ 0.
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