CHAPTER S5

COMPLEX WAVES
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Preamble

30 i
. . A Sine Viave
® The sine wave is '. .' v/

the fundamental
component of all

— B. "BR" in "Shos"
other sound waves

@ All waves that are
-ﬂl-—llﬂl'— L vooal Fold Tone

not sinusoidal are

complex waves
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FOURIER’'STHEOREM

e A complex wave is any sound wave
that is not sinusoidal

e Complex waves consist of a series of
simple sinusoids that can differ in
amplitude, frequency, & phase

e This is called a Eourier series
® A Fourier series can be derived by a
process that is called Eourier analysis
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PERIODIC WAVES
e A wave that repeats @ 5
itself over time A Sine Wave
® Also called a periodic
time function
e A complex periodic ‘m' B. "Bh" in "Shoe”

wave is periodic, but
-ﬂl-—l— L Wooal Fold Tone

not sinusoidal
10 ma
Py

" Panels A, C,and D
are periodic waves,
though panel A is
not complex Mﬂ' D Wowrel "ah’
periodic i

Ampltade
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Fourier Analysis

e Any complex wave can be
decomposed to determine the

amplitudes, frequencies, and phases
of the sinusoidal components

o All sound waves can be classified by
reference to:
1. Is periodicity present?
2. How complex is the wave?
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Components of a Complex

Periodic Wave
e Sinusoidal components cannot be selected at
random--They must satisfy an harmonic
relation
@ With an harmonic relation, each sinusoid in

the series must be an integer multiple of the
lowest in the series

e.g., lowest =100 Hz:

100, 200, 300, 400, 500, etc.
e.g., lowest = 215 Hz:

215, 430, 645, 860, etc.
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Harmonic Series

e If harmonic relation is present, the
series of components is called an
harmonic series

@ Each of the components is called an
harmonic

1st (and fy), 2nd, 3rd, 4th, 5th, etc.
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Harmonic Series

® T=8ms; fy=125Hz

Har monics, Partials, and
Overtones

Table5-1. Fundamental frequency, harmonics,

tials, and overtones in acomplex periodic
e If all components g,ffmdfm,e plecper

are exact integer

) ﬂ N AN
=
&
I:L
E
1st (f) =125 1=125 < \l \l w
2nd =125" 2=250
3rd =125 3=375 fll‘f‘E‘ |r'| mg
4th =125" 4 =500
5th =125" 5=625
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Summation of Sine Waves
® Progressive ~,
summation of 4 &, i d

- : L o=5+5
components with '\_f' l'un’l iin
identical starting & ..aaqav:._ Lo gkis
-.Mm

phases

@ Each component R
is an odd integer | ' R

multiple of f, = T e
e Compare S;, Cy, G
Cy Cs & Cy

® A square wave at
¥

Bk
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multiples of f,, Frequency Harmonic Partial Overtone
harmonic # =
partial # 125 (fo) 1 1
. 250 2 2 1
® 2nd harmonic = 375 3 3 2
1st overtone 500 4 4 3
625 5 5 4
750 6 6 5
Ch5-9
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Summation of Sine Waves
® Progressive
summation of 3
components with

identical starting
phases E / -'—\1—- Gty

® The components
are odd & even .-_~ P b
integer multiples aY, SN
of fO .E -\‘
e Compare S, Cy, r[—? Aﬂ T, =8+ Be.40,
C,, & Cy
® A sawtooth wave

at ¥
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Summation of Sine Waves

® Summation of A E;___ ; f*--'—"cr“'—lr
- Ly

two components,

S1 and S, & :_1,_ .V-":* o, LVa! .'r
Starting phase 77w I'|J|I P
of S, is held i P Vool
constant [Tt 1A EL ct o

" Starting phase ﬁlll ¥
of S, varies _;*‘n\‘ =

2T IR T
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Summation of Sine Waves

T
e Note how shape  , =, A e s
of C changes with ™77 ''%. Y
changes in wnE
9 iy o— ,.('-‘-._'- T ﬁ"-.."'n'l s

starting phase of & ,:',1:__ o G —

S W B
2 ° fﬁl L e
" Panel A: 0 B TN e Y s
= T J

" Panel B: 90° - L okt
" Panel C:180° o e f
" Panel D: 270° - T 7AW
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APERIODIC WAVES

® A wave that lacks
periodicity

e Vibratory motion
israndom, & it
sometimes is
called arandom
time function

® Not necessarily
“noise”

+

Amplitude

Time
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Waveform and Spectrum

cannot easily see If \I \I w
all frequency o 3 1 4

components, or Tima in ms
their amplitudes or
starting phases

@ Observe the
fundamental

+
period: T=8ms
0

e Can calculate f,
(125 Hz), but

Amplitude

B
WAVEFORM AND SPECTRUM
e 1. Waveform
Plot of changes in some variable
as a function of time
e.g., displacement, velocity,
acceleration, pressure, etc. as a
function of time
Chb-15
B
Waveform and Spectrum
® 2. Amplitude spectrum
. Wiaveform Amplitude Spectrum

" A graphic Sarwtasdi

alternative to = ®

the waveform g\\\\\]r\ &:- I. g Ta—
" Also called ?n ] ]ﬁlr]

the amplitude i CUT 3T 8

spectrum in % ?

the frequency : —||_—||_||_ g I Py Ta—

domain = E‘.. =

Time o ,_‘;',,,,_'__'
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Ch5-16
2,
Waveform and Spectrum
" Shows amplitude
as a function of Wiveform Ampiitude Spectrum
frequency s TR
" The spectral EJAN \ P\ g U & gt
envelope is given HIR \‘] g.n
by connecting CUT 3T a7
the peaks of the Pl
vertical lines: in E —| —l |_ & & gtincmee
this case the UL € ]\h -
slope of the 3 T T
envelope is T Frepen
-6 dB/octave
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The Octave
e A doubling of frequency
e A frequency ratio of 2:1 or 1:2
200:100
500:250
4000:2000
100:200
250:500
2000:4000
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Line Spectra

@ In these cases, the vf;:::{-m PEIBYRIID ST
amplitude spectrum 2 r\ \ f )
is aline spectrum 3 N g° 4 iy
Cenergyoniyat  ¢| i, “.[)111
frequencies T oA aw BT
identified by e _a
vertical lines E '—l |_| ;_,; B dBiociave
. . . 2 - ~
Height of vertical 3 |_| |_ g -
line reflects E'"M., S
amplitude Tir Frpapncy
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Continuous Spectra

® Here the amplitude
spectrum is a
continuous
spectrum
" Energy present at
all frequencies
between certain
frequency limits

Wavaform Ampltude Spectrum

Amplivda
*

Ampluda

0dB/octave Timea Frequency
® A slope of
0 dB/octave is not
arequirement for
continuous spectra
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Waveform and Spectrum

e 3. Phase Spectrum

" The phase spectrum in the
frequency domain defines the
starting phase as a function of
frequency

" The combination of the amplitude
spectrum & the phase spectrum
defines the waveform completely in
the frequency domain

o FE

EXAMPLESOF COMPLEX WAVES

Ampilade  Phecs
Weavalorn Spectrum Spactrum

® Waveforms,
amplitude spectra, & *™ h}c'U |_|_ .;.4 .
phase spectra of - o
four complex waves Szl th‘ | H

e Compare each with : .

z
i' E B e -
the reference sine  Sgusre £ H:H:F g
wave at the top - <l
t‘;&
-\1”-

v Frequency

Trianguiar =

Whilnhlotee m

§|T¥7_
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EXAMPLESOF COMPLEX WAVES
° Ampilade  Phecs

Weavalorn Spectrum Spactrum

- M L.

frequency Tangin B
Phase spectrum:

Starting phase is i m
0° (in this

example)

: o
Amplitude Sirataatn F.qub | §
spectrum: A line f i E‘.:.
spectrum with Square S H:H:F i L
energy at a single 'E-F\v il

‘-"C.
”
[ -\1”.
v Frequency
Ch5-24
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1. A Sawtooth Wave

Ampilade  Phecs
Weavalorn Spectrum Spactrum

® A complex periodic
wave with energy at
odd and gven
harmonics that has a
spectral envelope
slope of - 6 dB/octave

® Amplitudes decrease
as the inverse of the

Sawtooth Wave

Ampilade  Phecs
Weavalorn Spectrum Spactrum

® dB =201log 4 (1/h)),

where h; is the i
harmonic # +
e dB =-20logygh; Sirataatn F'Qt‘qt‘
° z
Log Law 4 Bopamrsi |
| |
Triangiar Pv-
Whilnhlotee m
28

Sawtooth Wave

Table 5-2. Amplitudes (in voltage) of sinusoidal

® What if voltage of components of a sawtooth wave in which the

harmonic #
B
Sawtooth Wave
_ Table 5-2. Amplitudes (in voltage) of sinusoidal
® Voltage of f, = 2v components of a sawtooth wave in which the
o Voltage of other amplitude of the fundamental frequency is 2 V
harn’mmcs; Harmonic  rms voltage
1hi” 2 Number  (U/h;i”2)  -20logiwhi
* 2nd harmonic:
12" 2=1v 1 (fo) 11" 2=2 0
. 2 127 2=1 -6
3 1/3° 2= .67 9.5
137 2= 67V 4 1/4° 2= .50 -12
' 5 15" 2= .40 -14
6 1/6° 2= .33 -15.6
14° 2=5v 7 1/7° 2= .29 -16.9
’ 8 18" 2= .25 -18.1
9 1/9° 2= .22 -19.1
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Sawtooth Wave

® Absolute voltage of any harmonic
depends on voltage of fg!

e Relative level, in dB, is independent of
voltage of fy!

2nd =-20log,p2=-6dB
" 3rd =-20log,(3=-9.5dB

-20logp4=-12dB

Ch5-29

fqis 4v? amplitude of the fundamental frequency is 2 V
hd Harmonic  rms voltage
Number @/hi” 2 -20 logio hjj
ond=1/2° 4= 1 (fo) 11" 2=2 0
2 2 1/2° 2=1 -6
v 3 13" 2= 67 95
3rd =1/3" 4= 4 14" 2= 50 12
1.33v 5 1/5° 2= .40 -14
’ . 6 1/6° 2= .33 -15.6
4th =1/4" 4= 7 U7° 2= 29 -16.9
1.0v 8 1/8° 2= .25 -18.1
9 1/9° 2= .22 -19.1
Chs-28
g

Sawtooth Wave

e Comparison among harmonics

2nd re: 1st (f)) : -6 dB
* 4th re: 2nd :-6dB
6th re: 3rd :-6dB

® The spectral envelope slope is
-6 dB/octave

Ch5-30




Sawtooth Wave

e What does
amplitude spectrum
of a sawtooth wave | |
“look like?” 0
" Depends on Harmonics (Linsar}

choice of linear
vs. log scales

A

R woltage

17 B

Arnplituge o dB

=

a 3
Harmanics {Log)

Ch5-31

o FE

2. Square Wave

Ampilade  Phecs
Weavalorn Spectrum Spactrum

® A complex periodic S Hjc'g ! |_ ':"I'_
wave with energy ; o :

only at odd integer  suwssae

multiples of f,that

has a spectral

envelope slope of

-6 dB/octave

Square
Triangiar
[z CEN

o
Witk g
ok

&
E

FTEZ
TrFE

3
&

Frequency Frequency

28

Summary of Sawtooth Wave

e A complex periodic wave

e Energy at odd & even integer multiples
of f,

e Spectral envelope slope of - 6 dB/octave

e dB =20 log,,1/h,=-201log,, h,

Ch5-32
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Summary of Square Wave

e Complex periodic wave

e Energy only at odd integer multiples of
f0

e Spectral envelope slope of - 6 dB/octave

e dB =20log,,1/h;=-20log,, h;

Square Wave

Table 5-3. Amplitudes (in voltage) of
sinusoidal components of a square
wave in which the amplitude of the
fundamental frequency is 2 V

® Amplitudes
decrease as the
inverse of the
harmonic #

Harmonic rms voltage

Ch5-35

Number (/hi~ 2) -20logyh
e dB =20logq, (1/h)
=-201logy h; 1 (fo) 11" 2=2 0
3 13" 2= .67 9.5
5 15" 2= 40 -14
7 1Y7° 2= 29 -16.9
9 1/9° 2= 22 -19.1
Ch5-34
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Summary of Square Wave

® What about the
phase spectrum?
® Confusion among
textbooks
” Some will show

Wavedorm Fhase Spactrum

I
I

the starting E 3 g i I
phaseto be 0°, 2, - S
others as 90° <

§

" Each is correct,
but all =
harmonics must Timne Frequency
have the same
starting phase

Ch5-36
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3. Triangular Wave

Ampilade  Phecs
Weavalorn Spectrum Spactrum

® A complex periodic
wave with energy Sl Hjc'g | |_ 4 .
only at odd " =

harmonics Bawacal
°

Arpblue

Square

Triangiar
Slope of envelope
is steeper for
triangular wave

Whilnhlotee

EFTEZ

Triangular Wave

Table 5-4. Amplitudes (in voltage) of
sinusoidal components of a triangular
wave in which the amplitude of the
fundamental frequency is 2 V

o Amplitudes
decrease as the
reciprocal of the
square of the

Harmonic rms voltage

Triangular Wave

® We saw earlier that
the 5th harmonic  Table 5-4. Amplitudes (in voltage) of
sinusoidal components of a triangular
of asquare or wave in which the amplitude of the
sawtooth wave fundamental frequency is 2 V

harmonic # Number  (Uh’” 2) - 40logio hi
= 2
® dB = 20log4, 1/2hI 1) 112 2-2 0
=-201logqgh; 3 YR 2= 22 @i
=-401log; h; 5 5% 2= 08 28
. 7 urr 2= .04 338
Log Law 3 9 19°° 2= 025  -382
Ch5-38
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Summary of Triangular Wave

e Complex periodic wave

e Energy only at odd integer multiples
of f,

e Spectral envelope slope of -12 dB /octave

e dB =2010g,,1/h;2=-401l0g,, h;
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was -14 dB
Harmonic rms voltage
e® But, the 5th 2.

i . Numb 1/hi" " 2 -401 hj
harmonic of umoer (Whi ) 910
triangular wave is 1 (fo) 11°° 2=2 0
-28 dB 3 13> 2= 22 -19.1
(20 log,, 1/5?) 5 15°" 2= .08 -28

2
® The spectral 7 1/72: 2= .04 -33.8
envelope slopeis 9 /97" 2= 025  -382
-12 dB/octave
Cho:30 |
B
4, Pulse Train
® A repetitious 2
series of %_ i
rectangularly E
shaped pulses = [i— H
e Each pulsehas  __ = ':'”.ﬁmc F2 me
some width or E 10 ;
duration (Py) s B
° 7 olll i ™
E --JJ"I‘D=:5!r.-I‘1‘1j.H'F

WR, 2P, WP, 4F,

A line spectrum;
Freguancy (kHz)

it must be
periodic
Chs-41

Pulse Train

o In this example,
Py=2ms

® The period (T) of
the pulseis 10 ms b

® 1/T defines the
pulse repetition
frequency (PRF):

Ampliude
=

o -
-
=]
|
@
m

o

Armglitude (V)

& I.E-Zlé*DEI'."E 'r N2 1416 UE ;
PRF =100 Hz 1P, 2P, 3P, 4F,

Freguancy {kHz)
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Pulse Train

® A complex periodic

wave with harmonics &
at odd and even 2 A
integer multiples of E

the pulse repetition [ —) Hi
frequency: 100, 200, . T=10ms  PF,~2 ms
300, etc. >0 Tirne

o Amplitude spectrum g:::- B|
shows |obes and .
valleys (nulls) E S OTOARRDN TITATNTE ¢

@ Nulls occur at integer WP, P, ar, 4Pr,
multiples of reciprocal Fraquency (kHz)
of Py

Chs-43
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5. White, or Gaussian, Noise

® An aperiodic i Ampilids  Fhése
waveform with equal MARTIROET, S RTLTUNTL~ S Bcta,

Pulse Train

® Thus, nulls occur at 1/Py, 2/Pgy, 3/Py, etc.
500 Hz, 1000 Hz, 1500 Hz

° Startmg phases’?
Below 1st null:
Between 1st and 2nd null: 180°
Between 2nd and 3rd null: 0°
and so forth

Ch5-44

energy in every Sirw h]C'U |_|_
frequency band 1 Hz - gl 5
wide: from B I E’r ‘‘‘‘
" f- 05Hzto : _‘H aﬂmtl
f +0.5 Hz i 2wy
e Why is this noise Boamrsi _;_H:H:F ;:':J‘_-D._
called “white : :
n0|se’)" Trangudar |x’-\v
" Analogous to : N o —
white light -- equal ;e }_ Skl
energy in all light AN
wavelengths Time  Frequency Frequency
Ch5-45
Why is White Noise Called

Gaussian Noise?

Ampilade  Phecs
'n'la\.ﬁl“r"‘ﬂ Spectrum  Spectrum

e For white noise, the %™

probability density : ) P

function is anormal = Sawsatn th‘ H

curve, or Gaussian 8 ‘nm" E:'

distribution ooy B H:H:F ! :

® Spectral envelope k: ] .
slope of 0 dB/octave frangusr |(_\v

® Starting phases in

Lo
random array ke m }_ ® i
ok

Arplude

o whtewas

Why is White Noise Called

Gaussian Noise?
® Arandom time
function can be
described by a =]
cumulative
probability
distribution (left)
A plot of the
changing slope of
a cumulative
probability
distribution is
called a

probability density
function (right)

£

[ ]
Percent Total Tene

=

A B
Inalantaneaus Value Inalanlsnecus Valus|
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B
6. A Single Pulse
&
® P,=2ms E A
-
® E
L
It cannot be! B P,=2 s
Itis aperiodic, & | = 1
the amplitude g
spectrum must, | 2 B
therefore, be [
continuous 5 ""
Frequem:yr (kHz‘,l
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" MEASURES OF SOUND PRESSURE
FOR COMPLEX WAVES

o Different Table 5-5. Measures of sound pressure for
equations sine, square, and random waveforms. A refers
required for to the peak or maximum amplitude as defined
different in Chapter 2
signals

® True rms meter Metrics Types of Waveforms
Vs. average- Sine Square Random
responding
meter rms a A ~03 A

e Only the true Jg
rms meter will A
correctly read =~ Mean square == A =@d A
the rms 2A
voltage of FWayg o A ~ 25A
signals other peak A A A

than sinusoids

LDy

El
Pulse Train (Revisited)
® T (ms) ® PRF (Hz)
“ 10 “ 100
20 " 50
40 © 25
80 " 125
" 160 " 6.25
" 320 © 3.125
TO¥ 0
e At T =¥, PRF =0 and the spacing between
harmonics =0
® The result is a continuous spectrum
® Nulls still occur at 1/Py, 2/Pg, 3/Py, etc.
Ch5-49
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" SIGNAL-TO-NOISE RATIO IN

dB (dB S/N)

e It is the ratio of signal level to noise level
e dB S/N=10log,, (I5/1y)
e If S=70dB and N = 66 dB

"“dBS/N=4dB
[ J
dB S/N =101l0g,,(10°5/4" 10°5)
=+4dB
dBS/N=70-66
=+4dB
(Log Law 2)
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