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ELEN 3302 — Electric Circuits I1

Revised Class Content

Transfer function H(s)
Impedance of elements:

R— R
L — Ls
1

CHE

v(t) = V(s)
it) — I(s)

Treat all impedances as resistors.

Special transfer functions:

(A) Impedance: Vin(s)

(at same terminal)

]”.L(S)

(B) Admittance: Lin(s) (at same terminal)
~ Vin(s)
(C) Transmission: Vour(s)

Vo (s) (at different terminals)

Example 1.1:

v
Find transmission transfer function Om<(8)) for circuit (a):
in\S

Example 1.2:

V(S
Find transmission transfer function Om( )

V;n(s)

for circuit (b):

V;)ut(s) o R . RCS
Vin(s) R+ &  ROs+1




Example 1.3:

Vout(s)
Vin(s)

‘/out(s) o R o RCS
Vi(s)  R+Z&+Ls LCs*>+ RCs+1

Find transmission transfer function for circuit (f):

Sinusoidal steady state

. V;)ut(s)
Find H(s) =
ind H(s) V()
Let s = jw

Then, if vy, (t) = V sin(wit),
Vout(t) =V - |H (jwr)| sin [wit + £H (jwr)]
where V', sin and w; are given by the input.

Example 2.1:
Find v,,(t) in circuit (a) if vy, (t) = V cos(wit):

Find transfer function H(s) = “/j“—t((;)) (from Example 1.1):
‘/out S) 1
H(s) = —
(5) Vin(s)  RCs+1
Let s = jwy,
Hjen) =
wy) = ——7—
T T T jROw,
Find |H (jwy)|:
. 1] 1
H w — " =
0wl = T 7RCe] ~ A ooy

Find /H (jw;):

LH(jw) = (1 — /(1 +jRCw;) =0 — tan™* (R?ﬂ) = —tan ' (RCw)
Then,
Vout(t) =V - L cos [wit — tan~' (RCw)]
. 1+ (RCw;)?



Example 2.2:
Find vy (t) in circuit (b) if vy, (t) = V sin(wat):

Vout (5)

Vin(s) (from Example 1.2):

Find transfer function H(s) =

Vour (s s
H(s) = mnt(i)) - R(If +1
Let s = jws,
H(jen) = 1 —]i-}jggwg
Find |H (jws)|:
)| = IOl __RC
|14 jRCw,| 1+ (RCw,)?

Find /H (jw,):

/H(jws) = LjRCwy — /(1 + jRCwsy) = g — tan~ ' (RCOwy)

Then,
RCWQ . T 1
Vout(t) =V - sin |wot + — — tan™ " (RCw
)=V in et 4§~ tan ™ (RCwy)
Example 2.3:

Find vy (t) in circuit (f) if vy (t) =V cos(wst + ¢):

Find transfer function H(s) = “/;Z—t((j (from Example 1.3):
H(s) = Vout () _ RC's
Vin(s)  LCs?>+ RCs+1
Let s = jws,
. | RCw
H(st) _ J 3

1 — LCw3 + jRCw;,
Find |H (jws)|:

RC’wg
V(1 = LCw?)? + (RCw;)?

|H (jws)| =



Find /H (jws):

X . Z . 1 RCU)g
LH(jws) = 5 tan <—1 — LC’w%)
Then,
RCuws [ T . ( RCws )]
Vout(t) =V - cos |wst + ¢ + — — tan —_—
«(#) V(1 — LCw?)? 4 (RCw;)? s+ ¢ 2 1—LCw3

Frequency response

First order circuits (RC, RL):
Find lir% H(jw)
and lim H(jw)

w—00
Plot magnitude vs. w and angle vs. w at both limits and “join”.

Vout ()
Vin(s)

Example 3.1: Plot the frequency response of in circuit (a):

Find transfer function H(s) = “/j“—t((g (from Example 1.1):

V;)ut(s> o 1
Vin(s)  RCs+1

H(s) =

Let s = jw,

1

HGw) = e

Find the magnitude and angle of the transfer function when w — 0:

. , 1

}JILI(I) H(‘]w)_I_l
|l H(w)| = 1] = 1
/ lir% H(jw)=1/1=0

Find the magnitude and angle of the transfer function when w — oo:

1
lim H(jw) =
S HUw) = 5pe
. : 11 1
lim H = =
iy HU@)l = FRen] ~ Row

m m

lim (Jw) jRCw =0 5 5



Note that the magnitude approximations will intersect at:

PG
“RCw YT RC

which is the same point where the angle is halfway between the two limits:
—tan ' (RCw) = TS ROw=1mw=——
4 B ~ RC

Plot of |H (jw)|, | lim,—o H(jw)|, and |lim,_, H (jw)| versus w for circuit (a):

\

IH(jo)l . \. RCo




Second order circuits (LC, RLC):
Find lim H(jw)

w—0

and lim H(jw)

wW—00

Plot magnitude vs. w and angle vs. w at both limits. Find magnitude and angle at
resonance (w = \/%70) Join limits passing through resonance values.

Vout(s)
Vin(s)

Example 3.2: Plot the frequency response of in circuit (f):

Vout (5)
1 S

Find transfer function H(s) = ® (from Example 1.1):

V:mt (S) RCS

H(s) = Vin(s) " LCs® + RCs + 1

Let s = jw,

JRCw
1—LCw?+ jRCw

H(jw) =

Find the magnitude and angle of the transfer function when w — 0:

] hH(l) H(jw)| = |jRCw| = RCw
£ lim H(jw) = £jRCw = g

Find the magnitude and angle of the transfer function when w — oo:

. . JRCw
T
. . | RCwW| RCw R
1 H — = e
| w0 ()l | - LCw?| LCw? Lw
/ liH(l) H(jw) = /jRCw — /(—LCWw?*) = g -7 = —g

Note that the magnitude approximations will intersect at:

1
RCw:£:>w:—

Lw VLC

The value of the approximations at this intersection is:

1 1 c
lim H(j——e )| = RO—— = R/S
e (‘7 \/LC> ‘ JIC L




But the actual function evaluates to one:

. 1 . 1
ol L) 1RO TG _IRCTE
j\/LC’ B 1\, . jRC——
1-— LC(\/T—C) _'_jRC\/TiC VLC

which is the actual resonance peak. Note that if R < \/%, then the peak is above the
intersection of the approximations, as shown below.

Plot of |H (jw)|, |lim,_o H(jw)|, and |lim,,_.., H(jw)| versus w for circuit (f):

3 ®
re
Plot of /H(jw), /lim,, .o H(jw), and /lim, .., H(jw) versus w for circuit (f):
. !
2 -
\£Ho) |
0 —
. 7
2 ©
1
JLC



Filter types (based on frequency response):

(A) Low-pass filter: Lets low frequencies pass through, attenuates high frequencies
(example 3.1).

(B) High-pass filter: Lets high frequencies pass through, attenuates low frequencies.

(C) Band-pass filter: Lets frequencies between two values (a frequency band) pass
through, attenuates frequencies outside this band (example 3.2).

(D) Notch filter: Attenuates frequencies between two values (notch), lets frequencies
outside the notch pass through.

Pole/zero plot

zeros: roots of the numerator of H(s)

poles: roots of the denominator of H(s). System is stable if poles are on the left half
plane (that is, if the real part is negative). Poles determine natural response (ZIR) of
the system.

Example 4.1:

Find the pole/zero plot for transmission transfer function ‘;Ut<(5) in circuit (a):
in\S
Recall the transfer function from Example 1.1:
‘/out(s) o 1
Vin(s)  RCs+1
Zeros: none
poles: RCs+1=0= s = —%
AIm{s}
< .>Re{s}
L
RC




Example 4.2:

Find the pole/zero plot for transmission transfer function “//O,Ut((s)) in circuit (b):
in\S
Recall the transfer function from Example 1.2:
‘/Out(s) . ROS
Vin(s)  RCs+1
zeros: RCs =0=5=0
poles: RCs+1=0= s = —%
AIm{s}
Refs}
7 < >
L
RC




Example 4.3:

V;mt(s)
Vin(s)

Find the pole/zero plot for transmission transfer function in circuit (f):

Recall the transfer function from Example 1.3:

‘/out(s) . RCS
Vin(s)  LCs?2+ RCs+1

zeros: RCs=0=s5=0

poles: LCs* + RCs+1=0

Use the fact that if s* + 2as + wg = 0, then s = —a £ jy/w2 — a2 (assuming wy > ).
In this case,

R 1

2 —_ _— =
s +Ls Ic 0
Therefore, o« = 2+ and w3 = 7. Thus,
R . 1 R2
S= o TN Te i
AIm{s}
1 R
X--|JLC 4
R o)
| Refs
L. & >
|l R
X--[Lc ar

10



5. Laplace Transform
The Laplace transform is defined as:

+o0

L{f)} = ft)e"dt

A few Laplace transforms:

—st

< ( 1)_1
0o s/ s

L{u(t)} = (/‘ e~stdt =

ety } / —at st Jp — / —(sta)t gy _ _e_(s-i-a)t oo _ 1
s+a lo s+a
L{cos(wt)u(t)} = / cos(wt)e ' dt
0
_ W : —st S —st e o S
- (Grsnlne™ = g eosene™) | = i

The impulse function may be defined as:

5(t) = lim 64 (t)

A—0
0 t<0
where 0a(t) = ¢ 5 0<t<A
0 t>A

From this definition, two properties of the impulse function are:

/m&oﬁ:1
/ﬁf@&&ﬁzﬂm

Using the second property, the Laplace transform of the impulse function is

L{5(t)} = /_OO S(t)etdt = e _ =1

11



The table below shows most of the Laplace transforms of interest for first and second
order linear circuits:

Function name Function Laplace transform
impulse o(t) 1
1
ste u(t -
p (t) .
exponential e~ "u(t) !
s+a
i (wt)u(t) -
cosine cos(wt)u —_—
s2 + w?
w
sine sin(wt)u(t _—
(wtu(t) s
. . —at s+a
decaylng cosine (& COS(Wt)U(t) m
decaying sine e~ sin(wt)u(t) .
(s 4+ a)? + w?

Unit step response

Find Laplace transform of input: £{v;,(t)} = Vin(s).

If input is u(t), its transform is 1/s. In the Laplace domain, the output is the product
of the transfer function and the input:

Vot (5) = H(s) - Vins)

Find inverse Laplace transform of output: £ V,.:(8)} = vou(t).

Example 6.1:
Find vy (t) if v3,(t) = w(t) in circuit (a):
Recall the transfer function from Example 1.1:

V;)ut(s) 1
H p— p—
) =35 " Rost1
1
Vin(s) = S
1 1 1
V;)ut(s) ==

s RCs+1 :s(RCs+1)

Use partial fraction expansion to express V,,(s) in a form which can be easily trans-
formed back to time:

1 A B

s(RCs+1) s * RCs+1

12



Multiply by s(RC's 4+ 1) to eliminate all denominators:

1=A(RCs+1)+ Bs

Choose “clever” values of s to find A and B:

s=0=1=A-1+0=A=1

1 -1
S IiTe = 0+ RO = RC
Therefore,
1 1 —RC 1 1
‘/ou = V=~ N = — _—
() s(RCs+1) 5+RC’s+1 s S+ g

Vout (1) = u(t) — e Rou(t) = (1 — e 70 )u(t)

Example 6.2:
Find the unit step response of circuit (b):
Recall the transfer function from Example 1.2:

Vout () RCs

H pu— pu—
) =35 " Rost1
1
‘/in = -
(5) = -
Via(s) = RCs RC's ~ RC 1
W T RCs+1 s(RCs+1) RCs+1 s+ 2=
Therefore,

t

Vout (t) = €~ RCu(t)

Unit impulse response h(t) = L7 {H(s)}

A very important result in linear systems is that the transfer function of a circuit is the
Laplace transform of its impulse response. Thus, if the transfer function of system is
known, then its impulse response is simply the inverse Laplace transform of this transfer
function:

13



Another way to write the same equation:

Vout(t) = L7H{Vour(s) }
= L7{H(s) - Vin(s)}
= L7Y{H(s) - L{vin()}}
=L Y{H(s) - L{6(t)}} since vy, (t) = 6(¢)
=L YH(s)-1} since L{0(t)} =1
= L{H(s)}
= h(t)

Example 7.1:
Find the unit impulse response of circuit (b):
Recall the transfer function from Example 1.2:

Vour(s)  RCs

H) =305 = Ros +1

Since h(t) = L7'{H(s)}, express H(s) in a form which can be inverse-transformed easily:

1 1 1 1
H(s):R—C‘gzl__zl_R_Ol: B
Therefore,
B(t) = 5(t) — ——e~ R u(t)
N RC
Example 7.1:

Find the unit impulse response of circuit (h) if L = 1H, C' = 0.2F and R = 2Q:
First, find the transfer function:

1 1
Vvout(s) . Cs _ C

H(s) = = =
(S) ‘/Zn(s) LS—'—R-'—& S2+%S+%

Substitute the values for R, L and C:

5
s24+2s+5

H(s) =

Complete the square:

) )
2425 +1+4  (s+1)2+4

H(s) =

14



Since the remainder in the denominator is positive, H(s) must be made to match one
of the sinusoidal forms of the Laplace transform:

5

)
HO=Grprra=2

2
(s+1)2 + 22

Therefore,

h(t) = ge_t sin(2t)u(t)

Example 7.2:
Find the unit impulse response of circuit (h) if L = 1H, C'= 0.2F and R = 6%
First, find the transfer function:

1 1
V;)ut(s) Cs . LC

H(s) = = =
(5) Vin(s)  Ls+R+g s*+28s+ 7%

Substitute the values for R, L and C:

5
s2+6s+5

H(s) =

Complete the square:

> 5
s2+65s+9—4  (s+3)2—4

H(s) =

Since the remainder in the denominator is negative, H(s) can be separated into two real
fractions:

A B
H(s)= — > = > 5

GA32-2 (61342543 -2 (G+5)+1) s5+5 s+1

Multiply by (s + 5)(s + 1) to eliminate all denominators:

5=A(s+1)+ B(s+5)

s:—1:>5:B~4:>B:Z

5
s=-5=5=A(~4)= A=
_5/4  5/4
H(s)= 22 2%
(5) s+5 + s+1
Therefore,
h(t) = Ze u(t) — Ze‘5tu(t)

15



R
Lo VWA °
Uin (t) C = vout(t)
-5 o -
(a)

R
A% o,
Yin (t) L Z)out(t)
- o o -
(c)

LW o,
Uin (t) —_ L % zJoui‘(t)
-5 P
(e)

Uin (t) L § vout(t)
- o o -
(g)

L
+ ° ,Tr\ ° +
C [y
Oin (t) R % vout(t)
- o o -
(1)

16

+ +
Uin (t) R vout(t)
-6 o -
(D)
L
+ o—Y Y __ 9o +
Uin (t) R % Z)om‘(t)
-5 o -
(d)
L C
o0—— Y Y || o
+ [ +
Uin (t) R % Uout(t)
- o o -
(f)
L R
Lo M,
Uiy () C —/ Z]out(t)
-5 o -
(h)
R
, —— A 0,
L
Uin (t) Uout(t)
C ——
- o o -
(j)



