:

Cofactor Expansion

Definition: Let A = [a;;] be an 1 X m matrix. Let M;; be the
(n — 1) x (n — 1) submatrix obtained by deleting the
j"“ column of A. The determinant of M;; is called the minor of

. The cofactor A;; of a;; is

Ay = (=14 | My).

row and

Theorem: Let A = [a;;] be an n x n matrix. Then for each
1 < ¢ < n, the cofactor expansion about the it row

| n
||A| = anAjg + apAp + -+ apAi = Y aip A
- k=1

~ Also for 1 < j < n, the cofactor expansion about the 5% column

l‘Ai = a1 Ay + CL?jA‘Bj + ot An = Z Qg Al

Examples:

HERHEE NS
L] 01 2 2| _° " _ o
5#49 1! 30 0 =3 33—~1 4 1
! ) | 20 -2 3 2 3 0 0
APPLICATIONS:

Finding the inverse of a Matrix using determinants

Definition: Let A = [a;;| be an n x n matrix. The adjoint of A,
denoted by adjA, is the m x n matrix whose 75"
cofactor AJI af Gy

element is the



Example: Compute for the adjoint of:

g —2 1 6 23
(d) [5-1-6 .- 2 (b)| =3 41
110 -3 4 —4 5

Theorem: If A = [ay] is an n x n matrix, then
AladjA) = (adjA)A = |A|L,.
Corollary: If A is an n x n matrix and |A| # 0, then

1
_m(

Theofem: A matrix A is nonsingular if and only if |A| # 0.

A adjA).

Corollary: AX = 0 has a non-trivial solution if and only if |A| = 0.

Examples: Détermine whether the following matrix is non-singular:

: 7 ]
1 3% 012 ;;??
1. {2 14} 2.|120] 3| .
1 =7 2 134 met i
) ] 012 -7

Cramer’s Rule

Let AX = B be a linear system of n equations in n unknowns.
If |A] # 0 then if X = [z; 29 z3 -+ z,])7 then |
_ A4
|A|

455 b= Ly oy m 5 e

where A; is obtained by replacing the " column of A by B.



#

Exercise: Solve using Cramer's Rule:

2r + 4y + 6z = 2
1. B + 22 =. 0
2T & By ~= = —DH

2r + 3y + Tz = 2
2. —2x = dz =.0
T & 2y 4 dg = {

T+ Y + z

— 2w

3 2y + z + 3w
2z 4+ oy — 2+ 2w
x * y + w

o

I

= O

SN9]



