Die and Coin PDF Derivation
Problem: 
A fair die is rolled and 4 coins are tossed.  Let Z be the sum of the die and the number of heads tossed.  Write the PDF(Z).
STOP!!!

Don’t look at the solution below until you have tried the problem on your own.

Analysis:

The least value for Z is 1 (when the die rolls 1 and there are 0 heads) and the greatest is 10 (when the die rolls 6 and there are 4 heads).  All integers between are possible.  For the die, all outcomes are equally likely with probability 1/6.  For the coins, the number of heads must be 0, 1, 2, 3, or 4 with probabilities 1/16, 4/16, 6/16, 4/16, 1/16 respectively.

Evaluate each outcome’s probability by use of “and” and “or” rules.  In the notation that follows, “d1” means the die rolled a 1 and “h1” means there was one heads out of four coins tossed.

P(1) = P(d1 and h0) = 
(1/6)(1/16) = 1/96

P(2) = P(d2 and h0 OR d1 and h1) = 
(1/6)(1/16) + (1/6)(4/16) = 5/96

P(3) = P(d3 and h0 OR d2 and h1 OR d1 and h2) =
 (1/6)[1/16 + 4/16 + 6/16] = 11/96

P(4) = P(d4 and h0 OR d3 and h1 OR d2 and h2 OR d1 and h3) =

 (1/16)[1/16 + 4/16 + 6/16 + 4/16] = 15/16
P(5) = P(d5 and h0 OR d4 and h1 OR d3 and h2 OR d2 and h3 OR d1 and h4) = 

(1/6)[1/16 + 4/16 + 6/16 + 4/16 + 1/16] = (1/6)(1) = 1/6 = 16/96

By symmetry, P(6) = P(5), P(7) = P(4) etc, so the PDF becomes:

	Z
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	P(Z)
	1/96
	5/96
	11/96
	15/96
	16/96
	16/96
	15/96
	11/96
	5/96
	1/96


Now apply the formulas for mean and variance.  You should get the same results we got in class by applying the rules for adding two variables:  mean = 5.5 and variance = 3.917

