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Transportation                                                                                 Nov 04 2007
The transportation algorithm is based on the assumption that the model is balanced, meaning the total demand equals to the total supply, i.e.

∑ s i = ∑ d j
If unbalanced, we can always add a dummy source or demand to restore balance.


The step of the transportation algorithm are exact parallels of the simplex algorithm.

1. Determine the starting basic feasible solution (by the Northwest-Corner, The Least-Cost, or the AVM Method), and go to step 2.

2. Use the optimality condition of the simplex method to determine the entering variable from among all the nonbasic variables. If the optimality condition is satisfied, stop. Otherwise, goto step 3.

3. Use the feasibility condition of the simplex method to determine the leaving variable from among all the current basic variables, and find the new basic solution. Return to step 2.

Northwest-Corner Method: the method starts at the northwest-corner cell of the established supply-demand table. Hence the name---- Northwest-Corner.
Step 1.  Allocate as much as possible to the selected northwest –corner cell (location 1,1) and adjust the associated amount of supply and demand by subtracting the allocated amount.
Step 2.  Move to the cell on the right (cell 1,2) if demand of D1 is satisfied (filled up) on the (1,1) cell.  If there is no surplus of S1 after allocation in step 1 and D1 is not satisfied, move down one cell to cell (2,1) instead of moving to the right. 
Step 3. Again allocate as much as possible to the new selected cell and repeat step 2 for a new selection of cell. Keep in moving to the “right and down-ward” direction
Step 4. Continue the allocation and selection of cells in step 2 and 3 until the most South-east cell has been reached and that all the supply and demand have been utilized.   Remember  ∑ s i = ∑ d j  . There should not be any supply not utilized nor demand not filled up.
The selected cells with allocated quantities of supply are called the basic variables and cells not selected are called non-basic variables.

The number of basic variables = m + n – 1, where

Where m = total number of supply sources


n = total number demand spots

The following Step 5 to Step 10 are the iterations to find the optimal solution after the initial BF model has be established.
Step 5. After the initial tableau has been set up, we apply the optimality and feasibility conditions to solve the model. The procedure is to split each cost associated with each route into 2 multipliers----u i and v j, such that 

C ij = u i + v j  ,  for each basic variable x ij
Step 6. The optimality condition defines that only in the basic variables (the selected cells in step 4) this condition: C ij = u ij + v ij   would be valid, but not in the non-basic variables ( the cells not selected). We first set u 1 = 0, and proceed to find all the values of u i and vj by applying C ij = u i + v j  on all the basic variables x ij. 
Example:

Refer to the following Transportation tableau which shows the cost (C ij ) of each routing from the supply source to each of the warehouses ( demand spots ).
	
	
	Demand
	
	

	Supply
	
	1
	2
	3
	4
	
	Total Supply

	
	
	
	
	
	
	
	

	1
	
	10
	2
	20
	11
	
	15

	2
	
	12
	7
	9
	20
	
	25

	3
	
	4
	14
	16
	18
	
	10

	
	
	
	
	
	
	
	

	Total Demand
	
	5
	15
	15
	15
	
	



Table 1
We go through the steps from 1 to 5 to obtain the following tabeau. This is the initial BF solution:

	
	
	Demand
	
	

	Supply
	
	1
	2
	3
	4
	
	Total Supply

	 
	
	v1=10
	v2=2
	v3=4
	v4=15
	
	

	1
	u1=0
	10
	2
	20
	11
	
	15

	 
	 
	5
	10
	 
	 
	
	 

	2
	u2=5
	12
	7
	9
	20
	
	25

	 
	 
	 
	5
	15
	5
	
	 

	3
	u3=3
	4
	14
	16
	18
	
	10

	 
	 
	 
	 
	 
	10
	
	 

	Total Demand
	
	5
	15
	15
	15
	
	



Table 2
The numbers in red are the initial allocated quantities (the basic variables) obtained by step 1 to 4. above.  By setting u1=0, and working through each selected cell, or basic variables (e.g., c1,1=u1+v1, c1,2=u1+v2,  c2,2=u2+v2,…..etc), the values of the multipliers,  v1, v2….and u1, u2….are calculated and put down on the table as shown in Table 2.
Step 6. We then proceed to calculate the value of  Cij –ui-vj  for all the remaining non-basic variables. The results are the blue numbers in the following table:
	
	
	Demand
	
	

	Supply
	 
	1
	2
	3
	4
	
	Total Supply

	 
	 
	v1=10
	v2=2
	v3=4
	v4=15
	
	

	1
	u1=0
	10
	2
	20
	11
	
	15

	 
	 
	5
	10
	16
	-4
	
	 

	2
	u2=5
	12
	7
	9
	20
	
	25

	 
	 
	-3
	5
	15
	5
	
	 

	3
	u3=3
	4
	14
	16
	18
	
	10

	 
	 
	-9
	9
	9
	10
	
	 

	Total Demand
	 
	5
	15
	15
	15
	
	



Table 3

We now examine all the blue numbers and pick the smallest number (most negative number). This is the entering cell. In the above example, cell (3, 1) is the entering cell.

Step 7.  Normally we allocate as much as possible to cell (3,1). In this case, an allocation of  5 will just match the demand. Therefore we put down 5 in cell (3,1). This is the entering variable. Next we have to pick the leaving variable. Since demand column 1 is now satisfied (used up), it is natural that the leaving variable will be cell(1,1) . So we put down zero on cell(1,1).  What follows is a continual adjustment of allocated quantities along the original route of basic variables. The final result is shown in Table 4
	
	
	Demand
	
	

	Supply
	 
	1
	2
	3
	4
	
	Total Supply

	 
	 
	v1=1
	v2=2
	v3=4
	v4=15
	
	

	1
	u1=0
	10
	2
	20
	11
	
	15

	 
	 
	
	15
	 
	 
	
	 

	2
	u2=5
	12
	7
	9
	20
	
	25

	 
	 
	 
	0
	15
	10
	
	 

	3
	u3=3
	4
	14
	16
	18
	
	10

	 
	 
	5
	 
	
	5
	
	 

	Total Demand
	 
	5
	15
	15
	15
	
	

	
	
	
	
	
	
	
	



Table 4
Step 8. Continue the iteration by re-adjusting the new values of v1and u3 since now cell (3,1) has entered as the basic variable and cell (1,1) has left to become non-basic. u3 should have no change since it is part of the multipliers in cell (3,4). v1 will then become C3,1 – u3 = 4 – 3 = 1. These new values are shown in Table 4 above.
Step 9. We then calculate again the value of Cij –ui-vj  for all the remaining non-basic variables, and pick the cell with most negative number as the entering variable. The result is shown in Table 5 below.

	
	
	Demand
	
	

	Supply
	 
	1
	2
	3
	4
	
	Total Supply

	 
	 
	v1=-3
	v2=-2
	v3=4
	v4=15
	
	

	1
	u1=0
	10
	2
	20
	11
	
	15

	 
	 
	9
	15
	16
	-4
	
	 

	2
	u2=5
	12
	7
	9
	20
	
	25

	 
	 
	10
	0
	15
	10
	
	 

	3
	u3=3
	4
	14
	16
	18
	
	10

	 
	 
	5
	9
	9
	5
	
	 

	Total Demand
	 
	5
	15
	15
	15
	
	



Table 5

Step 10. The smallest blue number is on cell (1,4) which is then picked as the entering cell. The same procedure of step 7 to step 9 repeats until the last iteration gives a result when all the blue numbers are >0. The following table shows the final result where optimum condition are fulfilled ( Cij –ui-vj >0) for all non-basic variables.
	
	
	Demand
	
	

	Supply
	 
	1
	2
	3
	4
	
	Total Supply

	 
	 
	v1=-3
	v2=-2
	v3=4
	v4=11
	
	

	1
	u1=0
	10
	2
	20
	11
	
	15

	 
	 
	13
	5
	16
	10
	
	 

	2
	u2=5
	12
	7
	9
	20
	
	25

	 
	 
	10
	10
	15
	4
	
	 

	3
	u3=7
	4
	14
	16
	18
	
	10

	 
	 
	5
	5
	5
	5
	
	 

	Total Demand
	 
	5
	15
	15
	15
	
	



Table 6

The red numbers are the optimum quantities to be shipped to the warehouses from the 3 supply sources. The optimum cost is Z= 5x2 + 10x11 + 10x7 + 15x9 + 5x4 + 5x18 = 435
The Least-Cost Method----The method offer a simpler way to set up the initial BF solution by concentrating on the cheapest (lowest cost) routes. The following 5 steps shows the method to set up the initial BF tableau.
1. Look at all the cells in the original starting tableau and find out the cell with lowest cost.

2. Allocate as much as possible to this cell up to the supply or demand limits.

3. If a supply row (or demand column) is satisfied (used up), cross out this row (or column). If both a row and column are satisfied at the same time, only one is crossed out. Most commonly only the demand column is crossed out.

4. Now look at the un-crossed cells remaining and find out the cell with the lowest cost. Again allocate the maximum amount to this cell.

5. Repeat step 2 to 4 above until exactly one row or column is left un-crossed out.

Once the initial BF model is set up, we could then go the iterations process (described as step 5 to step 10 in page 2 - 5 above ) to find the optimal solution. 

VAM  (Vogel Approximation Method) which is an improved version of the Least-Cost method will not be described here. If any student is interested to find out more about VAM, he/she could contact the writer via Joey To.
The Assignment Model ---(The best person/machine for the job)
Consider there are m workers/machines with different skill/capabilities and cost to be assigned to n jobs/tasks, and if these costs are known, there is always an optimum assignment such that the total cost is minimized. The objective of the Assignment algorithm is to minimize the total cost.

The assignment model is actually is special case of the Transportation model in which the objects to be assigned represent the Supply source and the jobs/tasks represent the Demand destination. The supply and demand in each of the Supply source and Demand destination exactly equals one ( i.e., each person/machine can only be assigned to one job/task only, and each job/task will be satisfied by only one person/machine).
Again, the basic assumption of the Assignment model is that the number of persons/machines to be assigned will be equal to the number of jobs/tasks, ie,


m = n
If they are not equal,  like the Transportation model, we have to introduce dummies to make them equal.

If m>n ,  set
m = n+d

If m<n    set
m+d = n,

where d is the number of dummy.

The Hungarian Method.

Step 1. For the original cost matrix tableau, examine each row and pick the smallest number and subtract it from all the other numbers in the same row.

Step 2. For the matrix resulting from step 1, identify each column’s smallest number and subtract it from all other numbers of the same column.
Step 3. Identify and examine the cells with zero value and this is the optimum matrix.  If no feasible assignment (with ‘zero’ value cells) can be obtained from above step 1 and step 2, go to step 4-6 below.
Step 4. Continued from step 2, draw the minimum number of horizontal and vertical lines that will cover all the ‘zero’ cells. ( This is just like crossing out rows and columns).  Note, keep the numbers of crossing outs to minimum.

Step 5. Examine all the uncrossed-out cells and select the smallest number. Subtract this number from all the uncrossed cells, but add it to the cells where 2 cross-out lines intercept.
Step 6. Examine again all the cells with zero value to see if optimum assignment can be obtained. If still no, repeat step 4 to 5 until an optimum solution is obtained (with sufficient ‘zero’ cells)

Example 1:

Mrs. Brown’s 3 children, John, Karen, and Terry want to earn some pocket money. Mrs. Brown has chosen 3 domestic tasks—to mow the lawn, clean the kitchen, and wash the family cars. To avoid sibling competition, she asks them to tender secret bids for what they feel a fair pay for each of the 3 task. The understanding is that each child will be assigned with only one task and that the children will accept the final decision from their mother.  The following table summarized the bids. Please help Mrs. Brown to find the optimum assignment. 
	
	Mow
	Paint
	Wash

	John
	$15
	$10
	$9

	Karen
	$9
	$15
	$10

	Terry
	$10
	$12
	$8


Solution:

i/  pick the smallest numbers on each rows and subtract them from every other numbers on the same row:

	
	Mow
	Paint
	Wash
	Row Min

	John
	6
	1
	0
	9

	Karen
	0
	6
	1
	9

	Terry
	2
	4
	0
	8


ii/  Pick the smallest numbers on each column and subtract them from every other numbers on the same column.

	
	Mow
	Paint
	Wash

	John
	6
	0
	0

	Karen
	0
	5
	1

	Terry
	2
	3
	0

	Col. min.
	0
	1
	0


iii/ The optimum assignment is now represented by the cells with zero value in the above table.
John ( Paint

Karen(Mow

Terry(Wash

The optimum cost is = $9 + $10 + $8 = $27

Example 2.  

Suppose the children and tasks are extended to 4 in the above Example 1 with the following cost matrix. Find the optimum assignment and minimum cost.
	
	
	Task

	
	
	1
	2
	3
	4

	Child
	1
	$1
	$4
	$6
	$3

	
	2
	$9
	$7
	$10
	$9

	
	3
	$4
	$5
	$11
	$7

	
	4
	$8
	$7
	$8
	$5


Solution:

i/ Pick the row min. and subtract from other numbers of the same row:
	
	
	Task
	

	
	
	1
	2
	3
	4
	Row min.

	Child
	1
	0
	3
	5
	2
	1

	
	2
	2
	0
	3
	2
	7

	
	3
	0
	1
	7
	3
	4

	
	4
	3
	2
	3
	0
	5


ii/ Pick the column min. and subtract from other numbers of the same column:

	
	
	Task

	
	
	1
	2
	3
	4

	Child
	1
	0
	3
	2
	2

	
	2
	2
	0
	0
	2

	
	3
	0
	1
	4
	3

	
	4
	3
	2
	0
	0

	Col. Min.
	0
	0
	3
	0


Although there are enough ‘zero’ cells,  yet there is no optimum assignment, because task 1 can only be assigned to child 1 or 3. If child 1 is assigned to take up task 1, child 3 will have no assignment, and vice versa. So we move on to work on step 4-6 described in the above Hungarian Method.

iii/  On the last matrix obtained from (ii), draw min horizontal and vertical lines through all the cells with zero value :

	
	
	Task

	
	
	1
	2
	3
	4

	Child
	1
	0
	3
	2
	2

	
	2
	2
	0
	0
	2

	
	3
	0
	1
	4
	3

	
	4
	3
	2
	0
	0


iv/ Examine all the uncrossed cell and pick the smallest value. This is ‘1’ in cell (3,2). Subtract this number from all the uncrossed cells and add it to cell (2,1) and cell (4,1), which are the intercepts of the cross-out lines. The result is shown in the following table:
	
	
	Task

	
	
	1
	2
	3
	4

	Child
	1
	0
	2
	1
	1

	
	2
	3
	0
	0
	2

	
	3
	0
	0
	3
	2

	
	4
	4
	2
	0
	0


Now examine all the “zeros” and check if we could obtain a feasible optimum assignment. This is possible as shown by cells with an underlined bold “0”.
The optimum assignment is:

Child 1( Task 1

Child 2( Task 3

Child 3( Task 2

Child 4( Task 4

And the optimum cost = $1 + $10 + $5 + $5 = $21

