Mathematical Game

Written by Cory Kendall


I am writing about a game that has been little less than an obsession of mine for the past four months.  It was named Tic Tac Joe, for lack of a better name, and because Joe Berger was one of its original creators.  Other contributors to the game were Cory Kendall (me), Conor Doherty, and Dave Christianson.  This game has a level of understanding and skill that I have only seen paralleled in games such as chess and checkers.  Best of all, it is devoid of luck so a win is always gratifying.


Tic Tac Joe can be played on any piece of graph paper.  It can also be played on a computer if you download it at my website, www.geocities.com/darkawakenings.  The first kind of board created was a simple 5x5 board.  Drawn on graph paper, it looks like this:
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Player 1 starts at the 1, and player 2 starts at the 2.  Each player can make one move per turn, starting with player 1.  During a move, you can move up, down, left, or right.  You are never aloud to move to space that was already used, which includes the space that you start on.  If either player can’t move during their turn, then they lose.  It is impossible to tie, because turns switch off and whoever can’t move first loses.


Before I can go into the analysis of the 5x5 board, I need to enlighten you on the use of notation.  In order to catalog games on commonly played boards, a standard notation is used.  In Tic Tac Joe standard notation, the upper left square gets the sign A1.  The numbers continue to label the rows, and the letters label the columns.  A completely marked board would look like this:





           1    2    3    4    5
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At the top of the notation chart is written each player’s starting position.  Then each move is recorded by writing down the sign of the space that is being moved to.  It really isn’t that hard to understand!


Now, to analyze the position on the simple 5x5 board.  If you take pains to fully comprehend this, then the understanding of Tic Tac Joe will be much easier.  Player 1’s first move doesn’t matter, because either way leaves him with a mathematically equal board.  Let’s decide that he moves D5.  Now it is player 2’s turn to move.  Surprisingly, it has been discovered that no matter which way he decides to respond, player 1 can win with perfect play.  But let’s first investigate what would happen if he went A2, which is called the Aggressive Opening.  So far the notation would look like this:

Player 1
|
Player 2

E5

|
A1



|

D5

|
A2

?

|

Now it is player 1’s turn.  He has a choice of either moving C5 or D4 (up or left).  If he moves up, then he can still pull a win. Player 2’s only move at that point would be B2, and then Player 1 would have a choice between B5 and C4.  B5 loses because then B3, B4, C3, and player can choose to be led into the wall or go up into a miserably small area.  If player 1 chooses C4, then he still has a chance.  Player 2 then must respond C2, because B3 loses to C3, and B1 is unthinkable!  Player 1’s next move is surprisingly not C3, because that loses to D2, followed by either D3, E2, E3, E1, E4, D1, D4, C1 or the longer B3, D3, B4, D4, B5, E4, A5, E3, A4, E2, A3, E1.  Player 1’s winning move is instead D4.  Then player 2 loses with C3, D3, or D2, D3.

That is just a small piece of the analysis for a small board, and you can see how in depth it is!

Before moving on from the simple 5x5 board in the world of Tic Tac Joe, there are a few rules to note when creating boards.  First of all, there is the even board simplicity.  Assuming that both players start in the corners, a square board with an even dimension is always won by player 2.  For example, 6x6, 8x8, 7x8, and 10x43 are all won by player 2.  This is because he can just mimic the other player’s moves using reflectional symmetry.

Because we can conclude that 4x4, 6x6, and 8x8 boards are all won by player 2, does that mean that we can conclude that 3x3, 5x5, and 7x7 are all won by player 1?  That has not yet been proven for every odd by odd board, but every tested odd by odd has been a player 1 victory.  This is most likely because of the power given to the player who can reach the middle square first, and only odd by odd boards have a definite middle square.

In the original days of Joe the only boards played were square.  But soon there were other, much more interesting boards developed.  One of the best simplistic boards is The Cross, which looks like this:
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This board marked the first time that the ‘loop around potential’ was used.  Because both players do not start in the corners, into the game, a player can move around behind his starting position, and come out on the other side.  This is shown in the following notation:

Player 1
|
Player 2

D2

|
D6


|

D3

|
D5

D4

|
C5

C4

|
C6

C3

|
C7

C2

|
D7

C1

|
E7

D1

|
E6

E1

|
E5

E2

|
E4

E3

|
F4

F3

|
G4

G3

|
G5*


As you can see, player 2 won because he was able to loop around and make it around faster than player 1 was.  However, in the full analysis of this board, it was discovered that player 1 wins by making the first move E2.


Now that the idea of loop around potential had come into play, a number of new boards were quickly devised.  But none of them were as interesting as the centrefuge.  This board looked like this:
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For a long time it was difficult to decide exactly what to do when playing this board, because the possibilities were so far in the future, and foggy.  Both players have a large amount of loop around potential, so it is difficult to see very far into the future.  That was before the breakthrough first move was made:  E4.  This cancels one dimension of the board, therefor giving player 1 the power of even board simplicity.  Whatever player 2’s response, player 1 can mimic his moves using reflectional symmetry as if he were player 2.
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Simplistic boards are good, but complex boards can be even better!  A complex board is any board that uses extra walls, teleporters, or directional walls.  Extra walls are just as they seem, they are walls placed inside the edges of the board.  Directional walls are almost the same thing, except they only block direction from one way.  For example this wall:  v   would let people move downward through it, but not upward.


Teleporters are really the best part of most Tic Tac Joe games.  Teleporters are drawn as stars, and they can be placed on any space on the board, except a players starting position.  When one player moves into a teleporter, he colors in the teleporter like he would any other space, and then picks another teleporter on the board.  Then he colors in the second teleporter in the same turn.  On his next turn, he can move out of the second teleporter going up, down, left, or right.


One of the most interesting boards is a 5x5 board where every space excluding the two starting ones has a teleporter on it.  There is some interesting strategy when playing the 5x5 teleportation board, which I will show a small example of. 


First of all, ‘Safe Squares’ are the important factor when playing the 5x5 teleportation board.  A safe square is a square that has either 3 or more open teleporters surrounding it, or has 2 open teleporters around it neither of which is next to the opponent.  If you are moving to a safe square then you cannot lose next turn.  If you move to an unsafe square, then the other player can defeat you next turn.


No full analysis has been done on the 5x5 teleportation board because there are so many possible moves!  There has, however, been some analysis on some of the key first lines, like player occupying the center and so forth.


I will not go into the analysis of all of the core Tic Tac Joe boards, but I feel like I should at least mention the boards that have been played so many times that they have either been extensively analyzed, or partially analyzed.  The Flower is a large board with some interesting secluded loop around potential.  Substitution, a.k.a. the pinecone for a more shape-fitting name, is a very simplistic board but fun to play for two people.  Finally teleporting islands was a board where most teleporting structures got their names.
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Teleporting structures are simply commonly used groupings of teleporters that occur again and again in boards.  For example, the outward teleporter, or the teleporter strip.  Outward teleporter looks like this:               and a teleporter strip looks like 

This:  T T T T T T T T .  In a teleporter strip, you can choose whether or not to take a teleporter a single space away from the edge, thus rendering the left over teleporter useless, or take one two spaces away from the edge, or take a middle one.


Because Tic Tac Joe is such a popular game, many spin-offs have been created, but few have stuck.  One spin-off that stuck for a while was ‘Asexual Joe’.  In this version, each turn you have a choice of moving normally, or splitting into two heads.  If you split into two head, then every turn after that you must move both heads 1 space each.  Or, you can split one or all of your heads, producing more heads.  If any one of your heads cannot move, then you lose the game.  The strategy comes in when you have to choose whether to split and better box in your opponent, or stay together from fear of one of your many heads being boxed in.  If you have to many heads, then you run the risk of being easily boxed in.


By far, the most played spin-off, and the most recent, is three dimensional Joe. In fact, this way is quickly being recognized as the only way to play rather than a branch-off from the main game.  In three dimensional Joe, each turn a player can move up, down, left, right, or up and down between boards. Usually an array of 5 boards is drawn, sometimes all 5x5, (this would be called the 5x5x5 board) and players can jump between consecutive boards.  This board hopping is really only a way of expressing three dimensions of movement on a 2 dimensional sheet of paper.  If all 5 of the separate 5x5 boards were placed on top of each other, you would have a cube, and that is in essence the idea of three dimensional Joe.


The strategy in 3-D Joe is really unlike any ever seen before in Joe.  One interesting point is that if you currently have the boards drawn as if they are spliced along the X-axis, the board might look dire for player 1.  But if the boards are redrawn along the Z-axis, then it would be much easier to see a way out, and vice-versa.  I am currently working on a game engine to support three-dimensional Joe, and you will be able to switch which way the computer splices the cube, or view the cube in its 3-d glory.

Well that, in a vast nutshell, is the game of Joe.  
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