
A Priori Estimates for Starshaped Compact Hypersurfaces WithPrescribed m-th Curvature Function in Space FormsJo~ao Lucas M. Barbosa1 and Jorge Herbert2Universidade Federal do Cear�a, Fortaleza, BrazilandVladimir I. Oliker3Emory UniversityAtlanta, Georgia USATo Professor Olga A. Ladyzhenskaya on her 80-th birthday1 IntroductionLet Rn+1(K) , n � 2, be a space form of sectional curvature K = �1; 0; or +1 and m aninteger, 1 � m � n. In this paper we establish several a priori bounds for solutions of thefollowing geometric problem: under what conditions a given function  : Rn+1(K)! (0;1)is the m-th mean curvature Hm of a hypersurface M embedded in Rn+1(K) as a graph overa sphere?Let us formulate the problem more precisely. First we describe the space Rn+1(K) in aform convenient for our purposes. In Euclidean space Rn+1 �x the origin O and a unit sphereSn centered at O. Denote by u a point on Sn and let (u; �) be the spherical coordinates inRn+1. The standard metric on Sn induced from Rn+1 we denote by e. Let a = const; 0 <a � 1; I = [0; a), and f(�) a positive C1 function on I such that f(0) = 0. Introduce inRn+1 a new metric h = d�2 + f(�)e: (1)When a = 1 and f(�) = �2 the space (Rn+1; h) is the Euclidean space � Rn+1. Whena = 1 and f(�) = sinh2 � the space (Rn+1; h) = Rn+1(�1) is the hyperbolic space Hn+1with sectional curvature �1 and when a = �=2; f(�) = sin2 �, (Rn+1; h) = Rn+1(1) isthe elliptic space Sn+1+ with sectional curvature +1. By the m-th mean curvature, Hm,we understand here the normalized elementary symmetric function of order m of principalcurvatures �1; :::; �n of M , that is,Hm = 1(nm) Xi1<:::<in �i1 � � ��im :The problem stated in the beginning can now be formulated as follows. Let  (u; �); u 2Sn; � 2 I; be a given positive function. Under what conditions on  there exists a smoothhypersurface M given as (u; z(u)); u 2 Sn; z > 0; for whichHm(u) =  (u; z(u)) on M? (2)1Supported by CNPq and Pronex2Supported by CNPq and Finep3Supported by Emory University Research Committee, Pronex and CNPq1



In Euclidean space Rn+1(= Rn+1(0)) such conditions were found by I. Bakelman and B.Kantor [2, 3] and A. Treibergs and S.W. Wei [13] when m = 1 (the mean curvature case),by V. Oliker [11] when m = n (the Gauss curvature case), and by L. Ca�arelli, L. Nirenbergand J. Spruck [6] when 1 < m < n. Other forms of such conditions for the Gauss curvaturecase in Rn+1 were investigated by P. Delano�e [7], Yan Yan Li [10] and others. In our paper[12] we investigated the Gauss curvature case for hypersurfaces in Rn+1(�1) and Rn+1(1).Special curvature functions for convex hypersurfaces in Riemannian manifolds have beenconsidered recently by C. Gerhardt [8] (see also other references there).In all investigations of (2) in Euclidean space a priori C0; C1 and C2 estimates forsolutions of (2) play a central role in the proofs of existence. However, except for theC0 estimates, obtaining these a priori estimates for hypersurfaces in the hyperbolic spaceRn+1(�1) and elliptic space Rn+1(1) is not straight forward and requires new e�orts. Theapproach of this paper allows us to obtain C1 a priori bounds in Rn+1(K) for any 1 � m � nand K = �1; 0; 1. When K = 1 we obtain also the C2 a priori estimates. Essentially thesame proof of the C2 estimate works also in case when K = 0 treated earlier in [11] form = n and in [6] for 1 � m � n.2 Preliminaries2.1 Local formulasUnless explicitly stated otherwise, all latin indices are in the range 1; :::; n, the sums are overthis range and summation over repeated lower and upper indices is assumed. Also, sincemost of our considerations apply to space forms Rn+1(K) , where K can be �1; 0 or 1, wewill discuss the general case, indicating explicitly the restriction on K only where necessary.We consider hypersurfaces in Rn+1(K) which are graphs over Sn. Thus, for a givensmooth positive function z(u); u 2 Sn; we denote by r(u) = (u; z(u)) the graph M ofthis function. Throughout the paper we will have to use covariant di�erentiation on thesphere Sn and on the hypersurface M . We �x our notation here. First we do it for Sn.Let u1; :::; un be some smooth local coordinates in a coordinate neigborhood U � Sn. Let@i = @=@ui; i = 1; 2; :::; n; be the corresponding local frame of tangent vectors on U so thate(@i; @j) = eij. For a smooth function v on U the �rst covariant derivative vi � r0iv = @v=@ui.Put r0v = eijvj@i, where eij = (eij)�1. For the covariant derivative of r0v we haver0@sr0v = vsjeji@i + vjr0@s(eij@i) = r0sjvejk@k  vsj = @2v@us@uj! ;or, equivalently, r0sjv = vsj � �0isjvi;where �0isj are the Christo�el symbols of the second kind of the metric e. This di�erentiationis extended to vector-valued functions by di�erentiating each of the components.Similarly, if T is a smooth symmetric (0; 2)� tensor on U with components Tij relativeto the dual coframe then the components of its �rst covariant derivatives on Sn are given byr0lTij = @Tij@ul � hkj�0klj � Tki�0kil :2



WhenM is a hypersurface inRn+1(K) and g is a metric onM the covariant di�erentiationon M is de�ned as above but with respect to connection of the metric g. In this case for asmooth function v onM we denote by riv and rijv its �rst and second covariant derivativesand similarly for vector-valued functions and smooth symmetric tensors on M .We now de�ne the metric and the second fundamental form of M in the case when Mis a graph of a smooth and positive function z on Sn, that is, M = (u; z(u)); u 2 Sn. Inspherical coordinates (u; �) in Rn+1(K) we let R = @=@�. The frame @1; :::; @n; R is a localframe along M and a basis of tangent vectors on M is given by ri = @i + ziR; i = 1; :::; n.The metric g = gijduiduj on M induced from Rn+1(K) has coe�cientsgij = feij + zizj and det(gij) = fn�1(f + jr0zj2) det(eij): (3)Obviously, M is an embedded hypersurface. The inverse matrix (gij)�1 is given bygij = 1f "eij � zizjf + jr0zj2 # �zi = eijzj� : (4)The unit normal vector �eld on M is given byN = r0z � fRqf 2 + f jr0zj2 : (5)The second fundamental form b of M is the normal component of the covariant derivativein Rn+1(K) with respect to connection de�ned by the metric (1). In local coordinates itscoe�cients are given by ([12])bij = fqf 2 + f jr0zj2 "�r0ijz + @ ln f@� zizj + 12 @f@� eij# ; (6)Note that with our choice of the normal the second fundamental form of a sphere z = const >0 is positive de�nite, since for Rn+1(K) @f=@� > 0.The principal curvatures ofM are the eigenvalues of the second fundamental form relativeto the metric g and are the real roots, �1; :::; �n, of the equationdet(bij � �gij) = 0;or, of the equivalent equation, det(aij � ��ij) = 0;where aij = gikbkj: (7)The elementary symmetric function of order m; 1 � m � n, of � = (�1; :::; �n) isSm(�) = Xi1<:::<in �i1 � � ��im;3



that is, Sm(�) = F (aij), where F is the sum of the principal minors of (aij) of order m. Itfollows from the preceding discussion thatF (aij) � F (u; z;r01; :::;r0nz;r011z; :::;r0nnz):The equation (2) assumes now the formF (aij) = � (u; z(u)); (8)where here and for the rest of the paper we put for convenience � � (nm) .Let � be the connected component of f� 2 Rn j Sm(�) > 0g containing the positive conef� 2 Rn j �1; :::; �n > 0g:De�nition 2.1 A positive function z 2 C2(Sn) is admissible for the operator F if the cor-responding hypersurface M = (u; z(u)); u 2 Sn, is such that at every point of M with thechoice of the normal as in (5), the principal curvatures (�1; :::; �n) 2 �.It is known, [5], that Sm�i � @Sm@�i > 0; Sm�i�j � @2Sm@�i@�j > 0 (9)for all � 2 �; i 6= j. For the �rst of the inequalities see also [4]. It is also known that thefunction (Sm(�))1=m is concave on � [5].The function q(�) � 12f(�) df(�)d� (10)will play an important role in our constructions. Note that for a sphere of radius cF (aij) = (nm)qm(�)j�=c: (11)In Rn+1 q(�) = ��1.For ease of reference we state here two basic properties of the function q(�). First notethat it is strictly positive on the interval I (where f is de�ned). Further, since@q@� = � 1f ; (12)it is strictly decreasing on I. Also, it follows directly from the de�nition of function f foreach of the spaces Rn+1(K) that f = 1q2 +K : (13)3 C0- estimatesLemma 3.1 Let 1 � m � n and let  (X) be a positive continuous function de�ned onRn+1(K) nf0g. Suppose there exist two numbers R1 and R2, 0 < R1 < R2 < a, such that (u; �) > qm(�) for u 2 Sn; � < R1; (14) (u; �) < qm(�) for u 2 Sn; � > R2: (15)4



Let z 2 C2(Sn) be a solution of equation (8). ThenR1 � z(u) � R2; u 2 Sn: (16)In applications a slightly di�erent form of this estimate is su�cient.Lemma 3.2 Let 1 � m � n and let  (X) be a positive continuous function in the annulus�
 : u 2 Sn; � 2 [R1; R2]; 0 < R1 < R2 < a: Suppose  satis�es the conditions: (u;R1) � qm(R1) for u 2 Sn; (17) (u;R2) � qm(R2) for u 2 Sn: (18)Let z 2 C2(Sn) be a solution of equation (8) and R1 � z(u) � R2; u 2 Sn: Then eitherz � R1, or z � R2, or R1 < z(u) < R2; u 2 Sn: (19)Proof of Lemma 3.1. Suppose there exists a point �u 2 Sn such that maxSnz(u) =z(�u) > R2. At �u grad z = 0 and Hess(z) � 0. Then at �ugij = 1f eij; bij = �Hess(z) + fqeij � fqeij;and aij � q�ij. Consequently, F (aij) = � (�u;R2) � (nm)qm(�)j�=R2which contradicts the inequality (15). Similarly it is shown that R1 � z(u).The Lemma 3.2 is a consequence of a strong maximum principle as in [1], Theorem 1.4 C1- estimateTheorem 4.1 Let 1 � m � n and let  (X) be a positive C1 function in the annulus�
 : u 2 Sn; � 2 [R1; R2]; 0 < R1 < R2 < a: Let z 2 C3(Sn) be an admissible solution ofequation (8) satisfying the inequalitiesR1 � z(u) � R2; u 2 Sn: (20)Suppose, in addition, that for all u 2 Sn and � 2 [R1; R2]  satis�es one of the followingconditions:if the sectional curvature K = 0 or 1 then@@� h (u; �)q�m(�)i � 0; (21)if the sectional curvature K = �1 then@@� h (u; �)fm=2(�)i � 0: (22)Then jgrad zj � C (23)where C is a constant depending only on m;n;R1; R2;  ; grad .5



Proof. It will be convenient to make the substitutionv(u) = q(�)j�=z(u):Using (12) we get vi = �zif ; r0ijv = 1f "�r0ijz + f�f zizj# ;where f� denotes the derivative of f with respect to �. Thenr0ijv + veij = 1f "�r0ijz + f�f zizj + 12f�eij# :Using (4), (6) and (7) we obtaingij = 1f "eij � fvivj1 + f jr0vj2# (vi = eijvj);bij = fq1 + f jr0vj2 (r0ijv + veij);aij = "(1 + f jr0vj2)eis � fvivs(1 + f jr0vj2)3=2 # (r0sjv + vesj): (24)Put p2 = v2 + jr0vj2 +K; P is = p2eis � vivs; Wsj = r0sjv + vesj:Note that by (13) and (20) v � c > 1 for K = �1 and v � c0 > 0 for K = 0; 1, where theconstsnts c and c0 depend only on R1 and R2. Using (13) with q = v we rewrite (24) in theform aij = pv2 +Kp3 P isWsj: (25)The C0 bounds of v imply that p � c = const > on Sn, where c depends only on R1 and R2.In order to estimate jr0vj we estimate the maximum of the function� = p2�(v);where � is a positive function to be speci�ed later. This will give us an estimate of jr0vj andtherefore of jr0zj.Let �u 2 Sn be the point where the maxSn �(u) is attained, that is, maxSn �(u) = �(�u).Assume that �u is the origin of a local coordinate system on Sn chosen so that at �u thecorresponding local frame of tangent vectors to Sn is orthonormal. Then at �u the covariantderivatives coincide with the usual derivatives. At �u we have�i = 2pr0ip� + p2�0vi = 0 and �ii(� r0ii�) � 0; i = 1; 2; :::; n (�0 � d�dv ): (26)The �rst of these conditions impliespr0ip = vs(r0siv + vesi) = vsWsi = �p22 �0� vi: (27)6



It follows from (25) that at �uaji = pv2 +Kp  eikWkj + �02�vivj! : (28)The second condition in (26) together with (27) give2(r0ivsWsi + vsr0iWsi) + 24�00� � 2 �0� !235 p2v2i + p2�0� r0iiv � 0; (29)where �00 = d2�dv2 .By the Ricci identity on Sn r0iWsi = r0sWii:Applying it in (29) we get2(r0ivsWsi + vsr0sWii) + 24�00� � 2 �0� !235 p2v2i + p2�0� r0iiv � 0: (30)Next, we di�erentiate covariantly on Sn the equation (8),F ji r0saij = � s + � vvs; (31)where the subscript v at � v denotes di�erentiation with respect to v. Then, we multiply (31)by vs and sum over s. This is a lengthy calculation and we break it down into several steps.Using (25) and (27) we obtain at �uvsr0spv2 +Kp3 = pv2 +Kp3 " vv2 +K + 32 �0� # jr0vj2and vsF ji r0spv2 +Kp3 P ikWkj = " vv2 +K + 32 �0� #m � jr0vj2: (32)Next, we have with repeated use of (27)vsr0sP ikWkj = 2ppsvseikWkj � vsr0svivkWkj � vivsr0svkWkj= � p3pv2 +K �0� jr0vj2aij + p22  �0� !2 jr0vj2vivj � p2 �0�  p22 �0� + v! vivj:Then, taking into account that p2 = v2 + jr0vj2 +K, we obtainvspv2 +Kp3 F ji r0sP ikWkj = ��0� jr0vj2m � � pv2 +Kp 24v2 +K2  �0� !2 + �0� v35 jDvj2; (33)where we put jDvj2 � F ji vivj:7



Multiply now (31) by vs and sum over s. Then, using (32), (33), we getpv2 +Kp3 vsF ji P ikr0sWkj = � svs + " � v � mv � v2 +K # jr0vj2 (34)� �02�m � jr0vj2 + pv2 +Kp 24v2 +K2  �0� !2 + �0� v35 jDvj2:We transform (34) as follows. Assuming that jr0vj 6= 0 (otherwise the needed estimateis obvious), we can rotate the local frame so that r0v = v1@1. At �u eij = �ij and it followsfrom (27) that at �u r01iv = v1i =W1i = 0 when i > 1:By rotating the frame @2; :::; @n at �u we can diagonalize the matrix (vij) at �u. Then by (28)a11 = pv2 +Kp (v11+v�11+ �02�v21); aii = pv2 +Kp (vii+v�ii) for i > 1; aij = 0 if i 6= j:Consequently, the matrix (F ji ) is diagonal at �u.The matrix (P ik) is also diagonal at �u with P 11 = p2 � (v1)2 = v2 +K and P ii = p2 fori > 1. Thus, (34) becomespv2 +Kp3 v1F ijP jir01Wii = � 1v1 + " � v � mv � v2 +K # v21 (35)� �02�m � v21 + pv2 +Kp 24v2 +K2  �0� !2 + �0� v35F 11 v21:In the chosen coordinates the inequality (30) assumes the form2(Xs visWsi + v1r01Wii) + 24�00� � 2 �0� !235 p2v2i + p2�0� vii � 0: (36)By the �rst of the inequalities in (9) F ii > 0 and P ii > 0 by the C0 bounds, as it wasexplained in the beginning of this section. For each i = 1; 2; :::; n we multiply the inequality(36) by F ijP ji and sum over i. Then we obtainv1F ijP jir01Wii � �F ijP jiXs visWsi � 24�002� �  �0� !235 p2F 11P 11v21 � p22 �0� F ijP jivii= �F ijP jiW 2ii+ vp3pv2 +KF ijaji �24�002� �  �0� !235 p2F 11P 11v21� p52 �0� F ijajipv2 +K + p2v2 �0� Xi F ijP ji� vm � p3pv2 +K � p52 �0� m � pv2 +K � 24�002� �  �0� !235 p2F 11P 11v21 + p2v2 �0� Xi F ijP ji: (37)8



Combining this inequality with (35) we obtainvm � � p22 �0� m � � pv2 +Kp 24�002� �  �0� !235F 11P 11v21 + pv2 +Kp v2 �0� Xi F ijP ji� � 1v1 + " � v � mv � v2 +K # v21 � �02�m � v21 + pv2 +Kp 24v2 +K2  �0� !2 + �0� v35F 11 v21 : (38)It can be shown that each of the conditions (21), (22) imply in each of the respectivecases that � v � mv � v2 +K � 0: (39)In order not to interrupt the present arguments we will postpone the proof of (39) till theend of this section.Using (39) we strengthen the inequality (38) by deleting the term with � v � mv � v2+K . Inaddition, we simplify it by using the fact that P 11 = v2 + K and also regroup the terms.Then (38) becomes� 1v1 � vm � � (v2 +K)m � �02� + pvpv2 +K2 �0� Xi F ii + Jpv2 +Kv1F 11 ; (40)where J � �0� "v(v2 +K)2pv1 � pv2v1 � v1vp #� v1(v2 +K)2p 24�00� �  �0� !235 :We claim that the function � can be chosen so that J � 0. First note that without loss ofgenerality it may be assumed that maxSn jr0vj � maxSn pv2 +K. Otherwise, the requiredestimate is trivial. With this assumption we have the following estimatespv2jr0vj + jr0vjvp � (1 + p22 )maxSn v (� A);jr0vj(v2 +K)2p � minSn(v2 +K)2p2 (� B):By the C0-estimates A > 0; B > 0. We choose now the function � by setting�(v) = expfQBA expf�AvB gg;where Q is a positive constant to be speci�ed later. Then at �u we have�0� = �Q expf�AvB g; �00� �  �0� !2 = QAB expf�AvB gand J = Q expf�AvB g("�v(v2 +K)2pv1 + pv2v1 + v1vp #� AB v1(v2 +K)2p ) < 0:9



Consequently, the last term on the right side of (40) can be deleted.We consider now the remaining terms in (40). We havepvpv2 +K2 �0� Xi F ii = �Q expf�AvB gpvpv2 +K2 Xi F ii :Since � > 0, thePi F ii admits a positive lower bound depending only on � ; see [9]. Therefore,expf�AvB gvpv2 +K2 Xi F ii � c > 0where c is a constant depending only on � ;R1; R2; m; n. Thus, we can choose Q so thatQ expf�AvB gvpv2 +K2 Xi F ii �max�
 jgrad � j � c1 > 0with the choice of Q dependent only on � ;R1; R2; m; n; jgrad j. Then the inequality (40)assumes the form c1p � vm � +Q(v2 +K)m � 2 expf�AvB gwhich implies a bound on p at �u. ThenmaxSn � � c2 <1;where c2 depends only on � ;R1; R2; m; n; jgrad j. This implies the required bound (23).In order to complete the proof it remains to establish (39). Consider �rst the case K = 1.We transform the condition (21) in Theorem 4.1 as follows. Using (12), (13) we get@@� h q�mi = q�m[ � +mq�1(q2 +K) ] � 0; (41)where  � = @ @� . Using the relation v = q(�), we obtain with the use of (12) and (13)@�@v = �f = � 1q2 +K ;  v = �  �v2 +Kand it follows from (41) that � v +mv�1 � 0: (42)Since K > 0, (42) implies that � v � mv � v2 +K > � v � m � v � 0 (43)and (39) is established.Suppose now that K = 0. Then, arguing as in the case K = 1, we conclude that the lefthand side of condition (21) is transformed into v �mv�1 ;10



which together with (21) implies (39).Finally, consider the case when K = �1. It follows from condition (22) and de�nition ofq that � v(v2 +K) +mv � 0:The proof of Theorem 4.1 is now complete.Remark 1. In the case K > 0 the proof of the gradient estimate can be completed bysetting � � 1 in (38). Then it follows from (38) thatvm � � � 1v1 + � � v � vv2 +Km � � v21: (44)Together with (43) this establishes the required estimate (23).Remark 2. If in Theorem 4.1 m = n then the the estimate (23) is true without theconditions (21) and (22); see [11, 12]. In this case it can be shown that r0v = 0 at thepoint where the maxSn p2 is attained. This obviously implies an estimate of jr0vj by themaxSn(v2 +K).5 C2-estimateLet z 2 C4(Sn) be an admissible solution of equation (8). Let M be a hypersurface inRn+1(1) given as a graph of z over Sn. In this section an estimate of the maximal principalcurvature of the hypersurface M is obtained. Such an estimate together with the C0� andC1� a priori estimates in sections 3 and 4 implies an a priori estimate of the C2 norm ofsolutions to the equation (8).Many of our considerations here are valid for Rn+1(K) with K = �1; 0; 1 and may beuseful in other instances. For that reason we will state and prove some of the preliminaryresults for an arbitrary space form. Unfortunately, the arguments in the proof of Theorem5.2 are valid only when sectional curvature K is equal to either 1 or 0.5.1 More local formulasIt is convenient to use a common framework to modelRn+1(K) in which the hyperbolic spaceRn+1(�1) is modeled as the upper sheet of the two-sheeted hyperboloid in the (n + 2)-dimensional Minkowski space with Lorentz metric and the elliptic space Rn+1(1) as theupper hemisphere of Sn+1 in Euclidean space Rn+2. We can combine all three cases (includingEuclidean space) by introducing the spaceLn+2 = fp = (p0; p1; : : : ; pn+1)j p0; p1; : : : ; pn+1 2 Rgwith the metric h; i = Kdp20 + dp21 + : : : dp2n+1:In this setting Rn+1(K) is identi�ed with the appropriate hypersurfacefp 2 Ln+2; hp; pi = K; g11



where in case of K = �1 we take p0 � 1, when K = 1 we take p0 > 0 and when K = 0 wetake p0 = 0.Let Sn be a unit sphere centered at the origin and lying in the hyperplane p0 = 0 in Ln+2.Put e0 = (1; 0; : : : ; 0). When K = �1 we represent the hypersurface M in Rn+1(K) de�nedby function z(u); u 2 Sn, as X(u) = c(z(u)) e0 + s(z(u)) u; (45)where u is treated as a point on Sn and also as a unit vector ands(�) = qf(�); c = dsd�:When K = 0 X(u) = z(u)u:As in section 2.1 we let u1; :::; un be some local coordinates on M and Xi = @iX; i =1; :::; n; the corresponding local frame of tangent vectors. The unit normal N to M (as asubmanifold of Ln+2) oriented in the inward direction is given byN = 1qf(z) + jr0zj2 (Kf(z)e0 +r0z � c(z)s(z)u): (46)We record here the Weingarten, Codazzi, Gauss, and Ricci equations on M .riN = �bisgskXk; (47)rijN = �Xs;k rjbisgskXk �Xs;k bisgskbkjN +KbijX; (48)ribjk = rkbji; (49)rijX = bijN �KgijX (50)Rijkl = bikbjl � bilbjk +K(gikgjl � gilgjk); (51)rlrkbij �rkrlbij =Xl bilRljkl +Xl bjlRlikl; (52)where ri and rij denote covariant di�erentiation in the metric g onM with respect to somelocal coordinates on M .5.2 An estimate of the maximal normal curvature of MLet k1 � ::: � kn be the principal curvatures of M . Since the function � in (8) is positive,it follows that Pi ki > 0 on M and therefore k1 > 0.Lemma 5.1 Let 1 � m � n and let  (X) be a positive C2 function in the annulus �
 : u 2Sn; � 2 [R1; R2]; 0 < R1 < R2 < a: Let z 2 C4(Sn) be an admissible solution of equation(8) in Rn+1(1). Let �u be a point on M and coordinates u1; :::; un with origin at �u in some12



neighborhood U of �u are such that the frame X1; :::; Xn, is orthonormal in metric g on Uand the second fundamental form bij is diagonal at �u. Then at �u� II � (1� 1m) � 2I� �Xi F iiriib11 + b11Xi F ii b2ii � b211m � +K(m � � b11Xi F ii ); (53)where � I � r1 � + � zr1z  � z = @ � @z !and � II � r11 � + 2r1 � zr1z + � zz(r1z)2 + � zr11z  � zz = @2 � @z2 ! :Proof. First we calculate the �rst covariant derivative (in the metric g) of the equation (8)with respect to u1. This derivative is given byXi;j F ji r1aji = � I ; (54)The second covariant derivative is given byXi;j;k;si6=s; j 6=k @F ji@aks r1aksr1aij +Xi;j F ji r11aij = � II (55)Note that the metric g is constant with respect to the operator r and therefore at �ur1aji = r1bij:Taking into account that F ij and bij are both diagonal at �u, it follows from (54) thatXi F iir1bii = � I at �u: (56)Similarly, at �u we haveXi;j;k;si6=s; j 6=k @F ji@aks r1aksr1aji =Xi6=j @2F@bjj@bii [r1bjjr1bii � (r1bij)2]:Since F 1=m(aji ) = S1=mm (k1; :::; kn), we can use the second inequality in (9) to delete the termwith the negative sign on the right. ThenXi;j;k;si6=s; j 6=k @F ji@aks r1aksr1aij �Xi6=j @2F@bjj@biir1bjjr1bii: (57)Using concavity of F 1=m(aji ) we getXi6=j @2F@bjj@biir1bjjr1bii � (1� 1m) 1F �Xi F iir1bii�2 = (1� 1m) � 2I� :13



The equality on the right follows from (56). This inequality, (57) and (55) giveXi F iir11bii � � II � (1� 1m) � 2I� : (58)We transform the left side of this inequality as follows. Using (49) and (52) we obtainr11bii = r1ib1i = ri1b1i +Xk b1kRkii1 +Xk bikRk1i1:By (49) ri1b1i = riib11 and applying the Gauss equations (51) we get at �ur11bii = riib11 +Xk b1k(bkibi1 � bk1bii +K(�ki�i1 � �k1�ii))+Xk bik(bkib11 � bk1b1i +K(�ki�11 � �k1�1i))= riib11 + b11b2ii � b211bii +K(b11�1i�1i � b11�ii + bii � bi1�1i):Noting that at �u Pi F ii bii = m � , we getXi F iir11bii =Xi F iiriib11 + b11Xi F ii b2ii � b211m � +K(m � � b11Xi F ii ): (59)This expression and (58) give (53).Theorem 5.2 Let 1 � m � n and let  (X) be a positive C2 function in the annulus�
 : u 2 Sn; � 2 [R1; R2]; 0 < R1 < R2 < a: Let z 2 C4(Sn) be an admissible solution ofequation (8) in Rn+1(1) satisfying the inequalitiesR1 � z(u) � R2; u 2 Sn (60)and jr0zj � C = const on Sn: (61)Then k z kC2(Sn)� C1; (62)where the constant C1 depends only on m;n;R1; R2; C; k  kC2(�
).Proof. We estimate the maximal principal curvature of M . Such an estimate togetherwith the C0� and C1� estimates implies an estimate of k z kC2(Sn). We preserve here thenotation used in the proof of the preceding lemma. Put�(u) = hN(u); e0i; �(u) = hX(u); e0iIt follows from (60) and (61) that the function � on M is uniformly bounded away from 0and 1. Let !(u) = log b11(u)�(u) : (63)14



Again, because of the estimates (60) and (61), in order to estimate the maximal curvaturek1 on M it su�ces to estimate maxM !.The function ! is similar to the function g in [6], section 4, but here we work in ellipticspace. Also, in our proof we do not use the special local coordinates used in [6] and thissimpli�es the computations.Let �u 2 M be a point where the function ! attains its maximum and the coordinatesu1; :::; un are as in Lemma 5.1. Then F ji = @F@bii when i = j and F ji = 0 otherwise. Note thatat �u the covariant derivatives coincide with the usual derivatives.At �u we have ri! = 0, which impliesrib11b11 = ri�� ; i = 1; 2; :::; n; (64)and rii! = riib11b11 �  rib11b11 !2 � rii�� + �ri�� �2 � 0; i = 1; 2; :::; n: (65)Squaring (64) and substituting in (65) we getriib11b11 � rii�� : (66)Using de�nitions of functions � and � and the Weingarten, Codazzi and Gauss equations(with K = 1), we obtainri� = �biiri�; rii� = �Xs rs�rsbii � �b2ii + �bii; rii� = �bii � ��ii:Substituting these expressions into (66) we getriib11b11 � �1� Xs rs�rsbii � b2ii + �bii� :At �u F ij is diagonal and F ii > 0 by (9). Multiplying the last inequality by F ii , summing overi and taking into account that Pi F ii bii = m � , we obtain1b11 Xi F iiriib11 � 1� Xs rs�rs � + m � �� �Xi F ii b2ii: (67)Consider now the inequality (53) in Lemma 5.1. We use the estimate (67) to bound the�rst term on the right of (53). Also, we strengthen the inequality (53) by deleting the term�b11Pi F ii . Then (53) assumes the form� II � (1� 1m) � 2I� � b11�  Xs rs�rs � +m � �!+m � � b211m � : (68)Next, we observe that the maxM j � I j is bounded by a constant depending only on � , its �rstderivatives, and C1� norm of z. Similarly, maxM j � II j is bounded by a constant dependingon the same quantities, k � kC2(�
) and maxM jr011zj. On the other hand, it follows from15
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