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Abstract

We give an interpretation of the Chern-Heinz inequalities for graphs in order to extend
them to transversally oriented codimension one C2-foliations of Riemannian manifolds.
That contains Salavessa’s work on mean curvature of graphs and fully generalize results
of Barbosa-Kenmotsu-Oshikiri [4] and Barbosa-Gomes-Silveira [3] about foliations of 3-
dimensional Riemannian manifolds by constant mean curvature surfaces. This point of
view of the Chern-Heinz inequalities can be applied to prove a Haymann-Makai-Osserman
inequality (lower bounds of the fundamental tones of bounded open subsets Ω ⊂ R2 in
terms of its inradius) for embedded tubular neighborhoods of simple curves of Rn.

1. Introduction

Let G(z) be the graph of a C2-function z = z(x, y) defined on x2 + y2 < r2 with
mean curvature H(x, y) and Gaussian curvature K(x, y). Heinz in [17] showed that, if
|H(x, y)| ≥ b > 0 then b ≤ 1/r and if K(x, y) ≥ b > 0 then b1/2 ≤ 1/r. As observed
by Heinz, these inequalities are improvements of inequalities of the form r · %(b) ≤ 1, for
some constant %(b) depending on b, implicit in Bernstein’s work [5], [6].

Chern in [12] and Flanders in [14], independently, extended these inequalities to graphs
of C2-functions z = z(x1, . . . , xn) defined on bounded domains Ω ⊂ Rn with smooth
boundaries ∂Ω, showing that, if the mean curvature satisfies |H(x1, . . . , xn)| ≥ b > 0,
then n · b ≤ voln−1(∂Ω)/voln(Ω), and if the scalar curvature S(x1, . . . , xn) ≥ b > 0, then√
n(n− 1)b ≤ voln−1(∂Ω)/voln(Ω). These inequalities are known as the Chern-Heinz

inequalities for graphs.
An immediate corollary of the Chern-Heinz inequalities is that a graph of a C2-function

z : Rn → R has constant mean curvature H if and only if H = 0, and it has constant
nonnegative scalar curvature S ≥ 0 if and only if S = 0.

Isabel Salavessa in [23] extended the Chern-Heinz inequality to graphs G(f) of smooth
functions f : M → R. Showing that n · inf Ω |HG(f)| ≤ voln−1(∂Ω)/voln(Ω) for every
oriented compact domain Ω ⊂ M , where n = dimM . In particular, if M has Cheeger
constant h(M) = 0 then the graph G(f) is minimal. Recall that the Cheeger constant
is given by h(M) = inf Ω(voln−1(∂Ω)/voln(Ω)), where the infimum is taken over all
relatively compact subsets Ω of M with smooth boundary, see [10].

We can look at a graph of a smooth function z : Ω → R as a leaf of a transversally
oriented codimension one smooth foliation of Ω × R obtained by vertical translation of
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the graph. The Chern-Heinz inequalities says that for this particular foliation of Ω× R,
the infimum of the mean curvatures of these leaves are bounded above by the h(Ω).
In fact, the infimum of the mean curvatures of the leaves of any transversally oriented
codimension one C2-foliation of Ω× R is bounded above by h(Ω).

In this paper, we show that the Chern-Heinz inequalities holds for any transversally
oriented codimension one C2-foliations of open subsets Ω of Riemannian manifolds M
in the sense that the infimum of the mean curvature of the leaves are bounded above by
the fundamental tone λ∗(Ω) of Ω. Here, the upper bound for the infimum of the mean
curvatures of the leaves is given in terms of λ∗(Ω), although it is possible to express it
in terms of the Cheeger constant h(Ω). Using this notation we state our main results.

Theorem 1·1. Let F be a transversely oriented codimension one C2-foliation of a
connected open set Ω of an (n+ 1)-dimensional Riemannian manifold M . Then

2
√
λ∗(Ω) ≥ n · inf

F∈F
inf
x∈F

|HF (x)|

where HF stands for the mean curvature function of the leaf F .

Theorem 1·2. Let F be a transversely oriented codimension one C2 foliation of a
complete Riemannian manifold M with nonnegative Ricci curvature. Suppose that the
leaves are complete hypersurfaces with the same constant mean curvature H. Then H = 0
and each leaf is stable. If furthermore a leaf F is compact then it is totally geodesic and
the Ricci curvature of M in the direction normal to F is zero.

2. Proof of theorem 1·1 and its consequences

Let us recall that the fundamental tone λ∗(Ω) of an open subset Ω ⊂ M of a smooth
Riemannian manifold M is given by

λ∗(Ω) = inf
{∫

Ω
|∇f |2∫
Ω
f2

, f ∈ H1
0 (Ω) \ {0}

}
, (2·1)

where H1
0 (Ω) is the completion of C∞0 (Ω) with respect to the norm ‖ϕ‖2Ω =

∫
Ω
ϕ2 +∫

Ω
|∇ϕ|2. We recall that Bessa and Montenegro [8] proved that for an open set Ω ⊂ M

one has

λ∗(Ω) ≥ c(Ω)2/4, (2·2)

for c(Ω) = sup
X∈X (Ω)

(
inf
Ω

divX
‖X‖∞

)
, where X (Ω) is the set of all smooth vector fields in Ω

such that ‖X‖∞ = supx |X(x)| <∞.
To prove theorem 1·1 we proceed as follows. Let Ω be an open set of a Riemannian

manifold M and F a codimension one transversally oriented C2-foliation. This just means
we may choose a continuous unit vector field η on M that is normal to the leaves of F .
Represent by HF (x) the value of the mean curvature of the leaf F at x computed with
respect to η. Set b = inf F∈F inf x∈F |HF (x)|. If b = 0 there is nothing to prove. Assume
then, that b > 0. This implies that HF does not change sign. Hence, we may choose the
unit vector field η in such way that HF (x) > 0 for any x ∈ Ω. It is well known that
div η = n · HF . Therefore, inf Ω div η = n · inf ΩHF (x) ≥ n · b. Since ‖η‖∞ = 1 and
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applying (2·2) to estimate λ∗(Ω) we obtain

2
√
λ∗(Ω) ≥ c(Ω) ≥ inf

Ω

div η
‖η‖∞

= n · inf
x∈Ω

HF (x) ≥ n · b

This proves Theorem 1·1.
This theorem has a number of interesting consequences, stated below as corollaries.

It imposes strong restrictions for the existence of foliations by constant mean curvature
hypersurfaces on open sets with zero fundamental tone or with Ricci curvature bounded
below, see Corollaries 2·1 and 2·2.

Corollary 2·1. Let F be a transversely oriented codimension one C2-foliation of a
Riemannian manifold M for which λ∗(M) = 0. If the leaves of F have the same constant
mean curvature then they are minimal submanifolds of M .

Remark. The class of Riemannian manifolds M with λ∗(M) = 0 is quite large. Beside
all closed Riemannian manifolds, it contains all open Riemannian manifolds with asymp-
totically nonnegative Ricci curvature, see [11]. Recall that an open Riemannian manifold
M has asymptotically nonnegative Ricci curvature if RicM (x) ≥ −ψ(distM (x0, x)), for
a continuous function ψ : [0,∞) → [0,∞) with lim t→∞ ψ(t) = 0, x0 ∈M .

In [4], Barbosa-Kenmotsu-Oshikiri considered a transversely oriented codimension-one
C2-foliation F of an open subset Ω of an n-dimensional complete Riemannian manifold
M with Ricci curvature satisfying RicM ≥ (n − 1)κ. They assumed that the leaves
were complete oriented hypersurfaces with the same constant mean curvature H. In
their Theorem 3.1 they showed that, if M is compact and κ = 0 then the leaves of F
are totally geodesic and the Ricci curvature of M is zero in the directions normal to
the leaves. The remark above, the corollary 2·1 coupled with Theorem 2·4 implies as a
particular case, the Barbosa-Kenmotsu-Oshikiri main result, Theorem 3.1.

In Theorem 3.8 of [4], they investigated the case when M is the simply connected
space form of constant sectional curvature κ. When κ ≤ 0 and H ≥ (n − 1)

√
−κ they

concluded thatH = (n−1)
√
−κ. The following corollary of Theorem 1·1 extends Theorem

3.8 of Barbosa-Kenmotsu-Oshikiri to n-dimensional Riemannian manifolds with Ricci
curvature satisfying RicM ≥ (n− 1)k.

Corollary 2·2. Let F be transversely oriented codimension-one C2-foliation of a
complete n-dimensional Riemannian manifold M with Ricci curvature RicM ≥ (n− 1)k.
Then

i) 2
√
λ∗(Mn(k)) ≥ inf F∈F inf x∈F |HF (x)|, where Mn represents the simply con-

nected space form of constant sectional curvature κ and dimension n.

ii) If |HF | ≥ b > 0 then k = −a2 for some positive a satisfying (n− 1) · a ≥ b.

Let BM (r) represent a geodesic ball of radius r in the Riemannian Manifold M whose
Ricci curvature satisfies RicM ≥ (n − 1)κ, and let BM(κ)(r) represent the geodesic ball
of radius r in the simply connected n-dimensional space M(κ) of constant sectional
curvature κ. By Cheng’s Comparison Theorem (see [11]) we know that

λ∗(BM (r)) ≤ λ∗(BM(κ)(r)) .

Since the fundamental tone of M can be also given by λ∗(M) = lim r→∞ λ∗(BM (r)), it
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follows that λ∗(M) ≤ λ∗(M(κ)). This and Theorem 1·1 gives us:

inf
F∈F

inf
x∈F

|HF (x)| ≤ 2
√
λ∗(M) ≤ 2

√
λ∗(M(κ))

and so, (i) is proved.
To obtain (ii) observe that, if |HF | ≥ b > 0 then, from (i) we have

√
λ∗(M(κ)) ≥ b/2.

But, λ∗(M(κ)) 6= 0 if and only if κ = −a2 in which case λ∗(M(κ)) = (n− 1)2a2/4. Thus
the inequality

√
λ∗(M(κ)) ≥ b/2 can occur only when κ = −a2 and (n − 1)a ≥ b. This

completes the proof of the Corollary.
Theorem 1·1 also has a version for scalar curvature provided the ambient manifold has

nonpositive sectional curvature.

Corollary 2·3. Let M be an (n + 1)-dimensional Riemannian manifold with non-
positive sectional curvature and let F be a transversely oriented codimension one C2-
foliation of a connected open set Ω ⊂ M . Suppose that the scalar curvature SF of each
leaf if nonnegative. Then

√
inf S ≤ 2

√
λ∗(Ω) .

In particular, if λ∗(M) = 0, Ω = M , and all the leaves have the same has constant
nonnegative scalar curvature S > 0, then S = 0.

If inf S = 0 there is nothing to prove. So, we assume that inf S = c > 0. Let p ∈ F

and {e1, · · · en} be an orthonormal basis for the tangent space TpF of the leaf F ∈ F .
The Gauss equation for the plane generated by ei, ej is:

K̃(ei, ej) = K(ei, ej) + 〈B(ei, ei), B(ej , ej)〉 − |B(ei, ej)|2

where K̃ represents the Gaussian curvature of F and K is the one of the ambient space
Ω× R. Adding these equations results:

S(p) =
∑
i,j

K(ei, ej) + n2H2 − ‖B‖2

Since the sectional curvatures K of M are, by hypothesis, nonpositive, then K ≤ 0. It
follows that

S(p) ≤ n2H2 .

and, since S ≥ c > 0 then H ≥
√
c/n > 0. By Theorem 1·1 we have that

2
√
λ∗(Ω) ≥ n inf

F∈F
inf
x∈F

|Hf (x)| ≥
√
c =

√
inf S

This proves Corollary 2·3.

We turn to higher order mean curvatures. Recall that if ψ : N →M is an n-dimensional
oriented hypersurface of M and k1, . . . , kn are the principal curvatures at p ∈ N , then
the r-th mean curvatures Hr of ψ(N) at ψ(p) are defined by the identity

(1 + tk1)(1 + tk2) · · · (1 + tkn) = 1 +
(
n

1

)
H1 t+

(
n

2

)
H2 t

2 + · · ·
(
n

n

)
Hn t

n

for all real number t. Thus, H1 is the mean curvature of ψ, Hn is the Gauss-Kronecker
curvature. Since we always have H2

1 ≥ H2, the following version of Theorem (1·1) for the
2-nd mean curvature H2 is direct.



On Bernstein-Heinz-Chern-Flanders inequalities 5

Corollary 2·4. Let F be a transversely oriented codimension one C2-foliation of a
connected open set Ω of a Riemannian manifold M . Suppose that the leaves have the
second mean curvature H2 ≥ 0. Then

2
√
λ∗(Ω) ≥ n · inf

F∈F
inf
x∈F

(HF
2 )1/2(x)

where HF
2 stands for the second mean curvature function of the leaf F . In particular,

if λ∗(M) = 0, Ω = M , and all the leaves have the same constant 2-nd mean curvature
H2 ≥ 0 then H2 = 0.

If the principal curvatures at a point q ∈ ψ(N) are positive, ki(q) > 0 and if Hr ≥ 0
then G̊arding inequalities, H1/k

k ≤ H1, H
(k−1)/k
k ≤ Hk−1, k = 1, . . . r holds everywhere,

see [18], [20]. It was observed in proof of Theorem 1.3 of [15] that G̊arding inequalities
is still true under the weaker hypothesis ki(q) ≥ 0, if Hr > 0. The statement of the
next corollary could be about foliations but we preferred to make it about graphs. It
generalizes Corollary 1.7 of [15].

Corollary 2·5. Let M be a complete Riemannian manifold with λ∗(M) = 0 and
z : M → R be a C2-function whose graph G(z) ⊂ M × R has constant nonnegative r-th
mean curvature Hr ≥ 0. If r ≥ 3 suppose that there is a point q ∈ G(z) with all principal
curvature ki(q) ≥ 0. Then Hr = 0.

The cases r = 1 and r = 2 are covered by Theorem 1·1 and Corollary 2·1. Now,
suppose that r ≥ 3 and the graph has a point q with principal curvatures ki(q) ≥ 0.
If Hr ≥ 0 is constant then we may suppose that Hr > 0, otherwise there is nothing
to prove. Then we have that H1 ≥ H

1/r
r > 0. Since λ∗(M) = 0, by Theorem 1·1,

0 = (2/n)
√
λ∗(M) ≥ inf M H1 ≥ H

1/r
r > 0. A contradiction.

3. Proof of Theorem 1·2
Let M be a complete Riemannian manifold with Ricci curvature satisfying RicM ≥ 0.

Then we have

λ∗(M) = 0 . (3·1)

Let F be transversely oriented codimension-one C2-foliation of M . Then, there exists
a unit vector field η in M normal to all the leaves of F . Let HF represent the mean
curvature of the leaf F computed with respect to η. Assume the leaves of F are complete
hypersurfaces with the same constant mean curvature H, that is, HF = H, where H is
a constant. It then follows from (3·1) and Theorem 1·1 that each leaf F ∈ F is minimal.

Fix a leaf F . On F consider the Jacobi operator:

L = 4+ Ric (η) + |A|2 (3·2)

where 4 represents the Laplace operator in F , A represents the second fundamental form
of F computed with respect to η, and Ric (η) is the Ricci curvature of M in the direction
of η.

Let C be a compact set of F with smooth boundary ∂C. Take another compact set C ′

such that C ⊂ C ′. We may assume that the only solution of the problem

L(v) = 0 in C ′

v = 0 in ∂C ′
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is the function v ≡ 0. This means that zero is not an eigenvalue of the operator L in C ′.
Thus there exists a positive function u ∈ C∞(C ′) with

L(u) = 1 in C ′

u = 0 in ∂C ′ .

Consider now the variation ψt : C ′ → M of C ′ given by ψt(x) = expx(t u(x)η(x)) for
|t| < ε. Represent by H(t) the mean curvature of the immersion ψt. It has derivative
at t = 0 given by 2H ′(0) = L(u) = 1 on C ′ (see [22]). Since H(0) = 0, then, for small
0 < t < ε, H(t) > 0. Now we analyze some possibilities for the behavior of u.

If u is positive at some interior point of C ′ then ψt(C ′) must have a tangency point
with some leaf of F , and this is not possible by the maximum principle. Thus u ≤ 0.

If u ≤ 0 and it is zero at an interior point of C ′ we have that u ≡ 0 and this is
impossible since Lu = 1. Thus u < 0 in the interior of C ′ and u = 0 on ∂C ′. Setting
w = −u we have that w > 0 in the interior of C ′ with L(w) < 0.

Let u1 be the first eigenfunction of C, i.e,

L(u1) + λ1(C)u1 = 0 on C

u1 = 0 on ∂C

Furthermore we know that u1 is not zero in the interior of C. Hence, we may assume it
is positive in the interior of C.

Suppose by contradiction that λ1(C) < 0. Define in C the function h = w − t u1 This
is possible since C ⊂ C ′. Observe that on ∂C we have h = w > 0 and independent of t.
Hence, we may choose t such that h ≥ 0 and is zero at some point in the interior of C.
Observe that

L(h) = L(w)− tL(u1) ≤ tλ1(C)u1 < 0

on C ′. Then 4h < 0 and h has a minimum in the interior of C. By the maximum
principle h is constant. Since h = 0 at one point, then it is everywhere zero. But this is
a contradiction since, as we have seen, h > 0 at ∂C.

This contradiction shows that λ1(C) ≥ 0. Suppose that F is not stable. Then there
exists a function f : F → R such that

∫
F
f = 0 and L(f) + λ̄1f = 0 with λ̄1 < 0. Here

λ̄1 is the first eigenvalue of the twisted problem:

L(f) + λ̄f = 0 on F∫
F

f = 0

But then λ̄1 < 0 would be the first eigenvalue λ1 of L on the set {x ∈ F ; f(x) > 0}.
But, exhausting this set with a family of compact sets we may show that λ1 ≥ 0. This
contradiction shows that F is stable as we wished to prove.

Assume now that F is compact. Since F is stable, by a result of Fisher-Colbrie [13]
there is a positive function g : F → R solution to

4g + (Ric (η) + |A|2)g = 0 .
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Integrating this equation over F we obtain

0 =
∫

F

4g + (Ric (η) + |A|2)g =
∫

F

(Ric (η) + |A|2)g

Since Ric (η) ≥ 0 and g > 0 then we conclude that

Ric (η) = 0

and

|A|2 = 0

Consequently F is totally geodesic and the Ricci curvature of M in direction normal to
F is zero. This concludes the proof of Theorem 1·2.

Remark. For n = 3 Schoen [24] showed that a complete stable minimal surface in a
3-dimensional Riemannian manifold with nonnegative Ricci curvature is totally geodesic.
Thus, for n = 3, Theorem 1·2 fully generalizes Theorem 3.1 of [4].

4. Haymann-Makai-Osserman inequality

Recall that the inradius ρ(Ω) of a connected open set Ω of a Riemannian manifold M
is defined as ρ(Ω) = sup{r > 0; BM (r) ⊂ Ω}, where BM (r) represents a geodesic ball
of radius r of M . In [19], Makai proved that the fundamental tone λ∗(Ω) of a simply
connected bounded domain Ω ⊂ R2 with inradius ρ and smooth boundary is bounded
below by λ1(Ω) ≥ 1/4ρ2. Unaware of Makai’s result, Haymann [16] proved years later
that λ1(Ω) ≥ 1/900ρ2. Osserman [21] among other things improved Haymann’s estimate
back to λ1(Ω) ≥ 1/4ρ2. Recently, Haymann-Makai-Osserman inequality was improved
by Bañelos-Carroll in [2] to 0.6197/ρ2.

Our next result extends of Haymann-Makai-Osserman inequality to embedded tubular
neighborhoods of simple smooth curves in Rn with variable radius.

Theorem 4·1. Let γ : I = (α, β) ⊂ R → Rn be a simple smooth curve and Tγ(ρ(t))
be an embedded tubular neighborhood of γ with variable radius ρ(t) and smooth boundary
∂Tγ(ρ(t)). Let ρo = sup t ρ(t) > 0 be its inradius. Then

λ∗(Tγ(ρ(t))) ≥ (n− 1)2

4ρ2
o

(4·1)

Consider the family of balls of Rn Bt = BRn(γ(t), ρo), t ∈ I with center at γ(t) and
radius ρo. The set {St = ∂Bt ∩ Tγ(ρ(t))} is a smooth codimension one transversally
oriented foliation of Tγ(ρ(t)) \ (Bα ∪ Bβ). Pushing the family Bt little further one can
fill Tγ(ρ(t)) with a smooth codimension one transversally oriented foliation such that the
mean curvature of the leaves is constant 1/ρo. The Theorem 1·1 yields that λ∗(Tγ(ρ)) ≥
(n− 1)2/4ρ2.
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[6] S. Bernstein. Sur les surfaces définies au moyen de leur courbure moyenne ou totale. Ann.
Ecole. Norm. Sup. 27 (1909), 233–256.

[7] G. P. Bessa and L. P. Jorge and G. Oliveira-Filho. Half-space theorems for minimal
surfaces. J. Differenctial Geom. 57 (2001) 493–508.

[8] G. P. Bessa and J. F. Montenegro. Eigenvalue estimates for submanifolds with locally
bounded mean curvature Ann. Global Anal. and Geom. 24 (2003), 279–290.

[9] G. P. Bessa and J. F. Montenegro.An extension of Barta’s theorem and geometric
applications. To appear in Ann. Global Anal. and Geom..

[10] J. Cheeger. A lower bound for the smallest eigenvalue of the Laplacian. Problem in
Analyis Princenton Univ. Press, New Jersey, (1970), 195–199.

[11] S. Y. Cheng. Eigenvalue comparison theorems and its geometric applications. Math. Z.
143 (1975), 289–297.

[12] S. S. Chern. On the curvature of a piece of hypersurface in Euclidean space. Abh. Math.
Sem Hamburg 29 (1965), 77–91.
bibitemelbert M. F. Elbert. Constant positive 2-mean curvature hypersurfaces. Illinois
J. Math. 46 (2002), 247–267.

[13] D. Fischer-Colbrie and R. Schoen The structure of complete stable minimal surfaces
in 3-manifolds of nonnegative scalar curvature. Comm. Pure. Appl. Math. 33 (1980),
199–211.

[14] H. Flanders Remark on mean curvature. J. London Math. Soc. (2) 41 (1966), 364-366.
[15] F. Fontenele and S. L. Silva Sharp estimates for size of balls in the complement of a

hypersurface. Geom. Dedicata 115 (2005), 163–179.

[16] W. Haymann. Some bounds for principal frequency. Applicable Anal. 7 (1978), 247–254.
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