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Setup

M represents a diskR in R"*! with the metric

1
ds* = —Qde?.
p

p=p(r) >0, r:\/Zx?

OBS: Euclidean spheres are umbilic as
submanifolds of\/.
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Graphics over the sphere inM

Givenz : S"(1) — R, with z > 0 one defines the
graphic ofz as the hypersurface

M = {z(uw)u; ue S"(1)} c M
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Graphics over the sphere inM

Givenz : S"(1) — R, with z > 0 one defines the
graphic ofz as the hypersurface

M = {z(uw)u; ue S"(1)} c M

Let £, ... ,E,,N be an adapted orthonormal
frame field, wheréV is the inward unit normal do
M.

The second fundamental form &f is given by
A = (C_Lij) where

?E,LN — ZaijEj :
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The m-curvatures

The basic invariants associated4are the
m-curvaturess,, of M, 0 < m < n, given by:

Sm — Z det A(il, c. ,im)

1< <. <t <n
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The m-curvatures

The basic invariants associated4are the
m-curvaturess,, of M, 0 < m < n, given by:

Sm — Z det A(il, c. ,im)

1<11<..<4, <1

whereA(iy, . .., 4,,) is them x m matrix formed
by the entriesi;; of Awithi,j € {iy,..., 0}

When A is diagonal, that isg;; = k;d;; then

Sm= > ki...k,

1<11 <. <1, <n
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The Problem

Given a functiony : D — R, does exist a
functionz : S"(1) — R, z > 0, such that it
satisfies the equation

(%) Sp(z(uw)u) = Y(z(u)u) forall wu e S"(1)
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The Problem

Given a functiony : D — R, does exist a
functionz : S"(1) — R, z > 0, such that it

satisfies the equation

(%) Sp(z(uw)u) = Y(z(u)u) forall wu e S"(1)

It Is simple to show that
a;; = a;;(z,gradz, Hessz)

So, the problem is fully nolinear except when
m = 1. Whenm = n is of Monge-Ampere type

Wheni = const., the problem is trivial.

—p.5/21



The Main Hypothesis

S, = W is elliptic if v > 0 and M has an elliptic
point (Barbosa-Colares result).
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The Main Hypothesis

S, = W is elliptic if v > 0 and M has an elliptic
point (Barbosa-Colares result).

Consider the Euclidean sphere centered at the
origin that contains\/ and touched/ at one
pointp. Letr be its radius.

Let k() be the principal curvature of this sphere
computed with respect to the inward normal
vector.

If k(r) is positive, the contact poinptis elliptical.
In this cases,,(p) > () k(r)™

m
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The Main Hypothesis

We will assume thab contains the annulus
0<r <r <rywherek(r) > 0. Furthermore
we suppose that the functignsatisfies:
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a) Y >0
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The Main Hypothesis

We will assume thab contains the annulus
0<r <r <rywherek(r) > 0. Furthermore
we suppose that the functignsatisfies:

a) Y >0

b) v(u,r) > ) k(r)™ for r<r; and
Y(u,r) < () k(r)™  for r >ro.
C) %?‘9_% —- m%k(r) <0
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The Main Result

Theorem:Under such hypothesis there are a
priori CY andC' estimates for the solution ¢£).
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The Main Result

Theorem:Under such hypothesis there are a
priori CY andC' estimates for the solution ¢£).

If we further assume that the curvature/dfis
constant and nonnegative than we can also

exhibit an a prioriC? bound for the solution.

Hence, If the curvature al/ is constant and
nonnegative, and if we have the validity of the
above hypothesis then there exists a unique
solution of(x).
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Continuity method

Consider a family of equations
Sm(t,u, z(u)) = VU(t,u, z(u)) such that
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Continuity method

Consider a family of equations
Sm(t,u, z(u)) = VU(t,u, z(u)) such that

a. W(l,u,z(u) = P(u, z(u))
b. For each € |0, 1] the functionV satisfies the
same set of hypothesis as the functian
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Continuity method

Consider a family of equations
Sm(t,u, z(u)) = VU(t,u, z(u)) such that

a. U(l,u,z(u)) =v(u, z(u))

b. For each € |0, 1] the functionV satisfies the
same set of hypothesis as the functian

Consider the set

T ={tel|0,1]; Sn(t,u,z(u)) =

U(t,u, z(u)) has solutiohh and show it is
nonempty, open and closed.
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Applying continuity method
Fort € |0, 1| define
U(t u,r) =t(u,r) + (L= ) f(r)()k(r)"

wheref : (0,a) = R, a>ry satisfies
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Applying continuity method
Fort € |0, 1| define

W(t,u,r) = tib(u,r) + (1 = 1) f(r) () B(r)™

wheref : (0,a) = R, a>ry satisfies

f>0
f(r)>1 when r <rmr
f(r)<1 when r>mr

fi(r) <0
_etry be the only point such that(ry) = 1

_emma:the function¥ satisfies the properties
Isted as the hypothesis abait
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That Is:
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a) v >0

—p.11/21



—p.11/21



for »r<r; and
for r > rs.
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IS clear that:
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Proof of the lemma
SinceV (¢, u,r) = t(u,r) + (L — ) f(r)()k(r)™ it
IS clear that:
a) v > 0.

b) Forr < r; one has
> t(5)k(r)™ + (1 =) (5)k(r)™ = () k(r)™

c) Similarly whenr > rs.
d) G5 =t + (1 =) f'(r)()k(r)™ + (1 -
t) f(r) () mk(r)™ =K (r)
G T mok(r) U = t(¢, +miki) + (1 -
0 f (r)(G)k™ +m(1 =) f(r) G )E™ (K + k)



G+ mok(r) W = (e, +moky) + (1 -
) f'(r) G )E™ +m(L =) f(r) () k™ (K + k)



G T mok(r) W = (e, +moky) + (1 -
) f (r)G)E™ +m(1 =) f(r) ()" (K + k)

The first two terms are clearly negative. If the last
one Is not negative, it possible to choose the
function f in such way that the sum of the last
two terms is also negative.
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G T mok(r) W = (e, +moky) + (1 -

O f (r)()k™ +m(1 =) f(r) (k™ (K + k)
The first two terms are clearly negative. If the last
one Is not negative, it possible to choose the

function f in such way that the sum of the last
two terms is also negative.
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a’r1 < b < a’ro.
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G T mok(r) W = (e, +moky) + (1 -
) f (r)G)E™ +m(1 =) f(r) ()" (K + k)

The first two terms are clearly negative. If the last
one Is not negative, it possible to choose the
function f in such way that the sum of the last
two terms is also negative.

Take f(t) = e~*"** choosing:
a’ = mmax. <<, (K +k*/p) and

a’r1 < b < a’ro.

Hence, the result is proved, that is, for eache
function ¥ satisfies the same set of hypothesis as

b,
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The continuity method

Fort = 0 andr such thatf(r) = 1, we have
U = (")k(r)". Hencez = r is solution of the

m

equations,, = .
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The continuity method

Fort = 0 andr such thatf(r) = 1, we have
U = (")k(r)". Hencez = r is solution of the

m

equations,, = .
Thereforel’ = {t € [0,1]; Sy (t,u, z(u)) =
U(t,u, z(u)) has solutioh is nonempty.

The openness df is a consequence of the
iImplicit function theorem.

The closeness af depends on the existence of
C?, C! andC? a priori estimates.
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OV estimate

Assume there exists a solutiefw) of the
equation(x). I claim thatr; < z(u) < ry for each
u e S"(1).
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OV estimate

PROOF: Assume max(u))=r > ry. Let
z(ug) = r. ThenM C B,(0) anddB,(0) has a
point of contactug, r) with M.
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OV estimate

PROOF: Assume max(u))=r > ry. Let
z(ug) = r. ThenM C B,(0) anddB,(0) has a
point of contactug, r) with M.

Since S,, = ¥ <
(" )k(r)™ by maxi-

mum principle we get
a contradiction.
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C'! estimate
Setz; = |gradz(u)|. Definef(u) = z e,
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Setz; = |gradz(u)|. Definef(u) = z e,
Let vy be the point wherg attains its maximum.
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_et uy be the point wherg attains its maximum.

f f(uy) = 0then gradt(u) = 0. Hence,
pounded.
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C'! estimate

Setz; = |gradz(u)|. Definef(u) = z e,
_et uy be the point wherg attains its maximum.

f f(ug) = 0then grad(u) = 0. Hence,
pounded.
Assumef(ug) > 0. The function

In f(u) =1Inz + Az(u) is well defined in a

neighborhood/ of vy and also has a maximum at
Uop.
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C'! estimate

In a neighborhood of, in S”(1) may choose a

frame field for which we have, = gradz/z;
and, atug:
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C'! estimate

In a neighborhood of, in S”(1) may choose a

frame field for which we have, = gradz/z;
and, atug:

zi; = 0for¢ # j and

/

a1y = MP/S( 22114—22%%—22)—%
/
a;; = p( zm-+z)—£ for ¢>1

zW W
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C'! estimate

In a neighborhood of, in S”(1) may choose a

frame field for which we have, = gradz/z;
and, atug:

zi; = 0fori # 5 and

/

_ . p 2 2 %
aj; = WS( 2211 + 227 + 27) — W
/
_ P <P :
A;; = Zii T 2)— —= for >1

and furthermore;; < 244z} and

2

ziit + 2 + Azjiz + 2 < 0fori > 1.

1
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Take the derivative of the equatidh), = 1 with
respect te; at the pointu, to obtain:

3 OSy, 0ai;; ity OSm 0a;; 5 OSm, 0 2 = 21

— — <k,1 =
6&7;]' azkl aaij 6Zk 6&7;]' (’92
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Take the derivative of the equatidh), = 1 with
respect te; at the pointu, to obtain:

3 OSy, 0ai;; ity OSm 0a;; 5 OSm, 0 2 = 21

— — <k,1 =
6&7;]' azkl aaij 6Zk 6&7;]' (’92

Using the particular expressions of tfig at the
point u, one reduces this to:

Z Dy Oz Zii,1‘|‘z a0, O Z11+Z 9i 02 21 =Y,z
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The elipticity result of Barbosa-Colares, also
gives that the term&>= are positive.
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The elipticity result of Barbosa-Colares, also
gives that the term&>= are positive.

Now one proceeds using in equation all the
iInformation known about the;;, z; andz;; ; and

the fact that
Z 8qu,j,/ G = NSy = M)

to produce an inequality of the type:
aA*+ A+~ <0
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The elipticity result of Barbosa-Colares, also
gives that the term&>= are positive.

Now one proceeds using in equation all the
iInformation known about the;;, z; andz;; ; and
the fact that

Z 8qu,j,/ ai; = mSy, = ma

to produce an inequality of the type:
aA*+ A+~ <0

2

22 (2 2\ 0Sm
wherea = 75 (21 — 27) 522
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SinceaA” 4+ BA + ~ < 0 must be valid for all4,
thena < 0.
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SinceaA” 4+ BA + ~ < 0 must be valid for all4,
thena < 0.

Since

) _
_ZE 9 9 0S5,
o >\W5 (Zl < )adll )

8%

thenz; < z.
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SinceaA” 4+ BA + ~ < 0 must be valid for all4,
thena < 0.

Since
2 0S
& = il (Z% o 22)4 9
)\W5 8&11
thenz; < z.
Hence

lgradz| = z1 < 19
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