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Heinz (1955)

Let f(x, y) be a smooth function defined on
x2 + y2 < r2
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Heinz (1955)

Let f(x, y) be a smooth function defined on
x2 + y2 < r2

(a) If the graph of f has mean curvature H(x, y)
satisfying |H(x, y)| ≥ c > 0, then rc ≤ 1.

(b) if the graph of f has Gaussian curvature
K(x, y) satisfying K(x, y) ≥ c > 0, then
r
√
c ≤ 1

Corollary: If r = ∞ and H is constant then
H = 0.
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Let f : Ω ⊂ Rn → R be a smooth mapping
being Ω bounded with ∂Ω smooth.
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Let f : Ω ⊂ Rn → R be a smooth mapping
being Ω bounded with ∂Ω smooth.
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Chern (1965)

Let f : Ω ⊂ Rn → R be a smooth mapping
being Ω bounded with ∂Ω smooth.

Let H be the mean curvature of the graph of
f and let S represent its scalar curvature.

(a) If |H| ≥ c > 0 then

c ≤ Voln−1(∂Ω)/Voln(Ω)

(b) If S ≥ c > 0 then
√
c ≤ Voln−1(∂Ω)/Voln(Ω)
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Chern (1965)

Corollary: The graph of f : Rn → R has
constant mean curvature H or nonnegative
constant scalar curvature S if and only if
H = 0 or S = 0 respectively.
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Consider the graph G(f) ⊂M ×N of a
smooth map f : M → N .
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HG(f)

– p.5/26



Salavessa (1989)

Consider the graph G(f) ⊂M ×N of a
smooth map f : M → N .

If G(f) has parallel mean curvature vector
HG(f)

then, for every oriented compact domain
Ω ⊂M , one has

‖HG(f)‖ ≤ Voln−1(∂Ω)/Voln(Ω)
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Let Ω be an open domain in a Riemannian
manifold M .
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Facts

Let Ω be an open domain in a Riemannian
manifold M .

It is well known that the fundamental tone
λ∗(Ω) is defined by

λ∗(Ω) = inf

{

∫

Ω |∇f |2
∫

Ω f
2

, f ∈ H1
0(Ω)\0

}
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Facts

Let Ω be an open domain in a Riemannian
manifold M .

It is well known that the fundamental tone
λ∗(Ω) is defined by

λ∗(Ω) = inf

{

∫

Ω |∇f |2
∫

Ω f
2

, f ∈ H1
0(Ω)\0

}

where H1
0(Ω) is the completion of C∞

0 with
respect to the metric ‖ϕ‖2

Ω =
∫

Ω ϕ
2 +

∫

Ω |∇ϕ|2.
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Facts

When Ω is bounded with piecewise smooth
boundary then λ∗(Ω) coincides with the first
eigenvalue of the Laplacian.
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Cheeger (1970)

Cheeger constant is defined by

h(Ω) = inf
A⊂Ω

Voln−1(∂A)

Voln(A)
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Cheeger (1970)

Cheeger constant is defined by

h(Ω) = inf
A⊂Ω

Voln−1(∂A)

Voln(A)

where A ranges over all open connected
subsets of Ω with compact closure and
smooth boundary.
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Cheeger (1970)

Cheeger constant is defined by

h(Ω) = inf
A⊂Ω

Voln−1(∂A)

Voln(A)

where A ranges over all open connected
subsets of Ω with compact closure and
smooth boundary.

Theorem (Cheeger): if Ω is bounded with
smooth nonempty boundary then

λ∗(Ω) ≥ h(Ω)2/4 > 0
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Theorem 1

Let M be an n-dimensional Riemannian
manifold and Ω be an open connected subset
of M .
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Theorem 1

Let M be an n-dimensional Riemannian
manifold and Ω be an open connected subset
of M .

Let f : Ω ⊂M → R be a C2 function.

Consider M ×R endowed with the product
metric and the graph G(f) of f in this product.

Let H represent its mean curvature.

• If |H| ≥ c > 0 then
c ≤ h(Ω) ≤ 2

√

λ∗(Ω) – p.9/26



Proof

Consider now M̃ = M ×R with the product
metric.
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metric.
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Proof

Consider now M̃ = M ×R with the product
metric.

Let G(f) ⊂M ×R be the graph of the
function f : Ω ⊂M → R.

Choose a unit normal vector field η to G(f) so
that the mean curvature vector is Hη with
H > 0. This is possible since |H| ≥ c > 0.
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Proof

Consider now M̃ = M ×R with the product
metric.

Let G(f) ⊂M ×R be the graph of the
function f : Ω ⊂M → R.

Choose a unit normal vector field η to G(f) so
that the mean curvature vector is Hη with
H > 0. This is possible since |H| ≥ c > 0.

Parallel translate G(f) vertically to produce a
smooth codimension 1 foliation F of
Ω̃ = Ω ×R.
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Observe that, according to Cheeger, we have
that

h(Ω) ≤ 2
√

λ∗(Ω
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the restriction of the vector field η to it.
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Observe that, according to Cheeger, we have
that

h(Ω) ≤ 2
√

λ∗(Ω

So, to conclude the result we just need to
show that

c ≤ h(Ω)

Consider the trunked cylinder Ω × [−a, a] and
the restriction of the vector field η to it.

Let A be an open connected subset of Ω with
compact closure and smooth boundary, and
consider A× [−a, a] ⊂ Ω × [−a, a]
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By the divergence Theorem we have
∫

A×[−a,a]

div η =

∫

∂(A×[−a,a])

〈ν, η〉
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By the divergence Theorem we have
∫

A×[−a,a]

div η =

∫

∂(A×[−a,a])

〈ν, η〉

On one hand we have that
∫

∂(A×[−a,a])

〈ν, η〉 ≤ 2aVoln−1(∂A)
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By the divergence Theorem we have
∫

A×[−a,a]

div η =

∫

∂(A×[−a,a])

〈ν, η〉

On one hand we have that
∫

∂(A×[−a,a])

〈ν, η〉 ≤ 2aVoln−1(∂A)

On the other hand
∫

A×[−a,a]

div η ≥ ( inf
A×[−a,a]

div η) 2aVoln(A)
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Hence

inf
A×[−a,a]

div η ≤ Voln−1(∂A)

Voln(A)
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Hence

inf
A×[−a,a]

div η ≤ Voln−1(∂A)

Voln(A)

Observing that

c ≤ inf
Ω×R

|H| = inf
Ω×R

div η ≤ inf
A×[−a,a]

div η
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Observing that
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|H| = inf
Ω×R

div η ≤ inf
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div η
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Voln(A)
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Hence

inf
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div η ≤ Voln−1(∂A)

Voln(A)

Observing that

c ≤ inf
Ω×R

|H| = inf
Ω×R

div η ≤ inf
A×[−a,a]

div η

we conclude that c ≤ Voln−1(∂A)

Voln(A)

and this is true for any open subset A of Ω
with piecewise smooth boundary. – p.13/26



Hence

inf
A×[−a,a]

div η ≤ Voln−1(∂A)

Voln(A)

Observing that

c ≤ inf
Ω×R

|H| = inf
Ω×R

div η ≤ inf
A×[−a,a]

div η

we conclude that c ≤ Voln−1(∂A)

Voln(A)

and this is true for any open subset A of Ω
with piecewise smooth boundary.

Therefore
– p.13/26



Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature
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Corollary 1
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Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature

Let Ω ⊂M be an open set and f : Ω → R be
a C2 function.

Consider the product M ×R with the product
metric.

Let S be the scalar curvature of the graph
G(f) of f .

If S ≥ c > 0 then√
c ≤ h(Ω) ≤ 2

√

λ∗(Ω). – p.14/26



Proof

Let {e1, . . . , en} be an orthonormal basis for
TpG(f).
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Proof

Let {e1, . . . , en} be an orthonormal basis for
TpG(f).

Gauss equation gives

K(ei, ej) = K̄(ei, ej)+〈B(ei, ei), B(ej, ej)〉−|B(ei, ej)|2
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S(p) =
∑
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K̄(ei, ej) +H2 − ‖B‖2
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Let {e1, . . . , en} be an orthonormal basis for
TpG(f).
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∑

i,j
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Proof

Let {e1, . . . , en} be an orthonormal basis for
TpG(f).

Gauss equation gives

K(ei, ej) = K̄(ei, ej)+〈B(ei, ei), B(ej, ej)〉−|B(ei, ej)|2

Adding these equations one obtains

S(p) =
∑

i,j
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Corollary 2

Let M be a complete Riemannian manifold
with λ∗(M) = 0.
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Let M be a complete Riemannian manifold
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Corollary 2

Let M be a complete Riemannian manifold
with λ∗(M) = 0.

Let f : M → R be a smooth function

a) If G(f) has constant mean curvature H then it
is a minimal hypersurface. Furthermore, if M
is closed then f is constant.
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Corollary 2

Let M be a complete Riemannian manifold
with λ∗(M) = 0.

Let f : M → R be a smooth function

a) If G(f) has constant mean curvature H then it
is a minimal hypersurface. Furthermore, if M
is closed then f is constant.

b) If M has non-positive sectional curvatures
and G(f) has constant nonnegative scalar
curvature S then S = 0.
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Remark

The class of Riemannian manifolds M with
λ∗(M) = 0 is quite large. It contains all closed
Riemannian manifolds and all complete
noncompact Riemannian manifolds with Ricci
curvature asymptotically nonnegative.
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Remark

The class of Riemannian manifolds M with
λ∗(M) = 0 is quite large. It contains all closed
Riemannian manifolds and all complete
noncompact Riemannian manifolds with Ricci
curvature asymptotically nonnegative.

Recall that M has Ricci curvature
asymptotically nonnegative if
RicM(x) ≥ −ψ(distM(x0, x)), for a continuous
function ψ : [0,∞) → [0,∞) with
limt→∞ ψ(t) = 0, x0 ∈M .
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Corollary 3

Let M be a complete Riemannian manifold
with Ricci curvature bounded from bellow by
(n− 1)k.
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Let M be a complete Riemannian manifold
with Ricci curvature bounded from bellow by
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Let f : M → R be a C2 function e represent
by H the mean curvature of G(f).
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Corollary 3

Let M be a complete Riemannian manifold
with Ricci curvature bounded from bellow by
(n− 1)k.

Let f : M → R be a C2 function e represent
by H the mean curvature of G(f).

If |H| ≥ c > 0 then k = a2 for some a
satisfying (n− 1)|a| ≥ c.

– p.18/26



Proposition

Let F be a transversely orientable
codimension-one C2 foliation of a connected
open set Ω of a Riemannian manifold M .
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Let F be a transversely orientable
codimension-one C2 foliation of a connected
open set Ω of a Riemannian manifold M .

Let η be a unit vector field on Ω normal to the
leaves of F .
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Proposition

Let F be a transversely orientable
codimension-one C2 foliation of a connected
open set Ω of a Riemannian manifold M .

Let η be a unit vector field on Ω normal to the
leaves of F .

Suppose that the mean curvature HF of each
leaf F ∈ F computed with respect to η is
positive and bounded from zero.
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Proposition

Let F be a transversely orientable
codimension-one C2 foliation of a connected
open set Ω of a Riemannian manifold M .

Let η be a unit vector field on Ω normal to the
leaves of F .

Suppose that the mean curvature HF of each
leaf F ∈ F computed with respect to η is
positive and bounded from zero.

Then
2
√

λ∗(Ω) ≥ inf
F∈F

inf
x∈F

HF (x)
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For an arbitrary domain Ω̃ of a Riemannian
manifold M̃ Bessa and Montenegro defined the
constant

c(Ω̃) = sup
X

(inf
Ω̃

divX/‖X‖∞)

where X represents smooth vector field on Ω̃
such that infΩ̃ divX > 0 and supΩ̃ |X| <∞.
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Bessa-Montenegro (2003)

For an arbitrary domain Ω̃ of a Riemannian
manifold M̃ Bessa and Montenegro defined the
constant

c(Ω̃) = sup
X

(inf
Ω̃

divX/‖X‖∞)

where X represents smooth vector field on Ω̃
such that infΩ̃ divX > 0 and supΩ̃ |X| <∞.

They have shown that λ∗(Ω̃) ≥ c(Ω̃)2/4
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Proof of the Proposition

Let Ω be a connected domain of a
Riemannian manifold M .
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Proof of the Proposition

Let Ω be a connected domain of a
Riemannian manifold M .

Let F be a transversally orientable
codimension-one C2 foliation of Ω.

This implies the existence of a unit vector field
η in Ω that is normal to the leaves.

Let HF represent the mean curvature function
of the leaf F of F .

By hypothesis, for each leaf there is a positive
constant cF such that |HF | ≥ cF .

– p.21/26



Proof of the Proposition

Let Ω be a connected domain of a
Riemannian manifold M .

Let F be a transversally orientable
codimension-one C2 foliation of Ω.

This implies the existence of a unit vector field
η in Ω that is normal to the leaves.

Let HF represent the mean curvature function
of the leaf F of F .

By hypothesis, for each leaf there is a positive
constant cF such that |HF | ≥ cF .

Changing η by −η if necessary we may – p.21/26



By Bessa-Montenegro we have
λ∗(Ω) ≥ c(Ω)2/4
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By Bessa-Montenegro we have
λ∗(Ω) ≥ c(Ω)2/4

and

c(Ω) = sup
X

(inf
Ω

divX
‖X‖∞

)

≥ inf
Ω

div η = inf
x∈Ω

HF (x))
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By Bessa-Montenegro we have
λ∗(Ω) ≥ c(Ω)2/4

and

c(Ω) = sup
X

(inf
Ω

divX
‖X‖∞

)

≥ inf
Ω

div η = inf
x∈Ω

HF (x))

Hence, 2
√

λ∗(Ω) ≥ infF∈F(infx∈F HF (x))
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Corollary

Let M be a connected Riemannian manifold
for which λ∗(M) = 0.
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for which λ∗(M) = 0.

a) There is no transversely oriented
codimension-one C2 foliation F of M for
which |H|F > cF > 0 for each F ∈ F .
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Corollary

Let M be a connected Riemannian manifold
for which λ∗(M) = 0.
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codimension-one C2 foliation F of M for
which |H|F > cF > 0 for each F ∈ F .

b) If F is a transversely oriented
codimension-one C2 foliation of M whose
leaves have the same constant mean
curvature, then each leaf is a minimal
hypersurface of M .
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Final Comments

Meeks proved that if F is a transversely
oriented codimension-one C2 foliation of R3,
whose leaves have constant mean curvature,
then F is a foliation by planes.
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Final Comments

Meeks proved that if F is a transversely
oriented codimension-one C2 foliation of R3,
whose leaves have constant mean curvature,
then F is a foliation by planes.

Question: Can one extend this result for Rn

with n < 8?

Question: Would be true that the leaves of
such foliations in Rn are always graphs of
functions? – p.24/26



Thank you.
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