On Chern-Heinz inequalities

J.L.M.Barbosa, G.Pacelli Bessa & J.Fabio Montenegro

jlucas@ecrel.com br

Universidade Federal do Ceara - UFC

—p.1/26



Heinz (1955)

Let f(z,y) be a smooth function defined on
¢ +y? < r?




Heinz (1955)

Let f(x,y) be a smooth function defined on
T2+ Yt < r?

(a) If the graph of f has mean curvature H(z,y)
satisfying |H(z,y)| > ¢ > 0, then rc < 1.




Heinz (1955)

Let f(x,y) be a smooth function defined on
T2 + y2 < r?

(a) If the graph of f has mean curvature H(z,y)
satisfying |H(z,y)| > ¢ > 0, then rc < 1.

(b) If the graph of f has Gaussian curvature
K (x,y) satisfying K (x,y) > ¢ > 0, then

ry/c <1




Heinz (1955)

Let f(x,y) be a smooth function defined on
T2 + y2 < r?

(a) If the graph of f has mean curvature H(z,y)
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(b) If the graph of f has Gaussian curvature
K (x,y) satisfying K (x,y) > ¢ > 0, then
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Corollary: If r = oo and H Is constant then
H =0.
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Corollary: The graph of f : R — R has
constant mean curvature 4 or nonnegative
constant scalar curvature S if and only If

H =0 or S = 0 respectively.
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Consider the graph G(f) C M x N of a
smoothmap f: M — N.

If G(f) has parallel mean curvature vector
He)

then, for every oriented compact domain
(0 C M, one has

| o)l < Vol,1(99)/Vol, ()
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Let (2 be an open domain in a Riemannian
manifold M.

It Is well known that the fundamental tone
A*(€2) is defined by

A (Q) = {fﬂfyf{‘ e m@\o

where Hj(Q) is the completion of C5° with
respect to the metric ||o||3 = [, ©* + [, V]







When €2 is bounded with piecewise smooth
boundary then \*(2) coincides with the first
eigenvalue of the Laplacian.
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Cheeger constant is defined by

. Voln_l(é?A)
A8 = ok ol ()

where A ranges over all open connected
subsets of {2 with compact closure and
smooth boundary.

Theorem (Cheeger): If €2 1S bounded with
smooth nonempty boundary then

A() > h(Q)?*/4 > 0




Let M be an n-dimensional Riemannian
manifold and €2 be an open connected subset
of M.




Let M be an n-dimensional Riemannian
manifold and €2 be an open connected subset

of M.
Let f: Q C M — R be a C? function.




Let M be an n-dimensional Riemannian
manifold and €2 be an open connected subset
of M.

Let f: Q C M — R be a C? function.

Consider M x R endowed with the product
metric and the graph G(f) of f in this product.




Let M be an n-dimensional Riemannian
manifold and €2 be an open connected subset
of M.

Let f: Q C M — R be a C? function.

Consider M x R endowed with the product
metric and the graph G(f) of f in this product.

Let H represent its mean curvature.




Let M be an n-dimensional Riemannian
manifold and €2 be an open connected subset
of M.

Let f: Q C M — R be a C? function.

Consider M x R endowed with the product
metric and the graph G(f) of f in this product.
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«If |H|>c>0 then
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Consider now M = M x R with the product
metric.

Let G(f) € M x R be the graph of the
function f : QQ C M — R.

Choose a unit normal vector field n to G(f) so
that the mean curvature vector is A7 with
H > 0. This is possible since |H| > ¢ > 0.

Parallel translate G( f) vertically to produce a
smooth codimension 1 foliation F of
Q=0 x R.
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Observe that, according to Cheeger, we have
that

h(Q) < 2/ M (0

So, to conclude the result we just need to
show that

c < h(Q)

Consider the trunked cylinder 2 x [—a, a| and
the restriction of the vector field , to It.

Let A be an open connected subset of 2 with
compact closure and smooth boundary, and

Ry ¢ C (2 < [—a,d]



By the divergence Theorem we have

/ div7) = / (v, m)
Ax[—a,a] I(Ax[—a,a])

~p.12/26



By the divergence Theorem we have

/ div7) = / (v, m)
Ax[—a,a] I(Ax[—a,a])

On one hand we have that

/ (v,n) < 2aVol,,_1(0A)
I(Ax[—a,a])

~p.12/26



By the divergence Theorem we have

/ div7) = / (v, m)
Ax[—a,a] I(Ax[—a,a])

On one hand we have that
/ (v,n) < 2aVol,,_1(0A)
I(Ax[—a,a])
On the other hand

/ divnp > ( inf divn)2aVol,(A)
Ax[—a,a]

Ax[—a,a]

~p.12/26



Hence

i < Vol,,_; (8A)
111 IV
Ax[—a,a] = VOIn(A)




Hence

inf  div o Vol 1(04)
Ax[—a,a] = VOIn(A)

Observing that

c < inf |H| = inf divn < inf divny
OXR QxR Ax|—a,a]




Hence

11 v
Axlad Vol,,(A)

Observing that

c < inf |H| = inf divn < inf divny
QxR

OxR Ax[—a,a]
we conclude that ¢ < YOlio1(04)
— Vol, )




Hence

O di < VOln_l (8A)
111 IV
Ax[—a,a] e VOIn(A)

Observing that

c < inf |H| = inf divn < inf divny
OxR QxR Ax|—a,a]

Vol,,_;(84)
< Vol (4)

and this is true for any open subset A of ()

EEiligissewisessm ooth boundary.

we conclude that




Hence

O di < VOln_l (8A)
111 IV
Ax[—a,a] e VOIn(A)

Observing that

c < inf |H| = inf divn < inf divny
OxR QxR Ax|—a,a]

Vol,,_;(84)
< Vol (4)

and this is true for any open subset A of ()

EEiligissewisessm ooth boundary.

we conclude that




Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature




Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive

sectional curvature

Let 2 C M be anopensetand f: ) — R be
a C? function.




Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature

Let 2 C M be anopensetand f: ) — R be
a C? function.

Consider the product M x R with the product
metric.




Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature

Let 2 C M be anopensetand f: ) — R be
a C? function.

Consider the product M x R with the product
metric.

Let S be the scalar curvature of the graph

G(f) of f.




Corollary 1

Let M be a complete n-dimensional
Riemannian manifold with non-positive
sectional curvature

Let 2 C M be anopensetand f: ) — R be
a C? function.

Consider the product M x R with the product
metric.

Let S be the scalar curvature of the graph
G(f)of f.

f S>c>0 then
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Corollary 2

Let M be a complete Riemannian manifold
with A\*(M) = 0.
Let f : M — R be a smooth function

a) If G(f) has constant mean curvature H then it

IS a minimal hypersurface. Furthermore, If M
IS closed then f Is constant.

b) If M has non-positive sectional curvatures
and G(f) has constant nonnegative scalar
curvature S then S = 0.
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The class of Riemannian manifolds M with
A*(M) = 0 is quite large. It contains all closed
Riemannian manifolds and all complete
noncompact Riemannian manifolds with Ricci
curvature asymptotically nonnegative.

Recall that M has Ricci curvature
asymptotically nonnegative Iif

Ricy(z) > —y(disty;(xg, x)), for a continuous
function ¢ : [0, 00) — |0, 00) with

limt_m w(t) — O, To € M.
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Let M be a complete Riemannian manifold
with Ricci curvature bounded from bellow by

(n —1)k.

Let f: M — R be a C? function e represent
by H the mean curvature of G(f).

If |[H| > ¢ > 0then k = a* for some a
satisfying (n — 1)|a| > c.
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Let F be a transversely orientable
codimension-one C* foliation of a connected
open set ) of a Riemannian manifold M.

Let n be a unit vector field on ) normal to the
leaves of F.

Suppose that the mean curvature Hy of each
leaf ' € F computed with respect to 7 Is
positive and bounded from zero.

Then

24/ A (Q) > inf inf Hp(z)

 FeFzeF
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~ ~

iR (Mot () = (0)°/4
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_et ) be a connected domain of a
Riemannian manifold M.

_et F be a transversally orientable
codimension-one C? foliation of €.

This implies the existence of a unit vector field
n in Q that iIs normal to the leaves.

Let Hr represent the mean curvature function
of the leaf F' of F.

By hypothesis, for each leaf there Is a positive
constant cp such that |Hg| > cp.

B . it necessary we may




By Bessa-Montenegro we have
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By Bessa-Montenegro we have

A (2) > ¢(2)? /4
and
div X
c()) = Sup(lnf ||X||oo)
> mfdlvn— inf Hp(z))

rel)




By Bessa-Montenegro we have

A1) 2

and

c(€2)*/4

c()) = Sup(mf

|V

2\/A(Q) >

divX)
Q|| X[ oo

mdeVn = inf Hp(x))

rel)

infpef(infxep HF(ZL’))
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Final Comments

Meeks proved that if F is a transversely
oriented codimension-one C*“ foliation of R?,
whose leaves have constant mean curvature,
then F Is a foliation by planes.

Question: Can one extend this result for R
with n < 87

Question: Would be true that the leaves of
such foliations in R™ are always graphs of




Thank you.
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