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Abstract

We present a new model of the underlying dynamics of the oxygen upt@kév, t) kinetics for
various exercise intensities. This model is in the form of a set of nonlinear coupled vector fields for
the VO, (v, t) andy, the derivative of the exercise intensity with respect to time. We also present a
new and novel means for calculating the oxygen dem&nd, t), and hence also the oxygen deficit
and debt, given the time series of t@,(v, t). This enables us to give better predictions for these
values especially for when exercising at or close to maximal exercise intensities. Our model also
allows us to predict the oxygen uptake time series given the time series for the exercise intensity as
well as to investigate the oxygen uptake response to nonlinear exercise intensities. Neither of these
features is possible using the currently used three-phase model. We also present a review of both the
underlying physiology and the three-phase model. This includes for the first time a complete set of
the analytical solutions of the three-phase model for the oxygen deficit and debt.
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1. Introduction: general

An understanding of the oxygen uptake kinetics is fundamental to training methodology
and competitive success in spoldrtin and Coe, 1997Noakes, 2003Astrand et al.,
2003 Billat, 2001ab; Saltin et al., 1995fa; Bangsbo et al., 20Q0and also to our
knowledge of cardiovascular healtiV§sserman et al., 19R9A correct and efficient
means of interpreting and analyzing the data obtained is of vast importance, as exercise
testing is routinely used in both of these areas. The currently used model of the oxygen
uptake kinetics is the three-phase modyies et al., 1972Vhipp and Wasserman, 1972
Linnarsson, 1974Barstow and Mole, 1991 In the introductions we review and present
some of the problems and difficulties with this model (see 8tsding and Zakynthinaki
(submitted for publicatior))as well as for the first time a complete set of analytical
solutions for the oxygen deficit and debt. We then go onto present our model which uses
tools from dynamical systems (skantz and Schreiber, 1996uckenheimer and Holmes,
1983 to model the underlying dynamics or basic response pattern of the time series of the
oxygen uptake kinetics. This new model contrasts the three-phase model in as much as
it consists of a smooth function of both time and exercise intensity and therefore does
not contain any phases or time delays. The new model allows us to provide more accurate
estimations of the oxygen demand over the continuum of exercise intensities and as a result
better estimations of the oxygen deficit and debt. Other main advantages of this new model
are that it gives one the possibility of studying the response to nonlinear exercise intensities
and also of making predictions of the time series of the oxygen uptake kinetics given
the time series of the exercise intensity. Neither of these two advantages was previously
available using the three-phase model.

1.1. Thethree-phase model for pulmonary VO, the critical speed, verit, and the VO, drift

Hill and Lupton (1923Yyecognized that the pulmonaO rises approximately expo-
nentially following the onset of moderate exercise. With breath-by-breath analysis how-
ever, three phases are believed to be observable i @t) time series. Phase 1 occurs
in the first 10 to 25 s, with the rise IO, believed to be due primarily to increased
cardiac output\(asserman et al., 19Y4nd secondarily to changes in mixed venoys O
content Casaburi et al., 1989kand lung gas store®8érstow and Mole, 1997 Phase 2
follows phase 1, and in this phase there is an fast exponential-like rise to a steady-state
level of VO, for moderate exercise below the lactate threshold @as@buri et al., 1989a
Whipp and Wasserman, 19;7Rarstow, 1993 The so-called lactate threshold, LT, is de-
fined as the point at which blood lactate begins to accumulate, above resting levels during
exercise of increasing intensityMeltman, 1995 Phase 3 represents the new steady-state
level of VO,, when it is achieved (i.e. below LT). Below the LV,0, reaches a steady
state within approximately 3 min of constant work rate exercBavies et al., 1972
Linnarsson, 1974Whipp and Wasserman, 1972\t higher rates of work however the
VOy(t) does not follow the steady-state response. Instead at work rates above the lac-
tate threshold the oxygen consumption continues to increase beyond the typical time for
reaching the steady-state value. This slow increaséQa during constant work rate ex-
ercise has been called the slow component of oxygen uptake kinetics and is commonly



J.R. Sirling et al. / Bulletin of Mathematical Biology 67 (2005) 989-1015 991

believed Barstow and Mole, 1991 though not universally, (sekinnarsson, 1974
MacDonald et al., 199#%here phases 2 and 3 start together) believed to start 100 to 200 s
into the exercise. The slow component can result in either a delayed sub-maximal steady
state or a steady state equal to ¥, (Billat et al., 2000. It has been described as
an additional phase in whicO, adds on top of the metabolic requirements of that work
rate Paterson and Whipp, 19R1There has also been much debate as to the cause of the
slow componentGaesser and Poole (1996)their review article conclude that “although
the blood lactate profile is well correlated with the time course and magnitude of the slow
component the relationship is coincidental rather than causal. The most likely mechanism
accounting for the slow componentis muscle fibre recruitment”; sedPalste (1994and
Poole et al. (1994)

Billat (2000)defines the critical speedsit, to be the highest speed for which e,
can reach a delayed (due to the slow component), sub-maximal steady state. Lii#wise
and Ferguson (199%)emonstrated that “theg; is the threshold intensity above which
exercise of sufficient duration will lead to the attainment®,, . ”. This is used Hill
et al., 2002 to define the lower boundary for severe exercise as “just abgyewhich
is the highest work rate that is sustainable for a prolonged duration and that will not
elicit VO,

The VO, slow component should not be confused with a phenomenon callédiGhe
drift. This phenomenon is defined as a slow increas& ®, during prolonged, sub-
maximal, constant power output exerci€oyle et al., 199;1Hamilton et al., 1991Kalis
et al., 1988. Unlike the slow component, théO, drift is observed at power outputs well
below lactate threshold and the magnitude of the increastQp is much less Gaesser
and Poole, 1996

1.2. Fluctuationsin VO,, averaging over repeated runs and phases

Linnarsson (1974)states that “Respiratory and circulatory functions exhibit
spontaneous fluctuations which will be superimposed as a ‘noise’ on the basic response
pattern during the adaption to exercise, and become noticeable when breath-by-breath or
beat-by-beat recordings are made”. Such oscillations or fluctuations can be a result of noise
due to the measuring device or can be physiological, such as abnormal breathing during
exercise including shallow breathing or breath holdiBgr¢ani et al., 200L Regarding
the significance of this noisdorrani et al. (2001)tate “it is not possible to exclude
the fact that the breath-by-breath variability may have biological significance, although
Lamarra et al. (1987)suggest stochastic properties of the breath-by-breath noise” (see
also Potter et al., 1999Puente-Maestu et al., 200Xing et al., 1991 Rossiter et al.,

2000 Koga, 1990 Borrani et al., 200)L There is also a potential biological significance

of breath-by-breath interbreath fluctuations in exercise situations in which the breathing
pattern is altered, as is the case in swimmiRgdriguez et al., 20Q3due to the cyclic

head immersion and the resulting breath holding phase. Nonlinear systems such as the
physiological ones in question however can produce signals which look r<asy and
Schreiber, 1993Guckenheimer and Holmes, 1988s a result, part of what is attributed to

noise could contain an inherent feature of the system being studied and need not necessarily
be completely random.
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The time series for th&/ O, is usually averaged before the data is modelled. For
exampleLinnarsson (19743tates that “In order to reduce this noise and correspondingly
enhance the basic response pattern, repeated identical experiments were averaged, both
for individual and for the whole group of subjects”. This is used extensively in the work
on modelling of the oxygen uptake or heart rate kinetics particularly when focusing on
modelling a phase which is of short time duration, such as phase 2 in these nBadstey
and Mole, 1991Linnarsson, 1974 .amarra et al., 1997t is after this averaging that one
is able to see the features that are termed the three phases. In particular the time delay for
the third phase can only be seen clearly after such averaging, as before the averaging there
exist too many oscillations in the signal to identify the separate phases. Some other works
which model the same general phenomena but focus more on a phase which lasts for a
longer duration (i.e. the slow component) have however used only a single transition as they
were able to obtain enough data to fit the parameters in their mBdelani et al., 2001
Bearden and Moffatt, 20Q0®ernard et al., 1998 angsetmo and Poole, 199%ngsetmo
etal., 19970bert et al., 2000 In Bearden and Moffatt (200@his data was then averaged
using a rolling three-breath average before a three-phase model was fitted, WBidstani
et al. (2001)}the data was edited with the points considered to be outliers removed and
then the three-phase model was fitted. In both of these cases however due to the spread
of the data it is not obvious that three phases are needed in the model or secondly that
there exist different time delays for the second and third phases (see in pafotiani
et al., 200). Both modelsBorrani et al., 2001Bearden and Moffatt, 20Q0nclude these
features however as they claim that the particular exponentials used for curve fitting fit
better statistically with a time delay. The improvement in fit following the introduction
of a time delay is marginal however and, bearing in mind that only a specific family of
exponentials were used to model real noise-containing data, the existence of time delays in
the time series of a single bout of exercise is highly debatable.

We argue that a more rigorous and useful way to remove the so-called noise and hence
obtain the underlying signal is to remove the high frequency oscillations from the time
series for a single bout of exercise using Fourier analysis and then reconstruct the smooth
curve using the inverse Fourier transform. This is discussethkynthinaki and Stirling
(submitted for publicationaind Stirling and Zakynthinaki (submitted for publicatioim)
which this technique is applied to a very similar type of time series obtained for the heart
rate response to exercise.

1.3. O2 demand, deficit and debt

Oxygen demandD (v, t), is traditionally thought to be a constant equal to the end of
exercise steady staiO,_.. This value is a function of speed (or intensity) such that an
increase in the intensity of the exercise results in an increased oxygen demand. However
the assumption that the demand is constant throughout constant speed exercise is based on
the assumption that the energy demand does not increase with time when exercising at a
constant speed. This assumption would not hold if the body was to become less efficient
as time progresses, resulting in an increase in the amount of energy required to hold a
particular speed. This would be particularly noticeable for exercises of a sufficiently high
intensity. For exercises of a sufficiently low intensity however it could well be a good
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approximation to assume that the oxygen demand is constant. We therefore believe the
oxygen demand to be a function of both speed and time over the continuum of exercise
intensities. The traditional view of the oxygen demand has also been challenged elsewhere
(Bearden and Moffatt, 20QPaterson and Whipp, 199Ren et al., 198P The latter
authors believe there to be an additionald@@mand beginning some time after the onset

of exercise for work rates above the lactate threshold, in the same manner as the way
Paterson and Whipp (199tpnceive the slow component to be an additional metabolic
demand on top of that of the work rate requirements. Whether this is the case or not is
debatable howevdaorrani et al. (2001point out that due to the difficulty in evaluating the
energy demands “it seems very difficult to verify whether the slow component amplitude
represents @excess or not”.

The oxygen deficit, gf’f', was defined as the integral with respect to time of the
difference between the oxygen demand and the oxygen uptake during an exercise bout
(Krogh and Lindhard, 19201In the same papeK¢ogh and Lindhard, 192ahe authors
compared the oxygen deficit with another quantity called the oxygen d@?}, @
investigate how the oxygen deficit accumulated during exercise was repaid in recovery.
The oxygen debt, gﬁ’b‘, was defined as the volume of oxygen consumed above basal,
resting values during recoverkiogh and Lindhard, 192Meyerhof, 1920. The oxygen
debt has also been called the Philogislon détar(is, 1969, recovery Q (Stainsby and
Barclay, 1979and more recently excess post-exercise oxygen consumptioaks et al.,

1971, Brooks and Gaesser, 198Gaesser and Brooks, 1984n this paper however

we will use the term oxygen debt. The oxygen deficit is often used to quantify the
anaerobic energy contribution to the work performed. Energy costs or oxygen demands
must be accurately known for calculating the oxygen deficit. This is not difficult at sub-
maximal work loads where the steady-state oxygen uptake represents the oxygen demand.
For exhaustive exercise, however, the nature of the true cost is more complicated, the
problem being that we cannot extrapolate from the sub-maximal linear relationship as this
would underestimate the oxygen defi@g(tin, 19871990 Bangsbo, 1996k, 1998. We

also cannot assume that the mechanical efficiency of the subject remains constant with
increasing intensity. It can be shown that the higher the intensity of the exercise the lower
the mechanical efficiency of the athlet@a(tin et al., 1972Saltin, 1987 1990 Bangsbo,
19964. A problem can also arise if, for what ever reason, the athlete stops exercising before
a steady state is achieved as we would not knowte_ and hence the demand.

It has also been observed that if the athlete is sufficiently motivated then the same
oxygen deficit is achieved when the tolerable exercise duration (i.e. the duration of time
elapsed before the athlete stops due to exhaustion) ranges from 2 to 1A8gman¢ and
Saltin, 1961 Karlsson and Saltin, 1970edbo et al., 1988 From the tolerable duration
this appears to be in a range of intensities above the critical syzi#at,(20019. This
indicates that when thB(v,t) > VO, and the athlete runs until exhaustion then the
deficit will not increase with intensity and, hence, will be no greater than the maximum
oxygen deficit, G .

Bearden and Moffatt (200@¥ee alsdVhipp et al., 2002Kindig et al., 2001 Barstow
et al., 1993 consider the oxygen deficit to consist of two components, due to their use
of the three-phase model to modéD, kinetics above the lactate threshold (note that
they also state however that this is “almost certainly an oversimplification of the complex
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kinetics. . .”). The two separate components correspond to oxygen deficits for the so-called
fast (phase 2) and slow (phase 3) components of oxygen uptake kinetics.
The new model that we propose can also be applied to the estimatid@pialues

during exercise from measurements during the immediate recovery period by backwards

extrapolation as proposed Bjontpetit et al. (1981)and used byCostill et al. (1985pnd
others or, more recently, by breath-by-breath measuremiatsiguez, 2000 Our model
could also have important applications in computer simulation models of metabolism
during exerciseNlader, 2003Rodriguez and Mader, 20D3

2. Introduction: theoretical

First we introduce and review the mathematical details of the currently used three-phase
model. We then go on to show how it can be used to generate solutions for the oxygen

deficit and debt. We give for the first time complete solutions including the contributions

from all three phases and show how they can be simplified. Solutions which have already

appeared in the literature are acknowledged where appropriate.
2.1. Thethree-phase model

TheV O, uptake kinetics for the on-transient is commonly modelled using the following
double-exponential fornBarstow, 199%

ot
VO, = VOy(0) + AJ" <1 —e 73’“) phase 1

(t—TDg“)

+A‘{”(1—e 1 > phase 2

(t—TDg“)

+AQ" (1 —e > slow component @)

whereV 0,(0) is the initial value of theV O, at timet = 0. A", A" and AS" are the
asymptotic values§", 77" and 7" are the time constants, ad®{" and TD$" are time
delays for each exponential term; $6g. 1L We define

-10¢" —(m3"-TDY"
Agnggn(l_efo" ) A°:=Ag"<1—e i )
—(tf —TD§"
andAy'=A"(1-e = .

The three-phase model is such that afte= TD{" we terminate phase 1 and put
VO(TDY") = VOz(0) + A3 the second phase then starts and is addatQe(TDS").
Phase 2 is terminated aftee= TD3", giving V O2(TDS") = VO,(0) + AG"+ ALM the third
phase then starts and is added)t@z(TDg”). Phase 3 is terminated after= t; giving
VOo(tf) = VO (0) + AGT+ A"+ AS". Note that below the so-called LT there is no slow
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VOut)

VOr(0)+ A+ AT+ A = = = - - - - - — - - - - o
Phase 3
VO, (0) + A+ AT - = - = - = ==~

VOy(0) + A

TD" TD" tf ¢

Fig. 1. The three-phase model for the on-transient kinetics of oxygen uptake.
VOa(t)
EEVO,

EEVO,—- AT} -
Phase 2 + Phase 3

EEVOy— A Al pgffl - - T —

0  ppoff ty ’

Fig. 2. The three-phase model for the off-transient oxygen uptake kinetics.

component or phase 3 and hence the model will have only two phases. Note also that when
phase 1 is active, phase 2 and the slow component are inactive due to the tim&@glays

and TD$" respectively. Phase 2 becomes active dfter TDY", which is approximately

10 s, followed by the slow component afte= TD3", which is approximately 180 s.

It should also be noted that many models h&# = 0 as this initial cardiodynamic
phase of theVO, response (phase 1) does not directly represent active muscle O
utilization (Krogh and Lindhard, 191,3Neissman et al., 1982hence the first 20 s of
the on phase is often omitted from the curve fitting proc&=syéner et al., 2001 Also
some models also have a common time delay suchD®8 = TD{" = TD$" as it is
not necessarily proven physiologically that the slow component should really start after a
different time delay than that of phaseMdcDonald et al., 1991innarsson, 1974

The off-transient kinetics (seEig. 2) is modelled Engelen et al., 1996using the
following form:

t

VO, = EEVO, — A (1— e_%ﬁ>

_ (t—T[;fOﬂ)
AT (1-e
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_ t—mpoff)
By (1 —e % ) 2

where the parameters are as before apart from the fact that the superscript ‘on’ is replaced
by ‘off’ to show that the parameters now refer to the off-transient kinetics. The parameter
EEVO; is the end-exercise level & O, and the time delayD$" = TDS™ = TD, as
the phase 2 dynamics and the slow component begin at different times during the intense
exercise, but in the off phase they exist together at the time at which the off phase begins. In
Engelen et al. (1996)hase 1 was believed to be present in both the on and off responses to
exercise; however, other authof3zyener et al., 200 Bearden and Moffatt, 200®illat
et al., 2002 do not include a first phase, and hence they h@?ﬁe: 0. As in the case of
the on-transient we define

_poff —(tg —TDOff)

=T il kLo

Ag:f:Agff(l—efé’ ) Aff=pAfTl1-e o

—(t; —DOff)
LOff

andAS" = A [1-e 2

whilst taking into account that the phase 2 and 3 have a common time @By,
2.2. Oxygen deficit and debt solutions

The oxygen deficit is definedgarden and Moffatt, 20Q0n two ways from Eq. 2).
The first way is the traditional way where the oxygen deficiggg) is the difference

between the oxygen that would have been consumed if the steady \é@sg, had
occurred fromt = 0 and the actual oxygen consum&tD»(t). The second way consists
of using two separate oxygen deficits for the two separate oxygen demands of the phases 1
and 2. This is because as was discuss&kiction 1.3hey considered the slow component
to be an excess oxygen demand above the metabolic demands of the exercise intensity.
Below we give the analytical solutions for each case including all three phases; we then
simplify the solutions to show the form of the equations under certain assumptions.
tf
defi ' '
Oger, = (VO2(0) + Agl + A" + Ao (L — to) — /I :Ovoz dt (3)
) . (S
Ol — (VOp(0) + A+ A+ AS)(t1 — to) — (AMTDY") — /t Vot (4)
o=

where

tf . .
/ VOodt = VO (0)t;
to=0
+ Ag(ts —TDE™ + APty — TD3™)
D" —t
-|-/ A8”<1—e’0>dt
t

=0
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TOg" -109"
—
+ / A"[1-e T )dt
Do"

ty _(t—TD‘Z)”)
+ / A"(l-e ™ dt. (5)
D"

Substituting Eq.%) into Egs. 8) and @) we obtain
To¢"

Odefi — —AgnTDgne_?Oﬂr

2trad

TD09"-1D9" )
—2 1

+ A" (TD‘l’” ~TD"e %
i -1D9"
+ A" (TDgn —tre %2 )
_ "
_ A (e o 1>
TD9"-TDY"
(s )

_tf—TDg“
— AQNZON (e E] —1). (6)

™on

1

i — —om
03Nl = —AS"TDY"e 0

_ Tog"-TDg"
+ A" (TD‘l’” — TDJ" T)

on
_tffTD2

+ AN(TDS" —ty)e ™2

— A" <e

TD¢"
— om
'[0 _ 1)

on on
TD2 —TDl

— A" (e_ 1 — 1)

_tf—TDgn
— AN (e E] —1). )

If we look at solutions where we assume that we have neither the first nor the third phase,
tf

then we haveAd" = A" = TDS" = TDS" = 0 which gives ¢ = A% " (1 e 7"

which when taken in the limit wherg approaches infinity gives 9" = A"z Such
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solutions where there is no slow component work for intensities below the so-called lactate
threshold Whipp, 1994. We now remove the first 20 s from the data as is commonly done
and setAg" = 0 as inBearden and Moffatt (2000)Ve also leto = TDJ" = 0 as phase 1

has been removed; hence

™9"
2
i L om
0gefl = —A"TDY"%e I
t¢—TDY"
on on . fr” 2
+ A" TDS" —tre
09"
— —om
— A" (e T - 1)
ty —TDJ"
-
— A" (e 2 — 1) . (8)
9"
2
O = —AMTDY%e
&m

on
tf 7TD2

+A(TDS" —t)e B
_ 8"
e (e " 1>

_ tg—TDg"
— A" (e 2 — 1) . 9)

We now make the assumption that there is also a common time delay starting after phase
1 such thaffD°" = TD{" = TD$". If we also assume thay = TD°" = 0 as we have
removed the first phase from the data then we have, using the traditional definition and
taking into account the new limits for the integrals in Eg), (

t t

i ——on —on
0%efl = —Adtre T — Adtre 2
— ASNon (e 1 1)
— AgNon (e 3 1) (10)

and in the limitt; — oo then the oxygen deficit approache§’® = AJ"t2"+ A",

We now calculate the oxygen debtg‘@‘, in the same way as above using E2). (Ve
haveEEV O, — Agrf]f - A‘{f - A‘ZJZf = V Oy WhereV Oy, is the baseline or minimum resting
value of oxygen uptake.

05 = (AT + AT + ASTTDON
+ (AT A9ty — TDO)
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TDOff ——
(o)
—/ A8ﬁ<1—e’0)dt
to=0
t _@ﬁ%
[9)
—f Agff(l—e gl )dt
TDoff
ts _%Eff“)
—f ASf(1-e 3 dt (11)
TDoff

which upon solving the integrals gives

ooff
~off
Ocziebt: Agﬁfgﬁ (1_e 0 )

ooff
off

_ AgﬁTDOﬁe_ 9

G _1poffy
AOff off 1 e r](:"

_(tf—TDOﬁ)
+ AT —tp)e A
(t; —TDOf)
+AYTT l1-e
_(tf—TDOﬁ)
+ AT DO —trye B (12)

If we remove the first phase (as Bearden and Moffatt (2000)here phase 3 is also
removed) and sep = TD" = 0, then in the limitty — oo the oxygen debt approaches
Ogem = A 4 AOﬁr . The oxygen debt will therefore be equal to the deficit if
AONO A°”r°” AOff + AST9f under the assumptions thag" = AS™ = 0 and we
have a.common time delay such tFrﬁIO” = TD3" = TD°", TDY = TDY™ = TDOf where
" =TD" =0 andtOff = TD°" = 0. The oxygen consumed in recove@éec, can be
obtained Bearden and Moffatt, 200y adding(EEV O, — A3 — AJT — AZT)(t — to)
to Egs. (1) and (2).

It can be seen that there are many major problems with the models just presented, not
least the use of phases to model the time seri®&@y(t). One of the other major problems
is that Aol Tponoff zomoff forj — 0, 1, 2, should in fact be variables which depend on
the exercise intensity. This can easily be realized as these so-called parameters can be seen
to change with change in the intensity of the exercise. Due to this, the model previously
described cannot be used to predict¥@(t), given the time series for the intensityt).
It can only fit curves through existing data with the parameters being compared to give
physiological significance. We go on to address these issues in the next section where we
present a new model in the form of a dynamical system, wher® @) is coupled to
the exercise intensity.
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3. A new mode for the VO,(¢) kinetics

We first develop a model for the underlying dynamics or basic response pattern of
the oxygen uptake kinetics using a set of coupled ordinary differential equations similar
to those used by the authors to model different nonlinear time se@tding and
Zakynthinaki, 2004submitted for publicationStirling, 200Q 2003. We then go on to
give solutions for calculating the time series of the oxygen demand and hence as a result
the deficit and debt.

3.1. Theequations

VOx(v,t) represents the time series for the oxygen uptake kinetics which changes
with both timet and exercise intensity;. We make use of and focus on the fact that
the rate of increase of the oxygen uptake kinet€(v,t), goes to zero for three
specific oxygen demands. These demands are the minimum resting value of oxygen uptake,
VO, the maximum valuey O, .., and a sub-maximal oxygen demari(v, t), the
magnitude of which depends on the exercise intensity and maybe duration. Note that
if D(v,t) > VOg,,, thenVOy(v,t) approaches zero as we approaéd,, .. The
other main consideration is that thereVi©,,,, < VO2(v,t) < VOj,,. Note that
the fact that theVOp(v,t) > VO, is the other reason thafO(v,t) = 0 when
VO3 (v,t) = VO, ; otherwise we could get values WO, (v, t) < VO;, . which would
not be physiologically realistic. We model the uptake kinetics in the following manner,
where we assume that the rate of increasé@» (v, t) is a function of the current value of
the VO»(v, 1), the intensity of the exercise (i.e. the speedand time. This is supported
by the observationAstrand and Saltin, 196Linnarsson, 1974Saltin, 1990 that the rate
of rise of oxygen uptake at the onset of exercise is a function of relative exercise intensity
and also tha¥/ Oy, is more rapidly attained as the supra-maximal workload becomes
higher @strand and Saltin, 196Margaria et al., 1966 Also Hill and Stevens (2001)
conclude that “at the onset of exercise in the severe intensity don&g,is initially
driven toward the @ demand, and then is limited by the achievat#i®;, the VOz,,,,",
where\'/Ozpeak = V Oy, Unless we have premature fatigue. Also phenomena such as the
V O, drift, where the oxygen uptake increases over time for long duration steady exercise
intensities below the so-called lactate threshold, can be thought of as resulting from an
increase in the oxygen demabdv, t) with time, t, for v constant.

The model is given by

VOz(v,t) = A(VO(v,t) — VO, ) B(VOy,, — VO2 (v, 1)
x (D(v,t) — VOo(v, t)E (13)
b= 1(). (14)

The vectory = 1 (t) defines the rate of change of intensity or speed. For linear exercise
intensities we havé = c wherec is a constant, witle = 0 for the constant speed or steady-
state case. For simplicity and numerical reasons we assume dimensionless quantities and
normalize theV Oz (v, t) such that 0< VOy(v,t) < 1,i.e.VO,,, = 0andVO;,,, = 1.
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Egs. (L3) and (L4) take the form

VO (v,t) = AVO2(v, 1) B (1 — VOu(v, 1) (D(v, t) — VOu (v, t))E (15)
b= (t). (16)

The functionD (v, t) > 0 is the function describing the oxygen demand of the exercise.
Note that we will haveD (v, t) > 1 for values of severe or very high intensity exercise
and this will result in a peak' Oz (v, t) equal toV Oz, assuming that the exercise can be
continued for a sufficiently long time period. We habév, t) = 1 whenv = vminVOzmax

(i.e. the minimum value of the speed or intensity for which we can achit®e,
inclusive of the slow component). This can be used to fit the parameters of the model. In
particular we can use the time that it takes to achM@,,,, with the minimum intensity
possible. The value of the speed is found to be slightly (i.e. somewhere before the next
speed increment) above that of the so-called critical speedSseton 1.1 Above the
critical speed (i.e. during high intensity exercise) th@z(v t) is not stabilized and hence

the VO, (v, t) continues to rise until it reaches tf\li)zmax unless fatigue sets in before
VO, can be achieved.

A, B, C, E are parameters which can be used to change the shape of the curve. In
Egs. (L3) and (14) the parameter8, C and E are dimensionless whilst paramet&has
dimensions ofm3s 1)(1-B-C-B)g~1 parameteA (where A > 0 always) modifies how
steeply the curve rises (i.e., the magnitude of the rate of chanyeftv, t)) and as a
result the time taken to reach the steady-state v&l@e_.. B controls how quickly we
leave or approach the minimum val¥O, . . C controls how quickly we approach or
leave the maximum valu€ Oy, .. E cannot be even or a fraction. Notice that if we put
B = C = 0 we get the plateau-type curves that are classically expected below the lactate
threshold.B # 0 andC # 0 however give a curve which takes much longer to plateau off
for values ofV Oz(v, t) close toV Oy, This is very similar to the effect that the so-called
slow component has on théO, (v, t) kinetics.

The values of the positive parametefs B, C, E can be determined for exercises
where the oxygen demand is such ti¢v,t) <« VO, For such intensities it is
believed that the value of the demarii(v, t), is to a good approximation constant and
equal to the end of the exercise steady stat€_, which can be obtained from the
time series of th&/ O,(v, t). Note that this is probably true for exercise intensities such
that D(v,1) <« VOzmaX. For higher values oD (v, t), especially for the cases were
D(v,t) > VOg, ., the oxygen demand is probably a function of time. As the intensity
of the exercise becomes closer to our absolute speed limit we will become less efficient the
longer we exercise at that intensity. This could result in a time dependent behavior in the
oxygen demand (v, t).

We now go on to explain how to calculate the linear stability of the fixed point solutions
of our system.

3.2. Solution for fixed points and how to set the values of the parameters

In a model of coupled ordinary differential equations suchl3s¢nd (L4) fixed points
occur whenVO,; = v = 0. If v = c wherec is a constant, then for that particular
intensity the oxygen demand and uptake are functions of time suctbthat) = D(t)
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andVO,(v,t) = VOu(t) respectively. For these conditions there are three solutions to
VO, = 0, the first being/ Ox(t) = VO, the second being Oy(t) = VO, and the
third beingV O»(t) = D(t). We solve for the linear stability of these fixed points to find
how orbits nearby behave. This can be used to fit the values of the parameRr€, E.

The Jacobian matrix], is

AVOo(t) aVOo(t)

aVOa(t) v
J= v a0 (17)
aVOa(t) v

and the eigenvalugsof the Jacobian matrid are

VO 4 3—” i\/(@\'/'ozm _ a_ﬁ)2+4a\702<t> av
v

_ aVOy(t) aVOy(t)  dv v HVO(t) ' (18)
2
As, howevery is a function of neitheW O, (t) nor v, we haveavao';(t) = 0and¥ = 0;
hence
=0
and
AV Oa(t)
27 3V ou)
= AfB-1gC-1hE-1[Bgh — Cfh — Efg] (19)
where
f = VOz(t) — VOzmin,
g = VOzp, — VO2(1), (20)

h = D(t) — VOu(t).
ForB # 1,C # 1, E # 1, we havel, = gggig = 0 for our fixed point solutions, as
f =0,9 = 0andh = 0 whenVOz(t) = VOg, ., VOu(t) = VOy,,, andV Oz(t) = D(t)
respectively. This means that the solutions for the three fixed points in our system would all
haveii 2 = 0; hence they are neutral fixed points. If we decide that we need non-neutral
solutions, however, we need at least oneBefC and E to be equal to 1, depending on
which solutions we need to be attracting. Depending on the data that we model however it
may be more important to be able to manipulate the vector fields by changing the values
of B, C and E than to be concerned with the fact that the three solutions are neutral with
A1 = A2 = 0. What we choose for the values of the parameters therefore will depend on
the data that we are modelling.

3.2.1. Solutionsfor Ao whenB #1,C=1,E=1
If we haveB # 1,C = 1, E = 1, then this allows us to have attracting solutions
and also gives us freedom regarding the rate of attraction to the sub-maximal steady-state
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solutions as we shall see later on. Notice that puting 1 and orE # 1 does not give us

this freedom; it would however give us more freedom in changing the shape of the curve
for the VO (t) time series when we are far from the three solutions previously mentioned.
We now have

3V02(t)
3V02(t)

AfB-1[Bgh— fh — fg]. (21)

This has four solutions of interest:
WhenVOz(t) = VO,,,,, and hencg = 0, we have

Ao = —AfBh
= —A(VOy,, — VO, )B(D(t) —VOy,.) (22)

which becomeg, = —A(D(t) — 1) in our normalized equations.

For D(t) = VO, ,, the solution is neutral, i.e., = 0.

If howeverD(t) > VO, then the solutio’VOp(t) = VO, is an attractor, the
strength of which increases the mddét) is greater thav O, . ForVOz(t) = VOy,,.,
f = 0 and practically we must also ha@t) = VO, and hencéh = 0. Therefore
X2 = 0 and the solution is neutral.

ForVO,(t) = D(t) andVOy,,, < D(t) < VO, We haven = 0. We therefore have

A2 = —Af Bg
= —A(D(t) — VOg,,) B (VO — D(1)) (23)

and hence, ag, < 0 for VO, < D) < VO, and A > 0, this solution is
attracting, withAz approaching zero ab(t) approaches/O, . or VO, .. We have
2= —A(D(1))B(1 - D(t)), with 0 < D(t) < 1 for the normalized solutions.

This means that, = 0 always butAz = 0 only whenVOz(t) = V02mln = D()
or VOu(t) = V02maX = D(t). For VOu(t) = D(t) andVOzmln < D) < V02max
or D(t) > VO, the solution is an attractor, the strength of which depends on the
magnitude of bottA andB and also the magnitude @f(t) or D(t) relative to the\'/Ozmin
andVOy, .

Assuming that we hav€ = E = 1 andV Oy (t) = D(t) we can use Eq2Q) to fit the
value of the parametd in the following way:

dro

— _\/ B-1

x [D()(B + 1) —VOy,,, — BVOy,..]- (24)

To find the particular value oD (t) wherea; is a minimum (which we define d3(t) =

DZ2un) in the rangeV Oy, < D(t) < VOg,,,, we solve for the turning point where

A2 _ N
aD(t) — 0:

A(Dy2um _ VO, )B7D (B 4 1) — VO, — BVOy,,l1=0 (25)
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which has two trivial solutionsA = 0, D™ = VO, , and one nontrivial solution,

Vozmin + Bvozmax
B+1 ’

D();Zturn — (26)

Using solution 26) we can change the value Bfso as to change the value ﬁzt“"‘ for
which the attraction is a maximum, and hergeis a minimum, in the rang¥' O, ,, <

A . . A . A .
Dc™™ < VOg,,,. Solution @6) becomesDc™™ = £+ with 0 < D™ < 1 in the
normalized case.

3.2.2. Solutionsfor s, whenB #1,C# 1, E=1
If we have the parameteB # 1,C # 1 andE = 1, then using Eq.20) we have
A2 =0forVOy(t) = VOy,,,, andV Oz(t) = VOy,,,, Whilst for VO (t) = D(t) we have

ByC
= —A(D(t) — VOg,,,) B (V Oz, — D(1))°. (27)
This gives us an attracting solution fér > 0 asV Oy, < D(t) < VOg,,,. The values
of D(t) = Dézt“"‘ for which X2 is a minimum are found as before from the turning point,
i.e. where
dl2

= —V B-1y _ c-1
3D(t) = A(D() — VOz;,) " " (VOzy, — D(1)

X [C(D(t) = VOzy;) — B(V Oz, — D(1)] =0 (28)
which has trivial solutions @ (t) = VO, andD(t) = \'/Ogmax and a nontrivial solution

BVO Yo}
atD(t) = Dp2um — w which givesD¢ Maum _ Bc B~ inthe normalized case.
This relatlonsh|p can then be used to fit the valueB aindC.

3.2.3. Howto choose A

The parameteA is chosen so as to enable us to reachviie, after the correct period
of time, t. By increasing the value oA we decrease the amount of time needed to reach a
particular steady statéO,_..

3.2.4. Anexample

We show example time series for tNeD»(t) at different constant exercise intensities,
v = C. SeeFig. 3for the on-transient kinetics arkelg. 4 for the off-transient kinetics. We
make the traditional assumption, for the purpose of this example, that the oxygen demand
for each intensity is a constant function of time, and hence the demand be&pnass
v = 0. We set the parameteB > 1 andC = E = 1, for the normalized Eqs1b)
and (16). Using suitable values for the parameters such gat 10 andB = 2 we then
numerically integraté/ O,(t) with respect to time to obtain théO,(t) time series for
different oxygen demand§), and initial conditionsy O»(0).

For an example of the case wh&@e# 1, B # 1 andE = 1, seeFigs. 5and6, in which
we chooseA = 10,B = 0.9,C = 1.25 andE = 1. As can be seen by comparikgs. 3
and>5 for the on-transient kinetics ariégs. 4and6 for the off-transient kinetics, allowing
C # 1 andB # 1 gives us more freedom to change the vector field and hence the shape
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VO,(t) /]
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0.4

0.21

0 2 4 6 8 10 .

Fig. 3. The on-transient oxygen uptake kinetics obtained using the normalizedlBEgand (6), with A = 10,
B = 2 andC = E = 1. Each curve represents th&,(t) for different steady-state oxygen demands given the
same initial condition.

VO,(1) |

0.84
0.69\\
0.4

0.21

0 2 4 6 8 10 [

Fig. 4. The off-transient oxygen uptake kinetics obtained using the normalized1Bang (L6), with A = 10,

B = 2 andC = E = 1. Each curve represents th,(t) for different initial conditions (end of hard exercise,
beginning of recovery) and identical steady-state oxygen demands, where the oxygen demand is equal to the
baselineV Oy, , i.e. D(t) = 0.

of the VO,(t) curve. In particular one can see that we can accelerate the way orbits leave
very low initial conditions and give a more pronounced slowing down of the kinetics as we
approach maximum values.

In all theFigs. 3-6it can be seen that we can generate the type of behavior known as the
slow component. This can be seen in the figures as a slowing down of the uptake kinetics
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VO,(t) 1]
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Fig. 5. The on-transient oxygen uptake kinetics obtained using the normalizedlBEgand (6), with A = 10,
B = 0.9,C = 1.25 andE = 1. Each curve represents tNeD,(t) for different steady-state oxygen demands
given the same initial condition.

VO,(t) ]

0.8
0.61
0.4
0.2
2 4

0 2 6 8 0

Fig. 6. The off-transient oxygen uptake kinetics obtained using the normalized15an@d (6), with A = 10,

B = 0.9,C = 1.25 andE = 1. Each curve represents tNeD,(t) for different initial conditions (end of hard
exercise, beginning of recovery) and identical steady-state oxygen demands, where the oxygen demand is equal
to the baseling/ Oy, , i.e. D(t) = 0.

as we approach either theO5, . in the case of the on-transient, or €, in the case

of the off-transient. What can also be seen in the figures is that the underlying dynamics of
the VOx(t) kinetics can be modelled by a curve which is a smooth function of in@;

and intensity and does not contain any phases or time delays.
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4. Finding the oxygen demand D (v, t) and the resulting solutions for oxygen deficit
and debt

If we look at Egs. 13) and (L4) we see that given the time series of ¥6,(t) kinetics
for a range of different velocities or intensities, we can calculate the oxygen demand, and
hence the debt and deficit once we have found the values of the parame®r€, E.
These can be found for the cases where we know the value of the ddbgand. those
low constant intensity cases (ixz2= c) where we have a sub-maximal steady state for the
VOo(t) and hence we can assume that the oxygen demand is not a function of time (see
Section 1.3, therefore we hav®(v,t) = De = VOo. It should be noted that we can
always collect data from enough steady-state cases to be able to fit the parameters. The
other quantity that we use to fit the parameter is the ftirtiet it takes to achieve certain
values of theV O,. In particular this can be used to determine the value of parameter

Let us assume that the time series of the data correspond to aNetadfies recorded
at each timeX, k = 0,..., N — 1, wherety = 0 (beginning of exercise) arg{_1 = t
(end of exercise). The data f¥'O, are in the form of the time series

VO = VO(t*), k=0,...,N—1.

We consider that th& O, data oscillates with a high amplitude and frequency around
a smooth curve which is a function of both time and intensity. To remove these high
frequency oscillations and find the smooth underlying curve, we follow a method based on
the frequency components of a signal, which can be used to delete the higher harmonics and
to reconstruct the signal from the lowest harmonics. A detailed description of this curve-
smoothing (filtering) method can be found Zakynthinaki and Stirling (submitted for
publication)andStirling and Zakynthinaki (submitted for publicatigmyhere the authors
apply similar techniques to smooth the heart rate time series in response to exercise, which
is very similar to the type of time series that we deal with here.

Let us denote a$\'/0‘§]f the smoothed (filtered) time series of theD, data. The
derivative of the[\'/O‘g]f data can be easily computed numerically (seeAppendiy
resulting in a time serieg OX = VO, (tX) (k =0, ..., N — 1) of VOo.

4.1. Derivation of the function D (v, t)

Let us assume that we have a set Mf exercises, each of which is performed
with a steady-state exercise intensity (i.e. constant speed) v; = constant, where
i = 1,..., M. We assume that for each exercise the time sefi®§ = VOu(ui, t*),
k=0,...,N—1, are known (calculated as in tA@pendiy. Let us denote aB; (t) the
function describing the demand of tha exercise(i = 1,..., M). We can then denote
the time series of the demand of this particular exercisBlgsvhereD¥ = D(v;, t¥).

For each time step and each steady-state intensity,1Bpbécomes

\70k = A([Vog]f - \‘/Ozmin)B

X (VO — [VOKI£)C (DK — [V O] £)E
i=1...,M k=0,...,N—1 (29)
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where the parameters B, C andE have been calculated for the case suchhat t) <«
VO, .. and henc&/ O, = D(v). From Eq. R9) the vaIuesDik can be calculated for each
time stepk.

From the set ofN points {(tK, Dik), k = 0,...,N — 1} the functionD(vj, t) can
be numerically approximated, for each constant spgedising a modelling procedure
such as the least-squares one for a linear approximation, or if necessary a more advanced
numerical fitting method (seBress et al. (199R)Similarly, for each time stepX, the
functionD (v, t%) can be numerically approximated from the seMbpoints{ (i, Dik), i =
1,..., M}. The above procedure will finally give the functi@(v, t).

Regarding now the case where, after a time stdvhere 0<m < N — 1 and sdmy <
tt), there isVO,(t) = VOg,,,, and henc&/O, = 0, we work as follows. The function
D(v, t) can be numerically approximated from the set of pofnis Dik} as follows:

e For 0 < k < m (where still VO, # 0) the pointsD(v, tK) can be numerically
approximated from the set of poins;, Dik}, by applying a numerical fitting method,
as described before.

e Form < k < N — 1, the pointsD(v, t¥) can be approximated by extrapolating the
already existing set of point&, Dik}, 0 < k < m. For the extrapolation various
numerical techniques can be applied, such as a Neville iterated polynomial extrapolation
or a Hermite polynomial extrapolatiofess et al., 1993

defi

4.2. Calculating the oxygen deficit O5°" and debt OFet

We now have a method for calculating the oxygen demand from the rate of increase in
V Oy (t) (i.e. theV Oo(t)) for the full range of exercise intensities, including severe exercise
where the demand is above tNeD;,,.. With the knowledge of this we can calculate
numerically via an integration the deficit/debt at all exercise intensities.

Let us denote by°" the exercise intensity for the on-transient afl that for the
off-transient or the recovery intensity. B¥" = D", t%) and DX = D°f, t) the
oxygen deficit is given by

N—-1
098 = >~ (D" — (VoY) (30)
k=0

while the oxygen debt, 5! is given by

N-—1
0gePt= Y ((voklf — D) (31)
k=0

whereDK*" is constant and equal to the basal recovery oxygen consumptiosP(i.e: 0).
The oxygen consumed in recovery is given by

N—-1
OF°= Y "[VOk]. (32)
k=0
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5. Conclusions

In this paper we show three main things.

e We present a new model in the form of a dynamical system for the underlying dynamics
of the oxygen uptake kinetics in response to exercise. This is the first time that a model
of this kind which does not use phases or, more importantly, time delays has been used.

o We show how to obtain the time series for the oxygen demand from the time series of
the oxygen uptake/ O, (v, t).

e We show how this can be used to calculate the oxygen deficit and debt. We compare
our model with the existing three-phase model and give for the first time complete
analytic solutions for the oxygen deficit and debt. We also explain the physiological
processes involved.

The model that we present is of vast use for exercise intensities where the oxygen
demand is above th¢O,,_., as we do not need to use the linear extrapolation usually
used. It is believed that this linear extrapolation of the demand from sub-maximal values
underestimates the demand as it does not account for losses in efficiency etc. at very
high almost maximal work loads. As a result, by using our methods to calculate the
oxygen demand (v, t), we can also give far more accurate estimations of the oxygen
debt and deficit. This can be very useful for improving our understanding of the anaerobic
contribution to exercise.

Once we have fitted the parameters and found the fun®i@nt), one of the major
advantages of our model is that, given a new speed time series, we can make predictions
as regards the resultingO.(v, t) time series and hence predict the oxygen deficit and
debt. This was not possible before with the three-phase model, as that model only allowed
one to fit curves to given data. We can also calcuié@ (v, t) when the derivative of the
intensity is a function of time, i.e. = | (t). This would allow us to investigate the response
to exercise intensities which are both linear and nonlinear functions of time. This of course
would be very important, as in reality the intensity of the exercise in most training and
competition situations is not in the from of a square wave or constant. This is also important
from the point of view of nonlinear dynamics, as the response of two coupled nonlinear
systems can be far more complicated than what could be predicted from the usually studied
response to a linear exercise intensity.

Regarding the three-phase model and the model and methods that we propose, we make
the following comments.

e The procedure of enhancing the basic response pattern via averaging repeated identical
experiments has many serious problems associated with it. To name and treat the
oscillations as noise is incorrect as they contain basic features of the signal, as is the
case in many nonlinear systems, and not just a property of errors in the measuring
devices. By averaging repeated identical experiments it is possible to remove these
fluctuations and other noise in the system but it is also possible to produce an averaged
system which has features not found in the original non-averaged signals. It is therefore
not correct or useful to state that there exist three phases underlying the response to
a bout of exercise if these can only be observed in the averaged system. It is also
misleading to use a system which has been averaged in this manner to support the
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existence of different phases of physiological behavior, especially when these phases
are treated as separate entities which start after discrete time intervals and add together
in a non-smooth building block manner. We argue that a more rigorous and useful
way to filter the data and hence obtain the underlying signal is to remove the high
frequency oscillations using Fourier analysfsakynthinaki and Stirling, submitted for
publicatior). This will give us the low frequency harmonics in the signal and hence the
curve about which the noise is distributed during an individual bout of exercise.

e The use of three phases which turn on and off after different time delays also has
problems associated with it. Such a system is of most use when the phases are very well
defined such as in the solid to liquid and liquid to gas phases in water. In the responses
that we model however, the so-called phases are not so well defined and the response
appears to be far more suited to being modelled by a continuous differential function
over the whole range of the three phases. It is also unclear whether these three distinct
phases provide a good model of the physiological processes, for the reason mentioned
above and also because once phase 2 has finished, for example, it plays no further part
in the dynamics. This is a very strong condition to impose on the model and also it is
not the sort of behavior that one usually associates with the kinds of dynamical systems
that we consider here. Instead it would better to model the system as a smooth and
continuous function of such variables\d®,, intensity and time.

e After editing and then averaging the data over repeated exercise bouts, it was shown
by (Barstow and Mole, 1991that the family of exponentials that they were using in
their model fitted better if the time delay for the third phase was longer than that for
the second phase. This does not mean however that one could not model the curve as
a smooth function of time and intensity with other families of curves such as the one
that we present here or such as the curve resulting from the sum of the low frequency
exponentials of a Fourier reconstruction and filtering of the raw daa&ynthinaki
and Stirling, submitted for publicatignin fact it should be noted that until now only
a specific family of exponentials have been used to attempt to modal @v, t)
kinetics; hence it is highly debatable whether the three phases or time delays are
needed. We believe that a smooth function of both time and intensity would provide a
better model of the physiological processes involved than the three-phase model where
the phases turn on and off at discrete time intervals throughout the exercise. We also
believe that such a model as the one that we present could be made to fit the raw
data for a single exercise bout using the methods that we describe here and that, in
fitting it to the data in this form, we can improve our understanding of the underlying

physiology.
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Appendix. Derivation of time series of VO from thefiltered time series [V O]

The time serie¥/ O = VO,(t*), k = 0, ..., N—1, of VO, can be numerically derived
from the smoothed time serie‘éo‘g]f using a procedure of numerical differentiation, as
for example for the three-point formula below which is based on Lagrange polynomial
interpolation:

VO = [VOK™ ¢ TR 4 (VO§Is TK 4+ (VOS¢ TR k=1,...,N -2 (33)

where

k-1 _ 2tk=1 — th — thtl
T = (tk—l _ tk)(tk_]_ — tk+1) , k= 1, e, N — 27
2tk _ tk_l _ tk-‘rl
k = —
T =[(tk—tk—1)(tk—tk+1) . k=1...,N=2
and
kel 2tk+l _ tk_l _ tk )
T = (tk+l _ tk_l)(tk+1 — tk) , =1....,N—-2

It is worth noticing that, in the case of equally spaced sample times (i.e. when
t“14+h=tkt1 _h vk=1,...,N —1,h e R), relation @3) reduces to
.. 1. e
vokzﬁ[[vo';“]f_[vo'; 1]f], k=1,...,N—2 (34)
Since the time serieB'/OS]f is a smooth curve, the corresponding time seﬁ@é,
calculated as above, will also be smooth.
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