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Abstract

Stochastic optimization is applied to the problem of optimizing the fit of a model to the time series of raw physiological (heart rate) data.
The physiological response to exercise has been recently modeled as a dynamical system. Fitting the model to a set of raw physiological time
series data is, however, not a trivial task. For this reason and in order to calculate the optimal values of the parameters of the model, the present
study implements the powerful stochastic optimization method ALOPEX IV, an algorithm that has been proven to be fast, effective and easy to
implement. The optimal parameters of the model, calculated by the optimization method for the particular athlete, are very important as they
characterize the athlete’s current condition. The present study applies the ALOPEX IV stochastic optimization to the modeling of a set of heart
rate time series data corresponding to different exercises of constant intensity. An analysis of the optimization algorithm, together with an analytic

proof of its convergence (in the absence of noise), is also presented.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Stochastic optimization

This work presents the application of stochastic optimization
to the calculation of optimal model parameters for physiolog-
ical data. For the modeling of raw, un-averaged, physiological
time series data, the dynamical systems model presented in [1]
is used, see Section 1.3 below. The aim of the present work was,
as will be described in detail in Section 3, to calculate the op-
timal values of the model parameters. It is worth noticing here
that this is the first time that ALOPEX (ALgorithm Of Pattern
EXtraction) stochastic optimization has been applied to physi-
ological variables.

For the purposes of the optimization, version IV of ALOPEX
stochastic optimization was used. The stochastic optimization
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algorithm ALOPEX was originally devised in [2,3] for the pur-
pose of experimentally determining receptive fields of individ-
ual neurons in the visual pathway. The algorithm of ALOPEX
optimization has been studied in detail [4-9] and new versions
have been introduced, in addition to the ones already known [4,
6]. The particular version of the ALOPEX stochastic optimiza-
tion used in this study (version ALOPEX IV) has been pre-
viously successfully applied [7-9] to the problem of dynamic
compensation of atmospheric turbulence. ALOPEX stochastic
optimization has been proved to be a very powerful tool for the
calculation of the optimal values of the control variables of dy-
namical systems in real time. The main advantage of the method
is that no knowledge of the dynamics of the system or of the
functional dependence of the cost function on the control vari-
ables, is required. As an optimization algorithm it is very easy
in its implementation and is characterized by its effectiveness
and speed of convergence in real time.

ALOPEX optimization methods are driven by the parallel
incoherent dithering of the control variables and the time depen-
dence of the feedback. Any possible local extrema are avoided



M.S. Zakynthinaki, J.R. Stirling / Computer Physics Communications 176 (2007) 98-108 99

by the introduction of noise. For a brief description of the
ALOPEX process we mention the following properties:

e The procedure is iterative. In every iteration the variables
that determine the cost function (the control variables) are
changed simultaneously by small increments, and the cost
function is re-evaluated.

e The changes in a variable depend stochastically on
o the change of the cost function and
o the change in that variable over the previous two itera-

tions.

e Since the changes in the control variables accumulate over
the iterative process, the current value of each control vari-
able reflects the dependence of the cost function to changes
in that variable over all previous iterations.

e The process is guided by two free parameters,

o the magnitude of the increments of the control variables
and
o the amplitude of noise.

A proof of the convergence of version ALOPEX IV of
ALOPEX stochastic optimization algorithm in absence of noise
is provided in Section 2, as an indicative convergence behavior
of the algorithm.

1.2. Heart rate kinematics in response to exercise

We now provide some physiological background necessary
for the present work. As a physiological variable, the heart rate
is one of the simplest and most informative of cardiovascular
parameters [10-12]. During exercise, an increased heart rate
quickly results in an increased blood flow and an increase in
the oxygen transported [13]. For constant and sub-maximal ex-
ercise intensities the heart rate increases fairly rapidly until it
begins to level. This steady state for the heart rate is the opti-
mal heart rate value for meeting the circulatory demands at that
specific work rate. The concept of steady state heart rate forms
the basis for several tests that have been developed to estimate
physical fitness [11].

There are, however, a number of other factors that affect the
heart rate, other than exercise intensity. These factors can be the
temperature, heat, age, over training, nutrition and hydration,
altitude, medication, or infectious disease [10,14,15]. Mental
activity is also a very important factor affecting heart rate [14—
16]. The authors in [16] emphasize that an accelerated heart rate
can be brought about by emotional, as well as physical stress.
They also mention that emotional stress is one of the main rea-
sons for heart rate variability in an individual who is at rest. In
fact it has been found [17] that during a demanding mental task,
the heart rate can be increased by 15%.

For the recording of the heart rate time series data, heart rate
monitors are commonly used by athletes, as well as by the gen-
eral public. There exist numerous popular texts demonstrating
the way to analyze and understand the time series recoded with
the use of a heart rate monitor, see, for example, [12,14,15,18—
20]. Such an analysis can monitor the training intensity mea-
sured as a percentage of the maximum heart rate, or measure

the training load as the time spent between specific heart rate in-
tervals. The analysis of time series of the heart rate in response
to exercise is also commonly used in the field of cardiovascular
rehabilitation [21] as well as other areas of health, such as fit-
ness and weight management [22,23]. It is also worth noticing
there are also many important clinical applications [24].

Assuming that the heart rate depends on exercise speed (ex-
ercise intensity) and time ¢, let us denote as s (v, t) the function
that describes it. The maximum heart rate smax is the highest
heart rate value that can be achieved in an all-out effort to the
point of exhaustion. This is a highly reliable value that remains
constant for a particular subject [12] and changes only slightly
with age (a slight but steady decrease of about one beat per year
beginning at 10 to 15 years of age has been observed). The min-
imum value of the heart rate sy, is the resting value of the heart
rate and is dependent on fitness levels. A decrease in the value
of smin indicates an increase in fitness.

Let us now denote as D(v, ) the function describing the
heart rate demand of the exercise. For a steady state exercise in-
tensity the value of the demand is the asymptote of the heart rate
time series curve. Note that there is always D (v, t) = Smin. For
severe or very high intensity exercise, there will be D(v, 1) >
Smax» Which means that the heart rate s(v, f) continues to rise
until it reaches spyax, assuming the exercise can be continued
for a sufficiently long time period [1,25], unless fatigue sets
in before spax can be achieved. When the intensity of the ex-
ercise is the minimum possible value for which spax can be
achieved then the demand of the exercise is D(v, ) = Smax.
For low intensity exercises where the heart rate demand is such
that D (v, t) < Smax, it 18 believed that the value of the demand,
D(v, 1), is to a good approximation constant D(v,t) = D(v)
and equal to the end of exercise steady state heart rate value,
Sss, Which can be obtained from the time series of the s(v,t)
[1,25]. However, as the intensity of the exercise becomes closer
to the absolute velocity limit, the subject will become less effi-
cient, the longer the time of exercise at that intensity [1,26-28].
This could result in a time dependent behavior in the demand
D(v, t) [1,25]. Therefore, for higher values of D(v,t) espe-
cially for the cases were D(v,t) > smax the function D(v,t)
is probably a function of time.

1.3. Modeling the response of a physiological variable as
a dynamical system

Physiological systems fluctuate in a nonlinear manner, even
under resting conditions [29,30]. The data points of beat-to-beat
heart rate time series are observed to oscillate around a smooth
curve, which describes the basic response pattern, or underly-
ing dynamics [31] of the heart rate response. These oscillations
can be the result of noise due to the measuring device or can
be physiological, including ectopic beats [32,33], or abnormal
breathing during exercise including shallow breathing or breath
holding [34].

The modeling and analysis of the time series of physiolog-
ical responses to exercise is currently a very important area
in the field of exercise physiology. From a statistical point of
view, the data points are thought to follow a so-called 3-phase
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model [1,31], which is described as the best fit to the data. It
should be noted, however, that before such model is fitted to the
physiological time series data, averaging, as a curve smoothing
technique, is extensively used. It is worth noticing that, due to
the presence of high frequency oscillations in the time series
of the raw physiological data, it is only after averaging that the
features that are termed the three phases are believed to be ob-
servable (for examples regarding modeling the oxygen uptake
time series, see [35] and in particular [34], where it is clear
that it is impossible to clearly observe three separate phases
and time delays in the un-averaged signal). The introduction
of different phases and time delays in the time series of single
bouts of exercise only serves as an improvement (however mar-
ginal) in a process of fitting a particular exponential curve to
an averaged data set. Regarding the first two phases, after the
combination of the two separate exponentials with a time delay
was justified as a statistically better fit to the data, physiological
reasons have been sought by the researchers [36-38]. There has
been, however, much debate as to the physiological reasons for
the third phase, the so-called slow component [39—41] although
many mechanisms underlying its existence have been refuted.
It can be concluded therefore that the existence of three dif-
ferent phases and time delays is highly debatable, from both a
physiological and a mathematical point of view, see also [1].

It should be noted here that, as far as the oxygen uptake ki-
netics is concerned, modifications of the 3-phase model have
been suggested, such that phase 3 (the slow component) is
modeled not as a mono-exponential, but consists of a number
of exponential components to account for the possible recruit-
ment of additional motor units. The authors in [42] presented
a 10-compartment model as an example. Other findings in the
same field of exercise physiology conclude that it is more plau-
sible that phase 3 is composed of progressive increases in the
oxygen uptake, rather than being a single and abrupt increase in
oxygen demand, as this way the model would be more consis-
tent with a dynamic maintenance of energy balance [43]. These
findings suggest that the so-called slow component of the oxy-
gen uptake kinetics should not be modeled as a single mono-
exponential event but can develop in serial increments during
prolonged heavy exercise. The model suggested in [42] used a
sequence of increments, which become smaller and smaller in
an effort to follow the underlying response pattern, refers to the
way a smooth function is approximated using first principles
of infinitesimal calculus. It becomes obvious therefore that the
conclusion of such thinking is that the physiological data should
be modeled using a smooth function describing the kinetics of
the physiological variables s(¢).

As no conclusive physiological reason has been provided by
the researchers in the field of exercise physiology for the exis-
tence of time delays and separate phases (other than data fitting
of averaged data sets) we use a model given by smooth func-
tion that will describe the underlying dynamics of the response
to exercise [1]. It should be noted that the model in [1] is built
from the basic underlying physiological principles and, unlike
the 3-phase model, is not a curve fitting technique.

The dynamical systems model presented in [1], which de-
scribes the kinetics of the oxygen uptake, can be appropriately

modified to describe the kinetics of the heart rate response to
exercise [10,25]. It is worth noticing here that the process of
optimization of the model parameters described in the present
study can be successfully applied to both models of oxygen up-
take and heart rate kinetics. To give a brief description of the
model [1,10,25], let us assume that s (v, t) represents the physi-
ological variable which depends on the velocity of the exercise
v and the time ¢ (see Section 1.2). The model is expressed as a
set of coupled ordinary differential equations of the form

s(v, 1) = A~[s(v, t) — smin]B[smax —s(v, t)]C

x [D@, 1) —sv,1)]", (1)
v=1(1), 2

where smin <s(v, 1) < Smax-

The model described by Eqs. (1) and (2) [1,10,25] is based
on the fact that the rate of increase in the value of the physiolog-
ical variable, s(v, t), goes to zero on three specific occasions:
(a) when s = Spin, (b) when s = siax and (¢) when s = D(v, t)
for smin < D(v, 1) < Smax. Note that if D(v,t) > smax then
S(v, t) =0 when s = spmax. The vector v = I(¢) defines the rate
of change of exercise intensity. For linear exercise intensities
there is v = ¢ where c is a constant; the case ¢ = 0 refers to the
case of steady state exercise.

The model described by Egs. (1) and (2) is able to deal with
exercise intensities that might not be constant (i.e. that can be
functions of time). The present study, however, focuses on the
simple case where v = 0 (which refers to a steady state exer-
cise), as this is the case where the heart rate demand is known,
especially for low exercise intensities, as is described in Sec-
tion 1.2. In addition, this case of constant exercise intensity is of
much practical importance, as almost all of the current testing
methods used in exercise physiology are based on the body’s
response to constant exercise intensity. It should be noted here
that the heart rate response to non constant exercise intensities
is far more complicated due to the presence of nonlinearities
and coupling between other variables in the body. As a result
there is very little basic physiological knowledge in this area.
However, to understand the heart rate response to an exercise
intensity which is a function of time, the response to the con-
stant exercise intensity should be first studied and understood.

Let us now give a brief description of the positive parameters
A, B, C and E which control the shape of the curve that mod-
els the kinetics of the physiological variable s(v, r) [25]. As
can be observed from Eq. (1), parameter A controls the over-
all rate of change of s(v, t). Parameter B controls the dynamics
in the neighborhood of the minimum value sy, and similarly,
parameter C controls the dynamics in the neighborhood of the
maximum value sp,x. The parameter E controls the dynamics
in the neighborhood of the demand D (v, ). We note that, as-
suming that the variable s(v, t) is expressed in beats/min, the
parameters B, C and E in Eq. (1) are dimensionless, Whllst
parameter A has dimensions of (beats/min) ! ~8—C~ E -1
When the model is fit to the time series of physiological data of
a particular athlete, the values of the model parameters are very
important as they characterize the athletes current condition,
across the continuum of possible exercise intensities. Changes
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in the parameters indicate changes in the current fitness level of
that particular athlete.

Without loss of generality and for simplicity and numerical
reasons, the variable s(v, ¢) in Eq. (1) can be replaced [25] by
the dimensionless normalized variable
S, 1) = s(V, 1) = Smin

Smax — Smin
so that 0 < §(v, t) < 1. This way the demand of the exercise
D(v, t) is also normalized,

D(v, = D(v,1) — Smin.

Smax — Smin

According to Section 1.2, there is [)(v, t) > 1 for values of
severe or very high exercise intensity and D(v,1) = 1 when
the exercise velocity is the minimum possible value for which
S(v,t) = Smax = 1 can be reached. For exercise intensities
where the heart rate demand is such that D (v, 1) < 1, the value
of the exercise demand is approximately constant and equal to
the end of exercise steady state, where sg; < 1 (see Section 1.2).
For simplicity in what follows, the normalized demand D(v,1)
will be denoted simply as D(v, t) and similarly the normalized
variable 5 (v, t) will be simply denoted as s (v, 7).

Taking the above into account, the dynamics of the di-
mensionless normalized heart rate variable s(v, ), where 0 <
s(v, t) < 1, will be described by the following system of equa-
tions (see also [25,44]):

5,0 = A[s,0]°[1 —s, 0] [P, ») —s,0]",  3)
v=1(t), )
where A is the dimensionless parameter A = A(smax —
smin)B+C+E71.

The optimal values of the parameters A, B, C and E of
the model described by Egs. (3) and (4) are calculated, in the
present study, by use of ALOPEX IV stochastic optimization
(see Section 1.1, as well as Section 2). These values are such
that the fit of the curve provided by integration of Egs. (3) and
(4) to the curve that describes the basic response pattern of the
data (which is derived though Fourier low-pass filtering) is op-
timal, see Section 3.2.

2. ALOPEX 1V stochastic optimization

In what follows we will give a general detailed description of
the optimization method, as well as a proof of its convergence.
Let us assume that the function f = f(x1,x2,...,XN; V1, V2,

.., ¥m) denotes the cost function, i.e. it is the function that
describes the system, the performance of which we want to
optimize. In general, function f depends on the set of N pa-
rameters xi, x2, ..., xn, that are the control variables, as well
as the set of M parameters yi, y2,..., yu, that are not un-
der control, and may be internal or external parameters of
the system. The aim of the optimization is to find the (op-
timum) values of the control variables that maximize func-
tion f(x1,x2,...,XN;Y1,Y2,...,YM). Since the parameters
Y1, ¥Y2,..., yu are not under control in what follows f will
be treated as a function of the set of the control variables

X1,%2,. LxN) = f(X),

..,xy only,ie. f= f(x1,x2,..

X1
eRVN.

=1
I

XN

Let xl.(k) be the value of the ith control variable after the kth

iteration and let f® (xfk),xék), .. .,xl(\f)) be the value of the
control function after the kth iteration. According to the ver-
sion IV of the ALOPEX stochastic optimization algorithm first
presented and tested in [7-9], the value of the ith control vari-

able is evaluated, at each iteration, according to the rule:

x
y AF© 4 g®
IR

i=1,...,N, ®)

x D = x® 4 cAx;*

i i

where

Ax® = ;B &),

1

Af(k) 5 f(k) _ f(k—l),

and

Af(k—l) = f(k—l) _ f(k—2)_

In the absence of noise the algorithm (5) is one-dimensional,
since the vectors Axl.(k) and Axl.(kH) are co-linear. The noise
terms g; are therefore essential ingredients in the process, as
they provide the agitation necessary to drive the process and
to overcome local extrema [2,4,6-9,45]. The dynamics of the
process depends strongly on the mean amplitude of the g;
terms.

As can be observed, this version of ALOPEX uses infor-
mation of the previous two steps of the optimization process,
through the factor |Af*~1| by which the difference Af® is
divided. This factor also acts as a normalization parameter, as

®)
the value of % has the same value range, regardless of

the choice of the cost function. The sign of the difference A f*)
drives the process, according to the principles of the ALOPEX
optimization method [2,4,6-9,45].

The convergence of ALOPEX III in the absence of noise has
been proven analytically in [4]. An analytic proof of the con-
vergence of version IV of the algorithm has not been presented,
however, even though the particular version of the algorithm
has been tested and the results of its successful implementation
have been presented, see [7-9]. In the following we include
a proof of the convergence of ALOPEX IV in the absence of
noise, following similar steps as in [4], calculating also analyt-
ically the optimal value of constant ¢ of Eq. (5).

Assuming that f () is a twice differentiable in RV, i.e. f €
C?(RY), its second order Taylor expansion is given by

Lo o ae lopo o
fE+M~fE) +GTh+ EhTHh, (6)
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where G is the gradient vector of f at X and H is the Hessian
matrix of f at ¥, defined respectively as

of 2f . _2f
ax1 92x; 9x10xN
G = : , H= : :
2 02 f 02 f
axN 0x10xN T Bsz

Lemma 1. Let f(x) € C>(RYN). If the Hessian matrix of f at X
is negative-definite, i.e. if

THY <0 VieRV,
then the value

GIAX, |Af*=D)
AXTHAY, Af®

& = —

maximizes the value of the function f at

Af®
|AfE=D]
[x(k), o (k)]T

Xi1(ck) = Xgp1 = Xk + ¢k AXy, (7

where Xy =

Proof. By setting

Af0
A& A

relation (7) becomes

=L

k=

Tt =5k + cihy @®)
and the constant ¢y is to be chosen so as to maximize f*+1D =
f(Xr41) on an interval of the line that passes through Xk in the
direction of Ay.
The combination of Egs. (6) and (8) gives
% c/% T 17

Wicr) = f(Xrg1) — f () = ek Ghi + Eh" Hhy. ©)
Function W (cg) has an extremum at the point where d W /dcy =
0. The corresponding value of ¢y = ¢ is

Gl
hl Hhy
or, equivalently,
A GTA% |Af&=D
fo=— _q]f k_ | f . | (10)
AXx, HAXxy Af®

It is therefore evident that whenever H is negative definite, the
value of ¢, in (10) is a maximizer, since

(5{A2k)2

W (G) = — — ok OX)
() 2AFTHAR,

an
This completes the proof. O

It should be noted here that the assumption f(X) € C 2(RM)
of Lemma 1 is equivalent to f being strictly concave. This
assumption can be very often relaxed to hold only in a neigh-
borhood of the maximum.

To prove the convergence of ALOPEX IV algorithm, in the
absence of noise, we follow a way similar to the one used to
prove the convergence of ALOPEX III [4]. We will make use
of the concept of the energy inner product and the energy norm
corresponding to a negative-definite matrix, defined for X,y €
RV as
Xy =—3"HY

and
Xy = & 0 = (—xTH)'?,

respectively. We also define the Energy E (X) of the system to
be the quantity

E®) = x|} = -x"Hx.

Proposition 1. Consider the ALOPEX IV process (Eq. (7)) in
the absence of noise, that is

®
(D) _ 0 w_AS
X; ~+ cAx; NG

Under the hypothesis that the Hessian matrix H is negative-
definite, if we set

i=1,...,N. (12)

A

c=C,

where ¢y, is as defined in Lemma 1, the process in (12) converges
in the sense that

||2k+1 xopt”H || X% _xopt”Hv (13)

where Xop is a maximizer of the function f(X).

Proof. Recalling the Taylor expansion in (6) and observing that
G(xopt) = 0 then in the neighborhood of x Xopt there is

f& -

and

- . . - -
f(xopt) = E(x - xopt)TH(x - xopt)7

=2[fX) = fGop]-

A combination of the above equations and Egs. (9) and (11)
yields

E(f - fopt) =

E()_ék - )?opt) Z E()_ék+l - )?opt)

which in turn leads to the relation

IX5+1 = Xoptll i < M1 Xk — Xopell

completing the proof. O

3. Beat-to-beat heart rate time series: curve smoothing
and model fitting

3.1. Fourier low-pass filtering of the heart rate time series

N-— 1 of the N data points,

its discrete Fourier transform {S,,}n:O1 can be computed in
O(N log, N) operations by use of the Fast Fourier Transform

Assuming the sequence {si},_
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algorithm (FFT). For the purposes of the present study the FFT
algorithm was adopted from [46]. When N is not an integer
power of 2, as is the general case of physiological data, the
length of the time series can be artificially increased by adding
zero values, a method that is referred to as zero-padding [46].
It is worth noticing here that, in order to avoid any oscillatory
effects (Gibb’s phenomenon) in the time series of the filtered
data [47,48], a smooth transition that does not contain abrupt
discontinuities but decays to zero gradually was implemented
between the pass-band of frequencies and the stop-band [46].
Let now {Snf } ’/1\/:—01 denote the set of frequency points after the
application of the filter. The inverse FFT of the points {S,{ } ,1:/;01

results in the calculation of the time series {s,{ },1(\':_01, which
forms a smooth curve describing the basic response pattern of
the heart rate data.

3.2. Fitting the model to the basic response pattern of the data

Assuming that the parameters A, B, C and E of Egs. (1) and
(2) are known and so is the function D (v, t) that describes the
demand, Eqgs. (1) and (2) can be integrated in respect to time
to give the time series {s,’(”},](\’:_o1 that model the response of the
physiological variable s (heart rate). As mentioned before, for
numerical simplicity, in the sections that follow the modeling
process will be assumed to be described by Egs. (3) and (4),
which describe the dynamics of the normalized variable 0 <
s(v,t) < 1.

As described in Section 3.1, the time series {s,{ },ivz_ol de-
scribe the smooth curve of the response pattern of the data. For
each point k =0,..., N — 1 the sum of the vertical distances
(residuals R) between the smooth curve describing the data and
the curve provided by the model is given as follows,

N—1
R = (s,{ —s,t”)2.
k=0

Following the above considerations, the curve {s,?l},ivz_ol pro-
vided by the model would be considered to be an optimal fit
to the smoothed data curve {s,{ },](V:j)l if the value of R is mini-
mum. The process of optimizing the fit of the model to the data
curve can be then thought to be equivalent to the process of
maximizing the cost function f of the system (see Section 2),
where we define

N-1
f==R=Y_(s] —si)’. (14)
k=0

4. Raw data recording and editing

A healthy male subject (age 33, height 1.83 m and weight
82 kg) served as the test subject. The subject’s heart rate para-
meters were: maximum heart rate syax = 185 beats/min, mini-
mum heart rate sp,x = 40 beats/min. The subject preformed a
set of constant intensity exercises followed by a 10 minute static
recovery period, during which the subject lay horizontally and
still on the floor. The experiment was carried out on a tartan

Table 1
Corresponding velocities of the data sets

Data set Velocity

Vi, = 13.4km/h
V1o = 0.0 km/h
vy, = 14.4km/h
V2. = 0.0 km/h
v3,, = 15.7km/h
U3, = 0.0 km/h
V4., = 17.0km/h
V4 = 0.0 km/h
vs,, = 17.9 km/h
=0.0km/h

1 on-transient
1 off-transient
2 on-transient
2 off-transient
3 on-transient
3 off-transient
4 on-transient
4 off-transient
5 on-transient

5 off-transient USotr

track. As can be seen in Table 1, the set of exercises followed
a square wave protocol consisting of five work periods of four
laps each with a velocity of v; = 13.4 km/h, v, = 14.4 km/h,
v3 =15.7 km/h, v4 = 17.0 km/h and v5 = 17.9 km/h, respec-
tively. The velocity of each exercise was assured to be constant
by assuring constant 50 m times; its values were measured with
the traditional way (recording the time for each 400 m lap) as
well as with the use of a Garmin Forerunner 201 GPS system
[49] and a Polar S625x speed-distance heart rate monitor [32].

It should be noted here that a set of physiological time series
data is characterized as on-transient (see Table 1) when the ki-
netics of the physiological variable is following an increase in
the demand. In other words, for the data presented in Table 1,
the on-transient parts of the data sets are the parts which cor-
respond to the heart rate kinetics in response to an exercise of
nonzero velocity. Similarly, the kinetics that follows a decrease
in the demand is characterized as off-transient. In the present
data sets the off-transient parts correspond to the heart rate ki-
netics in response to zero velocity (the recovering period with
the subject lying on the floor).

The heart rate data were recorded in a beat-to-beat basis us-
ing a Polar S810i heart rate monitor [33]. It should be noted
here that heart rate monitors have the big advantage that they
are portable and can be used for recordings in the field, whilst
they also have been shown to provide reliable measurements of
the electrocardiogram (ECG), when compared with direct ECG
measurements [50-52]. It is worth noticing that, due to the fact
that any external electromagnetic fields can disturb the beat-
to-beat heart rate recording, care was taken to ensure that the
environment that the experiments took place was free of any
additional electromagnetic signals (such as high tension power
lines, engines producing electromagnetic fields, mobile phones,
etc.).

Following the notation of Section 3.1, the raw recorded heart
rate data sets consist of the sequence of N data points {sk}ll{vz_ol.

The only editing performed on the points {Sk};ivz_ol of each data
set was to exclude occasional errant data points. The reason for
such occasional deviations from the local mean heart rate can
be either technical, physiological, or can be ectopic beats which
can occur sporadically due to abnormal origin. Studies can be
found in the literature in which the data is edited by omitting
any points with values greater than 6 standard deviations from
the local mean value [53-55]. In the present study, however, any
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Fig. 1. Raw data set corresponding to exercise 2: The duration of the on-transient (velocity vy, = 14.4 km/h) was 402 s and the duration of the off-transient 600 s.

abnormal data points which very rarely appeared in the time se-
ries data were excluded when their values were larger than 10
standard deviations from the local mean heart rate. The abnor-
mal values of occasional data points that occurred mainly due
to technical reasons, such as sporadically missed R waves (re-
sulting in a HR interval about two times longer than the normal
one), misread T waves (resulting in a sudden too short HR in-
terval), or recorded spurious peak waves instead of the R waves
(resulting in a pair of too short and too long intervals) were
appropriately restored to their proper values depending on the
cause of the measurement error.

In Fig. 1 we present as an example of the data, the on- and
off-transient parts of the second data set. The duration of the
on-transient exercise was 402 s with a velocity a v, , and the
estimated demand of the exercise 156 beats/min. The heart
rate oscillations that can be observed mostly in the off-transient
part of the data can be explained if we take into account (see
Section 1.2) the other factors affecting the heart rate, such as
emotional stress [16,17] due to distractions during the recov-
ery.

5. Numerical implementation
5.1. The demand of each exercise set

As described in Section 4, the present study focuses on mod-
eling the kinetics of the heart rate in response to steady state
exercise, i.e. the case where v = 0. In this case and for suf-
ficiently low exercise intensities, it can be assumed that there
is also D(v, t) =0, i.e. the demand is not a function of time
but depends only on the exercise velocity v, therefore there is
D(v,t) = D(v), see Sections 1.2 and 1.3. Assuming now a par-
ticular data set that corresponds to an on-transient exercise of
a low intensity of a constant velocity v, the demand D(v) is,
as mentioned in Section 1.3, a constant and its value D < 1
characterizes the intensity of this particular data set. The value
of the demand D for a particular velocity can be observed from
the time series of the data: as mentioned in Section 1.2, for such
steady state exercise intensities the value of the demand can be
given by the asymptote of the heart rate time series curve. Ta-

Table 2
Estimated demands of the data sets

Data set Estimated D(v) (normalized)
1 on-transient 0.730

1 off-transient 0.150

2 on-transient 0.800

2 off-transient 0.220

3 on-transient 0.870

3 off-transient 0.220

4 on-transient 0.935

4 off-transient non constant

5 on-transient 0.940

5 off-transient non constant

ble 2 shows the estimated values of the demand, for each data
set of the present study.

As can be observed in Table 2, the values of the demand
D(v) for the on-transient data sets can be estimated, to a good
approximation, to be constant, as the exercise intensity was not
sufficiently heavy to induce a time dependent demand (see Sec-
tion 1.3). However, regarding the demand of the off-transient
kinetics, when the preceding on-transient exercise intensity is
heavy then we believe that the demand of the following off-
transient is not a constant function of time, especially in the
initial stages of the off-transient. This belief is backed up by our
analysis of the off-transient kinetics data, for the two heaviest
exercise intensities. As mentioned in Section 1.2, the heart rate
is affected by many parameters other that the exercise intensity.
As some of these parameters play an important role in the off-
transients that follow a high intensity exercise, the demands of
these off-transients can no more be considered constant.

5.2. The optimization variables and parameters

For the purposes of the present study, the cost function f of
the system is the one defined by Eq. (14) and, as was described
in Section 3.2, refers to the sum of the residuals between the
smooth curve describing the data and the curve provided by the
model (Egs. (3) and (4)). As the demand D that describes a
particular exercise can be assumed to be constant (except the
cases mentioned above) the cost function f of the system can
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Fig. 2. A typical optimization run. The data correspond to the on-transient data set of exercise 2 (velocity vy, = 14.4 km/h).

be thought to be a function of the parameters A, B, C and E of
the model.

The aim of the optimization is to achieve an optimum fit
of the curve provided by the model (Egs. (3) and (4)) by the
maximization of the cost function f, as described by Eq. (14).
This is achieved via appropriately modifying the shape of the
curve provided by the model, i.e. via the appropriate changes in
the values of the control variables A, B, C and E. It should be
noted here that, in accordance with the results of the analysis
of the model presented in [1,25,44], the value of the parameter
E was kept constant and equal to E = 1 during the modeling
and optimization process. Therefore in the case of the present
study, the number of the control variables N (Eq. (7)) of the
optimization process described in the present study was N = 3,
and f = f(A,B,C).

We should point out here that the principles of exercise phys-
iology put a constrain regarding the optimum value of the para-
meter C, which follows from the linear stability analysis of the
model presented in [25]. For the model of Egs. (3) and (4), in
the present case of B # 1, C # 1 and E = 1, the eigenvalue that
controls the attractor s(¢) = D is given by the expression [25]

r=—ADB(1 - D)C. (15)

For values of demand 0 < D < 1 the eigenvalue A is negative
and the solution at s(¢) = D is therefore attracting, since A > 0.
However for exercises of higher intensities where there is D >
1 the eigenvalue becomes a complex number, the real part of
which is required to be negative, for the solution to be attracting
at s(t) = D. Since the real part of (1 — D)€ for D > 1is (D —
1)€ cos(Crr) then the optimal calculated values of parameter C
have to be such that cos(Cm) > 0, see also [44].

Regarding the numerical value of constant c; of the opti-
mization algorithm (Eq. (10) in Section 2), this was found to be
always inside the interval [0, 1]. This allowed us to consider cx
constant from the beginning of the optimizing process, as de-
scribed in Eq. (7), with a value 0 < ¢ < 1, see also [8]. We note
that, for the results presented in the present paper, the value of
¢ was kept constant at ¢ = 0.1, a value that was found to be the
optimal by trial and error. The optimal mean value of the noise

)
l

equal to 0.01% of the values of the control variables x

terms g;"’ was also found by trial and error to be approximately

&)

i
5.3. Results

5.3.1. A typical performance of the algorithm

Fig. 2 presents a typical run of 2500 iterations of the op-
timization process. The cost function under optimization in
Fig. 2 was the one corresponding to the on-transient (velocity
vp,,) data set of exercise 2 (see Fig. 1). The satisfactory per-
formance of the optimization algorithm can be easily observed.
The method is able to reach the neighborhood of the optimal
parameter values within the fast time of 14 iterations, despite
the fact that the process starts from a very low value of the cost
function f (the initial choice of the model parameters A, B and
C provide a very bad fit to the data). Although the characteristic
‘jumps’ of the version IV of ALOPEX, see [8], can also be ob-
served in Fig. 2, they are of minor importance, as the method is
able to keep the value of the cost function within its maximum
levels throughout the large number of iterations.

5.3.2. Optimal model parameter values

The optimization method of ALOPEX IV was applied to all
constant demand data sets. As can be seen in Table 1, these are
the data sets corresponding to the on-transient data of all exer-
cises 1,2, 3,4 and 5 and the off-transient data corresponding to
the low intensity exercises 1,2 and 3. A run of 10000 iterations
of ALOPEX IV optimization provided, for each exercise, a list
of parameter combinations {A, B, C} that provided optimal fit
of the model of Egs. (3) and (4) to each data set. As described in
the sections above, during the optimization process the parame-
ter E was kept constant £ = 1 and so was the parameter D of
the demand, the value of which, for each on- and off-transient
data set can be found in Table 2. The criterion for choosing the
optimal sets of parameters {A, B, C} was that these parameters
should provide an optimal (maximum) value of the cost func-
tion.

Fig. 3 presents a three-dimensional graph of these optimal
parameter sets, for all the constant demand exercises of Table 1.
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I

1

A

Fig. 3. Three-dimensional view of the optimal combinations of the values of the
parameters A, B and C. Grey points: optimal model fit for all the on- and off-
transient data sets of the low intensity exercises, black points: optimal model fit
for the on-transients of the high intensity exercises 4 and 5.

Every optimal combination of the parameters {A, B, C} is rep-
resented as a point in the three-dimensional space of A, B
and C. It is worth noticing that a realistic range of the model
parameter valuesis 0 < A< 1.0,0< B<25and0<C <25
(the constrain in the values of C, cos(Cm) > 0, as described
in Section 5.2, was also taken into account). In Fig. 3 the grey
points correspond to all the on- and the off-transient data sets
of the low intensity exercises, while the black points are the op-
timal parameter combinations for the on-transients of the high
intensity exercises 4 and 5.

Observation of Fig. 3 verifies the theoretical criterion [1,
25] that the parameter combinations that provide a best fit to
the exercise data are characteristic of the athlete’s current con-
dition of fitness (see also Section 1.3) and, for a curve that
models a constant demand exercise, have the same values re-
gardless the exercise intensity. In particular, in Fig. 3, clusters of
optimal parameter values can be observed, leading to the con-
clusion that the combination of optimal parameter values that
characterize a subject can be found in an ‘optimal parameter
neighborhood’. It is worth pointing out that, as can be seen in
Fig. 3, the parameter combinations that best fit the low intensity
exercises (grey points) form two separate clusters in the three-
dimensional space of A, B, C. It can also be observed, however,
that the points of the optimal parameter values for the high
intensity exercises (black points in Fig. 3) can only be found
inside the ‘big’ parameter cluster. A two-dimensional view of
the optimal parameter combinations can been found in Fig. 4.

It should be noticed here that, due to experimental noise, the
optimal parameter clusters of each exercise has a slightly dif-
ferent shape, size and place, in the three-dimensional space of
A, B, C. This should be of course expected as we are dealing
with raw experimental data. The optimal parameter combina-
tions that characterize the particular subject for all exercise
intensities, are therefore assumed to be the common parame-
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Fig. 4. Two-dimensional views of the optimal combinations of the values of the
parameters A, B and C. Grey points: optimal model fit for all the on- and off-
transient data sets of the low intensity exercises, black points: optimal model fit
for the on-transients of the high intensity exercises 4 and 5.

ter combinations of all optimal sets, i.e. the parameter combi-
nations that lie within the intersection of all optimal clusters.
Careful observation of the numerics of the optimization results
reveals that the intersection of all sets is the small parameter
neighborhood

0.45 < A <0.65,

1.55<B <1.75, 1.60<C < 1.80.
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Fig. 5. Optimal model fit to the on-transient data points of Fig. 1. Thick line: model, thin line: Fourier low-pass curve.
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Fig. 6. Optimal model fit to the off-transient data points of Fig. 1. Thick line: model, thin line: Fourier low-pass curve.

A combination of the parameter values above is, therefore, char-
acteristic of the particular subject and its current fitness condi-
tion.

5.3.3. An example of optimal model fit

Figs. 5 and 6 present, as an example of the performance of
the optimization method, an optimum model fit (thick curve) to
the raw data of Fig. 1 which corresponds to the data set of ex-
ercise 2. In these figures, the smooth curve describing the basic
response pattern of the data points, which is calculated through
low-pass Fourier filtering, can also be seen (thin curve). The
values of the model parameters used for the fit of Figs. 5 and
6 were, A =0.54, B =1.63, C = 1.75 (recall that E = 1.0,
D = 0.8 for the particular on-transient data set and D = 0.22
for the off-transient data set of exercise 2, see Section 4). It is
worth noticing here that, as mentioned in the previous section,
the particular optimal values of the parameters used for the fit of
Figs. 5 and 6 are not the only optimal ones as, due to the fact that
real data are used, there exists a neighborhood of optimal para-
meter values (see Section 5.3.2) for which the model fit pro-
vides a value of the cost function within the maximum levels.

The success of the application of ALOPEX IV optimization
is, in these figures, evident.

6. Conclusion

We have demonstrated the successful application of the
ALOPEX IV stochastic optimization method to the problem of

optimal calculation of the parameters of the dynamical system
model of the heart rate response to exercise, presented in [10,
25], for a particular subject.

The optimization method of ALOPEX IV is a very fast, easy
to implement and efficient way to obtain the optimal parameters
of the model that, as described in this paper, characterize the
condition of the particular athlete. For the subject used in our
study, the optimization revealed the optimal parameter neigh-
borhood 0.45 < A <0.65,1.55 < B < 1.75,1.60 < C < 1.80.

It should be noted that the optimization method presented in
this paper is not restricted to the calculation of the optimal para-
meter values of the model of the heart rate response to exercise
[25], but can also be successfully applied to provide the opti-
mal parameter values of a model describing the oxygen uptake
kinetics [1]. In both these models, with the use of ALOPEX IV
while fitting the models throughout training, it becomes very
easy to track changes in the value of the parameters and subse-
quently important changes in the fitness level of the athlete.
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