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We investigate stability and the maintenance of balance with the use of tools from dynamical
systems. In particular we investigate the application of such tools to the study of the ground reaction
forces resulting from an athlete being perturbed from quiet stance. We develop a nonlinear model
consisting of a set of coupled vector fields for the derivative with respect to time of the angles
between the resultant ground reaction forces and the vertical in the anteroposterior and mediolateral
directions. This model contains a basin of attraction bound by a closed curve which we call the
critical curve. It is only inside this curve that perturbations can be corrected, with the orbit spiraling
onto an attractor corresponding to quiet stance. We show how the critical curve and also the strength
of the attractor found in the basin of attraction can be fit to model the experimentatideaseries

for an individual athlete. We also discuss how our model can be used to identify nonsymmetric
behavior caused by muscle imbalances and differences in the ranges of motion on either side of the
body. © 2004 American Institute of Physic§DOI: 10.1063/1.1628451

We use tools from dynamical systemgsee, for example, Bardy and co-workergsee Bardyet al?®?” and Oullier
Kantz and Schreiber' and Guckenheimer and Holme$) et al'® have shown that the relative motion of the ankles
to investigate and model the stability or maintenance of and the hips in postural oscillations exhibit typical hallmarks
balance of an athlete perturbed from quiet stance while  of dynamical systems, this includes relaxation time after per-
standing on a force platform. We show how the model turbation(see Bardyet al?). The ankle controls the shifts of
can be fit to individual athletes and be used to identify  the center of mass via rotating about the feet. In terms of
nonsymmetric behavior resulting from muscle imbal-  postural sway, the knee does not play as important a role as
ances and other causes. Stability and reproducibility of a  the hip. Lateral and forward—backward movements of the
pattern of movement following a perturbation is critical hip are used to control the center of makskhel et al?®),

to success in many sport¢gMarin et al,® vuillerme et al,*  \yhilst the role played by the knee is mainly to resist gravity
Riccio and Stoffregen? and Mester®) and other areas of (Massior® and BouisséP).

life. A model such as the one we present here would be of The coordination of the human body can be thought of
much use for detecting improvements in balance brought 45 4 result of a highly complicated interaction of many vari-
on by training. ables(muscular and neurologigand the constraints applied

to them. Local constraints such as central command signals
or forces and also other environmental, intrinsic, and inten-
tional constraints have been shown to play an important role

Balance in quiet upright stance does not imply motion-iN Shaping patterns of whole-body coordination, such as pos-
less stability~° in fact a mediolateral and anteroposterior tural pattern formatiorisee Neweft" and Kelsd”). Regard-
body sway occurs. The two types of body sways are reguind modelling the coordination of the human body,
lated by two independent subsystems with different but reBernsteiri® and Kelsd* showed the problems associated
ciprocal dynamics. These two independent subsystems coMith mixing levels of descriptions, for example, extrapolat-
trol either the anteroposterior swéP) or the mediolateral ing the kinematics of the coordination after only recording
sway (ML) (Winter et al?® and Balasubramaniaret al??). the kinetics. In order to discuss kinetics, therefore, one has to
Nashner and co-workergsee Nashneé®? Nashner and measure kinetics, which is what we do in the following sec-
McCollum?2® Horak and Nashnéf and McCollum and tions of this paper by modelling and measuring only the time
Leerf’) have emphasized that almost 95% of the anterior-series of the ground reaction force. For an extended review
posterior sway happens around the ankle and the hip axis iof this point, applied to postural coordination, see Bardy
situations such as we present here. They ran experimenés al?’
reporting that the postural system reduces the high number of When one looks at the phase space for the dynamical
degrees of freedom by compressing them into two musculasystem governing the angles between resultant ground reac-
synergies described at the neuromuscular level. The two synion force and the vertical in the mediolateral and the antero-
ergies are termed the ankle and hip strategies. More recentlgpsterior directions, one can see that there exists a region
where the subject is able to maintain balance without falling.
aElectronic mail: j.r.stirling@mailcity.com We considered this region to be a basin of attraction. Static
YElectronic mail: marzak@mailcity.com stability regions with respect to ankle and hip joints were

I. INTRODUCTION

1054-1500/2004/14(1)/96/10/$22.00 96 © 2004 American Institute of Physics

Downloaded 29 Feb 2004 to 147.52.252.138. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp


http://dx.doi.org/10.1063/1.1628451

Chaos, Vol. 14, No. 1, 2004 Stability and the maintenance of balance 97

also proposed in Bardgt al.?® while McCollum and Leef?  simulation of the posture of the athlete, during quiet stance
used a concept based on the mechanical limit of uprighaind also when pushed in all four directiotis.
stance with respect to the angles of the ankle and the hip The time series of the resultant ground reaction force
which they called the stability cone. The orientations andexerted on the force platform was recorded as the athlete
configurations, for which the organism is optimally main- tried to regain balance following the perturbation. For the
tained, will correspond to an attractor found within the basinpurposes of the present study the time series of the three
of attraction. We simplify the nature of this attractor to be aforcesFy,Fy,F, are converted into time series of the two
complex sink. This is because the amplitudes of perturbaangleséy and 6y, with 64 being the angle of the resultant
tions and movements of the body we consider are mucliorce F from the vertical inx anteroposterior direction, and
larger than those due to body sway during quiet stancefy being the angle of the resultant forEefrom the vertical
When seen on this larger scale the low frequency motionn they mediolateral direction, see Fig. 2.
back onto the body position occupied during quiet stance has We present a plot of the time series of the anglgsand
the spiraling features of the motion onto a complex sinkéy (see Fig. 3 and also of the two angles plotted against
fixed point. The limiting orientations and configurations thateach othefFig. 4). One of the main features of these graphs
will separate ultimately different body positiofise., upright  is the presence of oscillations; the more unstable the body
stance versus horizontally lying on the flpavill define a  the larger the oscillation. It should be noted, however, that
closed curve called the critical curve, which will in turn de- large oscillations can be considered to be stable under certain
fine the bounds of the basin of attraction. constraints(see Bardyet al?’). We make the claim that the
The reversal of postural perturbations is dependent otarge scale oscillations seen in Figs. 3 and 4 are due to the
the ability to generate thrust at the support surface. This remotion of the center of gravity of the body as it is perturbed
quires a support surface of adequate extent and rigidity a® an unstable stat@.e., it is unbalanced or out of equilib-
well as sufficient muscular force. If the postural perturbationrium) and then returns to quiet stance or in other words re-
produces a movement too far from the vertical the subjecgains balance. We also make the claim that these oscillations
will abandon the specified foot position resulting in actionsdie out as the body regains balance and is back onto the
such as falling or taking a step to prevent falligpe Sims attractor. The length of time taken for this is a measure of the
and Brauet” for experiments on steppiigThe postural re-  strength of the attractor.
storing response is a function of body morphology, muscula‘ | MODEL
strength, and neurological condition. The size and shape o|" o _ )
the basin of attraction and the strength of the attractor con- e simplify the dynamics and do not take into account

tained within, will therefore depend on the individual athlete@ny Small scale high frequency natural oscillations in the
and also their condition. Other factors such as constraint@0dy (see Yoneda and Tokumas)y hence our model is only

due to the task and to the environméNewelf?) will also  ©f the large scale low frequency dynamics. We assume that

have an effect. the condition #x=6y=0 corresponds to the vertical state
In the following sections we present the data obtainediNd also that the conditiof+ 65 = 72/4 corresponds to the

from the force platform with an explanation of the relevanthorizontal state. Failurgialling on the flooy is a result of the

features of the time series. Using this we produce a model dienter of gravity being displaced too far from the vertical.

the processes of maintaining balance. This is then analyzégPservation of the data reveals the presence of a loop of

with regards to the linear stability of the structures of interesgitical anglesty and 63, such that

in the phase space. We then provide conclusions including @) for values of 0< gy<6S and 0< 6y<6S the athlete is

series of practical |mpl|c§t|_ons for training and testing of  aple to regain stability;

stability in athletegsee Stirling and Zakythinaki for more (2) for values of6S< fy< /2 and6S< 6y< /2 the athlete

details especially regarding the application of the model to  |pges stability and ends up lying on the floor.
injury prevention. Sports in general provide examples of

supra-postural tasks, i.e., tasks in which the achievement of For the modelling of the restabilization process, a set of

stable posture is necessary but not the main goal, see Stafeupled vector fields is used to model the variatdgsand

fregenet al3® 6y . Our model(see also Fig. 5 which shows the proposed
phase spagenas

Il. EXPERIMENTAL PROCEDURE AND THE FORCE (@ an attracting fixed point alx= 6y=0;
PLATFORM DATA (b) arepelling set of fixed points corresponding to the criti-

. . _ cal state a5, 65 ; and

The experiment consisted of an athlete being perturbegc) an attracting set of fixed points a§+ 932772/4_
from quiet stance while standing on a force platfd@MT]I,
digital recording frequency: 500 hlzThe perturbation was a Taking into account the above remarks, the equations
result of the athlete being pushéce., an impulsgin both a  which describe the model can be expressed in the form
variety of directions and with a variety of forces. The athlete
stood upright with feet aligned to the anteroposterior axis  Ox= ~ fax(0x.60v) fc(Ox, Oy)f(6x,6v), ()
with hands on hips. Neither the feet nor the hands were al- -
lowed to change position for the restoration of balance to Oy ==Tay(bx, Ov) e Ox, O) T1(Ox, Ov), )
have been considered successful. Figure 1 shows a computghere 63+ 65< m?/4,

Downloaded 29 Feb 2004 to 147.52.252.138. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



98 Chaos, Vol. 14, No. 1, 2004 J. R. Stirling and M. S. Zakynthinaki

(d)

(e)

FIG. 1. (Color onling The simulated skeleton, adapted from a dynamical animation(Refl 37, standing upright and leaning at a maximum angle in all
X, —X, Yy, and —y directions, after application of an external force in the corresponding directions.

fax(0x,0v) = — (abx+ n6y), (3
Z‘ ’ fay(f)x,ev):_('yox""fev)u (4)
r
2
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FIG. 2. The two angle®y and 6y between the resultant forde and its FIG. 3. Time series of the angles, and 6y corresponding to the subject
three components, ,F, ,F,. being pushed forwards. The horizontal axis represents time.
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002 10y folOx,0v) = 7 03— b7 (1 + o) Ox— b1 pby

0,015

- +(bot be) Ox 0710305+ by, (1)
00 The parametel in Egs.(6) and(7) governs the curva-

ture of the curve. Numerically it was found that values of
0<1<1 are a suitable choice for the value of the remaining
parameter. With substitution of the above values for the
parameters, we obtain the form of the functiby{ 6y, fy)
describing the critical curve presented by E®).

IV. ANALYSIS

FIG. 4. The two angle#y and 6y plotted against each other. The spiraling A. The linear stability of the structures

is the result of the dynamics of the an and #y inside the well and onto . . . -
the attractor. Y glesandoy We investigate here the linear stability of the structures

fax, fay, fc, and f;. These structures correspond to the
following three fixed points of the system:

and the functiorf,( 6y, 6y) models the critical curve. (1) fa=0 andf,,=0;

Let ¢, and¢, denote the maximum angle that the athlete(2) f.=0;
can lean left and right, respectively, agd and ¢, denote (3) f;=0.
the maximum angles the athlete can lean forwards and back- ) )
wards. The actual values of these angles can be found gin the sections that follow we solve for both the eigenvalues
rectly from the time series of the three fordeg,Fy, and and eigenvectors for the three structutese also Appendix
F, after the conversion into time series of the two andles B).
aqd Oy . These are the maximum possible _values for wr_lichll Attracting fixed point  0x=0,=0: Case f =f,,=0
failure does not occur. As shown in Appendix A, the function

f(6y,0y) describing the critical curve can be expressed in ~ When6x=6y=0 there is[see Eq(B1)]

the form 2
A= ¢idpdibr o {(at k) EN(a—k)*+4yn}. (8)
felOx,0v) =~ b1 b O+ b1 b b+ bp) Ox— by by 65 '8
Thus whena+ <0 and (@—k)?>+4yn<0 we have
+ + ) Oy + (ot by) O 62
P1do(Srt &) Oy (dot &1) Oy the required attracting complex fixed point.
(i + by) 020y — (P + b)) ( b+ by) Ox Oy Solving the system of Eq$B2) and(B3) for the special
) 5 case of the fixed pointx= 6y=0, the eigenvectors can be
+1 HXHY_ ¢f¢b¢l ¢r . (6) found to be
If left—right symmetry @, = — ¢,) is assumed, then Eq. —at m
(6) which describes the functiofi,( 6y, fy) reduces to vy= T Ux- 9

2. Repelling critical curve: Case f =0

In this case the values diy and 6y are such thaf,
=0. There is\ =0, or[Eq. (B1)]

of . o,
A=—f; (a9x+779Y)(9_0X+(79x+K9Y)(9_0Y , (10

which for a repelling solution requires that, féx and 6y
such thatf =0,

of of
+ 90y) —= + (yOx+ kOy) —<0.
(abx+ nby) 905 (yOx+ kby) 90, 0

From Egs.(B2) and (B3), the eigenvectors can be found as
follows: For =0, there is

of of
fawf% c c >=o

[— +_
a0 %" 90,°Y

FIG. 5. The critical curve, attracting circlﬁfﬁ- 0$= (7/2)? and the attract- and

ing point 6x= 6y=0. The figure presents the result of perturbing the center

of gravity away from the vertical and watching it spiral onto the attracting

fixed point A (corresponding to succes®r onto the attracting circlécor- fay_ff(

of . f .
Uy
responding to failure

a—axvx‘l'&—aY =0,
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hence forf;#0, f,,#0 andf,,#0, there is

o,
96y"

af,

(9_6x Y:O'

Ux+ (11)

Special cases:

(@ On the axisfx=0. The eigenvector in this special case
is parallel tov=((1)), which is perpendicular to théy
axis.

On the axis#y=0. In this special case the eigenvector
is parallel tov= (1), which is perpendicular to théy

axis.

(b)

For )\=—ff{(a0X+ ﬂey)(&fC/&GX) +(’y0)(+ Kay)
X(af.1d0y)}, there is

of
ffa_e:({(Yaﬂ' KOy)vx— (abx+ nby)vy}=0

and
of ¢
ffae 1= (yOx+ kbOy)vx+ (abx+ n6y)vy;=0.
Hence forf;#0, df ./d6x #0, anddf./d0y #0 there is
(yO0x+ kOy)vx— (abx+ n0y)vy=0,
and thus
Ox+ k6
vy= M (12)
abyx+ 770Y

Special cases:
(1) On the axisfx=0, there is

(@ point Oy= ¢y,
>,
N=—kP (b — ) Z‘¢| )i

(@ point Oy= ¢,

772 2
=— kK Prpp(h— ¢r)(z — )

For all the abovefy=0 solutions it is easy to observe
that the strength of the attractor or repeller is governed,by
as all the other parameters are fixed.

There is alsw y= («/7) vx, thus the eigenvector in this
special case is parallel wz(K,,])

(2) On the axisfy=0, there is
@ or

172 2
A=—adid P dp— ¢f)(z — o );

point 6y =

(@ point 6x=

o
~
A= _a¢b¢l¢r(¢f_¢b)(z _Q"b)-

It is easy to observe that, fah, =
attractor or repeller is governed iy

Also there yieldsvy=(y/a) vy. Therefore the eigen-
vector in this special case is parallehl@r(i,a).

0, the strength of the

J. R. Stirling and M. S. Zakynthinaki

3. Attracting circle 0%+ 65=%/4: Case f;=0

On the attracting circlesz+ 62=mw?/4, there isA=0
[Eq. (B1)] or
N=2f{abi+ k05+ 0xO0y(n+ )}, (13

On the circlef;=0 there isf.>0. Thus the circle is attract-
ing only when

b3+ k03+ 0y 0y( 7+ v)<O.

Recalling Eqs(B2) and(B3), the eigenvectors can be found
as follows:

For\=0,
fax.fc(a—ffvx+ a—ffvy)=0,
FT T
and
fay.f (a—ffv +(9—ffv >=0.
el aoy X a6y Y

Hence forf #0, f,,#0 andf,,#0, there is
Hxvx+ ayl)y:o. (14)

Special cases:

(@ On the axisfy=0.
The eigenvector is parallel to
1
)
(b) On the axisfy=0.

The eigenvector is parallel to
0

V= 1)

ForA=fJ{2a0%+2k65+2040v(n+7)},

f
((yOx+ kby)vx—(abx+ n6y)vy)=0

; of
Cé’_ﬂy

and
c(w ((79><+K9Y)Ux (abx+ nby)vy)=0.
Hence forf #0, df /96y #0, anddf; /96y # 0, there is
(yOx+ kby)vx— (abx+ n6y)vy=0,

and thus

’)’0)("‘ KOY

Vy= (15

Ct’0x+ 7]0Y
Special cases:

(@

On the axisfy=0, there are point#y= = 7/2,

71,2
loin B rg)]

As was the case with thé,=0 solution on the critical
curve f., the strength of the attractor or repeller is
governed byx. Also the eigenvector can be easily
proved to be parallel to= (K,n)

Downloaded 29 Feb 2004 to 147.52.252.138. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



Chaos, Vol. 14, No. 1, 2004

(b) On the axisfy=0, there are point¥y= =* /2,
b, w? T
N=a———| = bidt (it dy)| 25

We observe again that, fek,=0, the strength of the attractor
or repeller is governed by, as was the case on the critical
curvef.. The same way it can be easily seen that the eige
vector in this special case is also parallel to

1
Y

a

V=

B. A study of the value of parameters  «a, 7, v, and &«

According to the results of the previous sections, for th

eigenvalues to be the required ones the following four in-

equalities should be satisfied, in order of prioritye., the
attractor at(0,0) is the most important followed by the repel-
ling circle f., then the attracting circlé]:

a+k<0, (a—k)%>+4yy<O0, (16)

Oy+ 10 ﬁf°+ O+ k6 &f°<0 1
(a by 77\()(90X (y0x KY)(MY ) (17)
a b3+ k03+ Oy Oy( p+ ) <0, (18)

where inequality(17) is valid for the points for which
fo(6x,6y)=0 and inequality(18) is valid for the points
fe(6x,6y)=0.

Let us examine the case d¢f at the points where it
crosses the axis. There is

(1) for 6x=0,
e ofe
Oy= i, 20, &_0\(——¢f¢b(¢|_¢r)1
e ot
Oy= v, (90)(_0’ a—ay—¢f¢b(¢|—¢r)-

So, inequality(17) gives

— kP rdp( P — ) <0, kdrdidp(d— ) <0.

(2) For 6y=0,
e e
Ox= o1, (9_6,)(—_¢|¢r(¢f—¢b), (9—0\(—0,
o afe ofe
Ox= by, a_6><_¢'¢'(¢f_¢b)' &_ﬁy_o'

So inequality(17) gives
—adid b (Pi— Pp) <0, adyd d(Pi— ¢p)<0.

Therefore, asp;— ¢,>0, ¢ d:1hp>0, ¢ Py <0, 1 b,
<0 and¢ppsp, >0 there isa<0 and (¢, — ¢,)>0.

We now examine the case 6f at the points where it
crosses the axis. Let us choose two points on the attracti
circle f;=0, namely the points

7_[_2

=Oy=~+
bx=by==\/ 5"

Stability and the maintenance of balance 101

By substituting these values into the relatid® we have
a+k+ n+y<O.

So the inequalities for the four parameters are

a<0, (19
n. K(de= <0, (20)
a+ k<0, (21)
(a—k)%>+4yn<0— 5y<0, (22
a+ k+ n+ y<O0. (23

V. APPLICATION OF THE MODEL

e From the data of the force platfortafter transformation
into the angleg)y and #y) we have, for the particular athlete
(in rads:

$¢=0.184,
$,=—0.078,
$,=0.093,

#=—0.117.

The anglesps, ¢y, ¢, , andg¢, correspond to the maximum
observed anglén any of the time series for that athlgtbat

the individual could lean in each direction, respectively, and
still correct the perturbation to regain balance. After substi-
tution of the above values, the functidp which describes
the critical curve Eq. (6)] takes the form

fo( Oy, 0y)=0.0108%%— 0.0011%y+0.014392
+0.00034) + 0.1060y 62— 0.2400% by
+0.00254) 6y + 1 6565 — 0.00016=0.

(24)

Figure 6 shows the above critical curve, together with its
idealized, symmetric critical curv@lashed ling

Figure 7 presents a numerically generated example
showing the evolution of the following different initial con-
ditions (the angles are expressed in rads

0x(0)=0.07, 6y(0)=0.07,
0x(0)=—0.05, 6,(0)=—0.05,
0x(0)=—0.05, 6y(0)=0.05,
0x(0)=0.07, 6y(0)=—0.07,
0x(0)=—0.1, 6,(0)=0.1,
0x(0)=0.1, 64(0)=0.1,
0x(0)=0.1, 6y(0)=—0.1,
0x(0)=—0.1, 6y(0)=—0.1.

n
gs can be seen the initial conditions starting inside the criti-
cal curve spiral to the attracting fixed point, while those start-
ing outside the critical curve evolve towards the attracting
circle.
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0.2
i h 0.1 L —
0.1 P T —
HY 01
-0.14
0.05
02]
(@) -0.2
right-left 01 2]
1 4
—0.05 |
8y 01
-0.11 1]
~0.05 0 0.05 0.1 0.15
forward-backward -21
g . . _ 2 -1 0 1 2
FIG. 6. The critical curve corresponding to E@4) (solid line and its (b) '
X

corresponding idealized symmetric critical cufdashed ling The horizon-

tal axis represents the anglg , while the vertical axis represents the angle . . . .
. P L P 9 FiG.7. A numerically generated example showing the evolution of different
0y ; both angles are expressed in rads. For the evaluation of the function the' - - - .
Initial conditions(see text evolving in the phase space of our model. It is
value of the parametdrwas chosen to be=0.3.

worth noticing that the basin of attraction corresponding to the experimental
data(see Fig. 4 is far more irregular and hence the spiral is more compli-
cated than the one shown here; however, it is still a spiral.

VI. CONCLUSIONS AND PRACTICAL IMPLICATIONS

to see whether improvements have occurred resulting from

we prgsent a model of'the process by Wh'Ch an athletet‘raining and to use the results to suggest changes to their
or person in general, regains balance following a perturba-

tion from quiet stance. This model is in the form of a set ofexIStIng training methods. Such tests are also commonly

. used to compare the athletes’ performance with accepted
coupled vector fields for the angle of the resultant force from . . .

. : : : .~ _standards required for a particular level of performance. With
the vertical in the mediolateral and anteroposterior direc-

. . this in mind we make the following four recommendations
tions. We show how two of the main features of the model

. A . : . for how a model such as the one we present here can be used
the critical curve(i.e., its shape, size, and linear stabjlignd

attracting fixed pointi.e., its linear stability can be fit to the o analyze technique and hence performasee Stirling and

] 5 ) . ) . .
raw data obtained from the force platform. We also show tha?akythm_a l.(? for more .deta|ls on this and in particular with
- . ; regards injury prevention
the large scale oscillations seen on the time series of the raw
data can be due to the center of gravity moving back from(1) Many injuries are caused by nonsymmetric motion re-
the position it was perturbed to, in a spiral-like manner. We  sulting from muscle imbalances and differences in the
simplify the dynamics and do not take into account sway ranges of motion on either side of the body. Such things
during quiet stance or any of the high frequency oscillations. can easily be observed in our model once the critical
This enables us to model the underlying motion back onto  curve has been fitsee Fig. 6 for a comparison of a
the attracting fixed point, corresponding to a quiet stance, as symmetric and a nonsymmetric critical cuyvédence
that onto a complex sink. The reasons for this simplification  the model can be used to identify and suggest directions
are that the amplitudes of motions we consider here are for improvement via training.
much larger than those considered when analyzing sway duf2) Improvements in performance will arise if the athlete
ing quiet stance. were able to lean further from the vertical and still be
Organisms attempt to maximize their efficiency in con- able to correct the perturbation. In our model this would
trolling stance. They strive to achieve a control strategy in  easily be seen as an increase in the size of the basin of
which minimum energy is expended in the achievement of a  attraction and hence the area bound by the critical curve.
stable body configuratiofRiccio and Stoffregeh. Itis com-  (3) Increases in muscular strength resulting from training
mon in sport(and also medicingo periodically test athletes will lead to the athlete being able to correct larger per-
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turbations and do so in less time and with fewer large ¢,

scale oscillations. In our model this will be seen as an EZO, for 6x=0 and 6Oy=d, ¢, (AB)

increase in the strength of the attracting fixed point, or in

other words a more negative real part of the complex g6y

eigenvalues of the attracting fixed point. By tracking 3_0\(:0’ for 6y=0 and 6x=dy, . (A7)

changes in the values of the parameters governing this

we can track changes in the stability of the athlete. ~ LetE= ¢ ¢ d1¢y. The system of EqsAS), (A6), and(A7)
(4) The methods of analysis and presentation of data usedives for the parameters of the curve the solutions:

here(i.e., plotting 4, againstd,) can also highlight other —_ _

phenomena such as the cas)(la where an athlete following a A S e B=d1di(drt do).

perturbation spirals back onto fixed point while favoring C=— ¢y, D= ¢idp( D+ b,),
one side of the body. This is seen when the center of
gravity does not evenly oscillate about the line of sym-  G=¢ut &1, H=d+ ¢,

metry of the body. This can also be used to indicate — (it " _
muscle imbalances and differences in the ranges of mo- J (St d0)(dot i), E=didrdido.
tion on either side of the body. It is worth noticing that if we recall that

(@ the values ofp, , ¢y, are less than zero while the values
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APPENDIX A: DERIVATION OF THE FUNCTION
f.(0x,0y) DESCRIBING THE CRITICAL CURVE

N . APPENDIX B: DERIVATIVES, EIGENVALUES, AND
Let us assume that the critical curve is of the generaE|GENVECTORS

form

5 5 5 5 Below we give an analytical expression for the calcula-
fC( 0)( , ey) :A0X+ Bex"‘ C0Y+ D 0y+ G0X0Y+ H 0x0y

tion of the eigenvalues, the corresponding eigenvectors
+16%65+30yx6y—E=0.

Ux
V= )
On the curvef (0x,0y)=0 there is6y= ¢, ,¢, for 0x=0 oy
and hence as well as the derivatives
Cof+Dh—E=0, (A IOx 20 00y 00y
a0y’ 96y’ 36y’ 96y’
C¢r+D¢,—E=0, (A2) o
. ) and the derivatives
while for 6y=0 there iSOy= ¢y, ds:
Ap?+Bp—E=0 A3 il d il
¢i+Bp—E=0, (A3) a0, 24 g5
2 I g
Adp+Bhp—E=0. (Ad) The Jacobian matrix is
As we are investigating the general conditiore., ¢, # ¢, 30y 30y
and ¢; # ¢,) from Egs.(Al), (A2), (A3), and(A4) we have (?_9x (9_0Y
J= . )
E + 40y 90
Al  B=E bi+ by ’ 90y dby
b1 by Pt d0x by
E + and we have
C=- , D= EM' (A5)
d’l ¢r ¢I ¢r

90y . 2ty \/( 90y &éy)2+4a9x 90y
For the curve to be perpendicular to the axes when it crosses | _ dbx 9y d0x  dby d0y d0x

them, there should be 2

(B1)
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