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Abstract

We present an extension of the theory of transport in a fluid via lobe dynamics to the case of non-area-preserving
two-dimensional maps. This extension is then applied to a two-dimensional invariant manifold occurring on a surface of
a three-dimensional map of a (3+1)-dimensional flow. This flow is a time-periodic, volume preserving, cartoon of turbulent
flow in an estuary. These extensions are of great use because such two-dimensional manifolds occur naturally on the bounding
surfaces of three-dimensional fluid dynamical models. The study of bifurcation and transport in such models provides insight
into the difficult problem of transport and pattern formation in fully coupled three-dimensional time dependent flows. We also
present an application to pollution dynamics in an estuary. In particular we concentrate on the transport of material and the
patchiness of clouds of pollution in such a flow. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

There is a large body of work on convective mixing and transport in two-dimensional area-preserving maps
(see [1–3] for an overview). There is less work, however, on the case of three-dimensional mappings [4–9] and
little on dissipative two-dimensional maps (see [10,11]). This is surprising as such systems occur generically in
(3+1)-dimensional fluid dynamical models. All but thin film (i.e. truly two-dimensional) flows do not preserve
area on their surfaces, due to the three-dimensionality of the flow, for instance due to the effect of up-welling and
down-welling. In practice, area-preserving approximations are used. However, these do not provide a good model
of the transport locally. By this we mean that the elliptic fixed points of a two-dimensional area-preserving map do
not model the dynamics of a patch of material being attracted into a vortex very well at all. To do this such points
have to be attracting (i.e. sinks) and hence they must reside on a non-area-preserving manifold.

There are difficulties associated with these types of non-area-preserving systems as their dynamics are not so
well understood. The model we present here is of a class of both the (3+1)- and (2+1)-dimensional systems, though
this current work concerns a two-dimensional non-area-preserving map, which is locally dissipative. This work
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is a natural extension of the standard work on chaotic advection in (2+1)-dimensional, area-preserving systems,
as seen in [1–3,12–19]. This extension is important and necessary because previous work does not apply to a
non-area-preserving map of a fluid flow where the unstable and stable manifolds of its saddle points do not tangle.
Such behaviour is a feature of non-area-preserving or dissipative systems, which, as expressed above, can easily be
shown to correspond to the free surface or any bounding surface of a fluid. We also believe that these systems will
give insight into the dynamics in (3+1)-dimensional flows. It should be noted, however, that if the dynamical system
is aperiodic then it is also possible to get non-tangling of the unstable and stable manifolds even for area-preserving
systems. For work on aperiodic maps and flows see [20–27].

The model we present is an extension of the (3+1)-dimensional uncoupled time-periodic velocity field, proposed
in [17–19], to a (3+1)-dimensional, time-periodic, fully coupled set of velocity fields. This is achieved by adding
structure to theX-directional (along estuary) velocity field, to account for friction at the boundaries, and coupling
it up to theY - andZ-directional velocity fields. A stroboscopic map or Poincaré map is then taken of the flow to
obtain a three-dimensional volume preserving map. The boundary conditions are such that the flow cannot pass
through its bounding surfaces. This generically produces invariant manifolds on the boundaries on which the map
is non-area-preserving. The model we present is of the two-dimensional time-periodic map of the flow on the ends
of an estuary. We assume that no fluid leaves the estuary and hence the flow has time-periodic motion enclosed
by a box, and has one free surface at the top. Therefore, unlike in [18,19], we cannot calculate an exit time for
regions within the estuary. The assumption that no fluid leaves the estuary is more accurate the lower the ratio of
the volume of river inflow to the flow of water in the estuary. As this ratio is low for most estuaries including the
type we model, it is a reasonable assumption. As in [17–19], we assume that circulation in the verticalYZplane
is dominated by both the effects of buoyancy, and a circulation resulting from the estuary residing on a bend. The
shape of the velocity fields in the other two planes is primarily a result of the effects of friction (see Fig. 1) .

We use this model to investigate the effect of the third dimensionX on the dynamics of a flow. Given a certain
ratio of the bend to buoyancy circulation in theYZcross-section (to be denotedK, it should be noted thatK is also
approximately equal to the radius of curvature of the estuary divided by its width, see [17–19]), we investigate how
the increase in the strength of interaction (α) of theX-directional component affects the global dynamics and hence
the pattern formation and transport within and on the bounding surfaces of the flow. If we setK = 11 this would
correspond to a typical value for the type of estuaries we are modeling. In this paper we deal with the bounding
surfaces or ends of the estuary. In our modelX = 0 (this corresponds to the boundary between the estuary and the
river, and not half-way along the length of the estuary as in [17–19]) is always an invariant manifold with dynamics
on it which are Hamiltonian. We recover the transverse circulations and velocity fields described in [17–19]. The
map on theX = 1 sea end of our estuary is no longer Hamiltonian forα 6= 0, and is instead usually locally
dissipative. It is this map that will concern us here.

We also show the effect attracting and repelling invariant circles have on the transport within our map. We explain
the implications of this in practice for fluid flows, and in particular the implications for transport and the formation of
vortices in the real flow. Such structures we claim result in the creation of an important mechanism for the formation
of patches of high and low concentration in clouds of pollution (see [17–19]).

As will be observed in our model, the physics of fluid mechanics, and in particular both stress free boundary
conditions and rigid boundary conditions, enforce non-generic phenomena. Examples of such non-generic behaviour
are non-hyperbolicity and non-transverse intersections of stable and unstable manifolds [2]. The possibility of
non-transversal or even non-intersection of unstable and stable manifolds is important. This behaviour means that
an extension of the theory regarding transport in a fluid via lobe dynamics to the case where there is no longer a
turnstile lobe, or even a lobe, is critical to our understanding of transport in such systems.

In Section 2 we describe our model. In Section 3 we present and explain the bifurcations of the fixed points, and in
Section 4 its periodic points, for a range of parameter values. Section 5 extends the transport theories of Rom-Kedar
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Fig. 1. Cartoon of flow in an estuary showing the single cell (wind- or bend-driven) and the periodic two cell (density driven) transverse motion.

and Wiggins [1] and Wiggins [2] (see also [17–19]), to the cases where tangling of the unstable and stable manifolds
of saddle points does not occur (i.e. the tangency and post-tangency cases of a homoclinic bifurcation). We then give
example applications based on our model in Section 6. Finally, in Section 7 we conclude with general comments
regarding the application of such theories to dynamics on the surfaces of fluids and its implications to the dynamics
of pollution.

2. A model for three-dimensional time-periodic flow in an estuary

In this section we present our modifications to the equations for the fundamental kinematic velocity fields proposed
in [17–19]. The velocity fields in [17–19] include both a time-periodic buoyancy-driven circulation proposed by
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Smith [28,29] (see also [30]) and verified practically by West and Mangat [31], Guymer and West [32] and Nunes
and Simpson [33], and a steady bend- or wind-driven circulation (see Fig. 1). In [17–19] the velocity fieldsVf and
Wf were uncoupled withUf , however in this paper we couple all the three velocity fields, and give some structure
in theX-direction to account for the effects of boundary conditions. By this we mean we account for the effects of
friction at the boundaries and also the zero velocities which occur in theX-directional velocity field when the fluid
flow reverses direction on meeting the sea and river boundaries of the estuary. (This is different from the model
presented in [18], as thereUf did not necessarily go to zero at both the river and sea ends of the estuary.) We also
have to ensure that volume is conserved within the system. The resulting increase in dimension obviously makes
the problem no longer Hamiltonian. This (3+1)-dimensional system lies somewhere between the (2+1)- and the
(4+1)-dimensional Hamiltonian cases.

OurUf ,Vf andWf velocity fields, corresponding to the flow in theX, Y andZ directions, respectively, are given
by

Uf = (Y 2 − 1)(3Y 2 − 1)(3Z + 1)(Z + 1)α{Xβ(1 −X)} sin(πt), (1)

Vf = (3Z + 1)(Z + 1)(Y 2 − 1)[1 + KYsin(πt)− α{X(β−1)(−β + βX +X)Y sin(πt)}], (2)

Wf = Z(1 + Z)2[K(1 − 3Y 2) sin(πt)− 2Y + α{X(β−1)(−β + βX +X)Y 2(3Y 2 − 1) sin(πt)}], (3)

which satisfy

∂Uf

∂X
+ ∂Vf

∂Y
+ ∂Wf

∂Z
= 0. (4)

The parameterβ governs the magnitude of the circulation due to the bend, as we move along the estuary (i.e. as we
changeX). In all that follows we shall takeβ = 2. The parameterα governs the strength of the coupling between
the three velocity fields. It can also be thought of as an indication of the strength of the river’sX-directional velocity.
Physically this means that large values ofα correspond to the estuary being in flood, while small values correspond
to times of drought.

Our domain is

0 ≤ X ≤ 1, −1 ≤ Y ≤ 1, −1 ≤ Z ≤ 0. (5)

X = 0 defines the river end of the model,X = 1 the sea end. The bottom, sides and top of the estuary are defined,
respectively, byZ = −1, Y = ±1, andZ = 0.

We now indicate how we derived these equations and their relationship to their Hamiltonian counterparts used
in [17–19]. The brackets multiplied byα in Eqs. (1)–(3) contain the parts which make the flow non-Hamiltonian.
These equations may be expressed in the form

Uf = αf1(X, Y, Z, t), (6)

Vf = VHam
f (Y, Z, t)+ αf2(X, Y, Z, t), (7)

Wf =WHam
f (Y, Z, t)+ αf3(X, Y, Z, t), (8)

where

VHam
f = Ẏ = (3Z + 1)(Z + 1)(Y 2 − 1)(1 + KYsin(πt)) = −∂ψf

∂Z
, (9)

WHam
f = Ż = Z(1 + Z)2((1 − 3Y 2)K sin(πt)− 2Y ) = ∂ψf

∂Y
(10)
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with the stream function

ψf = (1 − Y 2)Z(1 + Z)2(1 + KYsin(πt)), (11)

being that used in [17–19]. Eqs. (2) and (3) can now be written as

Vf = VHam
f − α{X(β−1)(−β + βX +X)Y sin(πt)}(3Z + 1)(Z + 1)(Y 2 − 1), (12)

Wf =WHam
f + α{X(β−1)(−β + βX +X)Y 2(3Y 2 − 1) sin(πt)}Z(1 + Z)2. (13)

In the above we have defined

f1(X, Y, Z, t) = (Y 2 − 1)(3Y 2 − 1)(3Z + 1)(Z + 1){Xβ(1 −X)} sin(πt), (14)

f2(X, Y, Z, t) = −{X(β−1)(−β + βX +X)Y sin(πt)}(3Z + 1)(Z + 1)(Y 2 − 1), (15)

f3(X, Y, Z, t) = {X(β−1)(−β + βX +X)Y 2(3Y 2 − 1) sin(πt)}Z(1 + Z)2, (16)

which satisfy

α
∂f2(X, Y, Z, t)

∂Y
+ α

∂f3(X, Y, Z, t)

∂Z
= −α ∂f1(X, Y, Z, t)

∂X
= −∂Uf

∂X
, (17)

since

∂VHam
f

∂Y
+ ∂WHam

f

∂Z
= 0. (18)

The functionsf2 andf3 are chosen to have minimal effects on the global dynamics generated by theVf andWf ,
respectively. By this we mean, we know what global mode of circulation we want to model in theYZplane, and we
know what shape the velocity field should be in theXYandXZplanes (see Fig. 1), therefore the additionsf2 andf3

should have a minimal effect on these features. This results in a fully coupled set of volume preserving equations
which are a kinematic cartoon of the estuarine flow. The additionsf2 andf3 satisfy the same boundary conditions
asVHam

f andWHam
f , respectively.

From Eq. (1) the sea end of the modelX = 1 can be seen to be an invariant manifold. The equations governing
the dynamics on it are

Uf = 0, (19)

Vf = (3Z + 1)(Z + 1)(Y 2 − 1)[1 + KYsin(πt)− α{Y sin(πt)}], (20)

Wf = Z(1 + Z)2[K(1 − 3Y 2) sin(πt)− 2Y + α{Y 2(3Y 2 − 1) sin(πt)}]. (21)

These equations can be seen to be a non-area-preserving perturbation of the Hamiltonian case which occurs atX = 0
(i.e. whenX = 0,Uf = 0,Vf = VHam

f andWf = WHam
f ). The termα can be thought of as a parameter which

models the relative magnitudes or the strength of the coupling of the along-estuaryX velocity to the transversalY
andZ velocities, or in other words the strength of the perturbation. As in [17–19] the termK governs the relative
strength of the bend-driven circulation to the buoyancy-driven circulation in the vertical plane. As in [17–19] we
takeK = 11.0 which is typical for the type of estuaries we model.

In the next section we consider the effect of varying the parameterα in order to see the effect on the dynamics
at the sea end,X = 1, of an increased influence of non-area-preserving addition caused by the addition of the third
dimension,X, to the Hamiltonian equations. In what follows, we shall study Eqs. (20) and (21). Despite the form
of the equations we shall not, however, treat our system as a perturbation of the Hamiltonian case. This is because
the values ofα we are interested in, soon become too large for such a treatment. Application of Melnikov’s method
[2,4,10,11], and other such techniques, therefore is inappropriate for our model.
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3. Bifurcation of the fixed points

In this section we begin by considering the unstable and stable manifolds of the central saddle point fromα = 0
to 10 (see Fig. 2(a)–(g)). With the use of these plots we then explain the bifurcations which are undergone by the
saddle and the elliptical fixed points or foci. This does not present the whole bifurcation picture for our system, but
it does give an example of the type of bifurcations occurring in the physical regime in which we are interested.

Forα = 0 we have a Hamiltonian system. We get the standard picture, see [17–19], with a saddle and two elliptical
fixed points. Forα 6= 0 we have two foci, one a source and one a sink, instead of the elliptical fixed points seen

Fig. 2. The unstable and stable manifolds of the saddle fixed pointα = 3–10.
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in the Hamiltonian system. Asα is increased the unstable and stable manifolds of the saddle fixed point undergo a
homoclinic bifurcation, as can be seen in Fig. 2(a)–(c). For low values ofα we see a homoclinic tangle (Fig. 2(a)),
as we increaseα this goes through a homoclinic bifurcation to form a homoclinic tangency (see Fig. 2(b)). Beyond
this the manifolds cease to touch (see Fig. 2(c)), further increases inα lead to a return to the tangency case and
then back to a tangle (Fig. 2(d)). The lobes of the tangle then become progressively more wild with increasingα

(see Fig. 2(d)–(g)). It can also be seen from these lobe diagrams (Fig. 2(d)–(g)) that the attracting and repelling
fixed points in the top left- and right-hand corners of our map, respectively, increase their strength with increasing
α. This can be seen by their increased effects on the dynamics of the unstable and stable manifolds of the saddle
fixed point. For larger values ofα (e.g.α = 9.3) we find that the focus has undergone a period doubling bifurcation
to a saddle and a period two foci chain.

As a general comment on the global dynamics, we expect to inherit some of the legacy of the Hamiltonianα = 0
limit. Similar behaviour is observed by Arrowsmith et al. [34,35] in their investigation of the Bogdanov map. Using
the experience gained from the Bogdanov map we therefore expect to get period doubling bifurcations of foci and
the existence of Birkhoff periodic points for sufficiently small values ofα.

3.1. Three invariant circles and their bifurcation

Associated with the saddle fixed point we have three invariant circles (see Fig. 3) for the range of parameter
values,α, in which we are interested. To understand where these came from we use the bifurcation diagram (see
Fig. 4) for the strong 1:2 resonance [36] (see also [37–39]. Though this results from a much simpler and somewhat
different system (it is a velocity field and not necessarily the one corresponding to an approximating system for
our mapping), it is useful in understanding how these invariant circles behave. This is because it shows a set of
bifurcations associated with a saddle and two foci fixed points similar to those we observe numerically. As can be
seen in Fig. 3 our mapping has a small attracting invariant circle associated with the homoclinic bifurcation of the
unstable and stable manifolds of the saddle fixed point and the left fixed point focus. There is also a similar small
invariant circle on the right-hand side of the map, this however is repelling and hence cannot be seen in the Poincaré
map. On the inside of the tangle associated with the saddle fixed point we see no invariant circle for small values of
α, as it is absorbed into the tangle. This is similar to, but somewhat more complicated than, the case P in the strong
1:2 resonance bifurcation diagram (see Fig. 4), where the invariant circles C2 and C3 are absorbed into a homoclinic

Fig. 3. The Poincaŕe map forα = 5.91, showing one large and one small invariant circle. The other small invariant circle is repelling and
therefore is not seen on this map.
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Fig. 4. The bifurcation diagram for the strong 1:2 resonance [36], showing the formation and break-up of the invariant circles C1,C2 and C3.

connection of the unstable and stable manifolds of the saddle. When the tangle bifurcates to form a homoclinic
tangency and then beyond we see two invariant circles on the inside, one repelling around the sink on the right-hand
side of the map, and one attracting, around the source on the left-hand side (see Fig. 3). Asα is increased these two
invariant circles decrease in size, until they cease to exist. This is similar, though ultimately different from the case
IV in the strong 1:2 resonance bifurcation diagram where the invariant circles are created from a Hopf bifurcation
(see Fig. 4). Our foci then bifurcate in a period doubling bifurcation to form saddles, with two foci.

We also see one large invariant circle on the outside of the tangle. This we believe comes from another part of
the parameter space, as is the case for the curve C1 in the bifurcation diagram for the strong 1:2 resonance [36] (see
Fig. 4). This invariant circle survives for a range ofα and then it is destroyed by the unstable and stable manifolds
of the saddle fixed point. The periodic chain seen on the outside of the tangle beside the invariant circle (see Fig. 3)
is an example of the non-resonant behaviour of some of the Birkhoff periodic chains described in Section 4.

3.2. Bifurcation of an invariant circle

Linear stability analysis of the two foci reveals them to be neutral for all parameter values. Hence stability or
instability is governed by the nonlinear terms. We now look at the bifurcations of the foci and the invariant circles
surrounding them. Unexpected things occur if we look at the nature of the fixed point as the small invariant circle,
seen in Fig. 3, appears and on until the focus undergoes a period doubling bifurcation to a saddle. All through
this range ofα values the stability of the focus remains the same even though an invariant circle appears and then
disappears. This is important as we would expect to see a change in the sense of the focus, if the invariant circle’s
presence was a result of a Hopf bifurcation.

If we now look at the unstable and stable manifolds and the lobe diagrams for the hyperbolic fixed point for
values ofα from 8 to 10 (see Fig. 2(e)–(g)) we see that they become more and more wild with increasingα until
they take up nearly all of the phase space enclosed by them. This suggests that in this part of the parameter space,
these two small invariant circles are destroyed by the stable and unstable manifolds of the saddle fixed point. This
would explain why we lose the invariant circle and see the focus on its own, up until the point where it bifurcates
to a saddle. It does not, however, explain how the invariant circle was born. We expect that this happens due to
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the invariant circle existing in a nearby part of the parameter space where the focus fixed point was elliptical. This
elliptical fixed point bifurcates in a period-doubling bifurcation to a saddle, with two elliptical period-2 points,
surrounded by an invariant circle. This is a generic bifurcation for Hamiltonian systems. In the dissipative case, the
same bifurcations occur but the elliptical fixed points are replaced by foci around which there is an invariant circle,
for a sufficiently small perturbation of the Hamiltonian case. This would account for the fact that there is no change
of the sense of the focus, and also the presence of an invariant circle.

4. Resonance and the passage of an invariant circle

In this section we look more closely at the small attracting invariant circle seen around the left-hand focus in
Fig. 3. We present the example of the bifurcations undergone by unstable and stable manifolds of period-4 and -5
hyperbolic orbit when the invariant circle passes through them, as we increaseα. (For a more complete picture
of the different possible bifurcations undergone when an invariant circle comes into and out of resonance with a
period-4 orbit see, in particular [40–42]. See also [37,43].) These specific periodic orbits are used as they give a clear
example of the type of bifurcations undergone generically for the periodic orbits of this system. The main objective
is to show the bifurcations associated with the unstable and stable manifolds of the saddles and the interaction of
these manifolds with the invariant circle. This as we shall show in the next section has important implications for
transport in our model.

As the parameterα increases the rotation number of the invariant circle passes through1
4 and1

5, hence becoming
resonant with period-4 and -5 orbits, respectively. Further increases see the invariant circle become resonant with
a period-3 orbit, though we do not show this. We look at the interaction of the invariant circle with these periodic
orbits and show a sequence of bifurcations similar to those seen in the Bogdanov map studied by Arrowsmith
et al. [34,35]. It has to be remembered that this sequence is also mirrored on the opposite side of the map, though
the stability of the foci and invariant circles are opposite.

The invariant circle appears (in resonance with a period-3 Birkhoff periodic orbit) for reasons discussed in
the previous section, at approximatelyα = 8.25. This invariant circle increases in size with decreasingα, as
explained in the previous section. We expect the resulting bifurcations to be similar to those on passage between
Arnold tongues. As we change the parameterα the attracting or repelling invariant circle has rational and irrational
rotation numbers, hence becoming resonant with a periodic orbit or existing as an invariant circle, respectively. The
non-resonant orbits are to be expected because as pointed out by Arrowsmith et al. [34,35] there is an important
difference between the two-dimensional and one-dimensional maps. In one-dimensional circle maps the Arnold
tongue is synonymous with resonance. In a two-dimensional map, however, the Arnold tongue can coexist with
resonant behaviour occurring elsewhere in the phase space. These attractors are difficult to see numerically and are
in most cases of a limited importance as they have small basins of attraction. This non-resonant phenomena can
be seen in many of our Poincaré maps (see Fig. 3). If we look at the invariant circle, it continues to grow to the
point when it is destroyed by the homoclinic tangle in a homoclinic bifurcation, or a so-called blue sky catastrophe
[44].

We watch the passage of the invariant circle and its interaction with the Birkhoff periodic orbits with increasing
α. First we see the outer unstable manifolds of the periodic saddle points converging onto the attracting invariant
circle (Fig. 5(a)). Asα is increased the circle comes closer to the periodic orbit, until eventually it merges into the
outer unstable and stable manifolds of the saddle orbits which appear to join in a smooth heteroclinic connection
(Fig. 5(b)). Further increases inα lead to the invariant circle being destroyed for an interval ofα values (Fig. 5(c)).
Onceα is increased beyond this interval of values the inner unstable and stable manifolds of the saddles join in
heteroclinic connection (Fig. 5(d)). Further increases inα find the invariant circle now on the inside of the periodic
orbit and attracting the inner unstable manifolds of the periodic saddles (Fig. 5(e)). The invariant circle continues to
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Fig. 5. The phase portrait of the unstable and stable manifolds of the saddle points of the period-5 orbit, found about the source on the left-hand
side of the map, forα = 5.5–5.9. Figures (c) and (e) also contain the right-hand sides of the Poincaré map as this shows the attraction of the
stable manifolds of the periodic saddle orbit on the left-hand side of the map to the repelling invariant circle on the right-hand side.

get smaller with increasedα and interacts with other period orbits it comes across in the same manner as described
above (see Fig. 6(a)–(e)) which show the passage of the invariant circle though a period-4 chain.

As is to be expected, the mechanism described is almost identical to that described by Arrowsmith et al. [34,35]
for an invariant circle moving through the Bogdanov map. In our case, however, instead of heteroclinic tangles
when the invariant circle interacts with the unstable and stable manifolds of the saddles of the periodic orbit there
are smooth heteroclinic connections, or at least the lobes of the tangle are so small as to be unobservable. This is
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Fig. 5. (Continued).

slightly unexpected, though it shows that the presence and strength of the attracting or repelling periodic orbits and
invariant circles locally control the system to such an extent to prevent tangles. This would restrict the behaviour to
being non-chaotic in these regions.

The behaviour of the invariant circle and its interaction with the Birkhoff periodic orbits is important to the global
and local transport. As we shall see in the next section, this behaviour has a major effect on the ultimate fate of a
patch of material.

5. Lobes, definitions and dynamics

The global transport is highly dependent upon the relative position of invariant circles and the nature of both the
elliptical/focus/saddle fixed points and of the tangle of the fixed saddle point. In terms of our model this means
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Fig. 5. (Continued).

the ultimate fate of the particles is highly sensitive onα. This will have important consequences for both two- and
three-dimensional mappings, and their fluid applications.

In this section we present lobe diagrams, their definitions, and dynamics. We extend the work in [1–3,17–19] to
enable us to study transport in non-area-preserving maps of fluid flows where the stable and unstable manifolds do
not tangle. The development is based mostly on the simplified lobe diagrams seen in Figs. 7–9 (see [10,11] for work
on slightly dissipative forced systems).

We letLi,j (n) be the lobe which maps from regionRi to regionRj undern iterations of the mapping (see
Figs. 7–9). Under the action of the mapLi,j (n) maps toLi,j (n − 1). If the mapping preserves area then the
areas inLi,j (n) andLi,j (n − 1) must be equal. For non-area-preserving mappings this is not the case. Also for
non-area-preserving mappings the area leaving regionRj and the area entering regionRj need not necessarily be
equal (i.e. area inLi,j (n) 6= the area inLj,i(n)). This, along with the fact that in these non-area-preserving systems
there is the possibility of non-transverse intersections (i.e. tangential), and even the possibility of no intersection
of the stable and unstable manifolds, is the main difference between these and time-periodic Hamiltonian systems.
It has to be noted that in these cases we no longer have what can be termed a turnstile lobe, and so we have to
understand the transport in a slightly different manner.

If we look at Figs. 7–9 we can understand the effect of the homoclinic bifurcation on the global dynamics and
transport. For the case before the homoclinic tangency (Fig 7), where the unstable (Wu) and stable (W s) manifolds
cross transversely and lobes exist, we get transport into and out of the regionRj inside the tangle. When the unstable
and stable manifolds of the saddle fixed point bifurcate in a homoclinic bifurcation to form a homoclinic tangency
(Fig. 7) or a post-homoclinic tangency (Fig. 8) we lose the turnstile lobe and hence with it the possibility of a
mutual exchange of material between regionsRi andRj . This results in one way transport into or out of regionRj
depending on whether the bifurcation is sub or supercritical. In other words whether the unstable manifold comes
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Fig. 6. The phase portrait of the unstable and stable manifolds of the saddle points of the period-4 orbit, found about the source on the left-hand
side of the map, forα = 6.9–7.3.

inside or outside of the stable manifold, respectively. Due to the loss of the tangle we have to consider how we
define the two regionsRi andRj . This is now a different system compared to the area-preserving system or even
the non-area-preserving tangle system.

Our goal is to present the transport in the three (i.e. tangle, tangency and post-tangency) cases separately and
then extend the idea of lobes and transport to cover all the three cases. We do this first for the case where we have
a homoclinic tangle (see Fig. 7).
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Fig. 6. (Continued).

5.1. The homoclinic tangle case

We start by recalling the homoclinic tangle case described in [17,19]. This is the case for which the original
methods and definitions of Rom-Kedar and Wiggins [1] and Wiggins [2], were developed, as it occurs generically
in area-preserving maps. Fig. 7 shows the unstableWu(pi) and stableW s(pi) manifolds of a fixed pointpi .

Supposeq ∈ W s(pi) ∩ Wu(pi) and letS[pi, q] denote the segment ofW s(pi) with end pointspi andq and
U [pi, q] denote the segment ofWu(pi) with endpointspi andq. Thenq is called aprimary intersection pointif
S[pi, q] intersectsU [pi, q] only at the pointspi andq.
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Fig. 7. The simplified lobe diagram for the homoclinic tangle of the unstableW u(pi) and stable manifolds of a saddle fixed pointpi .

Fig. 8. The simplified lobe diagram for the homoclinic tangency of the unstableW u(pi) and stable manifolds of a saddle fixed pointpi .

Let q0, q1 ∈ W s(pi) ∩ Wu(pi) be two adjacent primary intersection points, i.e. there are no other primary
intersection points onU [q0, q1] andS[q0, q1], the segments ofWu(pi) andW s(pi) connectingq0 andq1. Then the
region interior toU [q0, q1] ∪ S[q0, q1] is referred to as alobe. Remember thatq1 is not an iterate ofq0.

If W s(pi) andWu(pi) intersect at the primary intersection pointq, the partial barrierB can be defined as
B = S[pi, q] ∪ U [pi, q]. The region interior toS[pi, q] ∪ U [pi, q] is referred to asRj , while Ri refers to that
which is exterior, with theturnstile lobeLi,j (1) andLj,i(1) being the lobes which map from regionRi to regionRj
and regionRj to regionRi , respectively, under one iteration of the mapping. The general case is the lobeLi,j (n),
which maps from regionRi to regionRj undern iterations of the mapping.

Fig. 9. The simplified lobe diagram for the post-homoclinic tangency of the unstable and stable manifolds of a saddle fixed pointpi .
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5.2. The homoclinic tangency case

We now extend the use of the above definitions to the case whereWu(pi) andW s(pi) meet tangentially (see
Fig. 8). It can be seen that we no longer have a turnstile lobe. Either the lobeLi,j (1) orLj,i(1) has shrunk to zero.
The lobe which shrinks to zero depends on whether the bifurcation is sub- or super-critical (i.e. if the stable manifold
comes inside the unstable one thenLi,j shrinks to zero, but if the opposite happens,Wu comes insideW s, thenLj,i
shrinks to zero (see the right and left halves of Fig. 8, respectively.) Also we no longer have a primary intersection
point, as the two manifolds do not cross. We do though have what we term aprimary tangential point.

Supposeq ∈ W s(pi) ∩ Wu(pi) and letS[pi, q] denote the segment ofW s(pi) with end pointspi andq and
U [pi, q] denote the segment ofWu(pi) with endpointspi andq. Then we defineq to be aprimary tangential point
if S[pi, q] touches tangentiallyU [pi, q] only at the pointq. We now use this to redefine a lobe.

Let q0, q0(1) ∈ W s(pi) ∩ Wu(pi) be two adjacent primary tangential points, i.e. there are no other primary
tangential points onU [q0, q0(1)] andS[q0, q0(1)], the segments ofWu(pi) andW s(pi) connectingq0 andq0(1).
q0(1) is the first positive iterate ofq0. We then define the region interior toU [q0, q0(1)] ∪ S[q0, q0(1)] to be alobe.
The lobeLi,j (n) is still defined in the same way as in the tangle case.

We now define the partial barrier asB = S[pi, q] ∪ U [pi, q], whereW s(pi) andWu(pi) touch at a primary
tangential pointq. We refer to the region interior toU [pi, q] ∪ S[pi, q] asRj .

5.3. The post-tangency case

For the post-tangency case where the two manifoldsW s andWu no longer touch we have to artificially connect
them so as to produce two regionsRj andRi and hence lobes (see Fig. 9).

We connect the two manifolds by an arbitrary lineab(0), connecting the arbitrary pointsqa(0) ∈ Wu(pi) and
qb(0) ∈ W s(pi). We then define the barrierB = S[pi, qb(0)] ∪ U [pi, qa(0)] ∪ ab(0), and we refer to the region
interior toB asRj .

We define the lobe as the region interior toU [qa(n), qa(n+1)] ∪S[qb(n), qb(n+1)] ∪ab(n)∪ab(n+1), where
qa(n+ 1), qb(n+ 1) andab(n+ 1) are the first positive iterates ofqa(n), qb(n) andab(n), respectively. The lobe
Li,j (n) is still defined in the same way as in the tangle case.

Though these extensions we have developed are very simple, they now allow us to understand transport in a
larger class of non-area-preserving systems using lobe diagrams. It also has to be noted that the extension to the
heteroclinic case is straightforward, and will be shown in the next section (see Figs. 10 and 15).

The area of these lobes have to be found numerically. The variational principles method [3] or a Melnikov type
method [4] are not applicable. This is due, respectively, to the facts that the map does not preserve area, and that
the problem cannot be thought of in the terms of a perturbation, as in our practical applications we are interested in
too large a value ofα. It should be noted, however, that if we could consider our model in terms of a perturbation
then Hinenzon and Rom-Kedar [10,11] show that Melnikov theory can be used to compute flux even when there is
no intersection of the stable and unstable manifolds (i.e. even when there is no tangle).

6. Transport associated with periodic orbits

We can apply the above definitions to the case of finding the transport across barriers formed from segments of
the stable and unstable manifolds of the saddle fixed point seen in our system. We now apply it, however, to the
periodic orbits to highlight the importance to transport of the bifurcations undergone by the unstable and stable
manifolds of the periodic saddle points, as they come in and out of resonance with the invariant circle.
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Fig. 10. The simplified lobe diagram, corresponding to Fig. 6(a), for the period-4 island chain, and the invariant circle. Case 1, where the invariant
circle is on the outside of the periodic island chain, and not in resonance with it.

If we look at the unstable and stable manifolds of the periodic orbits, we see that they look similar to how they
would in a flow. This is counterintuitive as we have a map and would generically expect to see tangles. As can
be seen from Figs. 5 and 6 tangles do not occur, or they are so small that to all intense and purposes they do not
exist. We suggested earlier that the lack of heteroclinic tangles for these periodic orbits is a product of the strength
of nearby attractors and repellers. It can been seen that they can dominate the dynamics to such an extent so as to
produce non-chaotic regions. The possibility of the generation of Smale horseshoes via the tangle of the manifolds
is lost.

We look at an example of the transport through barriers formed from stable and unstable manifolds of period-4
saddle Birkhoff periodic chains, as the invariant circle comes in and out of resonance. To do so we schematically
redraw Fig. 6(a)–(e) in order to exhibit the general transport properties more clearly (see Figs. 10–14). Although
we have greatly simplified these figures the general transport mechanisms remain the same. We now use these
simplified figures to illustrate how the ultimate fate of a particle or patch of material can be sensitively dependent
on α, especially in the presence of an invariant circle. If we look at Fig. 10 we can define regions depending on
where the material came from.Ro is the outside of the invariant circle (or periodic chain, when the invariant circle
is in resonance), andRi is the inside. As can also be seen, these regions need to be divided yet again depending on
where the contents end up. For example, if we look at Fig. 14, we see that we need to split the region outside the
invariant circle into the two regionsRos andRoc, where points inRos are attracted to the periodic sink, and points in
Roc are attracted to the invariant circle. We can now split the phase space into a maximum of four different regions,
or basins of attraction.

Fig. 11. The simplified lobe diagram, corresponding to Fig. 6(b), for the period-4 island chain, and the invariant circle. Case 2, where the invariant
circle is now absorbed into the upper unstable and stable manifolds of the saddle points of the island chain.
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Fig. 12. The simplified lobe diagram, corresponding to Fig. 6(c), for the period-4 island chain, and the invariant circle. Case 3, where the invariant
circle has disappeared and is in resonance with the periodic island chain.

Fig. 13. The simplified lobe diagram, corresponding to Fig. 6(d), for the period-4 island chain, and the invariant circle. Case 4, where the invariant
circle is now absorbed into the lower unstable and stable manifolds of the saddle points of the island chain.

The general transport properties of the Figs. 10–14 can be related to the presence (or lack) of the four possible
basins of attraction (Ric, Ris, Roc, andRos). The existence of a basin of attraction is dependent upon the bifurcation
undergone by the unstable and stable manifolds of the periodic chain. This therefore results in a sensitive dependence
of the transport in this area to the parameterα. With the invariant circle on the outside of the periodic chain (Fig. 10),
the material on the inside can be in either of the two basins,Ric andRis. Material can therefore pass through the
periodic chain, and be attracted to the invariant circle. All the material from outside the chain is also attracted to the

Fig. 14. The simplified lobe diagram, corresponding to Fig. 6(e), for the period-4 island chain, and the invariant circle. Case 5, where the invariant
circle is on the inside of the periodic island chain, and not in resonance with it.
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invariant circle, via the basinRoc. If we now increaseα (see Fig. 11), the basinRic shrinks to zero. It ceases to exist,
when the outer manifolds of the saddle join in a heteroclinic connection and the invariant circle comes in resonance
with the island chain. All the material on the inside therefore exists in the basinRis. All the material on the outside
still exists in the basinRoc. A further increase inα (Fig. 12) has no effect on the fate of the material on the inside,
it still exists entirely in the basinRis and is therefore fully attracted into the periodic sink. However, due to the loss
of the invariant circle, the basinRoc no longer exists, and hence all the material on the outside exists in the basin
Ros, and is attracted to the periodic sink. The fate of everything for this value ofα therefore is to be attracted to
the periodic sink. Further increases inα (Fig. 13) now lead to the invariant circle forming a heteroclinic connection
with the inner unstable and stable manifolds of the saddle, and hence a barrier. This results in the loss of the basin
Ris and all the material existing inRic, and hence being attracted to the barrier. On the outside, however, there is
no change and all the material still exists in the basinRos. Finally as the value ofα is increased to such an extent
that the invariant circle is no longer in resonance with the periodic island chain, and the heteroclinic connection is
broken, there exists the possibility of transport through the island chain from the outside (see Fig. 14). Both basins
of attractionRos andRoc now exist, and there remains only the one basin,Ric on the inside.

We can now calculate the transport into sinks or through the periodic chains to invariant circles (see the blown up
segments of Figs. 10–14). We create the lobes in a similar way to the post-tangency case described in Section 5.3.
We connect the outer and inner unstable and stable manifolds, respectively, of the adjacent periodic saddle points,
pi andpi+1 (see Fig. 15) .

We can now define the barrierB as described in Fig. 15. We connect the two outer and inner unstable and
stable manifolds by the arbitrary curvesab(0), andcd(0) connecting the arbitrary pointsqa(i) ∈ Wu(pi) and
qb(i) ∈ W s(pi+1), andqc(i) ∈ Wu(pi+1) andqd(i) ∈ W s(pi), respectively. We then define the barrier

B =
i=n−1∑

i=0

(U [pi, qa(i)] ∪ S[pi+1, qb(i)] ∪ ab(i) ∪ U [pi+1, qc(i)] ∪ S[pi, qd(i)] ∪ cd(i)) (22)

Fig. 15. The simplified lobe diagram showing the construction of the barrierB for case 1 (see Fig. 10a).
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for a period-n chain. As before we refer to the region interior toB asRj . Thelobecan now be defined in a similar
manner. We define alobefor a periodic orbit as the region interior to

U [qa(m), qa(m+ n)] ∪ S[qb(m), qb(m+ n)] ∪ ab(mn) ∪ ab(m+ n), (23)

whereqa(m + n), qb(m + n) andab(m + n) are thenth positive iterates ofa(m), b(m) andab(m), respectively.
The region interior toU [qc(m), qc(m + n)] ∪ S[qd(m), qd(m + n)] ∪ cd(m) ∪ cd(m + n) is also a lobe, where
c(m + n), d(m + n) andcd(m + n) are thenth positive iterates ofc(m), d(m) andcd(m), respectively. The lobe
Li,j (n) is still defined in the same way as in Section 5.

Fig. 15 corresponds to the casem = 0, n = 4. This corresponds to the formation of a lobe and the barrier for
α = 6.9 (see Figs. 6(a) and 10). Using this approach we can now work out the transport through periodic chains.

If we now take a closer look at the lobes of Figs. 10–14, we see a range of dynamics. In Fig. 10 we see that the
top lobe exists in the basin of the invariant circle and hence must have crossed the barrierB to be attracted to the
invariant circle. The bottom lobe is split into two, with part being in the basin of the sink and part in the basin of the
invariant circle. As we increaseα (Fig. 11), we lose the top lobe altogether, due to a heteroclinic connection. The
bottom lobe in Fig. 11 is now no longer split into two and hence it is all in the basin of the sink. Asα is increased
further, we no longer have a heteroclinic connection on the top, see Fig. 12, and hence we have a lobe which is
only in the basin of the sink. On the bottom we also have a lobe which is only attracted to the same sink. If we now
look at Fig. 13, we can now see by increasingα we see a similar figure to Fig. 11, though this time the heteroclinic
connection is on the bottom. The only material passing the barrierB is in the basin of the sink and comes from
outside the invariant circle. Asα is increased, we can now see a similarity between Figs. 10 and 14. The invariant
circle is now on the inside of the periodic chain and therefore it is the top lobe which is split into two. Part of this
lobe is attracted to the sink and part to the invariant circle, while the entire bottom lobe is attracted to the invariant
circle. It can be seen in both these cases 10 and 14 that when the lobe is split into two, part of the split lobe is made
up of parts of the pre-images of the other lobe.

We now consider what happens to a blob of material as it interacts with a source or sink on a two-dimensional
invariant manifold corresponding to a bounding surface of a three- or (3+1)-dimensional volume preserving flow.
This is important as it highlights the three-dimensional nature of sources and sinks and models the process of
up-welling and down-welling. (For practical examples of such behaviour in tidal or estuarine flows see, [45–51].)
When in the basin of attraction of a sink, the area of a blob obviously shrinks to zero in thet = ∞ limit, as it is
attracted to the sink. This is same sort of dynamics as we see when material is attracted into a vortex. The material
is sucked into its centre, and then out of the section, or surface, to another part of the fluid, this is what we call
down-welling. If the patch was in the basin of attraction of a source we would see a patch of material appear on
the surface and increase in size. This can be thought of as up-welling, where the dynamics of the fluid is up onto
its surface, and we see the appearance of material from below the surface. Also a blob of material can be attracted
to the invariant circle. Given enough time and a sufficiently stable invariant circle the blob will form a ring, whose
boundary is the invariant circle, whose thickness will shrink to zero. It has to be remembered, however, that in
practical applications, we will only see the invariant circle as a barrier for its more stable states (i.e. when it is not
in resonance with a periodic chain).

7. Implications for fluid flows

In this section we look at the implications for clouds of pollution in a partially stratified estuary. We also discuss
the effect of the couplingα on our recommendations for the discharge of pollution into the estuarine environment.
In [17–19] we discussed this, in the context of an uncoupled three-dimensional time-periodic model.
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As discussed in [17–19], if we are to discharge pollution into an estuary we have to understand the mixing
properties of the particular region to which we discharge. Not only this but we also have to have an understanding
how long the pollutant will remain in the region into which it has been discharged and where it will go once it
leaves. We can optimise these three considerations and discharge at a site in which the combination of mixing and
exit considerations are optimal. For example we would not want to discharge pollution in a region where the drift of
the pollution would be back upstream, possibly towards the town it was discharged from. Neither would we want
to discharge pollution into a region where the mixing was poor, or even worse a region where the pollution was
sucked into one of the attracting regions we discussed. The best region would be a region were the diffusion was
highest, such as the region local to the turnstile lobe of the hyperbolic fixed point, or some other chaotic region.

If we look at the lobe diagrams (for example Figs. 5(b), (e) and 6(e)) we see that the area of the turnstile lobe
or in other words the diffusion associated with the periodic chains could only be very small. (As in [17–19] we
use the fact that the area of the turnstile lobe is a local measure of diffusion.) If we takeα = 5.9 for example (see
Fig. 5), we find that the diffusion associated with the lobes of the periodic chain are 4 or 5 orders of magnitude
less than that due to turbulent diffusion. In [18,19], we assumed that when the turnstile lobe is very small then the
diffusion in such a region is due mainly to turbulent diffusion and the region is essentially a trapping region, with
the diffusion due to the template being insignificant. We make the same assumption here. Such trapping regions we
claim would be responsible for some of the patchiness seen in clouds of pollution (see [52–54] for field observations
of tracer experiments in various coastal regions, including estuaries, which show the existence of multiple maxima
(i.e. patchiness) in dispersing clouds). We then expect to see patchiness corresponding to fuzzy or diffuse versions
of our attracting periodic chains in the vertical cross-section of the estuary for values of the turbulent diffusion
sufficiently small. These observations apply for values ofα for which reasonably sized structures exist in the map
of the template to the estuarine flow (e.g. forα = 5.5). However, as we discussed earlier, the presence of the basin
of attraction of these chains is highly sensitive on the coupling parameterα. Therefore we are only likely to see the
more structurally stable phenomena, such as the invariant circle when it is not in resonance.

We now look at the stability of a fixed or periodic point found on the sea end boundary of the estuary and consider
the (unstable or stable) manifold orthogonal to this boundary. We can see from the stability of this manifold whether
the pollution near the sea end barrier will drift back into the estuary or whether pollution from elsewhere in the
estuary could move into this cross-section. To preserve volume, regions of attraction in one plane must be regions of
repulsion in another and vice versa. Therefore, any regions of attraction found on the sea end boundary will attract
material into them in the vertical plane while at the same time repelling it from the surface back into the estuary.
The converse is obviously true for regions of repulsion. This time material could be attracted towards the sea end
barrier while at the same time being repelled when on the sea end boundary.

As described in Section 4 we find as we increase the strength of the coupling (i.e. the size of the parameter
α), the size of the ordered regions within the cross-section of the fluid reduce, as the two invariant circles shrink.
Simultaneously, the size of the lobes of the tangle of the stable and unstable manifolds of the hyperbolic fixed point
increase. This results in the diffusion rates associated with the tangles of the hyperbolic fixed point found in the
template of the estuarine flow increasing and therefore contributing more to the diffusion in the estuarine flow. (It
can be shown that forα = 0 (see [17–19]) the diffusion due to the turnstile lobe associated with the tangles of
the unstable and stable manifolds of the hyperbolic fixed point is three orders of magnitude less than that due to
turbulence, while forα = 10 (see Fig. 2) the two diffusivities are of similar orders of magnitude.) For a strongly
coupled flow (e.g.α = 10), structures such as the periodic ones we observed for weak coupling are not found and
the average mixing would as a result be much improved. The dynamics and transport in the estuarine flow, however,
would still be able to be understood via the unstable and stable manifolds of fixed and periodic orbits in the flow.
Such manifolds play an important role as the transport or diffusion associated their resultant turnstile lobe is closer
to that due to turbulent diffusion.
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We conclude with the obvious fact that if we want to discharge pollution into our estuary, then it would be best
done if the values ofα were high. Such a policy would of course be impractical as it would mean we could discharge
only during the winter months for example when the estuary was in flood and the magnitude of theX-directional
velocity and hence the coupling were increased (see Eq. (1), where it can be seen thatUf is an increasing function of
α). This observation leads to the useful fact that more pollutant could be discharged during times of flood, with the
converse also being true, that less should be discharged during times of drought. Although this is a somewhat obvious
comment it shows us that common sense and engineeringly useful results can still be obtained from very simple
low-dimensional models of estuarine flows. However, the attracting vortex and ring like structures that we predict
occur for certain small values ofα, and sufficiently small values of the turbulent diffusion, are much more unexpected
and in many ways more interesting. This is due to their potential for causing patches of high concentration and hence
a severe environmental impact if a cloud of pollution was to interact with them. Also, the presence of regions where
the drift of pollution would be back upstream against the flow of the estuary is unexpected and important especially
when considering where to discharge pollution. As we said earlier the discharge of pollution from a town or city
into such a region would be highly undesirable, especially considering the fact that they correspond to sinks (i.e.
regions of attraction on our two-dimensional invariant manifold) and hence would form tubes of high concentration
from which the diffusion would be due only to the effects of turbulence. Finally, it should also be noted when
considering the position of a possible out-fall site that (as was shown in [18,19]) regions where the mixing is best
(i.e. near the bed of the estuary where the velocity gradients are largest, due to the non-slip boundary conditions)
are regions where the pollution would remain longest (due essentially to the close proximity of zero velocities at
the boundaries). This means that even though the mixing is good in such regions they remain undesirable for a site
from which pollution is discharged and hence a compromise has to be reached between the mixing properties and
the length of time for which pollution remains in a region (see [18,19] for a more complete discussion regarding
exit times, mixing and the optimal co-ordinates for the release of pollution into an estuarine flow).

8. Summary

We have extended the theory of transport in a fluid via lobe diagrams to the case where the unstable and stable
manifolds of saddle points in a map no longer tangle (i.e. they meet tangentially or not at all). Such cases occur
in non-area-preserving two-dimensional maps which in turn can be found to occur generically on the bounding
surfaces of (3+1)-dimensional fluid flows. The extension we present is important as in practice the flow on such
surfaces is usually modelled by an area-preserving system which is often unsatisfactory. Obviously, such systems
cannot contain attractors (i.e. sinks and sources) and therefore they fail to model major features of the flow, such
as the transport into a vortex, very well at all. We have applied these ideas to a model of the flow on one of the
bounding surfaces of an estuary. This model is an extension of the (3+1)-dimensional uncoupled system presented
in [17–19], to a (3+1)-dimensional fully-coupled time-periodic flow.

We present the three possible states which the unstable and stable manifolds of saddle points in these non-area-
preserving maps may take as they undergo a homoclinic bifurcation. Firstly, there is the case where the manifolds
meet transversely, tangle and hence form a turnstile lobe; secondly, where the manifolds meet tangentially, there is
no tangle, and hence there is also no turnstile lobe, though there are lobes; and finally, where the manifolds do not
touch at all, and hence there are no lobes (we have to add extra curves to obtain lobes) and no tangle.

Fig. 6a–e and their simplified versions Figs. 7–14 highlight the importance of the attracting and repelling invariant
circles often found in such maps. As we can see, the ultimate fate, and even the degree of mixing undergone by
a patch of material, is highly sensitive to both the position and presence of such circles. We see that over a small
parameter range the form taken by the invariant circle can vary greatly depending on its relationship with resonant
and non-resonant Birkhoff periodic chains. This is important as some of these forms are more stable than others. By
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this we mean the invariant circle is much more stable when not in resonance, as when it is in resonance its presence
is sensitively dependent onα. This is important in practice, as in practical applications we are only likely to see
the existence of the invariant circle as a barrier, if it is in its more stable state (i.e. not when it is in resonance).
We would, however, feel its effect on a periodic chain. We would only see these in practice, as a vortex in a flow,
when the invariant circle is in resonance with the periodic chain. This is because the basin of attraction of a resonant
island chain is far bigger than when it is not in resonance. The case where the invariant circle is in resonance with
the periodic orbit and does not exist (Figs. 5c and 6c) and is also a structurally stable state. For our model, however,
it is much less stable (i.e. exists for a smaller interval ofα) than the case where the invariant circle is no longer in
resonance (Figs. 5e and 6a).

Both the structurally stable features mentioned above are most likely to be seen in the full estuarine flow for low
values ofα, as this is when they are largest in size. Asα is increased the size of these ordered regions in the flow
decreases and hence as a result the mixing improves. Due toUf being an increasing function ofα, large values ofα
correspond to large values ofUf (i.e. flood conditions). Therefore, the observation regarding improved mixing with
increasingα supports the standard practice of releasing more pollution in times of flood and less in times of drought.

We can also see that the strength of the attraction of the invariant circle and the sinks in the periodic chains can
be such that they prevent the unstable and stable manifolds of the saddle points tangling, or at least reduce the size
of the lobes resulting from such a tangle to such an extent so as to make them unobservable. This has important
consequences for the mixing and discharge of pollution in our flow, as it provides a mechanism to create regions of
very high concentration (see Figs. 10–14). In these figures, we have regions where there is no exchange of material
between adjacent regions. Hence we have a mechanism for creating regions of very high or low concentration,
similar to what is observed practically (see for example [52–54]) as patches of high or low concentration in clouds
of pollution. Such regions are of major importance, as they are one of the key factors in determining the polluting
capabilities of a cloud of pollution.

Insights into how to understand and model the transport in three-dimensional maps or (3+1)-dimensional
time-periodic flows can also be gained from what we have presented here. We now have an understanding of
the flow and the behaviour of the unstable and stable manifolds of the saddle points on both the river,X = 0 [17,19],
and sea,X = 1, ends of our model. An understanding of bifurcation and transport on these end surfaces goes some
way towards a similar understanding of the full three-dimensional map or (3+1)-dimensional flow.

We now have a simple “off the shelf” extension to the transport theory of Rom-Kedar and Wiggins [1] and Wiggins
[2] which is easy to apply and allows us to understand the transport for a much larger class of non-area-preserving
maps than just those containing homoclinic and heteroclinic tangles, and hence provide better models for the
transport on the surfaces of (3+1)-dimensional fluid flows.
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