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Many time series in economics and finance are not
stationary but contain deterministic/stochastic trends

= Series correlated with their past values (time dependent)
=  OLS results may not be valid
= New models and tools needed

If series are stationary: we can use ARMA, ARIMA and
other linear stochastic specifications for forecasting

If series homogeneous non-stationary: first difference
will be stationary

Important to have a robust test to determine if series is
homogeneous non-stationary, in order to operate first
(or more) differencing to induce stationarity (beyond
graphical evaluation)



« 1. Testing for random walk

"  Question: Do economic variables such as GDP,
employment and interest rates tend to revert back to
some long-run trend following a shock, or do they
follow random walks?

= If random walk: spurious results in regression

" De-trending will not help, but first-differencing will

= Ifavariable like GDP or stock index follow a random
walk, then the effects of a temporary shock will not
dissipate after several years, and might be permanent

* Random Walk general equation:
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Random Walk

= Random Walk general equation:

T 2 T
Yi =V Yir TVELLTY E Tty i T &

"= Three cases:
1. Stationary case, shocks gradually die away

yl=y >0 as T > o

2. Shocks persist in the system and never die away
this is the UNIT ROOT case

y=1= 5" =1 VT
3. Explosive case: shocks become more influential with
time

1= y2Yyy?)y etc.



Testing for Random Walks

Consider the stationary AR(1) process

U=t + &, &~ WN(0,0%) | <1. (1)
Not that we have specified —1 < v < 1 (commonly written |y| < 1). If
7| = 1 we have a unit root (we usually focus on the case 7 = +1 in which

case 1; is a random walk).

Subtract 1;_; from both sides of (1):
Ay =y — 1 =7Uh-1+e& 7 =7-1 (2)

Notethat —1 <v <1 = -1<14+7v" <1 = -2<~*<0.



Unit roots

Testing for a unit root is therefore equivalent to testing

Hy: v*=0 unit root —> (7/ — 1)
vs Hi: 7" <0

This is most easily carried out using a one-sided t-test in (2), but the prob-
lem is that u; is nonstationary under Hj, and so the usual limiting (normal)
distribution doesn't apply for the f-ratio.

However, the appropriate distribution is the Dickey-Fuller distribution, for
which critical values are tabulated. The test statistic is
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where se(-) denotes the estimated standard error.



Unit roots

Ay =Y — 1 =7 U-1+6, 7V =7—1] Ho: 7" =0 unit root
vs Hi: ~" <0

sef “ ”‘?]l
where se(-) denotes the estimated standard error.

Note that this is a one-sided test — we are looking for significantly negative
values of DI in order to reject Hy.

Let DF denote the critical value (where DF < 0):
Decision rule: if DF < DF reject Hy in favour of Hj

if DF > DF do not reject Hy (u; is nonstationary)




More tests

1. Random walk with drift: often it is appropriate to include an intercept in
the model, so that (1) becomes

i}

U = b+ YY1+, 6~ WN(0,07),

If v = 1 then Ay; = j1+¢; (random walk with drift) and changes in y; are
equal to a constant /i plus a random component ¢;. The test regression

becomes
Ay = p+ 7 -1 + €.

and the same testing procedure applies (but with different critical values).



More tests

2. Random walk with drift and trend: sometimes a linear trend is appropri-
ate, in which case (1) becomes

Uy = | + it + YU + €, € ™ TIF_.\T[” t'TE]

If v =1 then Ay; = p+ 3t +¢; (random walk with drift and trend) and
changes in 4; are equal to a linear trend ;14 7t plus a random component

€;. The test regression becomes
Ays = p+ Bt + 7 Y1+ €,

and the same testing procedure applies (but with different critical values).



More tests

-
3. If an AR(p) model is more appropriate than an AR(1) we can augment
the test regression with p — 1 lags of Ay, yielding:

p—1
Ay = 71+ Z ViAyi—i + €.
i=1
p—1
Ay = p4+7 1y + Z ViAys_; + €.
i=1
p—1
Ay = p+ 53t +7"1y-1 + Z ViAys—; + €.
i=1

This is known as the augmented Dickey-Fuller, or ADF, test, and can also
have the effect of removing autocorrelation from the residuals (which is

desirable because the critical values depend on ¢; being white noise).



Eviews example

Do commodity prices follow random walks?

= Historical gold and oil prices, since 1870

"= DF test: random walk is also called I(1): integrated of
order 1

Unrestricted model:

P-Pi=a+pt+(y-1)P_ +1AP_, + ¢,

Restricted model:

P-P_,=a+AAP_, + ¢

If prices follow random walk with trend, then:

P=a+fpt+,P_ +¢
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Level correlogram First difference correlogram
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1 § Eviews example: oil

Mull Hypothesis: QIL has a unit root
Exogenous: Caonstant, Linear Trend
Lag Length: 1 (Autamatic based on SIC, MAXLAG=12)

t-otatistic /F‘rnh.*

Augmented Dickevy-Fuller test statistic -4 FATee \ 0.0010
Test critical values: 1% level -4 27955

5% level -3.443704

10% level -3.146R04
*"Mackinnon (19596) one-sided p-values. /

Reject HO



Eviews example: Gold

Mull Hypothesis: GOLD has a unit root
Exogenous: Caonstant, Linear Trend
Lag Length: 0 (Automatic based an SIC, MARLAG=1.)

t-Statistic /F'rnl:u.*

Augmented Dickey-Fuller test statistic -2 2177 k4 \ 0. 4754
Test critical values: 1% level -4 031304

5% level -3 445308

10% level -3. 147545
*Mackinnon [1996) ane-zided p-values. /

Do not Reject HO



2. Co-integration
__

Suppose we have 2 independent random walks:

.”EL — ..!','}_1 -|— Ff. F!L ~ HFJ\T(” I’TEJ

Iy = T —|— Uy,  Up ™~ ”F;\T[”,JJZ)

where E(eu,) =0 for all t and s.

Suppose we estimate the model 1, = ) + (91 + 1y, obtaining the fitted
equation
.”!L — iIJJ_ —|— h‘g.f'r —|— £,



Co-integration

Uy = }*’1 —+ Flg.f't + 4.
We would probably expect:

(i) t9 = by/se(by) to be ‘small," thereby not rejecting Hy : 5y = 0);

(il) R? to be low,

because v; and x; are completely independent of each other.



Co-integration

__
But, because both 1; and z; are |(1) (random walks), we have what is known
as a spurious regression, and we find that:

(i) t9 — oc as T — oc i.e. the larger the sample, the higher the probability
of rejecting Hy : Jy = 0;

(i) R* will be ‘acceptable, suggesting a reasonable fit,

In the spurious regression, ¢; will also be 1(1), but suppose we found a situation

where it was |(0). What does this imply about the relationship between 1; and

.I'f?



Co-integration

Uy — EJ']_ —I— IIJ'E..F'EL —|— Et.

In the spurious regression, ¢; will also be 1(1), but suppose we found a situation

where it was 1(0). What does this imply about the relationship between 1; and

.I'f?

It suggests that the linear combination y; — by — by of the two I(1) series is
stationary, and in this case y; and x; are said to be cointegrated.

Many time series in economics have been found to be (1), and so cointegration
is often important for economic theory to make much sense!!



Co-integration test

1. Test for the orders of integration of the variables 1, and ;.

2. If both variables are integrated of the same order, estimate (by OLS) the
equation
Uy = 'fl + .fg.r‘f —+ Ut,

obtaining the fitted equation

Uy = lrl'l + EJQ.I'?& -} 4.

3. To test for cointegration, apply the DF /ADF test to ¢;. If ¢; ~ (1) there
Is no cointegration, but if ¢; ~ [(0), there is evidence of cointegration.
Note: a different set of critical values is required for the DF /ADF tests
of cointegration.



Examples of co-integrating
relationships in finance

* Financial theory suggests where two or more variables
would be expected to hold some long run relationship
with one another

"  Spot and future prices for a given commodity or asset
= Ratio of relative prices and an exchange rate
= Equity prices and dividends

= In all three cases, market forces arising from no-

arbitrage conditions suggest that there should be an
equilibrium relationship between the series concerned



Eviews example

= Is the LEVANT price index co-integrated with oil
prices? Is there a long run relationship between oil
prices and stock market?
" Daily data on LEVANT stock (Reuters) and oil prices
(NYSE)

1. Test for the orders of integration of the variables w; and ;.

2. If both variables are integrated of the same order, estimate (by OLS) the
equation
Yy — 'fl —+ .fg.r‘f —+ (B

obtaining the fitted equation
Yy = by + bax; + €.

3. To test for cointegration, apply the DF/ADF test to ¢;. If ¢, ~ [(1) there
Is no cointegration, but if ¢; ~ [(0), there is evidence of cointegration.
Note: a different set of critical values is required for the DF /ADF tests
of cointegration. See Greene, p656 for references.



) 1. Unit root tests

Mull Hypothesis: OIL has a unit root

Exogenous: Constant
Lag Length: O (Automatic based an SIC, MAXLAG=15)

t-otatistic Frob.*
Augmented Dickey-Fuller test statistic -2 16B43s  0.2185
Test cntical values: 1% level -3.454020
5% level 2872121
10% level -2 572452
*Mackinnon (1998) one-sided p-values.
Mull Hypothesis: LEY has a unit root
Exogenous: Mone
Lag Length: O (Automatic based on SIC, MAXLAG=1A)
t-statistic Frob.*
Eugmented Dickey-Fuller test statistic 1 962653 1.9533
Test critical values: 1% level -2.5874208
5% level -1.942094
10% level -1.B1585R

"Mackinnon [1996) one-sided p-values.




Equation Estimation

Specification l Options ]

E quation zpecification

2. Regression

Dependent vanable followed by list of regrezsors including AR b
and PDL termz, OF an explicit equation like v=c[1 +c[2]7%.

log(ler]  logloil]

=

Si|l=]

5 |

Wiew | Proc | Cbjeck | Print | Marme | Freeze | Estimate | Forecast | Skats | Resids |

Dependent Yariable: LOG({LEY)

Method: Least Squares

Date: 032906 Time: 15:25

Sample (adjusted): 1 252

Included observations: 252 after adjustments

Wariable Coeflicient  =td. Eror t-Statistic Prob.
C 1867675 0316484 590137 0.0000
LOS(0IL) 1541675 0078560 1962423 0.0000
R-squared 0.6063658  Mean dependent var o.075906
Adjusted R-squared 0604793 5.0. dependent var 0.228170
=.E. of regression 0.143440  Akaike info criterion -1.037892
=um sguared resid 143775 Schwarz criterion -1.009580
Log likelihood 1327744 F-statistic 385.1105
Durbin-YWatson stat 0.066351  ProbiF-statistic) 0.000000




Generate Series by Equation

Enter equation

Mull Hypothesis: UHAT has a unit roat

uhat=reszid )
Exogenous: Mone
Lag Length: O (Automatic based an 310, MAXLAG=14)
t-Statistic Frab.*
Sample
Augmented Dickey-Fuller test statistic -1.6495951  0.0934
1300 Test critical values: 1% level 2 574708
5% level -1.9420594
10% level -1 B15856

k. Cancel

*Mackinnon (1996 one-zided p-values.

Weak rejection of HO of residual: LEV index and
OIL weakly co-integrated



Error Correction Model

First-differencing a random walk series allows
regressions

but may results in loss of information about the long-
run relationship between two variables

Co-integration helps to describe the long-run, or
equilibrium, relationship between the variables

Their dynamic behavior can be described by an error
correction model or ECM, of the form:

P q
.Al’ff — :\.f}_]_ —|— Z -I']'.l!.'.-"j_e'fr_.l.: —|— Z r’\}.l.:.-"i.f'r_li: —|— £+,
i=1 i=1

where ¢; ~ WN(0, ?).



Error Correction Model

Ay = Aes_ lJrZHA m ,JrZ L AL + €,
=1 =1

where ¢; ~ TN (0, 5%). Here u; is responding not only to lagged changes in
and x, but also to ast period's dlsequilibrium or error, ¢;_1. We expect A < ()

if e,y < 0= y_y <by+byrs_y = A, should be positive:

if ey > 0= ye_y > by +byri_y = Avy should be negative,
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