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Outline – Lecture 6

1. Introduction to stochastic time series models
1. Random walks
2. Stationary and Nonstationary time series
3. Properties of stationary processes

2. Characterizing time series: the autocorrelation function
1. The autocorrelation function
2. Homogenous Nonstationary processes
3. Stationarity and the Autocorrelation function

3. Eviews applications
1. Interest rate: three-month US Treasury bill rate
2. Comparative per capita real GDP, Yemen and South Korea

Reference: Pindyck and Rubinfeld, Ch. 15



1. Introduction

Previous lecture: deterministic models of time trends
Time plays the only role in determining evolution

This lecture: stochastic (random) Data Generating Process
Time-series models that provide a description of the random 
nature of the stochastic process in the data

No causality involved (like in regression), but determining 
the influence of this randomness
Important assumption: 

Each value in the series y1, y2,…,yT is drawn randomly from a 
probability distribution
Equivalently: yT drawn from a set of jointly distributed random 
variables
Aim: specify the relevant probability distribution in order to 
determine the probability if occurrence of future outcomes



Random walks

Simplest example of stochastic time series

Each successive change in yt is drawn independently from a 
probability distribution with 0 mean

Model:

Forecast of this process

But

Thus the forecast one period ahead is simply:
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Random walks

Forecast two periods ahead:

Similarly, forecast l periods ahead is also yT

Although the forecast ahead will be the same, the variance of 
the forecast error will grow as l becomes larger

One period forecast error

Two period forecast error
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Random walks

Forecast l periods ahead, error variance is 
The standard error of forecast increases with the square root 
of l
Confidence intervals for forecasts become wider as the 
forecast horizon increases
Random walk with drift: embody trend in forecasts

One period forecast error

l period ahead: 
Standard error of forecast will be the same as before
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Random walks with drift

Example: South Korea real GDP per capita evolution 
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Stationarity and Nonstationarity

Definition: stochastic process generating a time series is said 
to be stationary if it is invariant with respect to time

Regression models: structural relationship described by the 
equation is invariant over time – it is very important to test 
this assumption

Stationarity: the probability of a given fluctuation in the 
process from the mean level is assumed to be the same at any 
point in time

Many time series may not be stationary (evolution of GDP), 
but there are techniques to transform nonstationary processes 
into stationary ones



Properties of stationary processes

Definitions:
y1,…,yT generated by a set of jointly distributed random 
variables – joint probability distribution function:

A future observation yT+1 generated by a conditional probability 
distribution function:

Theorem:
A series yt is stationary if and only if:

and

for any t, k and m.
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Properties of stationary processes

If the series yt is stationary, then:
The mean of the series must be stationary:

The variance of the series must be stationary:

The covariance of the series must be stationary:

If a stochastic process is stationary, then an estimate of the 
mean can be obtained from the sample mean of the series:
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2. The Autocorrelation function

Definition:
The autocorrelation function tells us how much correlation 
there is between neighboring data points in the time series

Autocorrelation with lag k:

For a stationary time series, the autocorrelation function 
becomes
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The Autocorrelation function

The sample autocorrelation function is an estimate of the 
theoretical autocorrelation function:

A White Noise process is one where the autocorrelation 
function is 0 for all k>0

Equation:

Autocorrelation function:

Forecast:
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White Noise: illustration



Statistical tests 

Test whether a particular value of the autocorrelation 
function is equal to zero

Bartlett test: Sample Autocorrelation Coefficient AC > 1/√T, 
then 95% sure that true AC is not zero (T=sample size)

Because a white noise time series has AC normally distributed 
with mean 0 and standard deviation 1/√T

Test the joint hypothesis that all ACs are zero: 
Q-statistic distributed as Chi square with K degrees of freedom

If Q(calculated)>Q(critical value,5% confidence) then we are 
95% sure that all true ACs are not all zero
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Homogeneous Nonstationary processes

Definitions:
If a nonstationary series is differenced one or more times, the 
resulting series will be stationary

Order of homogeneity: the number of times that the original 
series must be differenced before a stationary series is obtained

If yt is first-order homogeneous nonstationary, then wt is 
stationary:

Random walk process is first-order homogeneous stationary:

yt is nonstationary (variance is infinite)

But first difference is stationary (white noise):
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Stationarity and the Autocorrelation 
Function

Most series in economics and finance (GDP, stock market 
indices) are nonstationary (i.e. time dependent)

Forecasting: difference the series one or two times, build 
model for new series, forecast then integrate (undifference) 
the model and its forecasts to get original results

Key aspects:
Is the series stationary? Look at correlogram (plot of the 
autocorrelation function): if series stationary correlogram should 
decrease as the number of lags k increases

How many times should a homogeneous nonstationary series be 
differenced to get a stationary series? Look at correlogram of the first, 
second… difference functions, and the speed at which this 
correlogram drops



Eviews applications:
Monthly US 3-month T-Bill rates
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Graphical tests of stationarity



Nonstationary



First difference
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Graphical tests of stationarity





Comparative per capita real GDP, Yemen 
and South Korea
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First difference correlogram, Yemen First difference correlogram, S. Korea



Second difference correlogram, Yemen Second difference correlogram, S. Korea


