Ňĺŋĺáâěàáâćő őąéěčő ĺ ŕàőäěááĺőŋăńìŋőčő őąàăğőćăŋĺï Řőááĺľáłőľ Ťěďěàăæĺĺ Ŋĺęěčőàőďáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ŋ.Ĺ. Ńőąăçěćáłőčő Řăďĺőäĺğĺçěáłĺľ äăłãńìâěâ Łăäěďàă ňăâěňăâĺłĺ

Ğăďăçĺ ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï

Ňěâőďĺçěáłăï àăğàăąőâłă ďńï áâãďěŋâőć àăďĺőäĺğĺçěáłőčő äăłãńìâěâă ŊŊČŞ

Ŋĺęŋĺľ Ŋőćčőàőď, 2002

ŞĎŁ 517.97

Ğăďăçĺ ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï. / Śőáâ. Ĺ.Ř. Śňĺàŋőćă, Ĺ.Ŕ. Śňĺàŋőć, — Ŋĺęŋĺľ Ŋőćčőàőď: ŊŊČŞ. – 36 á.

Śąőàŋĺł ğăďăç ŕő őáŋőćŋëň àăğďěńăň ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï, çĺâăěňëň ŋă àăďĺőäĺğĺçěáłőň äăłãńìâěâě ŊŊČŞ ć àăňłăå őąéěčő łãàáă ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ć ŋăçăńě łăęďőčő àăğďěńă ŕàĺćőďĺâáï łàăâłăï âěőàěâĺçěáłăï áŕàăćłă ĺ àěèěŋĺě âĺŕőćőľ ğăďăçĺ.

Śőáâăćĺâěńĺ: Ĺ.Ř. Śňĺàŋőćă, Ĺ.Ŕ. Śňĺàŋőć

Řěæěŋğěŋâë: Ś.Ť. Ňőàőğőć

Ŋĺęěčőàőďáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ŋ.Ĺ.Ńőąăçěćáłőčő, 2002

1. Ŕàőáâěľèăï ğăďăçă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï

Ŕőáâăŋőćłă ğăďăçĺ.

J (y (·)) =

x_1∫

x_0 F (x, y (x) , y^′ (x)) dx → extr_D , D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1 } Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ [x_0, x_1] ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï y_0, y_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F (x, y, y^′) ∈ C^2 (R^3) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï y^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň ãàăćŋěŋĺï İľńěàă — ĺ ãďőćńěâćőàïěâ áńěďãîéěľ łàăěćőľ ğăďăçě:

F^′_y −^d_{dx} F^′_y′ = 0, y (x_0) = y_0 y (x_1) = y_1

Łàăěćăï ğăďăçă ďńï ãàăćŋěŋĺï İľńěàă

Ďńï äãŋłæĺĺ y^∗ (x) âăłęě ćëŕőńŋěŋë áńěďãîéĺě ãáńőćĺï:

F^{′′}_y′′ ⩾ 0_{(⩽)} Şáńőćĺě Ńěęăŋďàă

Řěèěŋĺě ãàăćŋěŋĺï §łőąĺ Ω^′_η −^d_{dx} Ω^′_η′ = 0, η (x_0) = 0, η^′ (x_0) = 1 ŋě őąàăéăěâáï ć 0 ć ĺŋâěàćăńě (x_0, x_1)

Şáńőćĺě §łőąĺ

Ć ãàăćŋěŋĺĺ §łőąĺ Ω (x, η, η^′) ≡ F^{′′}_{y2} η^2+2F^{′′}_{yy}′ ηη^′+F^{′′}_{y′2} η^{′2}. Ć ãáńőćĺĺ Ńěęăŋďàă áńěďãěâ ąàăâì ğŋăł ⩾ ć ğăďăçě ŋă ňĺŋĺňãň ĺ ğŋăł ⩽ ć ğăďăçě ŋă ňăłáĺňãň. Ĺğćěáâŋë áńěďãîéĺě ŕěàćëě ĺŋâěčàăńë ãàăćŋěŋĺï İľńěàă:

F ≡ F (x, y^′) =⇒ F^′_y′ = C - ĺŋâěčàăń ĺňŕãńìáă; F ≡ F (y, y^′) =⇒ H ≡ F − y^′F^′_y′ = C - ĺŋâěčàăń íŋěàčĺĺ.

Ďőáâăâőçŋëě ãáńőćĺï íłáâàěňãňă.

Ďńï âőčő çâőąë íłáâàěňăńì y^∗ (x) ∈ D ďőáâăćńïńă C^1−ńőłăńìŋëľ íłáâàěňãň ďőáâăâőçŋő ćëŕőńŋěŋĺï áńěďãîéĺå ãáńőćĺľ

F^{′′}_y′′ > 0_{(<)} Şáĺńěŋŋőě ãáńőćĺě Ńěęăŋďàă

Řěèěŋĺě ãàăćŋěŋĺï §łőąĺ Ω^′_η −^d_{dx} Ω^′_η′ = 0, η (x_0) = 0, η^′ (x_0) = 1

ŋě őąàăéăěâáï ć 0 ć (x_0, x_1]

Şáĺńěŋŋőě ãáńőćĺě §łőąĺ

Ŕàĺňěà. Ćëćěáâĺ ãàăćŋěŋĺě ąàăåĺáâőåàőŋë — łàĺćőľ ŋăĺáłőàěľèěčő áŕãáłă:

T (y (·)) = 1 √ 2g x_1∫

0

√ 1 + y^{′2} y dx → min, y (0) = 0, y (x_1) = y_1

Řěèěŋĺě:

H = F − y^′F^′_y′ =^{1√}_{2g} [√_{1+y′2} y − y^{′ y′}√_{y(1+y′2)} ] = C ⇐⇒ y (1 + y^{′2}) = 2C_1 (ĺŋâěčàăń íŋěàčĺĺ) y^′ = ctg^t_2 =⇒ { y = C_1 (1 − cos t) x = ∫ dx = ∫_{dy} y^′ = ∫ C_1 (1 − cos t) dt = C_1 (t − sin t) + C_2

Śńěďőćăâěńìŋő, ąàăåĺáâőåàőŋă őŕĺáëćăěâáï ãàăćŋěŋĺěň æĺłńőĺďë ■

Ğăďăçĺ^1

Ć ăãďĺâőàĺĺ:

1. Ŋăľâĺ łàĺćãî y = y (x) á ğăďăŋŋëňĺ čàăŋĺçŋëňĺ âőçłăňĺ, őâ ćàăéěŋĺï łőâőàőľ ćőłàãč őáĺ ăąáæĺáá őąàăğãěâáï âěńő ŋăĺňěŋìèěčő őąêěňă. 2. ∫_1 0 (x^4 + y^4) dx → extr, y (0) = y_0, y (1) = y_1. 3. ∫_1 0 (y^2 + x^2y^′) dx → extr, y (0) = 0, y (1) = a. 4. ∫_{x1} x_0 (y

′ + y) e^xdx → extr, y (x_0) = y_0, y (x_1) = y_1. 5. ∫_1 0 (y^′ + 2y) e^xdx → extr, y (0) = y_0, y (1) = y_1.

6. Ŋăľâĺ łàĺćãî y = y (x) á ğăďăŋŋëňĺ čàăŋĺçŋëňĺ âőçłăňĺ ňĺŋĺňăńìŋőľ ďńĺŋë.

1Ć ğăďăçăå ďăŋŋőčő àăğďěńă ćáě ŋě őŕàěďěńěŋŋëě ŕăàăňěâàë (a, b, x_0, y_0 . . . ) áçĺâăîâáï ğăďăŋŋëňĺ. İâő ğăňěçăŋĺě őâŋőáĺâáï łő ćáěň àăğďěńăň, ğă ĺáłńîçěŋĺěň ğăďăç áő áćőąőďŋëňĺ čàăŋĺæăňĺ.

7. Šőçłă ďćĺęěâáï ŕő łàĺćőľ ć ŕńőáłőáâĺ (x, y), áőěďĺŋïîéěľ âőçłĺ (0, 0) ĺ (1, 1), ŕàőåőďï łăęďãî âőçłã łàĺćőľ áő áłőàőáâìî, ŕàőŕőàæĺőŋăńìŋőľ ăąáæĺááě x. Ŋăľâĺ äőàňã łàĺćőľ, ěáńĺ ćàěňï ďćĺęěŋĺï âőçłĺ ŕő łàĺćőľ ňĺŋĺňăńìŋő.

8. Ŋăľâĺ łàĺćãî y = y (x) á ğăďăŋŋëňĺ čàăŋĺçŋëňĺ âőçłăňĺ, őâ ćàăéěŋĺï łőâőàőľ ćőłàãč őáĺ ăąáæĺáá őąàăğãěâáï ŕőćěàåŋőáâì ŋăĺňěŋìèěľ ŕńőéăďĺ.

9. Ŋăľâĺ íłáâàěňăńĺ äãŋłæĺőŋăńőć: (a) ∫_{x1} x_0 √_{1+y′2} y dx; (b) ∫_{x1} x_0 (y

2 + y^{′2} − 2y sin x) dx; (c) ∫_{x1} x_0 (y

′2 + 2yy^′ − 16y^2) dx; (d) ∫_{x1} x_0 (y

′2 + 3y^2) e^{2x}dx; (e) ∫_{t1} t_0 (1 + t) ẋ 2dt; (f) ∫_{t1} t_0 (ẋ

2 − 4x^2) dt. Ŋă ďőň:

1. Ŋăľâĺ łàĺćãî y = y (x) á ğăďăŋŋëňĺ čàăŋĺçŋëňĺ âőçłăňĺ, ŕńőéăďì ŕőďčàăäĺłă łőâőàőľ íłáâàěňăńì- ŋă. 2. ∫_1 0 (sin x + xy^3) dx → extr, y (0) = y_0, y (1) = y_1. 3. ∫_1 0 (y^4 + x^4y^′) dx → extr, y (0) = a, y (1) = b. 4. ∫_{x1} x_0 (sin xy + xy (y + xy

′) cos xy) dx → extr, y (x_0) = y_0, y (x_1) = y_1.

5. Ňăááă àăğňăğăŋă ŕő łàĺćőľ á ŕńőâŋőáâìî, ŕàőŕőàæĺőŋăńìŋőľ őàďĺŋăâě. Ŋăľâĺ łàĺćãî y = y (x) á ğăďăŋŋëňĺ čàăŋĺçŋëňĺ âőçłăňĺ ňĺŋĺňăńìŋőľ ňăááë.

6. Šőçłă ďćĺęěâáï ŕő łàĺćőľ ć ŕńőáłőáâĺ (x, y), áőěďĺŋïîéěľ âőçłĺ (0, 0) ĺ (1, 1), ŕàőåőďï łăęďãî âőçłã łàĺćőľ áő áłőàőáâìî, ŕàőŕőàæĺőŋăńìŋőľ őàďĺŋăâě y. Ŋăľâĺ äőàňã łàĺćőľ, ěáńĺ ćàěňï ďćĺęěŋĺï âőçłĺ ŕő łàĺćőľ ňĺŋĺňăńìŋő.

7. Ŋăľâĺ íłáâàěňăńĺ äãŋłæĺőŋăńőć: (a) ∫_{x1} x_0 y

′ (1 + x^2y^′) dx; (b) ∫_{x1} x_0 (y 2 + 2xyy^′) dx; (c) ∫_{x1} x_0 (y

′2 + y^2 + 6y sh 2x) dx; (d) ∫_{x1} x_0 (xy ′ + e^y) dx; (e) ∫_{t1} t_0 (tẋ 2 + xẋ) dt. 2. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ

Ŕőáâăŋőćłă ğăďăçĺ. J (⃗y (·)) = x_1∫

x_0 F (x, ⃗y (x) , ⃗y^′ (x)) dx → extr_D , D = {⃗y (x) ≡ (y_1 (x) , . . . , y_n (x)) : x ∈ [x_0, x_1] , ⃗y (·) ∈ C^2 [x_0, x_1] , ⃗y (x_0) = ⃗y_0, ⃗y (x_1) = ⃗y_1} Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ [x_0, x_1] ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï ⃗y_0, ⃗y_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F (x, ⃗y, ⃗y^′) ∈ C^2 (R^{1+2n}) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï ⃗y^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ: ∇_{⃗y}F −^d_{dx} ∇_{⃗y}′ F = 0, ⃗y (x_0) = ⃗y_0 ⃗y (x_1) = ⃗y_1

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă

Ŕěàćëě ĺŋâěčàăńë ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă:

F ≡ F (x, ⃗y^′) =⇒ ∇_{⃗y}′ F = ⃗C — ĺŋâěčàăń ĺňŕãńìáă; F ≡ F (⃗y, ⃗y^′) =⇒ H ≡ F − ⟨⃗y^′, ∇_{⃗y}′ F ⟩ = C — ĺŋâěčàăń íŋěàčĺĺ. Ŕàĺňěà.

J (x_1 (·) , x_2 (·)) = 1∫ 0 (ẋ^2_1 + ẋ^2 − 2x_1x_2) dt → extr,

x_1 (0) = x_2 (0) = 0, x_1 (1) = sh 1, x_1 (1) = − sh 1.

Řěèěŋĺě: { F^′_{x1} −^d_{dt} F^′_{ẋ1} = −2 (x_2 + ẍ_1) = 0 F^′_{x2} −^d_{dt} F^′_{ẋ2} = −2 (x_1 + ẍ_2) = 0, { x^{(4)}_1 − x_1 = 0 x_2 = −ẍ_1 =⇒ { x_1 = C_1 cos t + C_2 sin t + C_3 sh t + C_4 ch t x_2 = C_1 cos t + C_2 sin t − C_3 sh t − C_4 ch t,

x_1 (0) = C_1 + C_4 = 0 x_2 (0) = C_1 − C_4 = 0 x_1 (1) = C_2 sin 1 + C_3 sh 1 = sh 1 x_2 (1) = C_2 sin 1 − C_3 sh 1 = − sh 1 =⇒ { x_1 (t) = sh t x_2 (t) = − sh t_■

Ğăďăçĺ

Ć ăãďĺâőàĺĺ:

1. Ĺáåőďï ĺğ ŕàĺŋæĺŕă Ťěàňă őą íłáâàěňăńìŋőáâĺ ćàěňěŋĺ àăáŕàőáâàăŋěŋĺï, ćëćěáâĺ ãàăćŋěŋĺï âàăěłâőàĺľ àăáŕàőáâàăŋěŋĺï łőńěąăŋĺľ ć âàěåňěàŋőľ ŋěőďŋőàőďŋőľ áàěďě á ŕőłăğăâěńěň ŕàěńőňńěŋĺï n (⃗r) = c_0/c (⃗r) (c (⃗r) — áłőàőáâì àăáŕàőáâàăŋěŋĺï ćőńŋ). Ďńï ŕńőáłőáńőĺáâőľ áàěďë ( n = n (z)) ŕőńãçĺâì őâáîďă ğăłőŋ Śŋěńńĺãáă ĺ ŋăľâĺ âàăěłâőàĺĺ ć áńěďãîéĺå çăáâŋëå áńãçăïå:

(a) ∇c = const; (b) ∇n = const . 2. ∫_1 0 [ (y^′_1)^2 + (y^′_2)^2 + 2y_1 ] dx → extr, y_1 (0) = y_2 (0) = 1, y_1 (1) =^3_2 , y_2 (1) = 1. 3. ∫_{π/2} 0 (ẋ_1ẋ_2 − x_1x_2) dt → extr, x_1 (0) = x_2 (0) = 0, x_1 (_π 2 ) = −x_2 (_π 2 ) = 1. 4. ∫_3 1 (xy^{′2} + z^{′2} + xy^′z^′) dx → extr, y (1) = 1, y (3) = 1 + ln 3, z (1) = z (3) = 0.

Ŋă ďőň:

1. Őŕàěďěńĺâì âàăěłâőàĺĺ ńãçěľ ć ŕńőáłőáńőĺáâőľ áàěďě ŕàĺ ∇n^2 = const . 2. ∫_{π/2} 0 (y^{′2} + z^{′2} + 2yz) dx → extr, y (0) = z (0) = y (_π 2 ) = 0, z (_π 2 ) = 1. 3. ∫_{π/2} 0 (ẋ^2_1 + ẋ^2_3 + x_1x_2 + 2x_2x_3) dt → extr, x_1 (0) = x_3 (0) = −x_2 (0) = 1, x_1 (_π 2 ) = −x_3 (_π 2 ) =^π_2 , x_2 (_π 2 ) = 0.

3. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ

Ŕőáâăŋőćłă ğăďăçĺ.

J (y (·)) =

x_1∫

x_0 F ( x, y (x) , y^′ (x) , . . . , y^{(k)} (x) ) dx → extr_D , D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^{2k} [x_0, x_1] , y (x_0) = y_0, y^′ (x_0) = y^′_0, . . . , y^{(k−1)} (x_0) = y^{(k−1)}_0 , y (x_1) = y_1, y^′ (x_1) = y^′_1, . . . , y^{(k−1)} (x_1) = y^{(k−1)}_1 }

Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ [x_0, x_1] ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï y_0, y^′_0 . . . , y^{(k−1)}_0 , y_1, y^′_1 . . . , y^{(k−1)}_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F ( x, y, y^′ . . . , y^{(k)} ) ∈ C^{2k} ( R^{k+1} ) . Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï y^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ:

F^′_y −^d_{dx} F^′_y′ . . . + (−1)^{k dk}_{dxk} F^′_{y(k)} = 0, y (x_0) = y_0, . . . , y^{(k−1)} (x_0) = y^{(k−1)}_0 y (x_1) = y_1, . . . , y^{(k−1)} (x_1) = y^{(k−1)}_1

Łàăěćăï ğăďăçă ďńï ãàăćŋěŋĺï İľńěàă-Ŕãăááőŋă

Ŕàĺňěà.

Ťãŋłæĺï y (x) őŕĺáëćăěâ őâłńőŋěŋĺě âőçłĺ x ąăńłĺ ć ćěàâĺłăńìŋőľ ŕńőáłőáâĺ; äãŋłæĺőŋăń U ĺňěěâ áňëáń áãňňăàŋőľ ŕőâěŋæĺăńìŋőľ íŋěàčĺĺ ãŕàãčĺå áĺń ĺ áĺńë âïęěáâĺ; čàăŋĺçŋëě ãáńőćĺï ãçĺâëćăîâ őâáãâáâćĺě áňěéěŋĺľ ĺ ĺğčĺąőć łőŋæőć ąăńłĺ. Ćëćěáâĺ ãàăćŋěŋĺě ŕàőčĺąă ąăńłĺ, ňĺŋĺňĺğĺàãï áãňňăàŋãî ŕőâěŋæĺăńìŋãî íŋěà- čĺî

U (y (·)) = l∫ −l [_1 2 μ (y^{′′})^2 + ρy ] dx → min, y (−l) = y (l) = y^′ (−l) = y^′ (l) = 0.

Řěèěŋĺě: F^′_y − d dx F^′_y′ + d^2 dx^2 F^′_y′ = ρ + d^2 dx^2 μy^{′′} = 0 =⇒ y^{(4)} = − ρ μ =⇒ y = − ρ 24μ ( x^2 − l^2

)_2 ■ Ğăďăçĺ

Ć ăãďĺâőàĺĺ: 1. ∫_1 0 (1 + y^{′′2}) dx → extr, y (0) = 0, y^′ (0) = y (1) = y^′ (1) = 1.

2. Ŋăľâĺ íłáâàěňăńĺ äãŋłæĺőŋăńőć: (a) ∫_{x1} x_0 (2xy + y ′′′2) dx; (b) ∫_{x1} x_0 (y ′′′2 + y2 − 2x3y) dx; (c) ∫_{π/2} 0 (y^{′′2} − y^{′2}) dx; (d) ∫_{π/2} 0 (y^{′′′2} − y^{′2}) dx; (e) ∫_e 1 (t + 1) tẍ^2 dt.

Ŋă ďőň:

1. ∫_{π/2} 0 (y^{′′2} − y^2) dx → extr, y (0) = −y^′ (_π 2 ) = 1, y^′ (0) = y (_π 2 ) = 0.

2. Ŋăľâĺ íłáâàěňăńĺ äãŋłæĺőŋăńőć: (a) ∫_{x1} x_0 (16y

2 − y^{′′2} + x^2) dx; (b) ∫_{x1} x_0 (y

′′2 − 2y^{′2} + y^2 − 2y sin x) dx; (c) ∫_1 0 y^{′′2} exp (−x) dx; (d) ∫_1 0 (ẍ^2 − 24tx) dt; (e) ∫_1 0 ( ...x_2 + ẍ^2) dt.

3. Őąőąéĺâì ãàăćŋěŋĺï Ŕãăááőŋă ŋă áńãçăľ ćěłâőàŋëå äãŋłæĺľ.

4. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå

Ŕőáâăŋőćłă ğăďăçĺ.

J (z (·)) = ∫ · · · ∫ Ω F (x, z (x) , ∇z (x)) dx → extr_D , D = { z (x) : x ∈ Ω ⊂ R^n, z (·) ∈ C^2 (Ω) , z|_{∂Ω} = α (x) } Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ Ω ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï α (x) áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F (x, z, ∇z) ∈ C^2 (R^3) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï z^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ:

{ F^′_z −^∂_{∂x1} F^′_z′_{x1} − . . . −^∂_{∂xn} F^′_z′_{xn} = 0, z|_{∂Ω} = α (x)

Łàăěćăï ğăďăçă ďńï ãàăćŋěŋĺï İľńěàă- Őáâàőčàăďáłőčő

Ŕàĺňěà. Ćëćěáâĺ ãàăćŋěŋĺě áćőąőďŋëå łőńěąăŋĺľ őâàěğłă ŋăâïŋãâőľ áâàãŋë 0 ⩽ x ⩽ l.

Řěèěŋĺě: Ťãŋłæĺőŋăń ďěľáâćĺï áĺáâěňë ć ŕàĺąńĺęěŋĺĺ ňăńëå őâłńőŋěŋĺľ S = t_1∫

t_0 L dt = 1 2 t_1∫

t_0 l∫ 0 ( ρ (x) ( ∂U ∂t )_2 − k (x) ( ∂U ∂x )_2) dx dt → extr,

čďě U = U (x, t) — ćěàâĺłăńìŋőě őâłńőŋěŋĺě âőçłĺ x áâàãŋë ć ňőňěŋâ ćàěňěŋĺ t, ρ (x) — ńĺŋěľŋăï ŕńőâŋőáâì ňăááë, k (x) — åăàăłâěàĺáâĺłă ãŕàãčĺå áćőľáâć áâàãŋë ■

Ğăďăçĺ

Ć ăãďĺâőàĺĺ:

1. Ŋăŕĺáăâì ãàăćŋěŋĺě Őáâàőčàăďáłőčő ďńï äãŋłæĺőŋă- ńőć (a) ∫∫ Ω ( (_{∂z} ∂x )_2 + (_{∂z} ∂y )_2) dxdy; (b) ∫∫∫ Ω ( (_{∂u} ∂x )_2 + (_{∂u} ∂y )_2 + (_{∂u} ∂z )_2 + 2uf (x, y, z) ) dxdydz 2. Ŋăŕĺáăâì ãàăćŋěŋĺě ŕőćěàåŋőáâĺ ňĺŋĺňăńìŋőľ ŕńőéăďĺ, ŋăâïŋãâőľ ŋă ğăďăŋŋëľ ŕàőáâàăŋáâćěŋŋëľ łőŋâãà (ãàăćŋěŋĺě ňëńìŋëå ŕńěŋőł). Ŕőłăğăâì, çâő ŕńőáłőáâì ïćńïěâáï àěèěŋĺěň ğăďăçĺ ć áńãçăě ŕńőáłőčő ŕàőáâàăŋáâćěŋŋőčő łőŋâãàă.

Ŋă ďőň:

1. Ŋăŕĺáăâì ãàăćŋěŋĺě Őáâàőčàăďáłőčő ďńï äãŋłæĺőŋă- ńőć (a) ∫∫ Ω ( (_{∂z} ∂x )_2 − (_{∂z} ∂y )_2) dxdy. 2. Ŋăŕĺáăâì ãàăćŋěŋĺě ŕàőďőńìŋëå łőńěąăŋĺľ ŕàïňőńĺŋěľŋőčő áâěàęŋï — àăáŕàěďěńěŋŋőľ áĺáâěňë á ńăčàăŋęĺăŋőň

L = 1 2 l∫ 0 ( ρ (u^′_t)^2 − k (u^′_x)^2 ) dx,

čďě ρ (x) , k (x) — ŕăàăňěâàë áâěàęŋï, u (x, t) — ŕàőďőńìŋőě áňěéěŋĺě áěçěŋĺï őâŋőáĺâěńìŋő àăćŋőćěáŋőčő ŕőńőęěŋĺï x ć ňőňěŋâ ćàěňěŋĺ t.

3. Őąőąéĺâì ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ĺğ ďăŋŋőľ ğăďăçĺ ŋă áńãçăľ äãŋłæĺőŋăńőć

(a) áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ; (b) őâ ćěłâőàŋëå äãŋłæĺľ;

(c) őâ ćěłâőàŋëå äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ.

5. Ĺğőŕěàĺňěâàĺçěáłăï ćăàĺăæĺőŋŋăï ğăďăçă

Ŕőáâăŋőćłă ğăďăçĺ. J (⃗y (·)) = x_1∫

x_0 F (x, ⃗y (x) , ⃗y^′ (x)) dx → extr_D , D = {⃗y (x) ≡ (y_1 (x) , . . . , y_n (x)) : x ∈ [x_0, x_1] , ⃗y (·) ∈ C^2 [x_0, x_1] , ⃗y (x_0) = ⃗y_0, ⃗y (x_1) = ⃗y_1,

x_1∫

x_0

G_i (x, ⃗y (x) , ⃗y^′ (x)) dx = l_i = const, i = 1, m}

Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ [x_0, x_1] ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï ⃗y_0, ⃗y_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâë F (x, ⃗y, ⃗y^′), G_i (x, ⃗y, ⃗y^′) ∈ C^2 (R^{1+2n}) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï ⃗y^∗ (·) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň łàăěćőľ ğăďăçĺ İľńěàă ďńï äãŋłæĺĺ Ńăčàăŋęă: áãéěáâćãěâ ŋěŋãńěćőľ ŋăąőà çĺáěń (ňŋőęĺâěńěľ Ńăčàăŋęă) {λ_0, λ_1, . . . , λ_m} âăłőľ, çâő ∇_{⃗y}L −^d_{dx} ∇_{⃗y} ′ L = 0, ⃗y (x_0) = ⃗y_0 ⃗y (x_1) = ⃗y_1

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă-Ńăčàăŋęă

Ğďěáì L (x, ⃗y, ⃗y^′) ≡ λ_0F (x, ⃗y, ⃗y^′) + m∑ i=1 λ_iG_i (x, ⃗y, ⃗y^′) — äãŋłæĺï Ńăčàăŋęă. Ŕàĺ ŋăåőęďěŋĺĺ íłáâàěňăńěľ ďőáâăâőçŋő őčàăŋĺçĺâìáï àăááňőâàěŋĺěň ńĺèì ďćãå áńãçă- ěć:

1. ćëàőęďěŋŋëľ: λ_0 = 0, |λ_1| + |λ_2| + . . . + |λ_m| > 0;

2. ŋěćëàőęďěŋŋëľ: λ_0 = 1.

Ŕàĺňěà.

Ŋăľâĺ łàĺćãî (čàăäĺł äãŋłæĺĺ y = y (x) , x ∈ [x_0, x_1]) ğăďăŋŋőľ ďńĺŋë l, áőěďĺŋïîéãî ğăďăŋŋëě âőçłĺ ć ŕńőáłőáâĺ, á ňăłáĺňăńìŋőľ ŕńőéăďìî ŕőďčàăäĺłă (ğăďăçă Ďĺďőŋë) ∫_{x1} x_0 y dx → max, ∫_{x1} x_0 √ 1 + y^{′2} dx = l, y (x_0) = y_0, y (x_1) = y_1

Řěèěŋĺě: Śőáâăćńïěň äãŋłæĺî Ńăčàăŋęă

L = λ_0y + λ_1 √ 1 + y^{′2}, (λ_0, λ_1) ≠ ⃗0

ĺ ğăŕĺáëćăěň ĺŋâěčàăń íŋěàčĺĺ ďńï ãàăćŋěŋĺï Ńăčàăŋęă H = L − y^′L^′_y′ = C ⇒ λ_0y + λ_1 √ 1 + y^{′2} − y^{′ λ1y′}√_{1+y′2} = C.

Ćëàőęďěŋŋëľ áńãçăľ. Ć áńãçăě λ_0 = 0 ŕőńãçăěň őâáîďă y^′ = C_1 ⇒ y = C_1x + C_2. Ĺğ čàăŋĺçŋëå ãáńőćĺľ ĺňěěň ďăńěě

y = y_0 + (y_1 − y_0) x − x_0 x_1 − x_0 . Ďńï ďăŋŋőľ ŕàïňőľ ćëŕőńŋěŋő ĺğőŕěàĺňěâàĺçěáłőě ãáńőćĺě âőčďă ĺ âőńìłő âőčďă, łőčďă ŕăàăňěâà l áőćŕăďăěâ á àăááâőïŋĺěň ňěęďã čàăŋĺçŋëňĺ âőçłăňĺ łàĺćőľ

l = l_{min} ≡ √ (x − x_0)^2 + (y − y_0)^2.

Ŋěćëàőęďěŋŋëľ áńãçăľ. Ć áńãçăě λ_0 = 1 ĺŋâěčàĺàãěň ŋěàăğàěèěŋŋőě őâŋőáĺâěńìŋő ŕàőĺğćőďŋőľ ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ŕőďáâăŋőćłőľ y^′ = tg t. Ĺňěěň

y = C − λ_1 cos t ⇒ dx =^{dy}_y =^{λ1 sin t dt}_{tg t} = λ_1 cos t dt ⇒ x = C_1 + λ_1 sin t.

Šăłĺň őąàăğőň, íłáâàěňăńïňĺ ïćńïîâáï ďćě ďãčĺ őłàãęŋőáâĺ y = C ± √ λ^2_1 − (x − C_1)^2. Ďńï ćëŕőńŋěŋĺï ĺğőŕěàĺňěâàĺçěáłőčő ãáńőćĺï ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë l_{min} < l < l_{max}. Ğďěáì l_{max} — ďńĺŋă ďãčĺ âőľ őłàãęŋőáâĺ, łőâőàăï ĺňěěâ ć čàăŋĺçŋőľ âőçłě á ňěŋìèěľ őàďĺŋăâőľ ćěàâĺłăńìŋãî łăáăâěńìŋãî ■

Ğăďăçĺ

Ć ăãďĺâőàĺĺ:

1. Ŋăľâĺ äőàňã ŕőďćěèěŋŋőčő ğă łőŋæë ć ŕőńě áĺńë âïęěáâĺ ăąáőńîâŋő čĺąłőčő ŋěàăáâïęĺňőčő őďŋőàőďŋőčő łăŋăâă ďńĺŋë l (ňĺŋĺňĺğĺàãï ŕőńőęěŋĺě ěčő æěŋâàă âïęěáâĺ).

2. Ŋăľâĺ łàĺćãî y = y (x) , x_0 ⩽ x ⩽ x_1 ňĺŋĺňăńìŋőľ ďńĺŋë á ğăďăŋŋőľ ŕńőéăďìî ŕőďčàăäĺłă. 3. ∫_1 0 (y^{′2} + x^2) dx → extr, ∫_1 0 y^2 dx = 1, y (0) = y (1) = 0. 4. ∫_1 0 (y^{′2} + z^{′2} − 4xz^′ − 4z) dx → extr, ∫_1 0 (y^{′2} − xy^′ − z^{′2}) dx = 2, y (0) = z (0) = 0, y (1) = z (1) = 1.

5. Śőáâăćĺâì łàăěćãî ğăďăçã ďńï ŋăåőęďěŋĺï íłáâàěňăńěľ ğăďăçĺ ∫_l 0 (p (x) y^{′2} + q (x) y^2) dx → extr, ∫_l 0 ρ (x) y^2 dx = 1, y (0) = y (l) = 0. 6. ∫_1 0 ẋ_1ẋ_2 dt → extr, ∫_1 0 tx_1 dt = 0, ∫_1 0 tx_2 dt = 0, x_1 (0) = x_1 (1) = x_2 (0) = 0, x_2 (1) = 1

Ŋă ďőň:

1. Őŕàěďěńĺâì äőàňã łàĺćőľ y = y (x) , x_0 ⩽ x ⩽ x_1 ğă-

ďăŋŋőľ ďńĺŋë l, őâ ćàăéěŋĺï łőâőàőľ ćőłàãč őáĺ ăąáæĺáá őąàăğãěâáï âěńő íłáâàěňăńìŋőľ ąőłőćőľ ŕőćěàå-

ŋőáâĺ. Ŋăŕĺáăâì ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě łàĺćőľ, ďńï łőâőàőľ íłáâàěňăńěŋ áőőâćěâáâćãîéĺľ őąêěň âěńă ćàăéěŋĺï. 2. ∫_{x1} x_0 y ′2 dx → extr, ∫_{x1} x_0 y dx = const,

y (x_0) = y_0, y (x_1) = y_1. 3. ∫_1 0 (y^{′2} + z^{′2} − 4xz − 4z) dx → extr, ∫_1 0 (y^{′2} − xy^′ − z^{′2}) dx = 2, y (0) = z (0) = 0, y (1) = z (1) = 1. 4. ∫_π 0 ẋ^2 dt → extr, ∫_π 0 x cos t dt =^π_2 , ∫_π 0 x sin t dt = π + 2, x (0) = 2, x (π) = 0.

5. ∫_{π/2} 0 ( (y^{′′})^2 − (y^′)^2 ) dx → extr, ∫_{π/2} 0 y (x) dx = 0, y (0) = y (π/2) = 0, y^′ (0) = 1.

6. Ğăďăçă Ńăčàăŋęă

Ŕőáâăŋőćłă ğăďăçĺ. J (⃗y (·)) = x_1∫

x_0 F (x, ⃗y (x) , ⃗y^′ (x)) dx → extr_D , D = {⃗y (x) ≡ (y_1 (x) , . . . , y_n (x)) : x ∈ [x_0, x_1] , ⃗y (·) ∈ C^2 [x_0, x_1] , ⃗y (x_0) = ⃗y_0, ⃗y (x_1) = ⃗y_1, φ_i (x, ⃗y (x) , ⃗y^′ (x)) = 0, x ∈ (x_0, x_1) , i = 1, m}

Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ — őâàěğőł [x_0, x_1] — ĺ ěě čàăŋĺçŋëě ğŋăçěŋĺï ⃗y_0, ⃗y_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F (x, ⃗y, ⃗y^′) ĺ őŕàěďěńïîéĺě ďĺääěàěŋæĺăńìŋëě áćïğĺ äãŋłæĺĺ φ_i (x, ⃗y, ⃗y^′), ŕàĺŋăďńěęăâ ŕàőáâàăŋáâćã C^2 (R^{2n+1}) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï ⃗y^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî - àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ İľńěàă ďńï äãŋłæĺĺ Ńăčàăŋęă: áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă { λ_0, ⃗λ (x) } : |λ_0| + max_x | | |⃗λ (x) | | | > 0 âăłőľ, çâő

∇_{⃗y}L −^d_{dx} ∇_{⃗y} ′ L = 0, ⃗y (x_0) = ⃗y_0 ⃗y (x_1) = ⃗y_1

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă-Ńăčàăŋęă

Ğďěáì L (x, ⃗y, ⃗y^′) ≡ λ_0F (x, ⃗y, ⃗y^′) + m∑ i=1 λ_i (x) φ_i (x, ⃗y (x) , ⃗y^′ (x))

— äãŋłæĺï Ńăčàăŋęă. Ŕàĺ ŋăåőęďěŋĺĺ íłáâàěňăńěľ ňőęŋő őčàăŋĺçĺâìáï àăááňőâàěŋĺěň ńĺèì ďćãå áńãçăěć:

1. ćëàőęďěŋŋëľ: λ_0 = 0, max_x | |⃗λ (x) | | > 0; 2. ŋěćëàőęďěŋŋëľ: λ_0 = 1.

Ŕàĺňěàőň ğăďăçĺ Ńăčàăŋęă áńãęĺâ ğăďăçă ő čěőďěğĺçěáłĺå ŋă ŕőćěàåŋőáâĺ φ (x, y, z) = 0, (∇φ ≠ 0 ćő ćáěå âőçłăå). Čěőďěğĺçěáłőľ ŋăğëćăěâáï łàĺćăï ňĺŋĺňăńìŋőľ ďńĺŋë, áőěďĺŋïîéăï ďćě ğăďăŋŋëě âőçłĺ ŕőćěàåŋőáâĺ ĺ æěńĺłőň ńěęăéăï ŋă ŋěľ:

J (r (·)) =

t_1∫

t_0 |ṙ (t)| dt → min, r (t_0) = r_0, r (t_1) = r_1, φ (r (t)) = 0 ∀t ∈ [t_0, t_1] .

Şàăćŋěŋĺě čěőďěğĺçěáłĺå (ŕàĺ ŋăâãàăńìŋőň ŕăàăňěâàě łàĺćőľ t) r̈ (t) = λ (t) ∇φ, čďě λ (t) — ŋěĺğćěáâŋëľ ňŋőęĺâěńì Ńăčàăŋęă.

Ŕàĺňěà: ∫_{π/2} 0 ( y^2_1 + y^2 − (y^′_1)^2 − (y^′_2)^2 ) dx → extr, y_1 (x) − y_2 (x) = 2 sin x, y_1 (0) = y_2 (0) = y_1 (_π 2 ) = 1, y_2 (_π 2 ) = −1

Řěèěŋĺě: Ďńï äãŋłæĺĺ Ńăčàăŋęă

L = λ_0 ( y^2_1 + y^2 − (y^′_1)^2 − (y^′_2)^2 ) + λ (x) (y_1 − y_2 − 2 sin x)

áőáâăćńïěň áĺáâěňã ãàăćŋěŋĺľ Ńăčàăŋęă { L^′_{y1} −^d_{dx} L^′_y′_1 = 2λ_0y_1 + λ + 2λ_0y^{′′}_1 = 0, L^′_{y2} −^d_{dx} L^′_y′_2 = 2λ_0y_2 − λ + 2λ_0y^{′′}_2 = 0,

Ćëàőęďěŋŋëľ áńãçăľ ŋěćőğňőęěŋ, âăł łăł ŕàĺ λ_0 = 0 ŕőńãçăěň λ (x) ≡ 0, çâő ŕàőâĺćőàěçĺâ ŋěâàĺćĺăńìŋőáâĺ ŋăąőàă ňŋőęĺâěńěľ Ńăčàăŋęă. Ŕőńăčăï ŕőíâőňã 2λ_0 = 1, ŕàĺåőďĺň ł áĺáâěňě

y_1 + λ + y^{′′}_1 = 0, y_2 − λ + y^{′′}_2 = 0, y_1 − y_2 = 2 sin x.

Śłńăďëćăï ŕěàćëě ďćă ãàăćŋěŋĺï, ŕőńãçăěň (y_1 + y_2)^{′′} + (y_1 + y_2) = 0, őâłãďă { y_1 + y_2 = 2C_1 cos x + 2C_2 sin x, y_1 − y_2 = 2 sin x,

ă ŕőâőňã { y_1 = C_1 cos x + C_2 sin x + sin x, y_2 = C_1 cos x + C_2 sin x − sin x.

Ŕőáńě őŕàěďěńěŋĺï łőŋáâăŋâ ĺğ čàăŋĺçŋëå ãáńőćĺľ ŕőńãçăěň őâćěâ: { y_1 = cos x + sin x, y_2 = cos x − sin x ■

Ğăďăçĺ

Ć ăãďĺâőàĺĺ: 1. ∫_1 0 ( (y^′_1)^2 + 2 (y^′_2)^2 + y^2 ) dx → extr, y^′_2 (x) = y_1 (x) , x ∈ [0, 1] , y_1 (0) = −2, y_2 (0) = 1, y_1 (1) = −^1_e , y_2 (1) = 0. 2. ∫_1 0 ẋ^2 dt → extr, ẋ_1 = x_2, t ∈ [0, 1] , x_1 (0) = x_2 (0) = 0, x_1 (1) = 1, ẋ_2 (1) = 0.

3. Ŕőłăğăâì, ĺáŕőńìğãï ŕàĺŋæĺŕ Čăňĺńìâőŋă , çâő âàăěłâőàĺï ďćĺęěŋĺï ŕő ĺŋěàæĺĺ ňăâěàĺăńìŋőľ âőçłĺ ŕő ŕőćěàåŋőáâĺ φ (x, y, z) = 0 ïćńïěâáï čěőďěğĺçěáłőľ ďăŋŋőľ ŕőćěàåŋőáâĺ.

Ŋă ďőň: 1. ∫_1 0 ( (y^′_1)^2 + (y^′_2)^2 + y^2_1 + y^2 ) dx → extr, y_2 (x) + y_1 (x) = 2 sh x, x ∈ [0, 1] , y_1 (0) = y_2 (0) = 1, y_1 (1) = sh 1 + ch 1, y_2 (1) = ch 1 − sh 1. 2. ∫_1 0 ẋ^2_1 dt → extr, ẋ_1 = −x_2, t ∈ [0, 1] , x_1 (0) = 1, x_2 (0) = 0, x_1 (1) = 1, ẋ_2 (1) = 0.

3. Ŋăľâĺ čěőďěğĺçěáłĺě ŋă æĺńĺŋďàě.

7. Ğăďăçă Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě

Ŕőáâăŋőćłă ğăďăçĺ. J (⃗x (·) , ⃗u (·)) = t_1∫

t_0 F (t, ⃗x (t) , ⃗u (t)) dt → extr_D , D = {(⃗x (t) , ⃗u (t)) : t ∈ [t_0, t_1] , ⃗x (·) ∈ C^1 [t_0, t_1] , ⃗u (·) ∈ C [t_0, t_1] , ⃗x (t_0) = ⃗x_0, ⃗x (t_1) = ⃗x_1, · ⃗x (t) = ⃗f (t, ⃗x (t) , ⃗u (t)) , t ∈ (t_0, t_1)} Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ ŕăàë (⃗x (t) , ⃗u (t)) — őâàěğőł ćàěňěŋĺ [t_0, t_1] — ĺ čàăŋĺçŋëě ğŋăçěŋĺï äăğőćőčő ćěłâőàă ⃗x_0, ⃗x_1 áçĺâăîâáï ğăďăŋŋëňĺ. Ĺŋâěčàăŋâ F (t, ⃗x, ⃗u) ĺ äãŋłæĺĺ f_i (t, ⃗x, ⃗u) , őŕàěďěńïîéĺě ãàăćŋěŋĺï ďćĺęěŋĺï ãŕàăćńïěňőčő őąêěłâă ć äăğőćőň ŕàőáâàăŋáâćě, ŕàĺŋăďńěęăâ ŕàőáâàăŋáâćã C^2 (R^{1+n+m}) .

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï (⃗x^∗ (t) , ⃗u^∗ (t)) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ İľńěàă ďńï äãŋłæĺĺ Ńăčàăŋęă: áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă { λ_0, ⃗λ (t) } : |λ_0| + max_t | | |⃗λ (t) | | | > 0 âăłőľ, çâő ∇_{⃗x}L −^d_{dt} ∇ ·_{⃗x}L = 0, · ⃗x (t) = ⃗f (t, ⃗x (t) , ⃗u (t)) , ⃗x (t_0) = ⃗x_0, ⃗x (t_1) = ⃗x_1, ∇_{⃗u}L = 0,

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă-Ńăčàăŋęă + ãáńőćĺě áâăæĺőŋăàŋőáâĺ

Ğďěáì L ( t, ⃗x, ⃗u,^·⃗x ) ≡ λ_0F ((t, ⃗x, ⃗u)) + n∑ i=1 λ_i (t) (f_i (t, ⃗x (t) , ⃗u (t)) − ẋ_i (t))

— äãŋłæĺï Ńăčàăŋęă. Ŕàĺ ŋăåőęďěŋĺĺ íłáâàěňăńěľ ňőęŋő őčàăŋĺçĺâìáï àăááňőâàěŋĺěň ďćãå áńãçăěć:

1. ćëàőęďěŋŋëľ: λ_0 = 0, max_t | | |⃗λ (t) | | | > 0; 2. ŋěćëàőęďěŋŋëľ: λ_0 = 1.

Ďńï ğăŕĺáĺ ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ãďőąŋő âăłęě ĺáŕőńìğőćăâì äãŋłæĺî Ŕőŋâàïčĺŋă H (t, ⃗x, ⃗u) ≡ λ_0F ((t, ⃗x, ⃗u)) + n∑ i=1 λ_i (t) f_i (t, ⃗x (t) , ⃗u (t)) á ŕőňőéìî łőâőàőľ íâĺ ãáńőćĺï ňőęŋő ğăŕĺáăâì ć äőàňě áńěďãîéěľ łăŋőŋĺçěáłőľ áĺáâěňë ẋ_i =^{∂H}_{∂λi} , λ̇_i = −^{∂H}_{∂xi} ⃗x (t_0) = ⃗x_0 ⃗x (t_1) = ⃗x_1 ∂H ∂u_l = 0

Łàăěćăï ğăďăçă ďńï łăŋőŋĺçěáłőľ áĺáâěňë + ãáńőćĺě áâăæĺőŋăàŋőáâĺ äãŋłæĺĺ Ŕőŋâàïčĺŋă ŕő u ĺńĺ — ć ćěłâőàŋőň ćĺďě — · ⃗x = ∇_{⃗λ}H, · ⃗λ = −∇_{⃗x}H ⃗x (t_0) = ⃗x_0 ⃗x (t_1) = ⃗x_1 ∇_{⃗u}H = 0

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőľ łăŋőŋĺçěáłőľ áĺáâěňë + ãáńőćĺě áâăæĺőŋăàŋőáâĺ äãŋłæĺĺ Ŕőŋâàïčĺŋă ŕő u

Ŕàĺňěà. Ňăâěňăâĺçěáłĺľ ňăïâŋĺł

ẍ + x = u

ć ŋăçăńìŋëľ ňőňěŋâ ćàěňěŋĺ t = 0 ŕőłőĺâáï ŕàĺ ğăďăŋŋőň ãčńě őâłńőŋěŋĺï: x (0) = 1, ẋ (0) = 0. Ğă őâàěğőł ćàěňěŋĺ t ∈ [0, 1] ŕěàěćěáâĺ ěčő ć ãáâőľçĺćőě áőáâőïŋĺě x (1) = 0, ẋ (1) = 0 á ňĺŋĺňăńìŋëň àăáåőďőň áĺńë ∫_1 0 u^2 dt → min .

Řěèěŋĺě.

Ŕěàćëľ áŕőáőą. Ďńï äãŋłæĺĺ Ńăčàăŋęă L ≡ λ_0u^2 + λ (t) (ẍ + x − u) ćëŕĺáëćăěň łàăěćãî ğăďăçã

L^′_x −^d_{dt} L^′_ẋ +^{d2}_{dt2} L^′_ẍ = λ + λ̈ = 0 L^′_u = 2λ_0u − λ = 0 ẍ + x = u

Ć ćëàőęďěŋŋőň áńãçăě λ_0 = 0 ŕőńãçăěň λ (t) ≡ 0, çâő ŕàőâĺćőàěçĺâ ŋěâàĺćĺăńìŋőáâĺ ŋăąőàă ňŋőęĺâěńěľ Ńăčàăŋęă. Ŕőńăčăï ďăńěě 2λ_0 = 1, ŋăåőďĺň ŕőáńěďőćăâěńìŋő

u = λ ⇒ ü + u = 0 ⇒ x^{(4)} + 2x^{(2)} + x = 0 ⇒ x = (C_1 + C_2t) cos t + (C_3 + C_4t) sin t.

Ĺğ čàăŋĺçŋëå ãáńőćĺľ ŕőńãçăěň

x (0) = C_1 = 1 ẋ (0) = C_2 + C_3 = 0 x (1) = (C_1 + C_2) cos 1 + (C_3 + C_4) sin 1 = 0 ẋ (1) = (C_2 + C_3 + C_4) cos 1 + (C_4 − C_1 − C_2) sin 1 = 0,

őâłãďă C_1 = 1, C_4 = − tg^2 1, C_2 = − tg 1 − tg^2 1 − 1, C_3 = tg 1 + tg^2 1 + 1. Ŋěĺğćěáâŋăï áĺńă u (t) ≡ ẍ (t) + x (t) .

Ćâőàőľ áŕőáőą. Ŕěàěåőďï ł äăğőćëň łőőàďĺŋăâăň x_1 ≡ x, x_2 = ẋ, ğăŕĺáëćăěň ãàăćŋěŋĺě ďćĺęěŋĺï ẍ+x = u ć ćĺďě áĺáâěňë { ẋ_1 = x_2 ẋ_2 = u − x_1.

Śńěďőćăâěńìŋő, äãŋłæĺï Ŕőŋâàïčĺŋă H ≡ λ_0u^2 + λ_1x_2 + λ_2 (u − x_1) , ă łăŋőŋĺçěáłăï áĺáâěňă

ẋ_1 = x_2 ẋ_2 = u − x_1 λ̇_1 = −^{∂H}_{∂x1} = λ_2 λ̇_2 = −^{∂H}_{∂x2} = −λ_1 ∂H ∂u = 2λ_0u + λ_2 = 0.

Řěèăï ěě, ŕőńãçăěň âőâ ęě őâćěâ, çâő ĺ ć ŕěàćőň áŕőáőąě ■

Ğăďăçĺ

Ć ăãďĺâőàĺĺ: 1. ∫_1 0 u^2 dt → extr, ẍ − x = u, x (0) = 2, ẋ (0) = 0, x (1) = 2 ch 1, ẋ (1) = 2 sh 1; 2. ∫_1 0 (x^2 + u^2) dt → extr, ẋ = x + u,

x (0) = 0, x (1) = 2 sh √ 2; 3. ∫_{π/2} 0 u^2 dt → extr, ẍ + x = u, x (0) = 0, ẋ (0) = 1, x (_π 2 ) = 0, ẋ (_π 2 ) = −1;

Ŋă ďőň:

1. ∫_1 0 (x^2 + u^2) dt → extr, ẋ = −x + u, x (0) = 1, ẋ (0) = 0; 2. ∫_1 0 u^2 dt → extr, ẋ = 2x − u, x (0) = 0, x (1) = sh 2; 3. ∫_{π/4} 0 u^2 dt → extr, ẍ + 4x = u, x (0) = 0, ẋ (0) = 1, x (_π 4 ) = 1, ẋ (_π 4 ) = 0.

8. Ğăďăçă Ŕőŋâàïčĺŋă (őŕâĺňăńìŋőčő ãŕàăćńěŋĺï)

Ŕőáâăŋőćłă ğăďăçĺ.

J (⃗x (·) , ⃗u (·)) = t_1∫

t_0 F (t, ⃗x (t) , ⃗u (t)) dt → max_D , D = {(⃗x (t) , ⃗u (t)) : t ∈ [t_0, t_1] , ⃗x (·) ∈ KC^1 [t_0, t_1] , ⃗u (·) ∈ KC [t_0, t_1] , ⃗x (t_0) = ⃗x_0, ⃗x (t_1) = ⃗x_1, ⃗u (t) ∈ U, · ⃗x (t) = ⃗f (t, ⃗x (t) , ⃗u (t)) , t ∈ T_c ⊂ (t_0, t_1)} Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ ŕăàë (⃗x (t) , ⃗u (t)) — őâàěğőł ćàěňěŋĺ [t_0, t_1] — ĺ čàăŋĺçŋëě ğŋăçěŋĺï äăğőćőčő ćěłâőàă ⃗x_0, ⃗x_1 áçĺâăîâáï ğăďăŋŋëňĺ, T_c — ňŋőęěáâćő âőçěł ŋěŕàěàëćŋőáâĺ ãŕàăćńěŋĺï ⃗u (·). Ĺŋâěčàăŋâ F (t, ⃗x, ⃗u) ĺ äãŋłæĺĺ f_i (t, ⃗x, ⃗u) , őŕàěďěńïîéĺě ãàăćŋěŋĺï ďćĺęěŋĺï ãŕàăćńïěňőčő őąêěłâă ć äăğőćőň ŕàőáâàăŋáâćě, ŕàĺŋăďńěęăâ ŕàőáâàăŋáâćã C^2 (R^{n+m+1}) . Ć ďőŕőńŋěŋĺě ł áâăŋďăàâŋëň ãáńőćĺïň, åăàăłâěàŋëň ďńï ğăďăçĺ Ńăčàăŋęă, ğďěáì ŕàĺáãâáâćãěâ ďőŕőńŋĺâěńìŋőě ãáńőćĺě Ŕőŋâàïčĺŋă: ⃗u (t) ∈ U, ∀t, čďě ňŋőęěáâćő U ŋě őąïğăâěńìŋő ïćńïěâáï őâłàëâëň (ć áńãçăě őâłàëâőčő ňŋőęěáâćă ğăďăçă ïćńïěâáï ńăčàăŋęěćőľ).

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ďńï ğăŕĺáĺ ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ĺáŕőńìğãěň äãŋłæĺî Ŕőŋâàïčĺŋă H (t, ⃗x, ⃗u) ≡ λ_0F ((t, ⃗x, ⃗u)) + n∑ i=1 λ_i (t) f_i (t, ⃗x (t) , ⃗u (t)) , á ŕőňőéìî łőâőàőľ íâĺ ãáńőćĺï ňőęŋő ğăŕĺáăâì ć äőàňě áńěďãîéěľ łăŋőŋĺçěáłőľ áĺáâěňë: áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă { λ_0, ⃗λ (t) } : |λ_0| +

max_t | |⃗λ (t) | | > 0 âăłőľ, çâő ∀t ∈ Tc ẋ_i =^{∂H}_{∂λi} , λ̇_i = −^{∂H}_{∂xi} ⃗x (t_0) = ⃗x_0 ⃗x (t_1) = ⃗x_1 H (t, ⃗x (t) , ⃗u (t)) = max_{⃗u∈U} H (t, ⃗x (t) , ⃗u)

Łàăěćăï ğăďăçă ďńï łăŋőŋĺçěáłőľ áĺáâěňë ãàăćŋěŋĺľ + ŕàĺŋæĺŕ ňăłáĺňãňă

ĺńĺ — ć ćěłâőàŋőň ćĺďě — · ⃗x = ∇_{⃗λ}H, · ⃗λ = −∇_{⃗x}H ⃗x (t_0) = ⃗x_0 ⃗x (t_1) = ⃗x_1 H (t, ⃗x (t) , ⃗u (t)) = max_{⃗u∈U} H (t, ⃗x (t) , ⃗u)

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőľ łăŋőŋĺçěáłőľ áĺáâěňë + ŕàĺŋæĺŕ ňăłáĺňãňă

Ŕàĺňěà. Śĺŋâěğĺàőćăâì őŕâĺňăńìŋëě ŕő ąëáâàőďěľáâćĺî âàăěłâőàĺĺ ć ğăďăçě őą ãŕàăćńěŋĺĺ ňăâěàĺăńìŋőľ âőçłőľ ć ćïğłőľ áàěďě:

ẍ + βẋ = u (t) , 0 ⩽ t ⩽ t_1, −1 ≤ u (t) ≤ 1, x (0) = x_0, ẋ (0) = ẋ_0, t_1 → min (β > 0) .

Řěèěŋĺě. Śâàőčő čőćőàï, ğăďăçă ąëáâàőďěľáâćĺï ŋě ŕàĺŋăďńěęĺâ łńăááã ćëèěőŕĺáăŋŋëå ğăďăç őŕâĺňăńìŋőčő ãŕàăćńěŋĺï, âăł łăł ćàěňěŋŋőľ ĺŋâěàćăń ãŕàăćńěŋĺï [0, t_1] ć ŋěľ ŋě ğăďăŋ. Šěň ŋě ňěŋěě, ŕàĺćěďěŋŋëě ćëèě ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ćëŕőńŋïîâáï ĺ ć ďăŋŋőľ ğăďăçě. Ćďőąăćőł ňőęŋő ďőłăğăâì, çâő ć ğăďăçě ąëáâàőďěľáâćĺï max_t | |⃗λ (t) | | > 0. Ććőďï äăğőćëě łőőàďĺŋăâë x_1 ≡ x, x_2 ≡ ẋ ĺ ğăŕĺáëćăï äãŋłæĺőŋăń ğăďăçĺ ć ĺŋâěčàăńìŋőň ćĺďě −t_1 = ∫_{t1} 0 (−1) dt → max, ŕőńãçăěň á ŕőňőéìî äãŋłæĺĺ Ŕőŋâàïčĺŋă H = −λ_0+ λ_1 (t) x_2 + λ_2 (t) (u − βx_2) áńěďãîéĺě ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă

ẋ_1 =^{∂H}_{∂λ1} = x_2, ẋ_2 =^{∂H}_{∂λ2} = u − βx_2, λ̇_1 = −^{∂H}_{∂x1} = 0, λ̇_2 = −^{∂H}_{∂x2} = −λ_1 + βλ_2, λ_2 (t) u (t) = max_{−1⩽u⩽1} λ_2 (t) u.

Řěèĺć áőŕàïęěŋŋëě ãàăćŋěŋĺï, ŋăåőďĺň λ_1 (t) = C_1, λ_2 (t) = C_1/β + C_2 exp (βt) . Őâáîďă áńěďãěâ, çâő ňŋőęĺâěńì λ_2 (t) ŋă ńîąőň ćàěňěŋŋő́ň ĺŋâěàćăńě ňěŋïěâ áćőľ ğŋăł ŋě ąőńěě őďŋőčő àăğă. Ďăńěě, ĺğ ŕàĺŋæĺŕă ňăłáĺňãňă ŕőńãçăěň u (t) = sign λ_2 (t) . Šăłĺň őąàăğőň, őŕâĺňăńìŋőě ãŕàăćńěŋĺě àěńěľŋő (ŕàĺŋĺňăěâ âőńìłő áćőĺ čàăŋĺçŋëě ğŋăçěŋĺï

±1) ĺ ŕěàěłńîçăěâáï á őďŋőčő ğŋăçěŋĺï ŋă ďàãčőě ŋě ąőńěě őďŋőčő àăğă. Ŋăàĺáãěň áěňěľáâćă âàăěłâőàĺľ ãŕàăćńïěňőľ áĺáâěňë ŋă äăğőćőľ ŕńőáłőáâĺ (x_1, x_2) , őâćěçăîéĺå ãŕàăćńěŋĺïň u (t) = ±1 :

u (t) = +1 u (t) = −1

Őŕâĺňăńìŋăï äăğőćăï âàăěłâőàĺï áőáâőĺâ ĺğ ŋě ąőńěě çěň ďćãå łãáłőć íâĺå ďćãå áěňěľáâć ĺ ğăłăŋçĺćăěâáï ć ŋăçăńě łőőàďĺŋăâ. Ěďĺŋáâćěŋŋëľ áŕőáőą ãďőćńěâćőàĺâì ãłăğăŋŋëň âàěąőćăŋĺïň ĺğőąàăęěŋ ŋă ŋĺęěáńěďãîéěň àĺáãŋłě (áĺŋâěğ őŕâĺňăńìŋëå âàăěłâőàĺľ):

■ Ğăďăçĺ

Ć ăãďĺâőàĺĺ:

1. Śĺŋâěğĺàőćăâì őŕâĺňăńìŋëě ŕő ąëáâàőďěľáâćĺî âàăěłâőàĺĺ ć áńěďãîéĺå ğăďăçăå ãŕàăćńěŋĺï ŕő ąëáâàőďěľáâćĺî: x (0) = x_0, ẋ (0) = ẋ_0, x (t_1) = ẋ (t_1) = 0, t_1 → min

(a) ẍ = u, u_1 ≤ u ≤ u_2; (b) ẍ + x = u, u_1 ≤ u ≤ u_2;

Ğďěáì u_{1,2} — ğăďăŋŋëě ćěńĺçĺŋë (ŕăàăňěâàë ğăďăç). Ĺááńěďőćăâì ğăćĺáĺňőáâì àěèěŋĺľ őâ ãłăğăŋŋëå ŕăàăňěâàőć.

2. Řěèĺâì ğăďăçã ő ňïčłőľ ŕőáăďłě łőáňĺçěáłőčő ăŕŕăàăâă á ňĺŋĺňăńìŋëň àăáåőďőň âőŕńĺćă.

Ŋă ďőň:

1. Śĺŋâěğĺàőćăâì őŕâĺňăńìŋëě ŕő ąëáâàőďěľáâćĺî âàăěłâőàĺĺ ć áńěďãîéĺå ğăďăçăå ãŕàăćńěŋĺï ŕő ąëáâàőďěľáâćĺî: x (0) = x_0, ẋ (0) = ẋ_0, x (t_1) = ẋ (t_1) = 0, t_1 → min

(a) ẍ − x = u, u_1 ≤ u ≤ u_2; (b) ẍ + βx = u, u_1 ≤ u ≤ u_2.

Ğďěáì β > 0, u_{1,2} — ğăďăŋŋëě ćěńĺçĺŋë (ŕăàăňěâàë ğăďăç). Ĺááńěďőćăâì ğăćĺáĺňőáâì àěèěŋĺľ őâ ãłăğăŋŋëå ŕăàăňěâàőć.

9. Ćăàĺăæĺőŋŋëě ğăďăçĺ á ŕőďćĺęŋëňĺ čàăŋĺæăňĺ

Ŕőáâăŋőćłă ğăďăçĺ.

J ((⃗y (·) , [x_0, x_1])) =

x_1∫

x_0 F (x, ⃗y (x, ⃗y^′ (x))) dx+ +f (x_0, ⃗y (x_0) , x_1, ⃗y (x_1)) → extr_D

Ć ďăŋŋőľ ğăďăçě őąńăáâì őŕàěďěńěŋĺï ďőŕãáâĺňőľ äãŋłæĺĺ — őâàěğőł [x_0, x_1] — ć őąéěň áńãçăě ŋě ğăďăŋ. Őŕàěďěńïîéĺě äãŋłæĺőŋăń Ąőńìæă äãŋłæĺĺ F (x, ⃗y, ⃗y^′) ∈ C^2 (R^{2n+1}), f (x_0, ⃗y_0, x_1, ⃗y_1) ∈ C^2 (R^{2n+2})

Řăááňőâàĺň âàĺ ćăàĺăŋâă ŕőáâăŋőćłĺ ŕőďőąŋëå ğăďăç, őâńĺçăîéĺěáï ďàãč őâ ďàãčă ňŋőęěáâćőň ďőŕãáâĺňëå äãŋłæĺľ:

I_1 D_1 = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, ćěńĺçĺŋë x_0, x_1, y_0 ğăďăŋë }

xx1 x_0 y_0 y Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_1 (őàďĺŋăâă ŕàăćőčő łőŋæă łàĺćőľ ŕàőĺğćőńìŋă)

I_2 D_2 = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, x_1 ∈ (a, b) , ćěńĺçĺŋë x_0, y_0, a, b ğăďăŋë }

y

x x_0 x_1 y_0 a b

Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_2 (ŕőńőęěŋĺě ŕàăćőčő łőŋæă łàĺćőľ ŕàőĺğćőńìŋő)

I_3 D_3 = y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, x_1 ∈ (a, b) , y (x_1) = g (x_1) , ćěńĺçĺŋë x_0, y_0, a, b ĺ äãŋłæĺï g (·) ğăďăŋë y

y_0 a b x_1 x x_0

Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_3 (ŕàăćëľ łőŋěæ łàĺćőľ áłőńìğĺâ ŕő ğăďăŋŋőľ łàĺćőľ y = g (x))

Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Ćáïłăï ŕőďőğàĺâěńìŋăï ŋă íłáâàěňãň äãŋłæĺï ⃗y^∗ (x) ∈ D ïćńïěâáï íłáâàěňăńìî — àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ:

∇_{⃗y}F −^d_{dx} ∇_{⃗y}′ F = 0, ⃗y (x_0) = ⃗y_0 Şáńőćĺě âàăŋáćěàáăńìŋőáâĺ ŋă ŕàăćőň łőŋæě łàĺćőľ

Łàăěćăï ğăďăçă ďńï ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă

Şáńőćĺě âàăŋáćěàáăńìŋőáâĺ ğăćĺáĺâ őâ âĺŕă àăááňăâàĺćăěňőľ ğăďăçĺ. Ć ćëèěŕěàěçĺáńěŋŋëå ğăďăçăå őŋĺ ĺňěîâ, áőőâćěâáâćěŋŋő, áńěďãîéĺľ ćĺď:

I_1 ∂F ∂y^′ (x_1, y (x_1) , y^′ (x_1)) + ∂f ∂y_1 (y (x_1)) = 0;

I_2 ∂F ∂y^′ (x1, y (x1) , y ′ (x_1)) +^{∂f}_{∂y1} (x_1, y (x_1)) = 0;

F (x_1, y (x_1) , y^′ (x_1)) + +^{∂f}_{∂x1} (x_1, y (x_1)) + y^′ (x_1)^{∂f}_{∂y1} (x_1, y (x_1)) = 0;

I_3

F (x_1, y (x_1) , y^′ (x_1)) + + (g^′ (x_1) − y^′ (x_1))^{∂F}_{∂y′} (x_1, y (x_1) , y^′ (x_1)) + +^{∂f}_{∂x1} (x_1, y (x_1)) + g^′ (x_1)^{∂f}_{∂y1} (x_1, y (x_1)) = 0.

Ěáńĺ ŕőďćĺęŋëň ïćńïěâáï ŋě ŕàăćëľ, ă ńěćëľ łőŋěæ ďőŕãáâĺňőľ łàĺćőľ, âő ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ ćëŕĺáëćăěâáï ďńï ŋěčő. Ďńï âőčő çâőąë ŕőńãçĺâì ŋãęŋőě ãáńőćĺě ĺğ áőőâćěâáâćãîéěčő ãáńőćĺï ŋă ŕàăćőň łőŋæě ďőáâăâőçŋő ć ŕőáńěďŋěň ŕàőĺğćěáâĺ ğăňěŋë F → −F F^′_y′ → −F^′_y′ ... Ŕàĺňěà. ∫_{x1} 0 y^{′2} dx + y^2 (0) → extr, y (x_1) = x^2_1 + 2 Řěèěŋĺě:

F^′_y −^d_{dx} F^′_y′ = −2y^{′′} = 0 =⇒ y (x) = C_1x + C_2 F^′_y − 2 y|_{x=0} = 2 (y^′ (0) − y (0)) = 2 (C_1 − C_2) = 0 =⇒ C_1 = C_2 F + (g^′ (x_1) − y^′ (x_1)) F^′_y′ | |_{x=x1} = y^{′2} (x_1) + + (2x_1 − y^′ (x_1)) 2y^′ (x_1) = y^′ (x_1) (4x_1 − y^′ (x_1)) = = C_1 (4x_1 − C_1) = 0 y (x_1) = C_1x_1 + C_2 = x^2_1 + 2

a) C_1 = C_2 = 0 =⇒ y (x) ≡ 0 =⇒ x^2_1 + 2 = 0 =⇒ ŋěâ àěèěŋĺï;

b) 4x_1 = C_1 =⇒ C_1x_1 + C_2 − x^2_1 − 2 = 3x^2_1 + 4x_1 − 2 = 0

=⇒ x_1 =^{√10−2}_3 , y (x) =^4( √ 10−2)

3 (x − 1), 0 ⩽ x ⩽^{√10−2}_3 .

Ğăďăçĺ

Ć ăãďĺâőàĺĺ: 1. ∫_{x1} 0 y^{′2} dx → extr, y (0) = 0, y (x_1) = −x_1 − 1 2. ∫_{1/2} 0 (y − y^{′2}) dx → extr, y (0) = 0 3. ∫_3 0 4y^{′2}y^2 dx + y^4 (0) − 8y (3) → extr

4. ∫_{x1} x_0 √ 1 + y^{′2} dx → extr, y (x_0) = x^2_0, y (x_1) = x_1 − 5

5. Ćëćěáâĺ ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ ć ğăďăçăå ă) á ćěłâőàŋëňĺ äãŋłæĺïňĺ; ą) áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ

Ŋă ďőň: 1. ∫_{x1} 0 y^{′2} dx → extr, y (0) = 0, y (x_1) =^2_{1−x1} 2. ∫_1 0 (y + y^{′2}) dx − 2 sh (1) y (1) → extr 3. ∫_1 0 e^yy^{′2}dx + 4e^{y(0)} + 32e^{−y(1)} → extr 4. ∫_{π/2} 0 (y^{′2} − y^2) dx + y^2 (0) − y^2 (_π 2 ) + 4y (_π 2 ) → extr

Ğăďăçĺ ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï

Ňěâőďĺçěáłăï àăğàăąőâłă ďńï áâãďěŋâőć àăďĺőäĺğĺçěáłőčő äăłãńìâěâă ŊŊČŞ

Śőáâăćĺâěńĺ:

Ĺàĺŋă Řőáâĺáńăćőćŋă Śňĺàŋőćă Ĺćăŋ Ŕăĺáìěćĺç Śňĺàŋőć

Ŕőďŕĺáăŋő ł ŕěçăâĺ . Ťőàňăâ 60 x 84 1/16. Ŕěçăâì őäáěâŋăï. Ąãňăčă őäáěâŋăï. Şáń. ŕěç.ń. 2.2.

Šĺàăę 500 íłğ. Ğăłăğ . Ąěáŕńăâŋő.

Ŋĺęěčőàőďáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ŋ.Ĺ. Ńőąăçěćáłőčő.

603600 ČŚŔ-20, Ŋ.Ŋőćčőàőď, ŕàőáŕ. Čăčăàĺŋă, 23. Šĺŕőčàăäĺï ŊŊČŞ. 603600, Ŋ.Ŋőćčőàőď, ãń. Ą. Ŕőłàőćáłăï, 37.