Łãàá ńěłæĺľ ŕő ňăâěňăâĺçěáłőľ äĺğĺłě ďńï àăďĺőäĺğĺłőć

Śňĺàŋőć Ĺćăŋ Ŕăĺáìěćĺç 16 Ĺîŋï 2002

2

Śőďěàęăŋĺě

I ĆĂŘĹĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ 1

1 Őáŋőćŋëě ŕőŋïâĺï 3 1.1 İłáâàěňăńìŋëě ğăďăçĺ . . . . . . . . . . . . . . . . . . . . . . . 3 1.1.1 Ůěâëàě őáŋőćŋëå ćőŕàőáă âěőàĺĺ íłáâàěňăńìŋëå ğăďăç 4 1.1.2 Ğăďăçă ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï (łàăâłăï áŕàăćłă ĺğ łãàáă ňăâěňăâĺçěáłőčő ăŋăńĺğă) . . . . . . . 4 1.1.3 Ćăàĺăæĺőŋŋëě ğăďăçĺ . . . . . . . . . . . . . . . . . . . . 5 1.1.4 Łńăááĺçěáłĺľ ćăàĺăæĺőŋŋëľ ŕőďåőď (ňěâőď Ńăčàăŋęă) 6

2 Łńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ 7 2.1 Ŕàőáâěľèăï ğăďăçă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (A) . . . . . . 7 2.1.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (A) łńăááĺçěáłĺň ćăàĺăæĺőŋŋëň ňěâőďőň . . . . . . . . . . 8 2.1.2 Ŕěàćëě ĺŋâěčàăńë ãàăćŋěŋĺï İľńěàă . . . . . . . . . . 11 2.2 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ (B) . . . 14 2.2.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (B) ćăàĺăæĺőŋŋëň ňěâőďőň . . . . . . . . . . . . . . . . . . . 14 2.2.2 Ĺŋâěčàăńë ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă . . . . . . . . 16 2.3 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ (C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.3.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (C) ćăàĺăæĺőŋŋëň ňěâőďőň . . . . . . . . . . . . . . . . . . . 19 2.4 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ (B&C) . . . . . . . . . . . . . . . . . . . . 20 2.5 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ (E) . . . . . . . . . . . . . . . . . . . . . . . 21 2.5.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (E) ćăàĺăæĺőŋŋëň ňěâőďőň . . . . . . . . . . . . . . . . . . . 21 2.5.2 Őąőąéěŋĺï ğăďăçĺ (E) . . . . . . . . . . . . . . . . . . . 23 2.6 Ĺğőŕěàĺňěâàĺçěáłăï ğăďăçă (F) . . . . . . . . . . . . . . . . . . 24 2.6.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ĺğőŕěàĺňěâàĺçěáłőľ ğăďăçě (F) . . . . . . . . . . . . . . . . . . . . 24 2.6.2 Őąőąéěŋĺï ğăďăçĺ (F) . . . . . . . . . . . . . . . . . . . 27 2.7 Ğăďăçă Ńăčàăŋęă (G) . . . . . . . . . . . . . . . . . . . . . . . . 28 2.8 Ğăďăçă Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě . . . . . . . . . . . . 29

3 Ŋěłńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ 33 3.1 Ğăďăçă Ŕőŋâàïčĺŋă – őŕâĺňăńìŋőčő ãŕàăćńěŋĺï (H) . . . . . . 33 3

4 Ćăàĺăæĺőŋŋëě ğăďăçĺ áő áćőąőďŋëňĺ čàăŋĺæăňĺ 43 4.1 Ğăďăçă (I_1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.2 Ğăďăçă (I_2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.3 Ğăďăçă (I_3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5 Ďőáâăâőçŋëě ãáńőćĺï C^1−ńőłăńìŋőčő íłáâàěňãňă 53

6 Čăňĺńìâőŋőć äőàňăńĺğň 59

II ĎĹŤŤĚŘĚŊŰĹĂŃŽŊŻĚ ŞŘĂĆŊĚŊĹ§ ŇĂŠĚ- ŇĂŠĹŮĚŚŁŐĽ ŤĹĞĹŁĹ 61

7 Ććőďŋëě ğăňěçăŋĺï 63

8 Şàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ŕěàćőčő ŕőàïďłă 65 8.1 Łńăááĺäĺłăæĺï ãàăćŋěŋĺľ . . . . . . . . . . . . . . . . . . . . . 65 8.2 Ňěâőďë àěèěŋĺï łćăğĺńĺŋěľŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă . 65

9 Şàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ćâőàőčő ŕőàïďłă 69 9.1 Łăŋőŋĺçěáłăï äőàňă ğăŕĺáĺ łćăğĺńĺŋěľŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ . . . . . . . 69 9.2 Łńăááĺäĺłăæĺï łćăğĺńĺŋěľŋëå ãàăćŋěŋĺľ ćâőàőčő ŕőàïďłă á n > 2 ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ . . . . . . . . . . . . . . . . 74

10 Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ 77 10.1 Ğăďăçă ňăâěňăâĺçěáłőľ äĺğĺłĺ . . . . . . . . . . . . . . . . . . 77 10.2 Őáŋőćŋëě âĺŕë ŋăçăńìŋő-łàăěćëå ğăďăç . . . . . . . . . . . . . 77

11 Ňěâőďë àěèěŋĺï ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ 81 11.1 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ čĺŕěàąőńĺçěáłőčő âĺŕă 81 11.1.1 Ťĺğĺçěáłĺě ğăďăçĺ, ŕàĺćőďïéĺě ł ãàăćŋěŋĺïň čĺŕěàąőńĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . . . . . 81 11.1.2 Ňěâőď ąěčãéĺå ćőńŋ . . . . . . . . . . . . . . . . . . . . 83 11.1.3 Ňěâőď äãŋďăňěŋâăńìŋëå àěèěŋĺľ . . . . . . . . . . . . 94 11.1.4 Ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ . . . . . . . . . . 104 11.1.5 Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě — ňěâőď áâőïçĺå ćőńŋ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 11.2 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ ŕăàăąőńĺçěáłőčő âĺŕă 136 11.2.1 Ťĺğĺçěáłĺě ğăďăçĺ, ŕàĺćőďïéĺě ł ãàăćŋěŋĺïň ŕăàăąőńĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . . . . . . . 136 11.2.2 Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăç ďńï ãàăćŋěŋĺľ ŕăàăąőńĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . . . . . 138 11.2.3 Ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ . . . . . . . . . . 142 11.2.4 Ňěâőď Ťãàìě àăğďěńěŋĺï ŕěàěňěŋŋëå . . . . . . . . . . 145 11.3 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă . 151 11.3.1 Ŕàĺňěàë äĺğĺçěáłĺå ğăďăç, ŕàĺćőďïéĺå ł ãàăćŋěŋĺïň íńńĺŕâĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . . . 151 11.3.2 Łőààěłâŋőáâì ŕőáâăŋőćłĺ łàăěćëå ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . 152

11.3.3 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 11.3.4 Ňěâőď äãŋłæĺľ Čàĺŋă . . . . . . . . . . . . . . . . . . . 156 11.3.5 Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě . . . . . . . . . . 160 11.3.6 Ňěâőď ŕőâěŋæĺăńőć . . . . . . . . . . . . . . . . . . . . . 164

III ĹŊŠĚČŘĂŃŽŊŻĚ ŞŘĂĆŊĚŊĹ§ 175

12 Łńăááĺäĺłăæĺï ńĺŋěľŋëå ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ 177

13 Şàăćŋěŋĺï Ťàěďčőńìňă ćâőàőčő àőďă 179 13.1 Şàăćŋěŋĺï á ćëàőęďěŋŋëň ïďàőň . . . . . . . . . . . . . . . . 179 13.2 Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺľ ćâőàőčő àőďă . . . . . . . . 181 13.3 Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺï Ćőńìâěààă . . . . . . . . . 183 13.4 Ůĺáńěŋŋëě ňěâőďë àěèěŋĺï ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ . . . . . 185 13.5 Šěőàěňë Ťàěďčőńìňă ďńï ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ ćâőàőčő àőďă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

14 Śŕěłâàăńìŋăï âěőàĺï ãàăćŋěŋĺľ Ťàěďčőńìňă á áĺňňěâàĺçŋëňĺ ïďàăňĺ 187 14.0.1 Śćőľáâćă áőąáâćěŋŋëå çĺáěń ĺ áőąáâćěŋŋëå äãŋłæĺľ ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ á áĺňňěâàĺçŋëňĺ ïďàăňĺ . . 187

15 Ğăďăçă Ÿâãàňă-Ńĺãćĺńńï ĺ ĺŋâěčàăńìŋëě ãàăćŋěŋĺï 191 15.1 Ťãŋłæĺï Čàĺŋă łàăěćőľ ğăďăçĺ . . . . . . . . . . . . . . . . . . 191 15.1.1 Śćőľáâćă äãŋłæĺĺ Čàĺŋă . . . . . . . . . . . . . . . . . 191

IV ŔŘĹŃŐĘĚŊĹ§ 195

Ćőŕàőáë ł íłğăňěŋăň 197 .1 Ćőŕàőáë ł łőńńőłćĺãňã ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî . . . . 197 .2 Ćőŕàőáë ł íłğăňěŋã ŕő ňěâőďăň ňăâěňăâĺçěáłőľ äĺğĺłĺ . . . 198 .2.1 Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï . . . . . . . . . . . . . . 198 .2.2 Ĺŋâěčàăńìŋëě ãàăćŋěŋĺï . . . . . . . . . . . . . . . . . . 199

Ăŋŋőâăæĺï

İâő àăğćñàŋãâëľ łőŋáŕěłâ ńěłæĺľ ŕő łãàáã ňăâěňăâĺçěáłőľ äĺğĺłĺ, łőâőpëľ ï çĺâăń ŋă păďĺőäĺğĺçěáłőň äăłãńìâěâě ŊŊČŞ ć 1990- 1999 čč. Łãpá áőáâőĺâ ĺğ âpñå čńăć: ćăpĺăæĺőŋŋőě ĺáçĺáńěŋĺě, ďĺääěpěŋæĺăńìŋëě ãpăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ (ãpăćŋěŋĺï ć çăáâŋëå ŕpőĺğćőďŋëå) ĺ ĺŋâěčpăńìŋëě ãpăćŋěŋĺï. Ŕàĺ ěčő áőáâăćńěŋĺĺ ï ŕëâăńáï áőåàăŋĺâì âěňăâĺłã, áâĺńì ĺ ãàőćěŋì áâàőčőáâĺ, âàăďĺæĺőŋŋëě ďńï àăďĺőäĺğĺçěáłőčő äăłãńìâěâă ĺ áńőęĺćèĺěáï ŕàĺ ŕàőä. Śĺčăńőćě Ă.Č. ĺ ŕàőä. Ňőàőğőćě Ś.Ť., łőâőàëě ďőńčĺě čőďë çĺâăńĺ ďăŋŋëľ łãàá ŋă äăłãńìâěâě. Ŋăĺąőńìèěľ àěćĺğĺĺ á ňőěľ áâőàőŋë ąëń ŕőďćěàčŋãâ àăğďěń “ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě” , çâő áćïğăŋő á ąãàŋëň àăğćĺâĺěň âěőàĺĺ íłáâàěňăńìŋëå ğăďăç, ŕàőĺáèěďèĺň ć ŕőáńěďŋĺě čőďë. Ć őáŋőćã ĺğńőęěŋĺï ďăŋŋőčő àăğďěńă ŕőńőęěŋ łńăááĺçěáłĺľ ćăàĺăæĺőŋŋëľ ŕőďåőď Ńăčàăŋęă ĺ ŕàăćĺńő ňŋőęĺâěńěľ Ńăčàăŋęă łăł ãŋĺćěàáăńìŋëľ áŕőáőą áŋïâĺï ďőŕőńŋĺâěńìŋëå őčàăŋĺçěŋĺľ, ŕőğćőńïîéĺě á ěďĺŋőľ ŕőğĺæĺĺ ĺğńăčăâì łăł łńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ, âăł ĺ áőćàěňěŋŋëě ğăďăçĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï.

Łãàá çĺâăěâáï ďńï áâãďěŋâőć ďŋěćŋőčő őâďěńěŋĺï 2-čő čőďă őąãçěŋĺï ć âěçěŋĺě 2-å áěňěáâàőć (3-ěčő ĺ 4-őčő) ŕő 1-őľ ńěłæĺĺ ĺ 1-ňã (0.5 - ć 4-őň áěňěáâàě) ŕàăłâĺçěáłőňã ğăŋïâĺî ć ŋěďěńî. Ć 3-ň áěňěáâàě ŕàőćőďĺâáï łőńńőłćĺãň ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî, ć 4-őň - íłğăňěŋ ŕő őáâăńìŋëň àăğďěńăň łãàáă. Ć 3-ěň áěňěáâàě ŕàőćőďĺâáï âăłęě ğăçñâ ŕő ŕàăłâĺłě. Šěłáâ ńěłæĺľ ŋăąàăŋ ŋă L^ATEX-ě ć àěďăłâőàě Scientific Word ĺ áćőąőďŋő àăáŕàőáâàăŋïěâáï ć äőàňăâăå PostScript (ďńï GSView) ĺ Pdf (ďńï Acrobat Reader). § ąńăčőďăàěŋ ćáěň, ãłăğăćèĺň ŋă őŕěçăâłĺ ĺ ŋěâőçŋőáâĺ ć ďăŋŋőň âěłáâě, łőâőàëå, ćőğňőęŋő, őáâăńőáì ěéñ ŋěňăńő. Śńěďãěâ őâňěâĺâì, çâő ďăŋŋëľ łőŋáŕěłâ ŋě ňőęěâ áńãęĺâì ŕőńŋőæěŋŋőľ ğăňěŋőľ ńĺçŋőčő łőŋáŕěłâă áâãďěŋâă, ŕőáłőńìłã ŋěłőâőàëě ďěâăńĺ ĺğńőęěŋĺï ć ŋěň őŕãéěŋë. Ć âő ęě ćàěňï őŋ ňőęěâ ąëâì ŕőńěğěŋ áâãďěŋâăň ŕàĺ ŕőďčőâőćłě ł íłğăňěŋăň ŕő ďăŋŋőňã łãàáã, ŕőğćőńïï ĺň ćőááâăŋőćĺâì ŋěďőáâăîéĺě ĺńĺ ŋěŕőŋïâëě ĺňĺ àăğďěńë łãàáă. Ć łőŋæě łãàáă ŕàĺćěďěŋë áŕĺáłĺ ćőŕàőáőć ł íłğăňěŋã ĺ łőńńőłćĺãňã ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî, ă âăłęě ŕàőčàăňňă ŕàőćěďěŋĺï ŕàăłâĺçěáłĺå ğăŋïâĺľ ŕő ćáěňã łãàáã.

Ůăáâì I

ĆĂŘĹĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ

1

Čńăćă 1

Őáŋőćŋëě ŕőŋïâĺï

1.1 İłáâàěňăńìŋëě ğăďăçĺ

Őŕàěďěńěŋĺě 1. Ťãŋłæĺőŋăńőň ŋă ňŋőęěáâćě ďőŕãáâĺňëå íńěňěŋâőć D = {d} ŋăğëćăěâáï ńîąăï ćěéěáâćěŋŋőğŋăçŋăï äãŋłæĺï őâ d : f : D → R Ŕàĺňěàë:

a) D = {1, 2, ..., 125} — ňŋőęěáâćő áâãďěŋâőć ć ăãďĺâőàĺĺ;

f (d) = ŋőňěà ğăçñâŋőľ łŋĺęłĺ áâãďěŋâă d; b) D = R, f (d) = cos d;

c) D = R^n, d = (d_1, ..., d_n) , f (d) = ‖d‖_2 = √_n ∑ i=1 d^2_i ;

d) D = C [a, b] , d ≡ y (·) — ŋěŕàěàëćŋăï äãŋłæĺï őâ x ∈ [a, b], f (d) = ‖d‖_{C[a,b]} = max {|y (x)| , x ∈ [a, b]} — ŋőàňă äãŋłæĺĺ ć ďăŋŋőň ŋőàňĺàőćăŋŋőň ŕàőáâàăŋáâćě.

Őŕàěďěńěŋĺě 2. Ŕãáâì f — äãŋłæĺőŋăń ŋă ňŋőęěáâćě ďőŕãáâĺňëå íńěňěŋâőć D. İłáâàěňăńìŋőľ ğăďăçěľ f → max_D

ŋăğëćăěâáï ğăďăçă őâëáłăŋĺï íńěňěŋâőć d^∗ ∈ D (àěèěŋĺľ íłáâàěňăńìŋőľ ğăďăçĺ), ďńï łőâőàëå f (d^∗) ≥ f (d) ∀d ∈ D. Ňŋőęěáâćő ćáěå àěèěŋĺľ őąőğŋăçăěâáï arg max_D f.^1

Ć ğăćĺáĺňőáâĺ őâ áćőľáâć ňŋőęěáâćă ďőŕãáâĺňëå íńěňěŋâőć íłáâàěňăńìŋëě ğăďăçĺ ňőčãâ ŋăğëćăâìáï ŕő-àăğŋőňã.

Ŕàĺňěàë:

1Ğăňěâĺň, çâő á âěőàěâĺçěáłőľ âőçłĺ ğàěŋĺï ďőáâăâőçŋő őčàăŋĺçĺâìáï àăááňőâàěŋĺěň ğăďăçĺ ŋă ňăłáĺňãň, â.ł. ńîąăï ğăďăçă ŋă ňĺŋĺňãň áćőďĺâáï ł íłćĺćăńěŋâŋőľ ğăďăçě ŋă ňăłáĺňãň ďńï äãŋłæĺőŋăńă á ŕàőâĺćőŕőńőęŋëň ğŋăłőň.

• D — łőŋěçŋőě ĺńĺ áçñâŋőě ňŋőęěáâćő — ğăďăçă ďĺáłàěâŋőčő ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï;

• D ⊂ R^n — ğăďăçă ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï (ńĺŋěľŋőčő, ŋěńĺŋěľŋőčő — ć ğăćĺáĺňőáâĺ őâ áőőâćěâáâćãîéěčő áćőľáâćă äãŋłæĺőŋăńă);

• D — ňŋőęěáâćő äãŋłæĺľ ŋěŕàěàëćŋőčő ăàčãňěŋâă — ćăàĺăæĺőŋŋăï ğăďăçă (ğăďăçă őŕâĺňăńìŋőčő ãŕàăćńěŋĺï, ğăďăçă ďĺŋăňĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï — ć ğăćĺáĺňőáâĺ őâ áŕěæĺäĺłĺ ŕőáâăŋőćłĺ).

1.1.1 Ůěâëàě őáŋőćŋëå ćőŕàőáă âěőàĺĺ íłáâàěňăńìŋëå ğăďăç

f → max_D (1.1)

• Śãéěáâćőćăŋĺě àěèěŋĺľ ğăďăçĺ (1.1);

• Ěďĺŋáâćěŋŋőáâì àěèěŋĺï;

• Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă: { d^∗ ∈ arg max_D f } → {ŊŞİ} ; • Ďőáâăâőçŋëě ãáńőćĺï íłáâàěňãňă: {ĎŞİ} → { d^∗ ∈ arg max_D f }

1.1.2 Ğăďăçă ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï (łàăâłăï áŕàăćłă ĺğ łãàáă ňăâěňăâĺçěáłőčő ăŋăńĺğă)

Ğăďăçă ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï

f → max_{D⊂Rn} (1.2)

ĺğãçăěâáï âàăďĺæĺőŋŋő ć łãàáăå ňăâěňăâĺçěáłőčő ăŋăńĺğă. Ŋăŕőňŋĺň őáŋőćŋëě ĺğćěáâŋëě ŋăň àěğãńìâăâë.

• Śãéěáâćőćăŋĺě àěèěŋĺï.

Šěőàěňă (Ł.Ćěľěàèâàăáá). Ŕãáâì D — łőňŕăłâŋőě^2 ňŋőęěáâćő ĺ f — ŋěŕàěàëćŋăï äãŋłæĺï ŋă D. Šőčďă ğăďăçă (1.2) ĺňěěâ àěèěŋĺě.

• Ěďĺŋáâćěŋŋőáâì.

Šěőàěňă. Ěáńĺ f — ćëŕãłńăï äãŋłæĺï ŋă ćëŕãłńőň ňŋőęěáâćě^3 D, âő àěèěŋĺě ğăďăçĺ (1.2) ňőęěâ ąëâì âőńìłő őďŋő.

2Ğăňłŋãâőě őčàăŋĺçěŋŋőě.

3Ňŋőęěáâćő D ć ńĺŋěľŋőň ŕàőáâàăŋáâćě ŋăğëćăěâáï ćëŕãłńëň, ěáńĺ őŋő ćňěáâě á łăęďëňĺ áćőĺňĺ ďćãňï âőçłăňĺ áőďěàęĺâ ĺ ćěáì őâàěğőł ĺå áőěďĺŋïîéĺľ. Ťãŋłæĺï f : D → R áçĺâăěâáï ćëŕãłńőľ, ěáńĺ ∀d_1, d_2 ∈ D ĺ ∀α ∈ [0, 1]

f (αd_1 + (1 − α) d_2) ⩽ αf (d_1) + (1 − α) f (d_2) .

ČŃĂĆĂ 1. ĆĆĚĎĚŊĹĚ Ć ŠĚŐŘĹđ İŁŚŠŘĚŇŞŇĂ 5

• Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă.

Šěőàěňă 1. Ŕãáâì D — őâłàëâőě ňŋőęěáâćő, x^∗ ∈ arg max_D f , ĺ áãéěáâćãîâ ďĺääěàěŋæĺăńë df (x^∗), d^2f (x^∗) . Šőčďă

df (x^∗) = 0 (âěőàěňă Ťěàňă) ,

d^2f (x^∗) ≤ 0.

(ćâőàőľ ďĺääěàěŋæĺăń ïćńïěâáï ŋěŕőńőęĺâěńìŋő őŕàěďěńñŋŋőľ łćăďàăâĺçŋőľ äőàňőľ ŕàĺàăéěŋĺľ dx ŋěğăćĺáĺňëå ŕěàěňěŋŋëå). Šěőàěňă 2 (Ŕàăćĺńő ňŋőęĺâěńěľ Ńăčàăŋęă). Ŕãáâì

D = {x ∈ R^n : g_1 (x) = g_2 (x) = · · · = g_m (x) = 0} .

Ěáńĺ x^∗ ∈ arg max_D f, ĺ áãéěáâćãîâ ďĺääěàěŋæĺăńë df (x^∗), dg_k (x^∗) , k = 1, m, âő ŋăľďãâáï ŋě ćáě àăćŋëě ŋãńî çĺáńă λ^∗_0, λ^∗_{1,}..., λ^∗_m (ňŋőęĺâěńĺ Ńăčàăŋęă) âăłĺě, çâő ďńï äãŋłæĺĺ Ńăčàăŋęă

L (x, λ) ≡ λ_0f (x) + λ_1g_1 (x) + ... + λ_mg_m (x) ćëŕőńŋěŋë ãáńőćĺï {_{∂L} ∂x_i (x ∗, λ^∗) = 0, i = 1, n ∂L ∂λ_k (x ∗, λ^∗) ≡ g_k (x^∗) = 0, k = 1, m

• Ďőáâăâőçŋëě ãáńőćĺï.

Šěőàěňă. Ŕãáâì D — őâłàëâőě ňŋőęěáâćő ĺ ć âőçłě x^∗ ∈ D

df (x^∗) = 0, d^2f (x^∗) < 0 (d^2f (x^∗) — őâàĺæăâěńìŋő őŕàěďěńěŋŋăï łćăďàăâĺçŋăï äőàňă). Šőčďă x^∗ — âőçłă ńőłăńìŋőčő ňăłáĺňãňă äãŋłæĺĺ f ŋă ňŋőęěáâćě D.

1.1.3 Ćăàĺăæĺőŋŋëě ğăďăçĺ

f → max_D (1.3) Ğďěáì D — ć őąéěň áńãçăě ŕàőĺğćőńìŋőě ňŋőęěáâćő äãŋłæĺľ ŋěŕàěàëćŋőčő ăàčãňěŋâă.

Śãéěáâćãîâ ďćă őáŋőćŋëå ŕàĺěňă ĺááńěďőćăŋĺï (ŕőńãçěŋĺï ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă) ŕőďőąŋëå ğăďăç:

• Łńăááĺçěáłĺľ ćăàĺăæĺőŋŋëľ ŕőďåőď (İľńěà, Ńăčàăŋę ĺ ďà.) — áćěďěŋĺě ğăďăçĺ á ŕőňőéìî ĺáłãááâćěŋŋëå ŕàĺñňőć ł ĺááńěďőćăŋĺî ŋěłőâőàëå ćáŕőňőčăâěńìŋëå ğăďăç ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï.

• Śőćàěňěŋŋëľ äãŋłæĺőŋăńìŋëľ ŕőďåőď (Čĺńìąěàâ, Ŋěľňăŋ ĺ ďà.) — őąőąéěŋĺě łőŋæěŕæĺĺ ŕàőĺğćőďŋőľ ŋă ŕàőáâàăŋáâćă ąěáłőŋěçŋőľ àăğňěàŋőáâĺ (Čăâő, Ťàěèě ĺ ďà.) ĺ äőàňãńĺàőćăŋĺě ŋěőąåőďĺňëå ãáńőćĺľ ć âěàňĺŋăå íâĺå őąőąéěŋĺľ.

1.1.4 Łńăááĺçěáłĺľ ćăàĺăæĺőŋŋëľ ŕőďåőď (ňěâőď Ńăčàăŋęă)

Ňěâőď Ńăčàăŋęă ŕőńãçěŋĺï ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ćăàĺăæĺőŋŋëå ğăďăçăå áćïğăŋ á ŕőáâàőěŋĺěň â.ŋ. ďőŕãáâĺňőľ ćăàĺăŋâë íłáâàěňăńìŋőčő íńěňěŋâă.

Ŕãáâì d^∗ — àěèěŋĺě íłáâàěňăńìŋőľ ğăďăçĺ (1.3). Řăááňőâàĺň ŕàőĺğćőńìŋőě áěňěľáâćő {d_ε, ε ∈ R^n } (ďőŕãáâĺňãî ćăàĺăŋâã íńěňěŋâă d^∗), ãďőćńěâćőàïîéěě ãáńőćĺïň:

1. d_ε ∈ D ∀ε, |ε| < ε_0, ε_0 — ŋěłőâőàőě ŕőńőęĺâěńìŋőě çĺáńő;

2. d_0 = d^∗.

Řăááňőâàĺň äãŋłæĺî φ (ε) ≡ f (d_ε) . İâő ãęě äãŋłæĺï łőŋěçŋőňěàŋőčő ćěłâőàă ε ∈ R^k. Őçěćĺďŋő, çâő { d^∗ ∈ arg max_D f } ⇒ { 0 ∈ arg max_{|ε|<ε0} φ } ⇒ { dφ (0) = 0 d^2φ (0) ≤ 0

(ďěľáâćĺâěńìŋő, φ (0) = f (d^∗) ≥ f (d_ε) = φ (ε)). Ćëàăęăï ŕőńãçěŋŋëě ãáńőćĺï ć âěàňĺŋăå äãŋłæĺőŋăńă f, ŕőńãçăěň ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ďńï ĺáåőďŋőľ ğăďăçĺ (1.3).

Ŕàĺňěçăŋĺě. Ěáńĺ ε — áłăńïàŋăï ćěńĺçĺŋă, âő ŕěàćăï ŕàőĺğćőďŋăï

φ^′ (0) ≡ lim_{ε→0} φ (ε) − φ (0) ε = lim_{ε→0} f (d_ε) − f (d^∗) ε ≡ δf ŋăğëćăěâáï ŕěàćőľ ćăàĺăæĺěľ äãŋłæĺőŋăńă f ŋă ďőŕãáâĺňőľ ćăàĺăŋâě {d_ε, ε ∈ R}, ćâőàăï ŕàőĺğćőďŋăï φ^{′′} (0) ≡ δ^2f — ćâőàőľ ćăàĺăæĺěľ ĺ â.ď. §áŋő, çâő ćĺď ćăàĺăæĺĺ, ă âăłęě áĺńă áőőâćěâáâćãîéĺå ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă (â.ě. ĺå ŕőâěŋæĺăńìŋëě ćőğňőęŋőáâĺ ŕő ćëďěńěŋĺî ćőğňőęŋëå àěèěŋĺľ ğăďăçĺ ĺğ ňŋőęěáâćă ďőŕãáâĺňëå íńěňěŋâőć) őŕàěďěńïîâáï łőŋáâàãłæĺěľ ďőŕãáâĺňőľ ćăàĺăŋâë. Ŕőíâőňã ĺğőąàěâěŋĺě ŋőćőľ łőŋáâàãłæĺĺ ćăàĺăŋâë ŕőğćőńïěâ ĺááńěďőćăâì ŋőćëě àăŋěě ŋěĺááńěďőćăŋŋëě łńăááë ćăàĺăæĺőŋŋëå ğăďăç. Ĺğ ŋăĺąőńěě ĺğćěáâŋëå łőŋáâàãłæĺľ őâňěâĺň łńăááĺçěáłãî (Ńăčàăŋę), ĺčőńìçăâãî (Ćěľěàèâàăáá), ĺňŕãńìáŋãî (Ňăłèěľŋ) ćăàĺăŋâë.

Čńăćă 2

Łńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ

2.1 Ŕàőáâěľèăï ğăďăçă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (A)

f (d) ≡ J (y (·)) =

x_1∫

x_0 F (x, y (x) , y^′ (x)) dx → max_D ,

D = { d ≡ y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1 } . Ğďěáì x_0, x_{1,}y_0, y_1 — ğăďăŋŋëě ćěńĺçĺŋë, F (·, ·, ·) ∈ C^3 ( R^3 ) — ğăďăŋŋăï äãŋłæĺï (ĺŋâěčàăŋâ ĺńĺ ńăčàăŋęĺăŋ äãŋłæĺőŋăńă).

Ŕàĺňěàë.

• Ŕàĺŋæĺŕ Ťěàňă: ćőńŋă ć ŋěőďŋőàőďŋőľ áàěďě ćëąĺàăěâ ďńï áćőěčő àăáŕàőáâàă-

ŋěŋĺï âőâ ŕãâì ňěęďã ďćãňï âőçłăňĺ áàěďë, ŋă łőâőàëľ ěľ ŕőâàěąãěâáï ňĺŋĺňăńìŋőě ćàěňï — ĺŋâěčàăń T = ∫ dt = ∫ ^AB ds v ŕàĺŋĺňăěâ áćőñ ňĺŋĺňăńìŋőě ğŋăçěŋĺě ŕàĺ ěčő ćëçĺáńěŋĺĺ ćďőńì âàăěłâőàĺĺ àăáŕàőáâàăŋěŋĺï ćőńŋë, áőěďĺŋïîéěľ ďćě ğăďăŋŋëě âőçłĺ áàěďë A ĺ B, ć áàăćŋěŋĺĺ á ěčő ğŋăçěŋĺïňĺ ŋă ńîąëå ďàãčĺå łàĺćëå ^AB. Ć çăáâŋőň áńãçăě ďćãňěàŋőľ áàěďë (v = v (x, y))

T = x_1∫

x_0

√ 1 + (y^′)^2 v (x, y (x)) dx → min .

• Ąàăåĺáâőåàőŋă (“Ŋőćăï ğăďăçă, ł àěèěŋĺî łőâőàőľ ŕàĺčńăèăîâáï ňăâěňăâĺłĺ” . Ĺ.Ąěàŋãńńĺ, 1696)

Ŋăľâĺ ãàăćŋěŋĺě ďãčĺ ^AB, ŕő łőâőàőľ ąãáĺŋłă áłăâëćăěâáï ŕőď ďěľáâćĺěň áĺńë âïęěáâĺ ğă ňĺŋĺňăńìŋőě ćàěňï (âàěŋĺě őâáãâáâćãěâ) x

y g

A

B x_1

Ŕőďőąŋőľ ğăďăçěľ ğăŋĺňăńáï ěéñ Čăńĺńěľ. Ěňã ŕàĺŋăďńěęĺâ ďőłăğăâěńìáâćő, çâő ŕàĺ ďćĺęěŋĺĺ ŕő ďãčě őłàãęŋőáâĺ ćàěňï ďőáâĺęěŋĺï ňěŋìèě, çěň ŕàĺ ďćĺęěŋĺĺ ŕő åőàďě. Ŕőńŋőě àěèěŋĺě ğăďăçĺ ďăńĺ (ŕőňĺňő áăňőčő Ĺ.Ąěàŋãńńĺ) Ńěľąŋĺæ, §.Ąěàŋãńńĺ ĺ “őďĺŋ ăŋőŋĺň ĺğ Ăŋčńĺĺ ” (Ĺ.Ŋìîâőŋ). Ĺŋâěàěáŋő őâňěâĺâì, çâő ćáě àěèěŋĺï ąëńĺ àăğńĺçŋë ĺ ŕőàőďĺńĺ ćŕőáńěďáâćĺĺ ŋăŕàăćńěŋĺï ć ćăàĺăæĺőŋŋőň ĺáçĺáńěŋĺĺ.

Ďńï ćăàĺăæĺőŋŋőľ ŕőáâăŋőćłĺ ğăďăçĺ ŋăľďěň áłőàőáâì ąãáĺŋłĺ ŕàĺ ŕàőåőęďěŋĺĺ čőàĺğőŋâă h. Ĺğ ğăłőŋă áőåàăŋěŋĺï ňěåăŋĺçěáłőľ íŋěàčĺĺ ĺňěěň mv^2 2 = mgh = mgy ⇒ v = √ 2gy,

T = x_1∫

0

√ 1 + (y^′)^2 √ 2gy dx → min . (2.1)

2.1.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (A) łńăááĺçěáłĺň ćăàĺăæĺőŋŋëň ňěâőďőň

Ŕãáâì y^∗ (·) — àěèěŋĺě ğăďăçĺ (A), η (·) — ŕàőĺğćőńìŋăï äãŋłæĺï łńăááă C^2 [x_0, x_1], ďńï łőâőàőľ η (x_0) = η (x_1) = 0. Ŕőáâàőĺň łńăááĺçěáłãî ćăàĺăŋâã íłáâàěňăńìŋőčő íńěňěŋâă y^∗ (·): y_ε (x) ≡ y^∗ (x) + εη (x) , ε ∈ R. Őçěćĺďŋő, çâő y_ε (·) ∈ D ∀ε ĺ y_0 (·) = y^∗ (·), ŕőíâőňã ďăŋŋăï ćăàĺăŋâă ïćńïěâáï ďőŕãáâĺňőľ.

Ŕãáâì φ (ε) ≡ J (y_ε) =

x_1∫

x_0 F (x, y_ε (x) , y^′_ε (x)) dx = = x_1∫

x_0 F (x, y^∗ (x) + εη (x) , y^{∗′} (x) + εη^′ (x)) dx. Ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ŕěàćőčő ĺ ćâőàőčő ŕőàïďłőć ĺňěîâ ćĺď

δJ ≡ φ^′ (0) = 0, δ^2J ≡ φ^{′′} (0) ≤ 0.

Ćëçĺáńĺň ãłăğăŋŋëě ŕàőĺğćőďŋëě äãŋłæĺĺ φ. Ďĺääěàěŋæĺàãï ĺŋâěčàăń^1 ŕő ŕăàăňěâàã ε, ĺňěěň

φ^′ (ε) =

x_1∫

x_0 (_{∂F} ∂y η +^{∂F}_{∂y′} η^′ ) dx, φ^{′′} (ε) =

x_1∫

x_0 (_{∂2F} ∂y^2 η 2 + 2^{∂2F}_{∂y∂y′} ηη^′ +^{∂2 F}_{∂y′2} η^{′2} ) dx. (2.2)

Ďăńěě,_{x1} ∫ x_0 ∂F ∂y^′ η ′dx =^{∂F}_{∂y′} η|^{x1}_{x0} 0 − x_1∫

x_0 η^d_{dx}^{∂F}_{∂y′} dx =

= − x_1∫

x_0 η^d_{dx}^{∂F}_{∂y′} dx, x_1∫

x_0 2^{∂2F}_{∂y∂y′} ηη^′ dx = x_1∫

x_0

∂^2F ∂y∂y^′ d dx η^2 dx = =^{∂2 F}_{∂y∂y′} η^2 |_{x1} x_0 0 − x_1∫

x_0 η^{2 d}_{dx}^{∂2F}_{∂y∂y′} dx =

= − x_1∫

x_0 η^{2 d}_{dx}^{∂2F}_{∂y∂y′} dx Ŕőďáâăćńïï ďăŋŋëě ćëàăęěŋĺï ć (2.2) ĺ ŕőńăčăï ε = 0, ŕőńãçăěň ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ć ćĺďě áńěďãîéĺå ďćãå ĺŋâěčàăńìŋëå áőőâŋőèěŋĺľ^2: ďńï ńîąőľ äãŋłæĺĺ η (·) ∈ C^2 [x_0, x_1] á ŋãńěćëňĺ čàăŋĺçŋëňĺ ãáńőćĺïňĺ η (x_0) = η (x_1) = 0 áŕàăćěďńĺćë àăćěŋáâćă

φ^′ (0) =

x_1∫

x_0 ( ∂F ∂y − d dx ∂F ∂y^′ ) η dx = 0, (2.3)

φ^{′′} (0) =

x_1∫

x_0 [( ∂^2F ∂y^2 − d dx ∂^2F ∂y∂y^′ ) η^2 +

∂^2F ∂y^{′2} (η^′)^2 ] dx ≤ 0. (2.4)

Ďńï ŕőńãçěŋĺï ĺğ íâĺå ĺŋâěčàăńìŋëå ãáńőćĺľ ąőńěě ŕàőáâëå, ďĺääěàěŋæĺăńìŋëå, ďőłăęěň áŕěàćă áńěďãîéĺě ďćă ćáŕőňőčăâěńìŋëě ãâćěàęďěŋĺï.

Ńěňňă 1. (Őáŋőćŋăï ńěňňă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï — Ńěňňă Ńăčàăŋęă)

Ŕãáâì ψ (x) — ŋěŕàěàëćŋăï äãŋłæĺï ŋă ğăňłŋãâőň őâàěğłě [x_0, x_1] , ĺ ďńï ńîąőľ ŕàőąŋőľ äãŋłæĺĺ η (·) ∈ C^2 [x_0, x_1] , łőâőàăï ãďőćńěâćőàïěâ čàăŋĺçŋëň ãáńőćĺïň η (x_0) = η (x_1) = 0, ĺňěěâ ňěáâő àăćěŋáâćő

1Ďĺääěàěŋæĺàőćăŋĺě ŕő ŕăàăňěâàã ŕőď ğŋăłőň ĺŋâěčàăńă ć ďăŋŋőň áńãçăě ďőŕãáâĺňő — áň. áćőľáâćă ĺŋâěčàăńă Řĺňăŋă. Ćő ćáěå ŕőńãçěŋŋëå ćëàăęěŋĺïå ğŋăçěŋĺï ćáěå çăáâŋëå ŕàőĺğćőďŋëå äãŋłæĺĺ F ąěàãâáï ć âěłãéěľ âőçłě (x, y^∗ (x) + εη (x) , y^{∗′} (x) + εη^′ (x)).

2Őâňěâĺň, çâő ğďěáì ĺ ďăńěě ćáě áőďěàęăéĺě ĺŋâěčàăŋâ F ćëàăęěŋĺï ćëçĺáńïîâáï ć âěłãéĺå âőçłăå ( x, y^∗ (x) , y^{∗′} (x) ) , ŋăŕàĺňěà, ∂F ∂y ≡ ∂F ∂y ( x, y^∗ (x) , y^{∗′} (x) )

ĺ â.ď.

x_1∫

x_0 ψ (x) η (x) dx = 0. Šőčďă

ψ (x) = 0 ∀x ∈ [x_0, x_1] .

Ďőłăğăâěńìáâćő. Ďőŕãáâĺň, çâő ψ (ξ) > 0 ć ŋěłőâőàőľ âőçłě ξ ∈ [x_0, x_1]. Ŕãáâì âőçłă ξ ∈ (x_0, x_1)^3. Šőčďă ćáńěďáâćĺě ŋěŕàěàëćŋőáâĺ äãŋłæĺĺ ψ (·) áãéěáâćãěâ őłàěáâŋőáâì âőçłĺ ξ, ďńï őŕàěďěńñŋŋőáâĺ Δ ≡ (ξ − δ, ξ + δ), δ > 0 , ć łőâőàőľ ćěğďě ψ (x) > 0 . Řăááňőâàĺň ŕàőąŋãî äãŋłæĺî η (·) áńěďãîéěčő ćĺďă

η (x) = { 0, x ∉ Δ (x − ξ + δ)^4 (x − ξ − δ)^4 , x ∈ Δ . Őçěćĺďŋő, çâő

x_1∫

x_0 ψ (x) η (x) dx = ξ+δ∫ ξ−δ ψ (x) η (x) dx > 0. Ŋő íâő ŕàőâĺćőàěçĺâ ãáńőćĺî ńěňňë. Śńěďőćăâěńìŋő ĺáåőďŋőě ŕàěďŕőńőęěŋĺě ŋěćěàŋő ĺ ψ (x) = 0 ∀x ∈ [x_0, x_1] . Ńěňňă ďőłăğăŋă.

Ńěňňă 2. Ŕãáâì A (x) , B (x) — ŋěŕàěàëćŋëě ŋă ğăňłŋãâőň őâàěğłě [x_0, x_1] äãŋłæĺĺ, ĺ ďńï ńîąőľ ŕàőąŋőľ äãŋłæĺĺ η (·) ∈ C^2 [x_0, x_1] á η (x_0) = η (x_1) = 0 áŕàăćěďńĺćő ŋěàăćěŋáâćő

x_1∫

x_0 ( A (x) η^2 (x) + B (x) η^{′2} (x) ) dx ≤ 0. Šőčďă

B (x) ≤ 0 ∀x ∈ [x_0, x_1]

(ąěğ ďőłăğăâěńìáâćă).

Ğăňěçăŋĺě. Ć ďăŋŋëå ńěňňăå ňőęŋő ąëńő áçĺâăâì η (·) ∈ C^n [x_0, x_1], 1 ≤ n ≤ ∞. Ďőłăęĺâě íâő.

Ŕàĺňěŋïï ďőłăğăŋŋëě ńěňňë ł (2.3),(2.4), ŕőńãçăěň áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă (ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ć ğăďăçě (A)). Ěáńĺ y^∗ (·) — àěèěŋĺě ğăďăçĺ (A), âő ďńï ćáěå x ∈ [x_0, x_1] ∂F ∂y (x, y^∗ (x) , y^{∗′} (x)) − d dx ∂F ∂y^′ (x, y^∗ (x) , y^{∗′} (x)) = 0 (2.5)

(ãàăćŋěŋĺě İľńěàă) ĺ

∂^2F ∂y^{′2} (x, y^∗ (x) , y^{∗′} (x)) ≤ 0 (ãáńőćĺě Ńěęăŋďàă).

3Śńãçăľ čàăŋĺçŋëå âőçěł áńěďãěâ àăááňőâàěâì őâďěńìŋő.

Őŕàěďěńěŋĺï.

1. Ćáïłőě àěèěŋĺě y (·) ∈ C^2 [x_0, x_1] ãàăćŋěŋĺï İľńěàă (2.5) ∂F ∂y − d dx ∂F ∂y^′ = 0 ŋăğëćăěâáï íłáâàěňăńìî (íâőčő ãàăćŋěŋĺï, ă âăłęě äãŋłæĺőŋăńă J ĺ ńăčàăŋęĺăŋă F ).

2. Ďőąăćńïï ł ãàăćŋěŋĺî İľńěàă čàăŋĺçŋëě ãáńőćĺï ďńï íłáâàěňăńĺ, ŕőńãçăěň â.ŋ. łàăěćãî ğăďăçã İľńěàă {_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} = 0, y (x_0) = y_0, y (x_1) = y_1.

Ğăňěçăŋĺě. Şàăćŋěŋĺě İľńěàă ŕàěďáâăćńïěâ áőąőľ łćăğĺńĺŋěľŋőě (â.ě. ńĺŋěľŋőě ŕő áâăàèěľ ŕàőĺğćőďŋőľ) őąëłŋőćěŋŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă. Ďěľáâćĺâěńìŋő, ćğïć ćåőďïéãî ć ńěćãî çăáâì ŕőńŋãî ŕàőĺğćőďŋãî^d_{dx} , ŕőńãçăěň ãàăćŋěŋĺě ć àăğćñàŋãâőň ćĺďě ∂F ∂y − ∂^2F ∂y^′∂x − ∂^2F ∂y^′∂y y^′ − ∂^2F ∂y^{′2} y^{′′} = 0. Łăł ĺğćěáâŋő ĺğ łãàáă őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ, őąéěě àěèěŋĺě ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă áőďěàęĺâ ďćě ŕàőĺğćőńìŋëě ŕőáâőïŋŋëě: y (x) = Φ (x, C_1, C_2). Ďńï ĺå őŕàěďěńěŋĺï ã ŋăá ěáâì ďćă čàăŋĺçŋëå ãáńőćĺï: { Φ (x_0, C_1, C_2) = y_0 Φ (x_1, C_1, C_2) = y_1 .

İâă ŋěńĺŋěľŋăï ăńčěąàăĺçěáłăï áĺáâěňă ĺňěěâ ć ďőáâăâőçŋő őąéěň áńãçăě ěďĺŋáâćěŋŋőě àěèěŋĺě C^∗_1 , C^∗_2 , áńěďőćăâěńìŋő, ŕàĺ íâőň łàăěćăï ğăďăçă İľńěàă ŕőğćőńïěâ ŕàěďěńìŋő áãğĺâì ňŋőęěáâćő ŕőďőğàěćăěňëå ŋă íłáâàěňãň äãŋłæĺľ ďő őďŋőčő ěďĺŋáâćěŋŋőčő íńěňěŋâă y^∗ (x) = Φ (x, C^∗_1 , C^∗_2 ). Őâňěâĺň, çâő ŕőďőąŋőě áćőľáâćő ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ŋăğëćăěâáï ĺå ŕőńŋőâőľ.

2.1.2 Ŕěàćëě ĺŋâěčàăńë ãàăćŋěŋĺï İľńěàă

Ĺňěěâáï ŋěáłőńìłő ďőáâăâőçŋő őąéĺå áńãçăěć, łőčďă ãďăñâáï ńěčłő ŕőŋĺğĺâì ŕőàïďőł ãàăćŋěŋĺï İľńěàă. Ćőâ őŋĺ: • F ≡ F (x, y) Šăł łăł ŕàĺ íâőň F^′_y′ ≡ 0, âő ãàăćŋěŋĺě İľńěàă ĺňěěâ ćĺď ∂F ∂y (x, y) = 0. İâő ŋě ďĺääěàěŋæĺăńìŋőě, ă ăńčěąàăĺçěáłőě ãàăćŋěŋĺě. Ňŋőęěáâćő àěèěŋĺľ ŕőďőąŋëå ãàăćŋěŋĺľ őąëçŋő áńĺèłőň ąěďŋő^4, çâőąë ňőęŋő

4Őąéěě àěèěŋĺě ŋě áőďěàęĺâ ŕàőĺğćőńìŋëå ŕőáâőïŋŋëå.

ąëńő àăááçĺâëćăâì ŋă ŋăåőęďěŋĺě ć ŋñň äãŋłæĺĺ á čàăäĺłőň, ŕàőåőďïéĺň çěàěğ ďćě ğăďăŋŋëě âőçłĺ ŋă ŕńőáłőáâĺ. Śńěďőćăâěńìŋő, łàăěćăï ğăďăçă İľńěàă (ă á ŋěľ ĺ ćăàĺăæĺőŋŋăï ğăďăçă) ć ďăŋŋőň áńãçăě, łăł ŕàăćĺńő, àěèěŋĺľ ŋě ĺňěěâ. • F ≡ F (x, y^′) Ğďěáì ňë ĺňěěň F^′_y ≡ 0, áńěďőćăâěńìŋő, ãàăćŋěŋĺě İľńěàă ĺňěěâ äőàňã d dx ∂F ∂y^′ (x, y) = 0. Ŕőáńě ĺŋâěčàĺàőćăŋĺï ŕőńãçăěň ěčő ŕěàćëľ ĺŋâěčàăń ∂F ∂y^′ (x, y) = C_1,

čďě C_1 — ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï. İâőâ ŕěàćëľ ĺŋâěčàăń (ŕő âàăďĺæĺĺ ĺ ć áőőâćěâáâćĺĺ á âěň ğŋăçěŋĺěň, łőâőàőě őŋ ĺňěěâ ć ňěåăŋĺłě) ŋăğëćăěâáï ĺŋâěčàăńőň ĺňŕãńìáă. • F ≡ F (y, y^′) Ďőłăęěň, çâő ć íâőň áńãçăě ňë ĺňěěň áńěďãîéĺľ ĺŋâěčàăń íŋěàčĺĺ:

F − y^′F^′_y′ = C_2.

Ć áăňőň ďěńě, ěáńĺ y (x) — íłáâàěňăńì, âő ćëçĺáńïï ŋă ŋěľ ŕőńŋãî ŕàőĺğćőďŋãî äãŋłæĺĺ F − y^′F^′_y′ , ŕőńãçăěň d dx ( F − y^′F^′_y′ ) = F^′_y y^′ + F^′_y′ y^{′′} − y^{′′}F^′_y′ − y^′F^{′′}_y′_yy^′ − y^′F^{′′}_y′_y′ y^{′′} = = y^′ ( F^′_y − F^{′′}_y′_yy^′ − F^{′′}_y′_y′ y^{′′} ) = y^′ ( F^′_y − d dx F^′_y′ )

≡0 ≡ 0.

• F ≡ M (x, y) + y^′N (x, y) — áńãçăľ ńĺŋěľŋőčő (ŕő őâŋőèěŋĺî ł ŕàőĺğćőďŋőľ y^′) ĺŋâěčàăŋâă. Ğďěáì ňë ĺňěěň ∂F ∂y −^d_{dx}^{∂F}_{∂y′} ≡^{∂M}_{∂y} + y^{′ ∂N}_{∂y} − y^{′ ∂N}_{∂y} −^{∂N}_{∂x} ≡ ≡^{∂M}_{∂y} (x, y) −^{∂N}_{∂x} (x, y) = 0, ĺ, áńěďőćăâěńìŋő, ãàăćŋěŋĺě İľńěàă, łăł ĺ ć ŕěàćőň áńãçăě, ćëàőęďăěâáï ć ăńčěąàăĺçěáłőě ãàăćŋěŋĺě. Řăááňőâàĺň áńěďãîéĺě ďćă ńőčĺçěáłĺ ćőğňőęŋëě ćăàĺăŋâă: 1) M^′_y − N^′_x ≡ 0. (2.6)

Ğďěáì ãàăćŋěŋĺě İľńěàă äăłâĺçěáłĺ ĺňěěâ ćĺď 0 ≡ 0, ĺ ŕőíâőňã ńîąăï äãŋłæĺï y (·) ∈ C^2 [x_0, x_1] ïćńïěâáï ěčő íłáâàěňăńìî. Ąőńěě âőčő, ďńï ńîąőľ âăłőľ äãŋłæĺĺ, ãďőćńěâćőàïîéěľ ěéñ ĺ čàăŋĺçŋëň ãáńőćĺïň, äãŋłæĺőŋăń ĺňěěâ őďŋő ĺ âő ęě ğŋăçěŋĺě. Ďěľáâćĺâěńìŋő, ãáńőćĺě (2.6) ïćńïěâáï ďőáâăâőçŋëň ďńï âőčő, çâőąë ďĺääěàěŋæĺăńìŋăï äőàňă Mdx + Ndy ąëńă ŕőńŋëň ďĺääěàěŋæĺăńőň ŋěłőâőàőľ äãŋłæĺĺ ďćãå ŕěàěňěŋŋëå Φ (x, y): dΦ (x, y) ≡ Mdx + Ndy. Ŕőíâőňã ćěńĺçĺŋă äãŋłæĺőŋăńă ŋě ğăćĺáĺâ őâ ŕàőąŋőľ äãŋłæĺĺ, ă őŕàěďěńïěâáï ńĺèì ěě čàăŋĺçŋëňĺ ğŋăçěŋĺïňĺ:

J (y (·)) =

x_1∫

x_0

(Φ (x, y (x)))^′ dx = Φ (x, y (x))|^{x1}_{x0} =

= Φ (x_1, y_1) − Φ (x_0, y_0) .

Ňë ňőęěň, áńěďőćăâěńìŋő, áłăğăâì, çâő ńîąăï âăłăï äãŋłæĺï ïćńïěâáï àěèěŋĺěň ćăàĺăæĺőŋŋőľ ğăďăçĺ (ĺńĺ, çâő ŕőáńěďŋïï ïćńïěâáï ćëàőęďěŋŋőľ). 1. M^′_y − N^′_x ≢ 0. Ć íâőň áńãçăě ãàăćŋěŋĺě İľńěàă ŋě ćëàőęďăěâáï ć âàĺćĺăńìŋőě, őďŋăłő, ňŋőęěáâćő íłáâàěňăńěľ ïćńïěâáï ňăńőňőéŋëň. Śńěďőćăâěńìŋő, ćăàĺăæĺőŋŋăï ğăďăçă, łăł ŕàăćĺńő, àěèěŋĺľ ŋě ĺňěěâ.

Ŕàĺňěà (ąàăåĺáâőåàőŋă — áň. (2.1)). Ďńï ĺŋâěčàăŋâă F ≡ √ 1 + (y^′)^2 y ãàăćŋěŋĺě İľńěàă ĺňěěâ ĺŋâěčàăń íŋěàčĺĺ F − y^′F^′_y′ = 1 √ y ( 1 + (y^′)^2 ) = Ĉ

(ć őŕâĺłě ďăŋŋëľ ĺŋâěčàăń ĺğćěáâěŋ łăł ğăłőŋ Śŋěńńĺãáă^5 :^{cos α}_v = const, čďě α — ãčőń áłőńìęěŋĺï âàăěłâőàĺĺ ŕő őâŋőèěŋĺî ł čőàĺğőŋâã). Śńěďőćăâěńìŋő, y ( 1 + (y^′)^2 ) = C. İâő — őąëłŋőćěŋŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ŕěàćőčő ŕőàïďłă, ŋě àăğàěèñŋŋőě őâŋőáĺâěńìŋő ŕàőĺğćőďŋőľ. Ďńï ěčő ĺŋâěčàĺàőćăŋĺï ććěďñň ŕăàăňěâà

y^′ = ctg t 2 . Šőčďă y =^C_{1+(y′)2} = C sin^{2 t}_2 = =^C_2 (1 − cos t) ,

5Ĺňěŋŋő ŋă íâőň őáŋőćăŋő àěèěŋĺě ğăďăçĺ ő ąàăåĺáâőåàőŋě, łőâőàőě ďăń §.Ąěàŋãńńĺ. Ğăňěâĺň, çâő őŋ ŋě ćëćěń ďăŋŋőě áőőâŋőèěŋĺě łăł áńěďáâćĺě ãàăćŋěŋĺï İľńěàă, ă ŋăŕàőâĺć, ćğïń ěčő ğă ĺáåőďŋőě, ĺáåőďï ĺğ őŕâĺłő-ňěåăŋĺçěáłőľ ăŋăńőčĺĺ ğăďăçĺ.

dx = dy y^′ = C 2 (1 − cos t) dt. Ć ĺâőčě ňë ŕőńãçăěň àěèěŋĺě ãàăćŋěŋĺï ć ŕăàăňěâàĺçěáłőľ äőàňě: { x = C_1 (t − sin t) + C_2 y = C_1 (1 − cos t)

(æĺłńőĺďă^6 ).

Ďńï ŋăçăńìŋőľ âőçłĺ x (0) = y (0) = 0, ŋăŕàĺňěà, ŕőńãçăěň áńěďãîéěě áěňěľáâćő íłáâàěňăńěľ { x = C (t − sin t) y = C (1 − cos t) .

Şáńőćĺě Ńěęăŋďàă ć ďăŋŋőľ ğăďăçě ĺňěěâ ćĺď

∂^2F ∂y^{′2} (x, y, y^′) ≡ 1 √ y ( 1 + (y^′)^2

)_{3/2} > 0

ĺ ćëŕőńŋěŋő ŋă ńîąőľ íłáâàěňăńĺ. Ĺğ ŋěčő, ćŕàőçěň, ćëâěłăěâ, çâő íłáâàěňãň ňőęěâ ąëâì âőńìłő ňĺŋĺňãňőň.

2.2 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ (B)

Ğďěáì ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ^7 ĺňěěâ ćĺď D = { y (x) ≡ {y_1 (x) , y_2 (x) , ..., y_n (x)} : y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1 } , ă äãŋłæĺőŋăń ŋă ŋñň —

J (y (·)) =

x_1∫

x_0

F (x, y (x) , y^′ (x)) dx → max,

čďě F (·, ·, ·) ∈ C^3 ( R^{2n+1} ) . 2.2.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (B) ćăàĺăæĺőŋŋëň ňěâőďőň

Ŕãáâì y^∗ (·) — àěèěŋĺě ğăďăçĺ, η (·) ≡ {η_1 (·) , ..., η_n (·)} ∈ C^2 [x_0, x_1] — ŕàőĺğćőńìŋăï ćěłâőà-äãŋłæĺï, ãďőćńěâćőàïîéăï čàăŋĺçŋëň ãáńőćĺïň η (x_0) = η (x_1) = 0, ε = {ε_1, ε_2, ..., ε_n} — ŕàőĺğćőńìŋëľ ćěłâőà ć R^n.

6Šàăěłâőàĺï čŋĺńőčő ïąńőłă, ŕàĺńĺŕèěčő ł łőńěáã łăàěâë Ĺ.Ąěàŋãńńĺ, łăâïéěňãáï (ő łőńěáě) ąěğ ŕàőáłăńìğëćăŋĺï ŕő ąãńëęŋőľ (?) ňőáâőćőľ Ąăğěńï ...

7Ŕàőáâàăŋáâćő C^2 [x_0, x_1] ŕő őŕàěďěńěŋĺî áőáâőĺâ ĺğ ćěłâőà-äãŋłæĺľ, łőňŕőŋěŋâë łőâőàëå ŕàĺŋăďńěęăâ C^2 [x_0, x_1].

Őŕàěďěńĺň ćăàĺăŋâã íłáâàěňăńìŋőľ äãŋłæĺĺ y^∗ (·) áńěďãîéĺň őąàăğőň^8:

y_ε (x) ≡ y^∗ (x) + ε♭η (x) ≡ ≡ {y^∗_1 (x) + ε_1η_1 (x) , ..., y^∗_n (x) + ε_nη_n (x)} .

Ńěčłő ŕàőćěàĺâì^9 ďőŕãáâĺňőáâì ďăŋŋőľ ćăàĺăŋâë. Ŕãáâì

φ (ε) ≡ J (y_ε (·)) = = x_1∫

x_0

F (x, y^∗_1 (x) + ε_1η_1 (x) , ..., y^∗_n (x) + ε_nη_n (x) , ...

, y^{∗′}_1 (x) + ε_1η^′_1 (x) , ..., y^{∗′}_n (x) + ε_nη^′_n (x) ) dx. Ŋěőąåőďĺňőě ãáńőćĺě ć ğăďăçě φ (ε) → max_{|ε|<ε0} ďńï ŕőďőğàěćăěňőľ âőçłĺ ε = 0 ĺňěěâ ćĺď

∇φ (0) = 0.

Ŕőíâőňã ∂φ ∂ε_k (0) =

x_1∫

x_0 ( ∂F ∂y_k − d dx ∂F ∂y^′_k ) η_k (x) dx = 0, k = 1, n.

Ŕàĺňěŋïï ńěňňã 1, ćëćőďĺň őâáîďă ŋěőąåőďĺňőě ãáńőćĺě íłáâàěňãňă ć äőàňě áĺáâěňë ãàăćŋěŋĺľ İľńěàă: ∂F ∂y_k − d dx ∂F ∂y^′_k = 0, k = 1, n, ĺńĺ ć äőàňě ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă ∇_yF − d dx ∇_y′ F = 0. (2.7)

Śâőĺâ őâňěâĺâì, çâő ć áŕàăćěďńĺćőáâĺ ďăŋŋëå ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ňőęŋő ąëńő ãąěďĺâìáï ĺ ŕàőéě, ĺáåőďï ĺğ àěğãńìâăâőć ŕőńãçěŋŋëå ďńï ŕàěďëďãéěľ ćăàĺăæĺőŋŋőľ ğăďăçĺ. Ć áăňőň ďěńě, äĺłáĺàãï ńîąëě n−1 łőňŕőŋěŋâë äãŋłæĺĺ y∗ (·), ňë ŕàĺåőďĺň, ŕő-áãéěáâćã, ł ğăďăçě ŋăåőęďěŋĺï ŕőáńěďŋěľ n-őľ łőňŕőŋěŋâë, ďőáâăćńïîéěľ íłáâàěňãň äãŋłæĺőŋăńã. Ŋő íâő ãęě ğăďăçă łńăááă (Ă) ĺ áńěďőćăâěńìŋő, ŋěőąåőďĺňëň ãáńőćĺěň íłáâàěňãňă ć ŋěľ ïćńïěâáï ćëŕőńŋěŋĺě ãàăćŋěŋĺï İľńěàă ŕő ďăŋŋőľ łőňŕőŋěŋâě.

8Ćěłâőàŋăï őŕěàăæĺï ♭ äăłâĺçěáłĺ őŕàěďěńïěâáï ćëàăęěŋĺěň ć äĺčãàŋëå áłőąłăå. Ŋăćěàŋőě, íâã őŕěàăæĺî ňőęŋő ćëàăğĺâì çěàěğ ĺğćěáâŋëě ćěłâőàŋëě őŕěàăæĺĺ. Ŕőŕëâăľâěáì ...

9Ŕàőćěàìâě!

2.2.2 Ĺŋâěčàăńë ćěłâőàŋőčő ãàăćŋěŋĺï İľńěàă

• Ěáńĺ äãŋłæĺï F ŋě ğăćĺáĺâ őâ ŕěàěňěŋŋőľ y_k, ãàăćŋěŋĺě İľńěàă (2.7) ĺňěěâ ĺŋâěčàăń ĺňŕãńìáă^{10} ∂F ∂y^′_k = C_k.

• Ěáńĺ äãŋłæĺï F ŋě ğăćĺáĺâ ïćŋő őâ ŕěàěňěŋŋőľ x, ãàăćŋěŋĺě ĺňěěâ ĺŋâěčàăń íŋěàčĺĺ −H ≡ F − ⟨ y^′, ∇_y′ F ⟩ = = F − n∑ k=1 y^′_kF^′_{yk} = C.

Ŕàĺňěàë.

• Ŕàĺŋæĺŕ Čăňĺńìâőŋă.

Ŕãáâì áőáâőïŋĺě ňěåăŋĺçěáłőľ áĺáâěňë ć ňőňěŋâ ćàěňěŋĺ t őďŋőğŋăçŋő őŕàěďěńïěâáï ğăďăŋĺěň k ćěńĺçĺŋ q_{1,}q_{2,}..., q_k — őąőąéñŋŋëňĺ łőőàďĺŋăâăňĺ áĺáâěňë á k áâěŕěŋïňĺ áćőąőďë.

Ŕàĺŋæĺŕ ŋăĺňěŋìèěčő ďěľáâćĺï: ŋă ğăďăŋŋőň ĺŋâěàćăńě ćàěňěŋĺ t ∈ [t_0, t_1] ňěåăŋĺçěáłăï áĺáâěňă íćőńîæĺőŋĺàãěâ ćďőńì íłáâàěňăńěľ äãŋłæĺőŋăńă ďěľáâćĺï

S= t_1∫

t_0 L (t, q (t) , q̇ (t)) dt,

čďě L (t, q, q̇) — ńăčàăŋęĺăŋ (äãŋłæĺï Ńăčàăŋęă) áĺáâěňë, q̇ (t) ≡ d dt q (t) . Ĺğ áäőàňãńĺàőćăŋŋőčő ŕàĺŋæĺŕă ŋăĺňěŋìèěčő ďěľáâćĺï^{11} ćëâěłăîâ áńěďãîéĺě ãàăćŋěŋĺï ďćĺęěŋĺï ňěåăŋĺçěáłőľ áĺáâěňë ∂ L ∂q_i − d dt ∂ L ∂q̇_i = 0, i = 1, k

(ãàăćŋěŋĺï Ńăčàăŋęă — őáŋőćŋëě ãàăćŋěŋĺï łńăááĺçěáłőľ ňěåăŋĺłĺ).

1. Ďćĺęěŋĺě áćőąőďŋőľ ňăâěàĺăńìŋőľ âőçłĺ.

Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě ĺğőâàőŕŋőáâì ĺ őďŋőàőďŋőáâì ŕàőáâàăŋáâćă ĺ őďŋőàőďŋőáâì ćàěňěŋĺ, ĺňěěň ğďěáì q ≡ r, q̇ ≡ v, L ≡ L ( v^2 ) . Śńěďőćăâěńìŋő, ãàăćŋěŋĺï Ńăčàăŋęă ďăîâ ∂ L ∂v_i = const ⇒ v = −−−→ const

— ŕěàćëľ ğăłőŋ Ŋìîâőŋă.

10Šőçŋěě, ğăłőŋ áőåàăŋěŋĺï áőőâćěâáâćãîéěľ k-őľ łőňŕőŋěŋâë ĺňŕãńìáă. 11Őáŋőćŋőľ ŕőáâãńăâ âěőàěâĺçěáłőľ äĺğĺłĺ.

2. Ğăňłŋãâăï áĺáâěňă ĺğ N ňăâěàĺăńìŋëå âőçěł.

Ğďěáì q ≡ {r_1, r_2, ..., r_N }, q̇ ≡ {v_1, v_2, ..., v_N },

L = N∑ i=1 m_i |v_i|^2 2 − U (r_1, ..., r_N )

čďě U — ŕőâěŋæĺăńìŋăï íŋěàčĺï ćğăĺňőďěľáâćĺï âőçěł ňěęďã áőąőľ. Şàăćŋěŋĺï Ńăčàăŋęă ĺňěîâ ćĺď m_i dv_i dt = −∇_{ri} U

— ćâőàőľ ğăłőŋ Ŋìîâőŋă.

• Šàăěłâőàĺĺ ćőńŋ ć ŋěőďŋőàőďŋőľ áàěďě (ŕàĺąńĺęěŋĺě čěőňěâàĺçěáłőľ őŕâĺłĺ).

Śőčńăáŋő ŕàĺŋæĺŕã Ťěàňă “âàăěłâőàĺï ćőńŋë”^{12} r = r (τ ) , τ ∈ [τ_0, τ_1] ć âàñåňěàŋőľ ŋěőďŋőàőďŋőľ áàěďě ďőáâăćńïěâ ňĺŋĺňãň äãŋłæĺőŋăńã ćàěňěŋĺ àăáŕàőáâàăŋěŋĺï T = ∫ ^AB ds c(r) = τ_1∫

τ_0 |ṙ(τ )| c(r(τ)) dτ = = τ_1∫

τ_0

√_{ẋ2(τ)+ẏ2(τ)+ż2 (τ)} c(x(τ ),y(τ),z(τ)) dτ , čďě c (r) — áłőàőáâì ćőńŋë ć âőçłě r . Ćëŕĺáëćăï áőőâćěâáâćãîéĺě ãàăćŋěŋĺï İľńěàă ďńï ďăŋŋőčő äãŋłæĺőŋăńă, ŕőńãçăěň áńěďãîéĺě őáŋőćŋëě ãàăćŋěŋĺï čěőňěâàĺçěáłőľ őŕâĺłĺ — ńãçěćëě ãàăćŋěŋĺï

n^′_x |ṙ (τ)| −^d_{dτ} n^ẋ_{|ṙ(τ)|} = 0, n^′_y |ṙ (τ)| −^d_{dτ} n^ẏ_{|ṙ(τ)|} = 0, n^′_z |ṙ (τ )| −^d_{dτ} n^ż_{|ṙ(τ)|} = 0,

(2.8)

čďě n (r) ≡ c_0/c (r) — ŕőłăğăâěńì ŕàěńőňńěŋĺï.

1. Őďŋőàőďŋăï áàěďă n (r) ≡ n_0.

Ć íâőň áńãçăě ĺğ (2.8) ŕőńãçăěň ẋ |ṙ(τ)| = c̃1, ẏ |ṙ(τ)| = c̃2, ż |ṙ(τ)| = c̃3, ŕőíâőňã, àěèăï ďăŋŋãî áĺáâěňã łăł ăńčěąàăĺçěáłãî őâŋőáĺâěńìŋő ŕàőĺğćőďŋëå, ŕőńãçăěň ŕőáńě ĺŋâěčàĺàőćăŋĺï

ẋ = c_1, ẏ = c_2, ż = c_3 ⇒ x (τ) = c_1τ + d_1, y (τ) = c_2τ + d_2, z (τ ) = c_3τ + d_3

— ŕàïňăï ć ŕàőáâàăŋáâćě.

12Ŋě ąãďěň ãâőçŋïâì, çâő íâő âăłőě — áň. äĺğĺçěáłĺě łãàáë.

2. Śâàăâĺäĺæĺàőćăŋŋăï áàěďă n (r) ≡ n (z).

Ğďěáì ňë ĺňěěň ŕàěęďě ćáěčő { n^ẋ_{|ṙ(τ)|} = c̃_1, n^ẏ_{|ṙ(τ)|} = c̃_2,

ŕőíâőňã ćěńĺçĺŋë ẋ ĺ ẏ ŕàőŕőàæĺőŋăńìŋë ĺ ćáï âàăěłâőàĺï ńěęĺâ ć ćěàâĺłăńìŋőľ ŕńőáłőáâĺ αx + βy + γ = 0. Ąěğ ŕőâěàĺ őąéŋőáâĺ ňőęŋő áçĺâăâì ěñ ŕńőáłőáâìî y = 0. Ćőğìňñň âěŕěàì ć łăçěáâćě ŕăàăňěâàă τ ≡ x. Ťãŋłæĺőŋăń ćàěňěŋĺ ğăŕĺèěâáï âőčďă ć ćĺďě T = x_1∫

x_0 n (z (x)) √ 1 + (z^′ (x))^2 dx.

Ŕőáłőńìłã ńăčàăŋęĺăŋ ďăŋŋőčő äãŋłæĺőŋăńă ŋě ğăćĺáĺâ ïćŋő őâ x, ãàăćŋěŋĺě İľńěàă ĺňěěâ ĺŋâěčàăń íŋěàčĺĺ n √ 1 + z^{′2} − z^′n z^′ √ 1 + z^{′2}

= c_1.

Śńěďőćăâěńìŋő, ãàăćŋěŋĺě âàăěłâőàĺĺ —

n (z) = c_1 √ 1 + z^{′2}, (2.9)

ĺńĺ — ć čěőňěâàĺçěáłĺå âěàňĺŋăå —

n (z) cos θ = c_1,

čďě θ — ãčőń ňěęďã âàăěłâőàĺěľ ńãçă ĺ őáìî x (ãčőń áłőńìęěŋĺï ńãçă) — ğăłőŋ ŕàěńőňńěŋĺï (Śŋěńńĺãáă).

Ć àïďě áńãçăěć ãàăćŋěŋĺě (2.9) ãďăñâáï ŕàőĺŋâěčàĺàőćăâì ć íńěňěŋâăàŋëå äãŋłæĺïå.

(a) Ďńï ńĺŋěľŋőčő ŕàőäĺńï c (z) ≡ az + b ãàăćŋěŋĺě (az + b) √ 1 + z^{′2} = c_2

ňőęěâ ąëâì ŕàőĺŋâěčàĺàőćăŋő á ŕőňőéìî ŕőďáâăŋőćłĺ z^′ = tg t ĺ ĺňěěâ àěèěŋĺě { z (t) = −^b_a + c_3 cos t, x (t) = −c_3 sin t + c_4

— ďãčă őłàãęŋőáâĺ ( z +^b_a

)_2 + (x − c_4)^2 = c^2_3.

(b) Ć áńãçăě n^2 (z) ≡ az + b ãàăćŋěŋĺě

az + b = c^2_1 ( 1 + z^{′2} )

ňőęěâ ąëâì ŕàőĺŋâěčàĺàőćăŋő ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå ĺ ĺňěěâ ĺŋâěčàăń

az + b = c^2_1 + a^2 (c_2 ± c_1x)^2

— ďãčĺ łćăďàăâĺçŋëå ŕăàăąőń.

(c) Ŕàĺ n (z) ≡ az + b ãàăćŋěŋĺě

az + b = c_1 √ 1 + z^{′2}

ĺŋâěčàĺàãěâáï ŕőďáâăŋőćłőľ z^′ = sh t : { z =^{c1 ch t−b}_a x =^{c1}_a t + c_2

— ďãčă æěŕŋőľ ńĺŋĺĺ z = 1 a ( c_1 ch ( a (x − c_2) c_1 ) − b ) . 2.3 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ (C)

Ğďěáì ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ őŕĺáëćăěâáï áńěďãîéĺň őąàăğőň

D = y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^{2k} [x_0, x_1] , y (x_0) = y_0, y^′ (x_0) = y^′_0, ..., y^{(k−1)} (x_0) = y^{(k−1)}_0 , y (x_1) = y_1, y^′ (x_1) = y^′_1, ..., y^{(k−1)} (x_1) = y^{(k−1)}_1 ,

čďě x_0, x_1, y_0, y^′_0, ..., y^{(k−1)}_0 , y_1, y^′_1, ..., y^{(k−1)}_1 — ğăďăŋŋëě ćěńĺçĺŋë, ă äãŋłæĺőŋăń ĺňěěâ ćĺď

J (y (·)) =

x_1∫

x_0 F ( x, y (x) , y^′ (x) , ..., y^{(k)} (x) ) dx → max_D ,

čďě F (·, ·, ..., ·) ∈ C^{k+1} ( R^{k+1} ) . 2.3.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (C) ćăàĺăæĺőŋŋëň ňěâőďőň

Ŕãáâì y^∗ (·) ∈ D — àěèěŋĺě ğăďăçĺ (C), η (·) ∈ C^{2k} [x_0, x_1] — ŕàőĺğćőńìŋăï äãŋłæĺï, ãďőćńěâćőàïîéăï čàăŋĺçŋëň ãáńőćĺïň { η (x_0) = 0, η^′ (x_0) = 0, ..., η^{(k−1)} (x_0) = 0 , η (x_1) = 0, η^′ (x_1) = 0, ..., η^{(k−1)} (x_1) = 0.

Őŕàěďěńĺň ďőŕãáâĺňãî ćăàĺăŋâã íłáâàěňăńìŋőčő íńěňěŋâă y^∗ (·) ćëàăęěŋĺěň y_ε (x) = y^∗ (x) + εη (x) , ε ∈ R.

Ŕãáâì φ (ε) = J (y_ε (·)) = = x_1∫

x_0 F ( x, y_ε (x) , y^′_ε (x) , ..., y^{(k)}_ε (x) ) dx.

Ďńï ŕěàćőľ ćăàĺăæĺĺ äãŋłæĺőŋăńă âőčďă ŕőńãçăěň δJ = φ^′ (0) = = x_1∫

x_0 (_{∂F} ∂y η +^{∂F}_{∂y′} η^′ + ... +^{∂F}_{∂y(k)} η^{(k)} ) dx, čďě ćáě çăáâŋëě ŕàőĺğćőďŋëě ćëçĺáńěŋë ŋă y^∗ (·): ∂F ∂y^{(l)} (x) ≡ ∂F ∂y^{(l)} ( x, y^∗ (x) , y^{∗′} (x) , ..., y^{∗(k)} (x) ) , ... Ŕàěőąàăğãěň ćëàăęěŋĺě ďńï ŕěàćőľ ćăàĺăæĺĺ. Ĺŋâěčàĺàãï ŕő çăáâïň ĺ ãçĺâëćăï čàăŋĺçŋëě ãáńőćĺï ďńï ŕàőąŋőľ äãŋłæĺĺ η (x), ŕőńãçăěň

x_1∫

x_0 ∂F ∂y^′ η ′ dx = η^{∂F}_{∂y′} | |^{x1}_{x0} −

x_1∫

x_0 η^d_{dx}^{∂F}_{∂y′} dx = − x_1∫

x_0 η^d_{dx}^{∂F}_{∂y′} dx, x_1∫

x_0 ∂F ∂y^{′′} η ′′ dx = η^{′ ∂F}_{∂y′′} | | |^{x1}_{x0} −

x_1∫

x_0 η^{′ d}_{dx}^{∂F}_{∂y′′} dx = = −η^d_{dx}^{∂F}_{∂y′′} | |^{x1} x_0 + x_1∫

x_0 η^{d2}_{dx2}^{∂F}_{∂y′′} dx = x_1∫

x_0 η^{d2}_{dx2}^{∂F}_{∂y′′} dx, , ..., x_1∫

x_0 ∂F ∂y^{(k)} η (k) dx = (−1)^k

x_1∫

x_0 η^{dk}_{dxk}^{∂F}_{∂y(k)} dx. Ŕőíâőňã δJ = x_1∫

x_0 ( ∂F ∂y − d dx ∂F ∂y^′ + ... + (−1)^k d^k dx^k ∂F ∂y^{(k)} ) η dx = 0. Ŕàĺňěŋïï őąőąéěŋĺě őáŋőćŋőľ ńěňňë ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (áň.

ğăňěçăŋĺě ł ŋěľ), ŕőńãçăěň őâáîďă áńěďãîéěě ãàăćŋěŋĺě (İľńěàă-) Ŕãăááőŋă_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} + ... + (−1)^{k dk}_{dxk}^{∂F}_{∂y(k)} = = k∑ l=0 (−1)^{l dl}_{dxl}^{∂F}_{∂y(l)} = 0 — ŋěőąåőďĺňőě ãáńőćĺě íłáâàěňãňă ć ğăďăçě (Ś).

2.4 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ (B&C)

Ěáńĺ łńăáá ďőŕãáâĺňëå äãŋłæĺľ áőáâőĺâ ĺğ äãŋłæĺľ ćěłâőàŋőčő âĺŕă:

D = y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^{2k} [x_0, x_1] , y (x_0) = y_0, y^′ (x_0) = y^′_0, ..., y^{(k−1)} (x_0) = y^{(k−1)}_0 , y (x_1) = y_1, y^′ (x_1) = y^′_1, ..., y^{(k−1)} (x_1) = y^{(k−1)}_1 ,

čďě y_0, y^′_0, ..., y^{(k−1)}_0 ,y_1, y^′_1, ..., y^{(k−1)}_1 — ğăďăŋŋëě ćěłâőàë á n łőňŕőŋěŋâăňĺ, ĺ äãŋłæĺőŋăń ŋă D ĺňěěâ ćĺď

J (y (·)) =

x_1∫

x_0 F ( x, y (x) , y^′ (x) , ..., y^{(k)} (x) ) dx → max_D , âő ŋěőąåőďĺňëň ãáńőćĺěň íłáâàěňãňă ąãďěâ ïćńïâìáï áńěďãîéăï áĺáâěňă ãàăćŋěŋĺľ (İľńěàă-) Ŕãăááőŋă k∑ l=0 (−1)^l d^l dx^l ∂F ∂y^{(l)}_i = 0, i = 1, n

(ďőłăęĺâě íâő!).

2.5 Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ (E)

Ğďěáì ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ D = { z (x, y) : (x, y) ∈ Ω, z (·, ·) ∈ C^2 (Ω) , z (x, y)|_{∂Ω} = α (x, y) } , čďě Ω — ğăďăŋŋőě ŕőďňŋőęěáâćő R^2 á čńăďłőľ čàăŋĺæěľ ∂Ω, α (·, ·) — ğăďăŋŋăï ŋěŕàěàëćŋăï äãŋłæĺï ŋă ∂Ω. Ťãŋłæĺőŋăń ğăďăŋ ć ćĺďě ďćőľŋőčő ĺŋâěčàăńă J (z (·, ·)) = ∫∫ Ω F ( x, y, z (x, y) , z^′_x (x, y) , z^′_y (x, y) ) dxdy → max_D ,

čďě F (x, y, z, p, q) ∈ C^2 ( R^5 ) . 2.5.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ğăďăçě (E) ćăàĺăæĺőŋŋëň ňěâőďőň

Ŕãáâì z^∗ (·, ·) — àěèěŋĺě ğăďăçĺ (E), η (x, y) ∈ C^2 (Ω) — ŕàőĺğćőńìŋăï (ŕàőąŋăï) äãŋłæĺï, ãďőćńěâćőàïîéăï čàăŋĺçŋőňã ãáńőćĺî η (x, y)|_{∂Ω} = 0. Ćăàĺăŋâă z_ε (x, y) ≡ z^∗ (x, y) + εη (x, y), ε ∈ R, őçěćĺďŋő, ïćńïěâáï ďőŕãáâĺňőľ. Ŕőńőęĺň

φ (ε) = ∫ ∫ Ω F ( x, y, z_ε (x, y) , z^′_{εx} (x, y) , z^′_{εy} (x, y) ) dxdy. Ďńï ŕěàćőľ ćăàĺăæĺĺ äãŋłæĺőŋăńă ŕőńãçăěň

δJ = φ^′ (0) = = ∫∫ Ω ( F^′_z η + F^′_pη^′_x + F^′_q η^′_y ) dxdy = 0. (2.10)

Ŕàĺňěŋïï äőàňãńã Čàĺŋă ∫ ∂Ω^+ (P dx + Q dy) = ∫∫ Ω ( ∂Q ∂x − ∂P ∂y ) dxdy

ďńï P ≡ 0, Q ≡ F^′_pη ĺ ãçĺâëćăï, çâő ŋă čàăŋĺæě äãŋłæĺï η ≡ 0, ŕőńãçăěň ∫∫ Ω ∂ ∂x ( F^′_pη ) dxdy = ∫∫ Ω F^′_pη^′_x dxdy+ + ∫∫ Ω η^∂_{∂x} F^′_p dxdy = ∮ ∂Ω^+ F^′_pη dy = 0.

Śńěďőćăâěńìŋő, ∫∫ Ω F^′_pη^′_x dxdy = − ∫∫ Ω η ∂ ∂x F^′_p dxdy ĺ, áőőâćěâáâćěŋŋő, ∫∫ Ω F^′_q η^′_y dxdy = − ∫∫ Ω η ∂ ∂y F^′_q dxdy.

Ŕőáńě ŕőďáâăŋőćłĺ íâĺå äőàňãń ć (2.10) ŕőńãçăěň áńěďãîéěě ćëàăęěŋĺě ďńï ŕěàćőľ ćăàĺăæĺĺ: δJ = ∫ ∫ Ω ( F^′_z − ∂ ∂x F^′_p − ∂ ∂y F^′_q ) η dxdy = 0. Ĺáŕőńìğãï áőőâćěâáâćãîéěě őąőąéěŋĺě ńěňňë 1, ćëćőďĺň őâáîďă ŋěőąåőďĺňőě ãáńőćĺě íłáâàěňãňă ďńï ğăďăçĺ (E) ć ćĺďě łàăěćőľ ğăďăçĺ ďńï ãàăćŋěŋĺï (İľńěàă-) Őáâàőčàăďáłőčő^{13} : { F^′_z −^∂_{∂x} F^′_p −^∂_{∂y} F^′_q = 0 z|_{∂Ω} = α (x, y) . Ŕàĺňěà (áćőąőďŋëě łőńěąăŋĺï ŋăâïŋãâőčő őâàěğłă ãŕàãčőľ áâàãŋë).

Ŕãáâì u (t, x) — őâłńőŋěŋĺě ć ňőňěŋâ ćàěňěŋĺ t âőçłĺ x áâàãŋë (0 ≤ x ≤ l) őâ ŕőńőęěŋĺï àăćŋőćěáĺï, u (0, t) = u (l, t) = 0. Ďńï łĺŋěâĺçěáłőľ íŋěàčĺĺ ďćĺęěŋĺï ĺ ďńï ŕőâěŋæĺăńìŋőľ íŋěàčĺĺ ãŕàãčĺå áĺń ĺňěěň áőőâćěâáâćěŋŋő

E =^1_2 l∫ 0 ρ(x)u^{′2}_t dx, U =^1_2 l∫ 0 k (x) u^{′2}_x dx, čďě ρ(x) — ŕńőâŋőáâì àăáŕàěďěńěŋĺï ňăááë áâàãŋë, k(x) — ŕăàăňěâà, åăàăłâěàĺğãî-

éĺľ ãŕàãčĺě áćőľáâćă áâàãŋë.

Ďěľáâćĺâěńìŋő, àăááňőâàĺň ňăńëľ íńěňěŋâ áâàãŋë ďńĺŋőľ dx. Ěčő ňăááă dm =

ρdx, ă łĺŋěâĺçěáłăï íŋěàčĺï dE =^1_2 ρu^{′2}_t . Ć ńĺŋěľŋőň ŕàĺąńĺęěŋĺĺ ďőŕőńŋĺâěńìŋăï

ŕőâěŋæĺăńìŋăï íŋěàčĺï ŋăâïęěŋĺï ŕàőŕőàæĺőŋăńìŋă őâŋőáĺâěńìŋőňã ãďńĺŋěŋĺî (ŕőçěňã ŋě łćăďàăâã?) ďńĺŋë íńěňěŋâă:

dU = k dl − dx dx = k (√ 1 + u^{′2}_x − 1 ) dx dx ≃ 1 2 ku^{′2}_x . Ŕő ŕàĺŋæĺŕã Čăňĺńìâőŋă ãàăćŋěŋĺï ďćĺęěŋĺï áâàãŋë ŕàěďáâăćńïîâ áőąőľ ãàăćŋěŋĺï Őáâàőčàăďáłőčő ďńï äãŋłæĺőŋăńă ďěľáâćĺï S = t_1∫

t_0 L dt = t_1∫

t_0 (E − U) dt = =^1_2

t_1∫

t_0 l∫ 0 ( ρ (x) (u^′_t)^2 − k (x) (u^′_x)^2 ) dxdt. 13Ğăňěâĺň, çâő ğďěáì^∂_{∂x} - “ŕőńŋăï çăáâŋăï” ŕàőĺğćőďŋăï ŕő ŕěàěňěŋŋőľ x, âő ěáâì ŕàĺ ďĺääěàěŋæĺàőćăŋĺĺ ŕő ŋěľ áńěďãěâ ãçěáâì ćáě ćăàĺăŋâë ćåőęďěŋĺï ŕěàěňěŋŋőľ ć ďĺääěàěŋæĺàãěňőě ćëàăęěŋĺě.

Śńěďőćăâěńìŋő, ∂ ∂t (ρ (x) u^′_t) +^∂_{∂x} (−k (x) u^′_x) = = ρ (x)^{∂2 u}_{∂t2} −^∂_{∂x} (k (x) u^′_x) = 0.

Şàăćŋěŋĺě

ρ (x)^{∂2 u}_{∂t2} =^∂_{∂x} ( k (x)^{∂u}_{∂x} ) ŋăğëćăěâáï ćőńŋőćëň ãàăćŋěŋĺěň. İâő — őďŋő ĺğ őáŋőćŋëå ãàăćŋěŋĺľ ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ć çăáâŋőň áńãçăě, łőčďă ρ (x) = ρ0 = const, k (x) = k0 = const, őŋő ŕàĺŋĺňăěâ áćőľ ŕàőáâěľèĺľ ćĺď

∂^2u ∂t^2 = a

2 ∂^2u ∂x^2 , čďě a^2 ≡^{k0}_{ρ0} . Őąéěě àěèěŋĺě ŕőáńěďŋěčő ãàăćŋěŋĺï u (t, x) = f (x − at) + g (x + at) , čďě f (·) , g (·) ∈ C^2 (R) — ŕàőĺğćőńìŋëě äãŋłæĺĺ (ŕàőäĺńĺ ćőńŋ). Šăłĺň őąàăğőň,

ŕăàăňěâà a ćëáâãŕăěâ łăł čàãŕŕőćăï áłőàőáâì àăáŕàőáâàăŋěŋĺï ćőńŋ ć áâàãŋě.

2.5.2 Őąőąéěŋĺï ğăďăçĺ (E)

• Śńãçăľ ćěłâőàŋëå äãŋłæĺĺ ĺ ăàčãňěŋâă z (x).

Ć íâőň áńãçăě ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ĺňěîâ äőàňã áĺáâěňë ãàăćŋěŋĺľ (İľńěàă-) Őáâàőčàăďáłőčő:

F^′_{zj} − n∑ i=1 ∂ ∂x_i F^′∂z_{j∂xi} = 0, j = 1, m.

• Śńãçăľ äãŋłæĺőŋăńă áő áâăàèĺňĺ çăáâŋëňĺ ŕàőĺğćőďŋëňĺ.

Ŕãáâì, ŋăŕàĺňěà, äãŋłæĺőŋăń ĺňěěâ ćĺď ∫∫ Ω F ( x, y, z, z^′_x, z^′_y, z^{′′}_{xx}, z^{′′}_{xy}, z^{′′}_{yy} ) dxdy.

Šőčďă ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ňőęŋő ŕőńãçĺâì ć ćĺďě áńěďãîéěčő ãàăćŋěŋĺï İľńěàă-Ŕãăááőŋă-Őáâàőčàăďáłőčő

F^′_z −^∂_{∂x} F^′_z′_x −^∂_{∂y} F^′_z′_y +^{∂2}_{∂x2} F^′_z′′_{xx} + +^{∂2}_{∂x∂y} F^′_z′′_{xy} +^{∂2}_{∂y2} F^′_z′′_{yy} = 0.

Ăŋăńőčĺçŋő ćëćőďïâáï ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ĺ ďńï ąőńěě őąéĺå ğăďăç ŕőďőąŋëå âĺŕőć.

2.6 Ĺğőŕěàĺňěâàĺçěáłăï ğăďăçă (F)

Ć áćőěľ ŕàőáâěľèěľ ŕőáâăŋőćłě ĺğőŕěàĺňěâàĺçěáłăï^{14} ğăďăçă ĺňěěâ ćĺď

J (y (·)) =

x_1∫

x_0 F (x, y (x) , y^′ (x)) dx → max_D , čďě D = y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1, g (y (·)) ≡ x_1∫

x_0

G (x, y (x) , y^′ (x)) dx = l = const, F (·, ·, ·) , G (·, ·, ·) ∈ C^3 ( R^3 ) — ğăďăŋŋëě äãŋłæĺĺ.

Ŕàĺňěà (ğăďăçă Ďĺďőŋë): ŋăľâĺ łàĺćãî ğăďăŋŋőľ ďńĺŋë, őłàãęăîéãî őąńăáâì ňăłáĺňăńìŋőľ ŕńőéăďĺ — ć ŕàőáâěľèěľ ŕőáâăŋőćłě

x_1∫

x_0 ydx → max, y (x_0) = y_0, y (x_1) = y_1,

x_1∫

x_0 √ 1 + y^{′2}dx = l. Śőčńăáŋő ńěčěŋďě, Ďĺďőŋě (825 č. ďő ŋ.í.) — áŕăáăîéěľáï őâ ŕàěáńěďőćăŋĺľ áő áâőàőŋë áćőěčő ąàăâă äĺŋĺłĺľáłőľ æăàěćŋě — ąëńő ŕàěďńőęěŋő ćğïâì áěąě áâőńìłő ğěňńĺ ŋă áěćěàőăäàĺłăŋáłőň ŕőąěàěęìě, áłőńìłő őŋă áňőęěâ “őłàãęĺâì” ąëçìěľ èłãàőľ. Ŋăåőďçĺćăï æăàěćŋă àăğàěğăńă èłãàã ŋă àěňěèłĺ ĺ őčàăďĺńă ŕőńãçěŋŋëň èŋãàőň ğŋăçĺâěńìŋãî çăáâì ŕőąěàěęìï, čďě ĺ őáŋőćăńă łàěŕőáâì Łăàäăčěŋ.

Śďěńăěň čàãąãî őæěŋłã ćőğňőęŋőáâěľ Ďĺďőŋë. Ĺğ čěőňěâàĺĺ ŋăň ĺğćěáâŋő â.ŋ. ĺğőŕěàĺňěâàĺçěáłőě ŋěàăćěŋáâćő : ďńï ńîąőľ ŕńőáłőľ ğăňłŋãâőľ łàĺ- ćőľ S ≤ L^2 4π , čďě L — ŕěàĺňěâà łàĺćőľ, S — ŕńőéăďì ćŋãâàěŋŋěľ őąńăáâĺ. Őâňěâĺň,

çâő ğŋăł àăćěŋáâćă ďőáâĺčăěâáï ďńï őłàãęŋőáâĺ. Ěáńĺ ŕńőéăďì èłãàë

∼2 ň^2, èĺàĺŋă èŋãàă ∼2 ňň, âő ěčő ďńĺŋă ∼^2_{2·10−3} ≃10^3ň. Őâáîďă ć

áĺńã ĺğőŕěàĺňěâàĺçěáłőčő ŋěàăćěŋáâćă S ≤ 10^64π ň2 ∼105ň2 =10 čă, çâő ćŕőńŋě áőŕőáâăćĺňő á àăğňěàăňĺ Łăàäăčěŋă.

2.6.1 Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ć ĺğőŕěàĺňěâàĺçěáłőľ ğăďăçě (F)

Ŕãáâì y^∗ (·) ∈ D — àěèěŋĺě ğăďăçĺ, η (·) ≡ {η_1 (·) , η_2 (·)} ∈ C^2 [x_0, x_1] — ŕàőĺğćőńìŋăï (ŕàőąŋăï) äãŋłæĺï, ãďőćńěâćőàïîéăï čàăŋĺçŋëň ãáńőćĺïň η (x_0) = η (x_1) = 0. Ŕőńőęĺň^{15} y_ε (x) ≡ y^∗ (x) + ⟨ε, η (x)⟩ ≡ ≡ y^∗ (x) + ε_1η_1 (x) + ε_2η_2 (x) .

14Őâ áńőćă “ŕěàĺňěâà” .

15Şčńőćëňĺ áłőąłăňĺ őąőğŋăçěŋő áłăńïàŋőě ŕàőĺğćěďěŋĺě ćěłâőàőć.

Ŕàĺ ŕàőĺğćőńìŋőň ćěłâőàě ε ∈ R^2 äãŋłæĺï y_ε (x) ŋě ŕàĺŋăďńěęĺâ ňŋőęěáâćã ďőŕãáâĺňëå äãŋłæĺľ D, âăł łăł őŋă ŋě ãďőćńěâćőàïěâ, ćőőąéě čőćőàï, ĺğőŕěàĺňěâàĺçěáłőňã ãáńőćĺî g (y (·)) = l = const . Ŕãáâì

E ≡ {ε = (ε_1, ε_2) : ψ (ε_1, ε_2) = l} , čďě ψ (ε_1, ε_2) ≡

x_1∫

x_0 G (x, y_ε (x) , y^′_ε (x)) dx.

Ďńï äãŋłæĺĺ

φ (ε_1, ε_2) ≡

x_1∫

x_0 F (x, y_ε (x) , y^′_ε (x)) dx

àăááňőâàĺň áńěďãîéãî ğăďăçã ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï { φ (ε_1, ε_2) → max_E } ⇔ { φ (ε_1, ε_2) → max ψ (ε_1, ε_2) = l } . (2.11)

Ěáńĺ y^∗ (·) — àěèěŋĺě ğăďăçĺ (F), âő ćěłâőà (0, 0) ïćńïěâáï àěèěŋĺěň ğăďăçĺ (2.11) (ďőłăęĺâě!). Ŕőíâőňã ŕő ŕàăćĺńã Ńăčàăŋęă (áň. àăğďěń 1.1.2) ďńï äãŋłæĺĺ L (ε_1, ε_2, λ_0, λ_1) ≡ λ_0φ (ε_1, ε_2) + λ_1 (ψ (ε_1, ε_2) − l) ,

čďě (λ_0)^2 + (λ_1)^2 > 0, ĺňěěň ć âőçłě (0, 0) {_{∂L} ∂ε_1 = ∂L ∂ε_2 = 0, ∂L ∂λ_1 = ψ (0, 0) − l = 0. Ŋő ∂L ∂ε_{1,2} = x_1∫

x_2 [ λ_0 ( F^′_y −^d_{dx} F^′_y′ ) + λ_1 ( G^′_y −^d_{dx} G^′_y′ )] η_{1,2} (x) dx = = x_1∫

x_2 ( L^′_y −^d_{dx} L^′_y′ ) η_{1,2} (x) dx = 0, čďě L (x, y, y^′) ≡ λ_0F (x, y, y^′) + λ_1G (x, y, y^′) — äãŋłæĺï Ńăčàăŋęă ďńï ĺğőŕěàĺňěâàĺçěáłőľ ğăďăçĺ (F).

Ŕàĺňěŋïï őáŋőćŋãî ńěňňã ćăàĺăæĺőŋőčő ĺáçĺáńěŋĺï, ŕőńãçăěň ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ć áńěďãîéěľ äőàňě

L^′_y −^d_{dx} L^′_y′ = 0, y (x_0) = y_0, y (x_1) = y_1,

x_1∫

x_0 G (x, y (x) , y^′ (x)) dx = l, (λ_0)^2 + (λ_1)^2 > 0.

(2.12)

Ğăňěçăŋĺï

• Őąéěě àěèěŋĺě ãàăćŋěŋĺï Ńăčàăŋęă L^′_y −^d_{dx} L^′_y′ = 0 ćâőàőčő ŕőàïďłă ĺňěěâ ćĺď y = Φ (x, C_1, C_2) . Ďńï őŕàěďěńěŋĺï çěâëàñå ŋěĺğćěáâŋëå ŕőáâőïŋŋëå C_1, C_2, λ_0, λ_1 ĺňěěň çěâëàě ãáńőćĺï: ďćă čàăŋĺçŋëå, ĺğőŕěàĺňěâàĺçěáłőě ĺ ãáńőćĺě ŋěâàĺćĺăńìŋőáâĺ ćěłâőàă (λ_0, λ_1) . Śńěďőćăâěńìŋő, ŋăąőà (2.12) ïćńïěâáï ŕőńŋëň.

• Šăł łăł ćěłâőà (λ_0, λ_1) őŕàěďěńïěâáï á âőçŋőáâìî ďő ŕàőĺğćőńìŋőčő ňŋőęĺâěńï, âő ňőęŋő őčàăŋĺçĺâìáï àăááňőâàěŋĺěň áńěďãîéĺå ďćãå áńãçăěć:

1. ćëàőęďěŋŋëľ áńãçăľ λ_0 = 0, λ_1 = 1; ğďěáì L ≡ G, ŕőíâőňã ćőğňőęŋëě àěèěŋĺï łàăěćőľ ğăďăçĺ ïćńïîâáï íłáâàěňăńïňĺ äãŋłæĺőŋăńă g (y (·)) ĺ ŋě ğăćĺáïâ őâ äãŋłæĺőŋăńă J (y (·)); ŕőďőąŋëě àěèěŋĺï ćăàĺăæĺőŋŋőľ ğăďăçĺ ćőğŋĺłăîâ őąëçŋő ć âěå áńãçăïå, łőčďă ňŋőęěáâćő ďőŕãáâĺňëå íńěňěŋâőć ćëàőęďěŋő (áőďěàęĺâ “ňăńő” íńěňěŋâőć);

2. ŋěćëàőęďěŋŋëľ áńãçăľ λ_0 = 1, λ_1 = λ =?.

• Ćáńěďáâćĺě áĺňňěâàĺĺ ńăčàăŋęĺăŋă L ŕő őâŋőèěŋĺî ł äãŋłæĺïň F ĺ G, íłáâàěňăńĺ őďĺŋăłőćë ć áńěďãîéĺå ďćãå ğăďăçăå { J (y (·)) → max,

g (y (·)) = l } { g (y (·)) → max, J (y (·)) = l_1 } . Ŕőďőąŋëě ğăďăçĺ ŋăğëćăîâáï ďćőľáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ďàãč ł ďàãčã. Ŋăŕàĺňěà, ďćőľáâćěŋŋëňĺ ïćńïîâáï ğăďăçă ő ŕőĺáłě łàĺćőľ ğăďăŋŋőľ ďńĺŋë, őčàăŋĺçĺćăîéěľ äĺčãàã ňăłáĺňăńìŋőľ ŕńőéăďĺ, ĺ ğăďăçă őŕàěďěńěŋĺï äĺčãàë ğăďăŋŋőľ ŕńőéăďĺ á ňĺŋĺňăńìŋőľ ďńĺŋőľ čàăŋĺæë (ć őąőĺå áńãçăïå ĺáłőňăï łàĺćăï — őłàãęŋőáâì).

Ŕàĺňěà (àěèěŋĺě ğăďăçĺ Ďĺďőŋë) . Ďńï ńăčàăŋęĺăŋă

L = λ_0y + λ_1 √ 1 + (y^′)^2

ãàăćŋěŋĺě Ńăčàăŋęă ĺňěěâ ĺŋâěčàăń íŋěàčĺĺ L − y^′L^′_y′ = λ_0y − λ_1 √ 1 + (y^′)^2

= C_1.

Řăááňőâàĺň ćőğňőęŋëě ćăàĺăŋâë:

1. λ_0 = 0, λ_1 = 1

y^′ = C ⇒ y = y_0 + (y_1 − y_0) (_{x−x0} x_1−x_0 ) ⇒ l = √ (x − x_0)^2 + (y_1 − y_0)^2;

Ğăňěâĺň, çâő ć ďăŋŋőň áńãçăě ňŋőęěáâćő ďőŕãáâĺňëå íńěňěŋâőć áőáâőĺâ ĺğ őďŋőľ ěďĺŋáâćěŋŋőľ ńĺŋěľŋőľ äãŋłæĺĺ, çâő áćïğăŋő áő áńĺèłőň ęñáâłĺň ĺğőŕěàĺňěâàĺçěáłĺň ãáńőćĺěň. Ŋă íâőľ ěďĺŋáâćěŋŋőľ äãŋłæĺĺ, ěáâěáâćěŋŋő, ĺ àěăńĺğãěâáï íłáâàěňãň.

2. λ_0 = 1, λ_1 = λ y = C_1 − λ √ 1 + (y^′)^2 . Ś ŕőňőéìî ŕőďáâăŋőćłĺ y^′ = tg t ŋăåőďĺň àěèěŋĺě ć ŕăàăňěâàĺçěáłőľ äőàňě { y = C_1 − λ cos t x = C_2 + λ sin t , ĺńĺ — ć ŋěïćŋőľ äőàňě — (x − C_2)^2 + (y − C_1)^2 = λ^2 — ãàăćŋěŋĺě ďãčĺ őłàãęŋőáâĺ. Łőŋáâăŋâë C_1, C_2, λ ňőčãâ ąëâì őŕàěďěńěŋë ĺğ čàăŋĺçŋëå ĺ ĺğőŕěàĺňěâàĺçěáłőčő ãáńőćĺľ. Ğăňěâĺň, çâő ŕőáńěďŋěě ňőęěâ ąëâì ćëŕőńŋěŋő ńĺèì ŕàĺ ãáńőćĺĺ l ∈ (l_{min}, l_{max}] , čďě ŕőáâőïŋŋëě l_{min}, l_{max} őŕàěďěńïîâáï ĺğ čàăŋĺçŋëå ãáńőćĺľ (l_{min} = √ (x_1 − x_0)^2 + (y_1 − y_0)^2; l_{max} ŋăľďĺâě áăňőáâőïâěńìŋő). Śńěďőćăâěńìŋő, ďńï l ∉ [l_{min}, l_{max}] ğăďăçă Ďĺďőŋë àěèěŋĺï ŋě ĺňěěâ^{16}.

2.6.2 Őąőąéěŋĺï ğăďăçĺ (F)

Ŕãáâì ďőŕãáâĺňëě äãŋłæĺĺ y (·) ć äãŋłæĺőŋăńě

J (y (·)) =

x_1∫

x_0

F (x, y (x) , y^′ (x)) dx → max_D ,

ïćńïîâáï ćěłâőàŋëňĺ, ĺ ĺňěěâáï łőŋěçŋëľ ŋăąőà ĺğőŕěàĺňěâàĺçěáłĺå ãáńőćĺľ: D = y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1, g_i (y (·)) ≡

x_1∫

x_0

G_i (x, y (x) , y^′ (x)) dx = l_i, i = 1, m.

Šőčďă ŋěőąåőďĺňőě ãáńőćĺě íłáâàěňãňă ć ďăŋŋőľ ğăďăçě ąãďěâ ĺňěâì ćĺď áĺáâěňë ∇_yL −^d_{dx} ∇_y′ L = 0, y (x_0) = y_0, y (x_1) = y_1,

x_1∫

x_0

G (x, y (x) , y^′ (x)) dx = l,

(λ_0)^2 + (λ_1)^2 + ... + (λ_m)^2 > 0.

čďě äãŋłæĺï Ńăčàăŋęă L ≡ λ_0F + ⟨λ, G⟩ ≡ λ_0F +^m ∑ i=1 λ_iG_i.

Őâáîďă, ŕěàěåőďï őâ áłăńïàŋőľ äãŋłæĺĺ ł ćěłâőàŋőľ (ŕőćëèăï àăğňěàŋőáâì äãŋłæĺĺ), ňőęŋő âăłęě ŕőńãçĺâì ŋěőąåőďĺňőě ãáńőćĺě ć ĺğőŕěàĺňěâàĺçěáłőľ ğăďăçě áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ: áńěďãěâ ďńï áőőâćěâáâćãîéěľ äãŋłæĺĺ Ńăčàăŋęă ćëŕĺáăâì ãàăćŋěŋĺě Ńăčàăŋęă-Ŕãăááőŋă L^′_y − d dx L^′_y′ + d^2 dx^2 L^′_y′′ − . . . = 0. 16Ďńï âőčő çâőąë ğăďăçă Ďĺďőŋë ĺňěńă àěèěŋĺě ŕàĺ ńîąőň l ≥ l_{min} áńěďãěâ ŕěàěľâĺ ł ŕăàăňěâàĺçěáłőňã őŕĺáăŋĺî äãŋłæĺĺ. Ĺ ć íâőň áńãçăě ěñ àěèěŋĺïňĺ ąãďãâ ďãčĺ őłàãęŋőáâěľ.

2.7 Ğăďăçă Ńăčàăŋęă (G)

Ć ďăŋŋőľ ğăďăçě äãŋłæĺőŋăń

J (y (·)) =

x_1∫

x_0

F (x, y (x) , y^′ (x)) dx → max_D ,

ă ňŋőęěáâćő ďőŕãáâĺňëå íńěňěŋâőć D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_{1,} φ (x, y (x) , y^′ (x)) = 0 ∀x ∈ [x_0, x_1] } , F (·, ·, ·) ∈ C^2 ( R^{2n+1} ) , φ (·, ·, ·) ∈ C^2 ( R^{2n+1} ) . Őčàăŋĺçěŋĺě φ (x, y (x) , y^′ (x)) = 0 ∀x ∈ [x_0, x_1]

ŋăğëćăěâáï äăğőćëň (ďĺääěàěŋæĺăńìŋőľ áćïğìî). Ć ňěåăŋĺłě äăğőćőě őčàăŋĺçěŋĺě ŋăğëćăěâáï čőńőŋőňŋëň, ěáńĺ äãŋłæĺï φ (x, y, y^′) ŋě ğăćĺáĺâ őâ y^′, ĺ ŋěčőńőŋőňŋëň ćő ćáěå ďàãčĺå áńãçăïå.

Šěőàěňă. Ŕãáâì y^∗ (·) — àěèěŋĺě ğăďăçĺ (G). Šőčďă áãéěáâćãîâ ŕőáâőïŋŋăï λ_0 ĺ ćěłâőà-äãŋłæĺï λ (·) ∈ C^1 [x_0, x_1], ŋě àăćŋëě őďŋőćàěňěŋŋŋő ŋãńî (|λ_0| + max_{x∈[x0,x1]} |λ (x)| > 0), âăłĺě, çâő äãŋłæĺï y^∗ (x) ãďőćńěâćőàïěâ

ãàăćŋěŋĺî Ńăčàăŋęă ∇_yL − d dx ∇_y′ L = 0, (2.13) čďě L (x, y, y^′) ≡ λ_0F (x, y, y^′) + ⟨λ (x) , φ (x, y, y^′)⟩ =

= λ_0F (x, y, y^′) +^m ∑ k=1 λ_k (x) φ_k (x, y, y^′)

— ńăčàăŋęĺăŋ ğăďăçĺ.

(ąěğ ďőłăğăâěńìáâćă).

Ŕàĺňěà(čěőďěğĺçěáłĺě ńĺŋĺĺ ŋă ŕőćěàåŋőáâĺ). Ŕãáâì φ (x, y, z) = 0 — ãàăćŋěŋĺě àěčãńïàŋőľ (∇φ ≠ 0 ćő ćáěå âőçłăå) ŕőćěàåŋőáâĺ ć R^3. Řăááňőâàĺň ğăďăçã őŕàěďěńěŋĺï łàĺćőľ ňĺŋĺňăńìŋőľ ďńĺŋë, ńěęăéěľ ŋă íâőľ ŕőćěàåŋőáâĺ ĺ áőěďĺŋïîéěľ ďćě ěñ ğăďăŋŋëě âőçłĺ:

J (r (·)) =

t_1∫

t_0 |ṙ (t)| dt → min, r (t_0) = r_0, r (t_1) = r_1, φ (r (t)) = 0 ∀t ∈ [t_0, t_1] .

İâő âĺŕĺçŋăï ğăďăçă Ńăčàăŋęă (á čőńőŋőňŋëň őčàăŋĺçěŋĺěň). Śőőâćěâáâćãîéĺľ ńăčàăŋęĺăŋ

L = λ_0 |ṙ (t)| + λ_1 (t) φ (r (t)) = = λ_0 √ ẋ^2 + ẏ^2 + ż^2 + λ_1 (t) φ (x (t) , y (t) , z (t)) , čďě r (t) ≡ x (t) i+y (t) j+z (t) k — àăďĺãá-ćěłâőà łàĺćőľ. Şàăćŋěŋĺě Ńăčàăŋęă ĺňěěâ ćĺď ∇_rL −^d_{dt} ∇_ṙL = = λ_1 (t) ∇φ − λ_0^d_{dt}^{ṙ(t)}_{|ṙ(t)|} = 0.

Ćëàőęďěŋŋëľ áńãçăľ λ_0 = 0 ğďěáì ŋěćőğňőęěŋ ćáńěďáâćĺě ãáńőćĺï àěčãńïàŋőáâĺ ŕőćěàåŋőáâĺ. Ŕőíâőňã λ_0 = 1. Ŕěàěåőďï ł ŋăâãàăńìŋőňã ŕăàăňěâàã łàĺćőľ t = s, čďě s — ďńĺŋă łàĺćőľ őâ ŋăçăńìŋőľ âőçłĺ ďő âěłãéěľ, ďńï łőâőàőčő |ṙ (t)| ≡ 1, ŕőńãçăěň ãàăćŋěŋĺě čěőďěğĺçěáłĺå ńĺŋĺľ

r̈ (t) = λ_1 (t) ∇φ. (2.14)

Řăááňőâàĺň ć łăçěáâćě ŕàĺňěàă áäěàĺçěáłãî ŕőćěàåŋőáâì

φ (r (t)) = |r (t)|^2 − R^2 = x^2 + y^2 + z^2 − R^2 = 0.

Ğďěáì ∇φ ≡ 2r, ŕőíâőňã ďĺääěàěŋæĺàãï ŕő t, ŕőńãçĺň

⟨r (t) , r (t)⟩ ≡ R^2 ⇒ ⟨ṙ (t) , r (t)⟩ ≡ 0 ⇒ ⟨r̈ (t) , r (t)⟩ + ⟨ṙ (t) , ṙ (t)⟩ ≡ 0 ⇒ 1 + λ_1 (t) ⟨∇φ, r (t)⟩ = 1 + λ_1 (t) 2R^2 = 0 ⇒ λ_1 (t) ≡ −^1_{2R2} .

Şàăćŋěŋĺě (2.14) âőčďă ŕàĺŋĺňăěâ ćĺď

r̈ (t) + 1 R^2 r (t) = 0.

Ńîąőě ěčő àěèěŋĺě, ãďőćńěâćőàïîéěě ãáńőćĺî |r (t)| ≡ R, ĺňěěâ ćĺď

r (t) = R ( e_1 cos t R + e_2 sin t R ) , čďě e_1, e_2 — ŕàőĺğćőńìŋëě ćğăĺňŋő őàâőčőŋăńìŋëě ěďĺŋĺçŋëě ćěłâőàë. Ćáě âăłĺě łàĺćëě ïćńïîâáï őłàãęŋőáâïňĺ ąőńìèőčő ďĺăňěâàă ŋă áäěàě. Śńěďőćăâěńìŋő, čěőďěğĺçěáłĺňĺ ńĺŋĺïňĺ ŋă áäěàě ïćńïîâáï ďãčĺ őłàãęŋőáâěľ ąőńìèőčő ďĺăňěâàă^{17}. Ďńï ńîąëå ďćãå âőçěł áäěàë (ĺáłńîçěŋĺě áőáâăćńïîâ ďĺăňěâàăńìŋő ŕàőâĺćőŕőńőęŋëě âőçłĺ) áãéěáâćãîâ ďćě âăłĺě ďãčĺ. Ňěŋìèăï ĺğ ŋĺå ĺ ïćńïěâáï łàĺćőľ ňĺŋĺňăńìŋőľ ďńĺŋë, áőěďĺŋïîéěľ íâĺ âőçłĺ. Ďńï ďĺăňěâàăńìŋő ŕàőâĺćőŕőńőęŋëå âőçěł čěőďěğĺçěáłĺňĺ ńĺŋĺïňĺ ïćńïîâáï ćáě ďãčĺ ąőńìèőčő ďĺăňěâàă, ŕàőåőďïéĺě çěàěğ ŋĺå.

2.8 Ğăďăçă Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě

Ďăŋŋãî ğăďăçã áńěďãěâ àăááňăâàĺćăâì łăł áŕěæĺăńìŋãî äőàňã őąéěľ ğăďăçĺ Ńăčàăŋęă. Ğďěáì ŋěğăćĺáĺňőľ áłăńïàŋőľ ŕěàěňěŋŋőľ áńãęĺâ t (ćàěňï), ă łőňŕőŋěŋâăňĺ ćěłâőà-äãŋłæĺĺ y ïćńïîâáï x_1, x_2, ..., x_n,u_{1,}u_2, ..., u_m. Řăááňőâàĺň äãŋłæĺőŋăń

J (y (·)) ≡ J (x (·) , u (·)) =

t_1∫

t_0

F (t, x (t) , u (t)) dt → max_D , (2.15)

17Śńěďőćăâěńìŋő, ňěàĺďĺăŋë ïćńïîâáï łàăâçăľèĺňĺ ŕãâïňĺ ňěęďã ńěęăéĺňĺ ŋă ŋĺå čőàőďăňĺ, ă ŕăàăńńěńĺ ŋěâ.

čďě ňŋőęěáâćő ďőŕãáâĺňëå ŕăà (x (·) , u (·)) ĺňěěâ ćĺď

D = (x (t) , u (t)) : t ∈ [t_0, t_1] , x (·) ∈ C^1 [t_0, t_1] , u (·) ∈ C [t_0, t_1] , x (t_0) = x_0, x (t_1) = x_1, ẋ (t) = f (t, x (t) , u (t)) ∀t ∈ [t_0, t_1] .

Łőňŕőŋěŋâë x_1, x_2, ..., x_n ĺŋâěàŕàěâĺàãîâáï ğďěáì łăł äăğőćëě łőőàďĺŋăâë ãŕàăćńïěňőčő őąêěłâă (â.ě. ŕăàăňěâàë, őŕàěďěńïîéĺě ěčő áőáâőïŋĺě), u_{1,}u_2, ..., u_m — łăł ãŕàăćńïîéĺě ŕăàăňěâàë (â.ě. ŕăàăňěâàë, ğŋăçěŋĺï łőâőàëå ňë ňőęěň ćëąĺàăâì ŋěŕőáàěďáâćěŋŋŋő á æěńìî ãŕàăćńěŋĺï őąêěłâőň), x (·) — łăł âàăěłâőàĺï ãŕàăćńïěňőčő őąêěłâă ć äăğőćőň ŕàőáâàăŋáâćě, u (·) — łăł ãŕàăćńïîéăï äãŋłæĺï (ãŕàăćńěŋĺě).

Şàăćŋěŋĺě ẋ (t) = f (t, x (t) , u (t)) , (2.16)

ïćńïîéěěáï ďĺääěàěŋæĺăńìŋőľ áćïğìî ć ďăŋŋőľ ćăàĺăæĺőŋŋőľ ğăďăçě, ŋăğëćăěâáï ãàăćŋěŋĺěň ďćĺęěŋĺï^{18} ãŕàăćńïěňőčő őąêěłâă. Ğăňěâĺň, çâő ćëąàăć ãŕàăćńěŋĺě u (·) ĺ čàăŋĺçŋëě áőáâőïŋĺï x_0, x_1 ňë őďŋőğŋăçŋő őŕàěďěńïěň âàăěłâőàĺî x (·) ć áĺńã ãàăćŋěŋĺï (2.16), ŕőíâőňã äãŋłæĺőŋăń J (y (·)) ć ďěľáâćĺâěńìŋőáâĺ ğăćĺáĺâ âőńìłő őâ ãŕàăćńěŋĺï u (·).

Ğăŕĺèěň ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ďńï ğăďăçĺ Ńăčàăŋęă (2.15). Śőőâćěâáâćãîéăï äãŋłæĺï Ńăčàăŋęă

L (t, x, ẋ, u) = λ_0F (t, x, u) + ⟨λ (t) , −ẋ + f (t, x, u)⟩ ,

ŕőíâőňã ňë ŕőńãçăěň ĺğ (2.13) áńěďãîéĺľ ŋăąőà ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ẋ (t) = f (t, x (t) , u (t)) , ∇_xL −^d_{dt} ∇_ẋL = 0, ∇_uL = 0,

ĺńĺ — ć ŕőłőőàďĺŋăâŋőľ äőàňě —

ẋ_i = f_i (t, x (t) , u (t)) , i = 1, n, λ̇_k (t) = −^n∑ i=1 λ_i^{∂fi}_{∂xk} − λ_0^{∂F}_{∂xk} , k = 1, n, n∑ i=1 λ_i^{∂fi}_{∂ul} + λ_0^{∂F}_{∂ul} = 0, l = 1, m. Ś ŕőňőéìî äãŋłæĺĺ Ŕőŋâàïčĺŋă H (t, x, λ, u) ≡ λ_0F (t, x, u) + ⟨λ, f (t, x, u)⟩ ďăŋŋëě ãàăćŋěŋĺï ňőęŋő ğăŕĺáăâì ć ąőńěě łőňŕăłâŋőľ ĺ áĺňňěâàĺçŋőľ äőàňě ẋ (t) = ∇_λH, λ̇ (t) = −∇_xH, ∇_uH = 0.

Ŕàĺňěà (Ğăďăçă ő ňïčłőľ ŕőáăďłě àěăłâĺćŋőčő ăŕŕăàăâă).

18Őŕïâì ęě ć äăğőćőň ŕàőáâàăŋáâćě ěčő áőáâőïŋĺľ. Ŋě ŕãâăâì á ďćĺęěŋĺěň őąêěłâă ć äĺğĺçěáłőň ŕàőáâàăŋáâćě!

Ŕãáâì m — ňăááă łőáňĺçěáłőčő łőàăąńï (ňăâěàĺăńìŋőľ âőçłĺ), h — ěčő ćëáőâă ŋăď ŕőćěàåŋőáâìî ŕńăŋěâë, v — ćěàâĺłăńìŋăï áłőàőáâì. Ğăďăçă ğăłńîçăěâáï ć ŕőáăďłě łőàăąńï ŋă ŕőćěàåŋőáâì ŕńăŋěâë h = 0 ć âěçěŋĺě ğăďăŋŋőčő ŕàőňěęãâłă ćàěňěŋĺ [0, t_1] á ŋãńěćőľ áłőàőáâìî v = 0 (ňïčłăï ŕőáăďłă) ĺ á ňĺŋĺňăńìŋëň àăáåőďőň âőŕńĺćă (â.ě. á ňăłáĺňăńìŋőľ łőŋěçŋőľ ňăááőľ m).

Ďńï ãłăğăŋŋëå äăğőćëå łőőàďĺŋăâ áĺáâěňë ĺňěěň áńěďãîéãî áĺáâěňã ãàăćŋěŋĺľ ďćĺęěŋĺï d dt h = v, d dt m = −ku, d dt (mv) = −mg + u, h (0) = h_{0,} h (t_1) = 0, v (0) = v_0, v (t_1) = 0, m (0) = m_0, čďě k — ŕăàăňěâà àěăłâĺćŋőčő ďćĺčăâěńï. Ťãŋłæĺőŋăń, ŕőďńěęăéĺľ ňĺŋĺňĺğăæĺĺ, ğăŕĺèěň ć ĺŋâěčàăńìŋőľ äőàňě

J (u (·)) = m (t_1) =

t_1∫ 0 ṁdt + m_0 = = t_1∫ 0 (−ku) dt + m_0. Ťãŋłæĺï Ŕőŋâàïčĺŋă ďńï íâőľ ğăďăçĺ ĺňěěâ ćĺď

H = λ_0ku + λ_1v + λ_2 (−ku) + λ_3 ( −g + u m (1 + kv) ) , ă ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă — λ̇_1 = −^{∂H}_{∂h} = 0, λ̇_2 = −^{∂H}_{∂m} = λ_3^u_{m2} (1 + kv) λ̇_3 = −^{∂H}_{∂v} = −λ_1 − k^u_m λ_3, ḣ =^{∂H}_{∂λ1} = v, ṁ =^{∂H}_{∂λ2} = −ku, v̇ =^{∂H}_{∂λ3} = −g +^u_m (1 + kv) , h (0) = h_{0,} h (t_1) = 0, v (0) = v_0, v (t_1) = 0, m (0) = m_0, |λ_0| + max_{t∈[0,t1 ]} |λ (t)| > 0.

İńěňěŋâăàŋëě áőőąàăęěŋĺï ŕőďáłăğëćăîâ, çâő ďăŋŋăï áĺáâěňă ŋě ďőńęŋă ĺňěâì àěèěŋĺï. Ć áăňőň ďěńě, ńěčłő ŕàĺďãňăâì ŕőáńěďőćăâěńìŋőáâì áâàăâěčĺľ, őáãéěáâćńïîéĺå ňïčłãî ŕőáăďłã ĺ âàěąãîéĺå ďńï íâőčő ćáñ ňěŋìèě ĺ ňěŋìèě âőŕńĺćă. İâĺ áâàăâěčĺĺ ğăłńîçăîâáï ć áćőąőďŋőň ŕăďěŋĺĺ àăłěâë ďő ŋěłőâőàőľ ŕàěďěńìŋőľ ćëáőâë ĺ ŕőáńěďãîéěň ćłńîçěŋĺĺ âőàňőęěŋĺï. Šăł łăł áĺńă âőàňőęěŋĺï ŋĺçěň ŋě őčàăŋĺçĺćăěâáï, âő ĺ ŕàěďěńìŋăï ćëáőâă ňőęěâ ąëâì áłőńì ãčőďŋő ňăńőľ. Śőőâćěâáâćãîéĺľ àăáåőď âőŕńĺćă, łăł ŋěâàãďŋő ŕőďáçĺâăâì, ňőęěâ ąëâì áłőńì ãčőďŋő ąńĺğőł ł ŋěłőâőàőňã ŕàěďěńìŋő ňăńőňã àăáåőďã, łőâőàëľ ŕőńãçĺâáï ŕàĺ ňčŋőćěŋŋőň ćłńîçěŋĺĺ ąěáłőŋěçŋőľ âőàňőğïéěľ áĺńë ć ňőňěŋâ łăáăŋĺï ŕőćěàåŋőáâĺ ŕńăŋěâë. İâő őğŋăçăěâ, çâő őŕâĺňăńìŋőě ãŕàăćńěŋĺě ğďěáì àěăńĺğãěâáï ńĺèì ć łńăááě őąőąéñŋŋëå äãŋłæĺľ — δ-őąàăğŋőě ãŕàăćńěŋĺě, ă ć łńăááě őąëçŋëå äãŋłæĺľ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï ŋěâ.

32 ŮĂŚŠĲ I. ĆĂŘĹĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ

Ŕàĺçĺŋă íâőčő ğăłńîçăěâáï ć ŋěăłłãàăâŋőľ ŕőáâăŋőćłě ğăďăçĺ. Ďńï âőčő çâőąë àěèěŋĺě ďőáâĺčăńőáì ć łńăááě őąëçŋëå ãŕàăćńěŋĺľ áńěďãěâ ććěáâĺ őčàăŋĺçěŋĺï ŋă ćěńĺçĺŋã âïčĺ u: |u| ≤ umax. Őďŋăłő, ć íâőň áńãçăě áőőâćěâáâćãîéăï ćăàĺăæĺőŋŋăï ğăďăçă ãęě ŋě ŕàĺŋăďńěęĺâ łńăááã ğăďăç Ńăčàăŋęă ĺ ŋě ňőęěâ ąëâì àěèěŋă ŕàěďńăčăěňëňĺ ćëèě ňěâőďăňĺ.

Čńăćă 3

Ŋěłńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ

3.1 Ğăďăçă Ŕőŋâàïčĺŋă – őŕâĺňăńìŋőčő ãŕàăćńěŋĺï (H)

Ďăŋŋãî ğăďăçã ňőęŋő àăááňăâàĺćăâì łăł ŋěŕőáàěďáâćěŋŋőě őąőąéěŋĺě ŕàěďëďãéěľ ğăďăçĺ Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě:

J = J (u (·)) =

t_1∫

t_0

F (t, x (t) , u (t)) dt → max_D ,

čďě^1

D = (x (t) , u (t)) : t ∈ [t_0, t_1] , x (·) ∈ KC^1 [t_0, t_1] , u (·) ∈ KC [t_0, t_1] , x (t_0) = x_0, x (t_1) = x_1, ẋ (t) = f (t, x (t) , u (t)) ∀t ∈ T_u, u (t) ∈ U ∀t ∈ [t_0, t_1] .

Ďőŕőńŋĺâěńìŋëň ŕő áàăćŋěŋĺî á ğăďăçěľ Ńăčàăŋęă ğďěáì ïćńïěâáï ŕőáńěďŋěě ãáńőćĺě^2 ŕàĺŋăďńěęŋőáâĺ ğŋăçěŋĺľ ãŕàăćńïîéěľ äãŋłæĺĺ ğăďăŋŋőňã ňŋőęěáâćã U⊂ R^m . Ğăňěâĺň, çâő ć áńãçăě őâłàëâőčő ňŋőęěáâćă U íâő ãáńőćĺě ŋě ïćńïěâáï áãéěáâćěŋŋëň á âőçłĺ ğàěŋĺï ćëćőďă ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă, ĺ áăňĺ íâĺ ŋěőąåőďĺňëě ãáńőćĺï ĺňěîâ ć âőçŋőáâĺ âőâ ęě ćĺď, çâő ĺ ć ğăďăçě Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě.

Őďŋăłő, ěáńĺ íâő ňŋőęěáâćő ŋě ïćńïěâáï őâłàëâëň, âő ćőğŋĺłăîâ ŕàőąńěňë ãęě ŕàĺ ŕőŕëâłě ŕőáâàőěŋĺï ďőŕãáâĺňőľ ćăàĺăŋâë íłáâàěňăńìŋőľ äãŋłæĺĺ u^∗ (·). Ć áăňőň ďěńě, łńăááĺçěáłăï łőŋáâàãłæĺï âĺŕă

u_ε (t) = u^∗ (t) + εδu (t)

1KC^1 [t_0, t_1] — ňŋőęěáâćő łãáőçŋő-čńăďłĺå ŋă őâàěğłě äãŋłæĺľ, KC [t_0 , t_1] — ňŋőęěáâćő łãáőçŋő-ŋěŕàěàëćŋëå äãŋłæĺľ; T_u — ňŋőęěáâćő âőçěł ŋěŕàěàëćŋőáâĺ ãŕàăćńěŋĺï u (·)._2

Ŕőďőąŋőě őčàăŋĺçěŋĺě ňőęŋő ãáńőćŋő ŋăğćăâì ŕőŋâàïčĺŋáłĺň.

ğďěáì ãęě ŋěŕàĺčőďŋă, âăł łăł, ćőőąéě čőćőàï, u_ε (t) ∉ U . Ŕőíâőňã ďńï ĺááńěďőćăŋĺï ŕőďőąŋëå ğăďăç ŕàĺåőďĺâáï ŕàĺňěŋïâì ąőńěě áńőęŋëě łőŋáâàãłæĺĺ ďőŕãáâĺňëå ćăàĺăŋâ. Ŕàĺňěàőň âăłőľ łőŋáâàãłæĺĺ ïćńïěâáï ĺňŕãńìáŋăï ćăàĺăæĺï

u_ε (t) = { u^∗ (t) , t ∈ [t_0, t_1] \ Δ_ε v, t ∈ Δ_ε , čďě Δ_ε ≡ (τ , τ + ε), v — ğăďăŋŋëľ (ŕàőĺğćőńìŋëľ!) íńěňěŋâ ňŋőęěáâćă U, τ — ğăďăŋŋăï (ŕàőĺğćőńìŋăï!) âőçłă ĺŋâěàćăńă [t_0, t_1].

Śńãçăľ ŋě őâłàëâőčő (ć őáőąěŋŋőáâĺ, ğăňłŋãâőčő) ňŋőęěáâćă U, łăł őłăğăńőáì, ćěáìňă çăáâő ćáâàěçăěâáï ć ŕàăłâĺçěáłĺå ğăďăçăå őŕâĺňăńìŋőčő ãŕàăćńěŋĺï, çâő áćïğăŋő á ěáâěáâćěŋŋëňĺ âàěąőćăŋĺïňĺ őčàăŋĺçěŋŋőáâĺ ćőğňőęŋőáâěľ âěåŋĺçěáłĺå ãáâàőľáâć. Ŋăŕàĺňěà, łăł ãęě ąëńő őâňěçěŋő ćëèě, ć àăááňőâàěŋŋőľ ğăďăçě ő ňïčłőľ ŕőáăďłě áńěďãěâ őčàăŋĺçĺâì áĺńã âïčĺ àěăłâĺćŋőčő ďćĺčăâěńï, çâő ŕàĺćőďĺâ ł őčàăŋĺçěŋĺî u ∈ [−u_{max}, u_{max}] ãłăğăŋŋőčő âĺŕă. Ďăŋŋăï ğăďăçă ŕàĺ íâőň áâăŋőćĺâáï ŋě âőńìłő ąőńěě ěáâěáâćěŋŋő ŕőáâăćńěŋŋőľ, ŋő ĺ ŕàĺőąàěâăěâ àěèěŋĺě — őŕâĺňăńìŋãî áâàăâěčĺî ŕőáăďłĺ.

Ćăàĺăæĺőŋŋëě ğăďăçĺ ŕőďőąŋőčő ŋěłńăááĺçěáłőčő âĺŕă áâăńĺ ŕàěďňěâőň ăłâĺćŋőčő ĺğãçěŋĺï ć 50-ě čőďë ć áćïğĺ á àăğćĺâĺěň àăłěâŋőľ âěåŋĺłĺ. Őáőąěŋŋő ąőńìèĺå ãáŕěåőć ć ĺå ĺğãçěŋĺĺ ďőąĺńăáì čàãŕŕă áőćěâáłĺå ňăâěňăâĺłőć ćő čńăćě á Ń.Ś.Ŕőŋâàïčĺŋëň[7].

Šěőàěňă (ŕàĺŋæĺŕ ňăłáĺňãňă^3 Ń.Ś.Ŕőŋâàïčĺŋă, 1958 č.) Ěáńĺ (x^∗ (·) , u^∗ (·)) — àěèěŋĺě ğăďăçĺ (H), âő áãéěáâćãîâ çĺáńő λ_0 ĺ áőŕàïęñŋŋăï äãŋłæĺï λ (t) ≡ {λ_1 (t) , λ_2 (t) , ..., λ_n (t)}, ŋě àăćŋëě őďŋőćàěňěŋŋő ŋãńî (|λ_0| + max_{t∈[t0,t1]} ‖λ (t)‖ > 0) âăłĺě, çâő

ẋ^∗ (t) = ∇_λH (t, x^∗ (t) , λ (t) , u^∗ (t)) , t ∈ [t_0, t_1] , λ̇ (t) = −∇_xH (t, x^∗ (t) , λ (t) , u^∗ (t)) , t ∈ [t_0, t_1] , H (t, x^∗ (t) , λ (t) , u^∗ (t)) = max_{u∈U} H (t, x^∗ (t) , λ (t) , u) ∀t ∈ T_u, čďě H (t, x, λ, u) ≡ λ_0F (t, x, u) + ⟨λ, f (t, x, u)⟩ — äãŋłæĺï Ŕőŋâàïčĺŋă.

Ğăňěçăŋĺï.

1. Ć áńãçăě őâłàëâőčő ňŋőęěáâćă U ĺğ ãáńőćĺï ŕàĺŋæĺŕă ňăłáĺňãňă ćëâěłăěâ ãáńőćĺě áâăæĺőŋăàŋőáâĺ äãŋłæĺĺ Ŕőâàïčĺŋă ŕő u ć âőçłě u^∗ (t):

∇_uH (t, x^∗ (t) , λ (t) , u^∗ (t)) = 0.

Śńěďőćăâěńìŋő, ďăŋŋëě ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ïćńïîâáï ąőńěě őąéĺňĺ, çěň ŋěőąåőďĺňëě ãáńőćĺï ĺğ ŕàěďëďãéěčő àăğďěńă ďńï ğăďăçĺ Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě.

3Ć áćőñň ŕàőáâěľèěň ćăàĺăŋâě. Őąéĺľ áńãçăľ áň. ć łŋĺčě [7].

2. Şàăćŋěŋĺï ďńï ňŋőęĺâěńěľ Ńăčàăŋęă — áőŕàïęñŋŋëå äãŋłæĺľ λ (t) — λ̇ (t) = −∇_xH

ŋăğëćăîâáï ć âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï áőŕàïęñŋŋëňĺ ãàăćŋěŋĺïňĺ, ă ãáńőćĺě

H (t, x^∗ (t) , λ (t) , u^∗ (t)) = max_{u∈U} H (t, x^∗ (t) , λ (t) , u)

ŋăğëćăěâáï ŕàĺŋæĺŕőň ňăłáĺňãňă Ŕőŋâàïčĺŋă.

Ŕàĺňěà 1 (ğăďăçă ąëáâàőďěľáâćĺï).

Řăááňőâàĺň ğăďăçã ő áłőàěľèěň ŕěàěćőďě ãŕàăćńïěňőľ ňăâěàĺăńìŋőľ âőçłĺ ć ŋăçăńő łőőàďĺŋăâ á ŋãńěćőľ łőŋěçŋőľ áłőàőáâìî ŕàĺ ãáńőćĺĺ, çâő áĺńă, á łőâőàőľ ňőęŋő ćőğďěľáâćőćăâì ŋă âőçłã, őčàăŋĺçěŋă ŕő ňőďãńî ğăďăŋŋőľ ćěńĺçĺŋőľ (áň. àĺáãŋőł).

Ňăâěňăâĺçěáłăï ŕőáâăŋőćłă ğăďăçĺ âăłőćă:

ẍ (t) = u (t) , 0 ≤ t ≤ t_1, x (0) = x_0, ẋ (0) = ẋ_0, x (t_1) = 0, ẋ (t_1) = 0, |u (t)| ≤ 1,

(−t_1) =

t_1∫

0 (−1) dt → max . Ğăňěâĺň, çâő ĺŋâěàćăń ãŕàăćńěŋĺï ć ďăŋŋőľ ğăďăçě ŋě äĺłáĺàőćăŋ, łăł íâő ąëńő ćő ćáěå àăŋěě àăááňăâàĺćăěňëå ćăàĺăæĺőŋŋëå ğăďăçăå. Šěň ŋě ňěŋěě, ŕàĺŋæĺŕ ňăłáĺňãňă áŕàăćěďńĺć ĺ ć íâőň áńãçăě. Ŕàĺ íâőň ňőęŋő ďőŕőńŋĺâěńìŋő ďőłăğăâì ŋěâàĺćĺăńìŋőáâì ŋě âőńìłő ŕőńŋőčő ŋăąőàă ňŋőęĺâěńěľ Ńăčàăŋęă, ŋő ĺ ŋěâàĺćĺăńìŋőáâì ćåőďïéěčő ć ŋěčő ŋăąőàă áőŕàïęñŋŋëå äãŋłæĺľ λ (t).

Ďńï âőčő çâőąë ŕàĺňěŋĺâì ł ďăŋŋőľ ğăďăçě ŕàĺŋæĺŕ ňăłáĺňãňă, ğăŕĺèěň ěñ ć łăŋőŋĺçěáłőľ äőàňě. Ććěďñň äăğőćëě łőőàďĺŋăâë x_1 ≡ x, x_2 ≡ ẋ. Šőčďă, ĺáŕőńìğãï äãŋłæĺî Ŕőŋâàïčĺŋă H (t, x, λ, u) = −λ_0 + λ_1x_2 + λ_2u, ŕőńãçăěň ẋ_1 =^{∂H}_{∂λ1} = x_2, ẋ_2 =^{∂H}_{∂λ2} = u, λ̇_1 = −^{∂H}_{∂x1} = 0, λ̇_2 = −^{∂H}_{∂x2} = −λ_1, x_1 (0) = x_0, x_2 (0) = ẋ_0, x_1 (t_1) = 0, x_2 (t_1) = 0,

λ_2 (t) u (t) = max_{|u|≤1} λ_2 (t) u.

Řěèěŋĺěň áĺáâěňë áőŕàïęñŋŋëå ãàăćŋěŋĺľ ïćńïîâáï äãŋłæĺĺ

λ_1 (t) = C_1, λ_2 (t) = −C_1t + C_2,

čďě C_{1,2} — ŕàőĺğćőńìŋëě ŕőáâőïŋŋëě (ŋě àăćŋëě őďŋőćàěňěŋŋő ŋãńî — ďńï ŋěâàĺćĺăńìŋőáâĺ ŋăąőàă áőŕàïęñŋŋëå äãŋłæĺľ). Őâáîďă ćĺďŋő, çâő äãŋłæĺï λ_2 (t) ňőęěâ ĺğňěŋĺâì áćőľ ğŋăł ŋă ĺŋâěàćăńě ãŕàăćńěŋĺï ŋě ąőńěě őďŋőčő àăğă. Ďăńěě, ĺğ ŕàĺŋæĺŕă ňăłáĺňãňă ŕőńãçăěň ďńï őŕâĺňăńìŋőčő ãŕàăćńěŋĺï u^∗ (t) = sign λ_2 (t) ,

áńěďőćăâěńìŋő, őŋő ňőęěâ ŕàĺŋĺňăâì âőńìłő áćőĺ čàăŋĺçŋëě ğŋăçěŋĺï ±1 (àěńěľŋő) ĺ ňěŋïěâ ĺå ŋě ąőńěě őďŋőčő àăğă (çĺáńő âőçěł ŕěàěłńîçěŋĺï ãŕàăćńěŋĺï ŋě ąőńěě őďŋőľ).

Ŋăľďñň ďćĺęěŋĺï ć äăğőćőľ ŕńőáłőáâĺ, łőâőàëě áőćěàèăěâ áĺáâěňă ŕőď ćőğďěľáâćĺěň ŕőáâőïŋŋőčő ãŕàăćńěŋĺï u^∗ (t) ≡ 1: { ẋ_1 = x_2, ẋ_2 = 1.

Ĺáłńîçĺć t, ŕőńãçĺň dx_1/dx_2 = x_2, ĺńĺ x_1 =^1_2 x^2 + C — áěňěľáâćő ŕăàăąőń, ŕőńãçăîéĺåáï ĺğ ŕăàăąőńë x_1 =^1_2 x^2 ŕăàăńńěńìŋëň ŕěàěŋőáőň ćďőńì őáĺ x_1. Śăňă íâă ŕăàăąőńă, âőçŋěě ěñ ćěâćì, àăáŕőńőęěŋŋăï ć ŋĺęŋěľ ŕőńãŕńőáłőáâĺ, ĺčàăěâ őáőąãî àőńì ć ğăďăçě: ďćĺčăïáì ŕő ŋěľ áĺáâěňă ňőęěâ ŕőŕăáâì ć ŋăçăńő łőőàďĺŋăâ, čďě àěăńĺğãěâáï æěńì ãŕàăćńěŋĺï.

Ăŋăńőčĺçŋő ŋăåőďïâáï ďćĺęěŋĺï ŕőď ŕőáâőïŋŋëň ãŕàăćńěŋĺěň u^∗ (t) ≡ −1: { ẋ_1 = x_2, ẋ_2 = −1.

Ĺňĺ ïćńïîâáï łãáłĺ ŕăàăąőń x_1 = −^1_2 x^2 + C. Ďćĺčăïáì ŕő ćěàåŋěľ ćěâćĺ ŕăàăąőńë, x_1 = −^1_2 x^2 ňőęŋő âăłęě àěăńĺğőćăâì æěńì ãŕàăćńěŋĺï. İâă ćěâćì ćňěáâě á ãŕőňïŋãâőľ ćëèě ćěâćìî ŕăàăąőńë x_1 =^1_2 x^2 őąàăğãěâ â.ŋ. ńĺŋĺî ŕěàěłńîçěŋĺï őŕâĺňăńìŋőčő ãŕàăćńěŋĺï.

Şłăęěň ďńï ŕàőĺğćőńìŋőčő ŋăçăńìŋőčő áőáâőïŋĺï x_0, ẋ_0 őŕâĺňăńìŋőě ãŕàăćńěŋĺě. Ć áńãçăě, łőčďă áőőâćěâáâćãîéăï âőçłă ŋă äăğőćőľ ŕńőáłőáâĺ ŋăåőďĺâáï ćëèě ńĺŋĺĺ ŕěàěłńîçěŋĺï ĺńĺ ŋă ěñ ćěàåŋěľ ćěâćĺ (őąńăáâì G_1) áńěďãěâ “ćłńîçĺâì” ãŕàăćńěŋĺě u = −1, ĺŋăçě (ć őąńăáâĺ G_2) - u = 1.

Őŕâĺňăńìŋőě ďćĺęěŋĺě ć äăğőćőľ ŕńőáłőáâĺ ďńï ŋăçăńìŋőľ âőçłĺ, àăáŕőńőęěŋŋőľ ć őąńăáâĺ G_1 ŕàőĺáåőďĺâ áŕěàćă ŕő ŕàőåőďïéěľ çěàěğ íâã âőçłã ŕăàăąőńě áěňěľáâćă u = −1 ďő ňőňěŋâă ŕěàěáěçěŋĺï ďăŋŋőľ ŕăàăąőńőľ ńĺŋĺĺ ŕěàěłńîçěŋĺï, ă ďăńěě ŕő ńĺŋĺĺ ŕěàěłńîçěŋĺï ďő ŋăçăńă łőőàďĺŋăâ. Ăŋăńőčĺçŋő (á áőőâćěâáâćãîéěľ ğăňěŋőľ áěňěľáâćă ŕăàăąőń) ćëčńïďĺâ őŕâĺňăńìŋőě ďćĺęěŋĺě ďńï ŋăçăńìŋëå âőçěł àăáŕőńőęěŋŋëå ć őąńăáâĺ G_2. Ěáńĺ ęě ŋăçăńìŋăï âőçłă ãęě ŋăåőďĺâáï ŋă őďŋőľ ĺğ ćěâćěľ ńĺŋĺĺ ŕěàěłńîçěŋĺï, âő ŕěàěłńîçěŋĺľ ďěńăâì ŋě ŋãęŋő.

Ŋěâàãďŋő ŕàőćěàĺâì, çâő íâő — ěďĺŋáâćěŋŋëľ áŕőáőą őáãéěáâćĺâì æěńì ãŕàăćńěŋĺï, ãďőćńěâćőàĺć ćáěň ŋěőąåőďĺňëň ãáńőćĺïň őŕâĺňăńìŋőáâĺ. Ś ďàãčőľ áâőàőŋë, ňőęŋő ďőłăğăâì áãéěáâćőćăŋĺě őŕâĺňăńìŋőčő ãŕàăćńěŋĺï ć ďăŋŋőľ ğăďăçě. Śńěďőćăâěńìŋő, ğăďăçă ŕőńŋőáâìî àěèěŋă (áň. àĺá.3.1).

Ććőďï äãŋłæĺî äăğőćëå łőőàďĺŋăâ

ψ (x_1, x_2) ≡ { −1, (x_1, x_2) ∈ G_1 1, (x_1, x_2) ∈ G_2

(áĺŋâěğĺàãîéãî äãŋłæĺî) ňőęŋő őáãéěáâćĺâì ăćâőňăâĺçěáłőě ãáâàőľáâćő, łőâőàőě őŕâĺňăńìŋő ć ãłăğăŋŋőň áňëáńě ãŕàăćńïěâ áĺáâěňőľ ć ńîąőľ ňőňěŋâ ćàěňěŋĺ — áĺŋâěğ őŕâĺňăńìŋőľ áĺáâěňë:

{ ẋ_1 = x_2, ẋ_2 = ψ (x_1, x_2) .

Ć ĺáåőďŋëå łőőàďĺŋăâăå őŕâĺňăńìŋő äãŋłæĺőŋĺàãîéăï áĺáâěňă ğăŕĺáëćăěâáï ć ćĺďě ẍ = ψ (x, ẋ) . Ŕàĺňěà 2 (ğăďăçă ąëáâàőďěľáâćĺï ďńï ãŕàăćńïěňőľ âőçłĺ ć áàěďě á ćïğłĺň áőŕàőâĺćńěŋĺěň).

Ďăŋŋăï ğăďăçă őâńĺçăěâáï őâ ŕàěďëďãéěľ ãàăćŋěŋĺěň ďćĺęěŋĺï ãŕàăćńïěňőčő őąêěłâă: ẍ (t) = −βẋ + u (t) , 0 ≤ t ≤ t_1, x (0) = x_0, ẋ (0) = ẋ_0, x (t_1) = 0, ẋ (t_1) = 0, |u (t)| ≤ 1,

t_1 =

t_1∫

0 dt → min . Ććőďï äăğőćëě łőőàďĺŋăâë x_1 ≡ x, x_2 ≡ ẋ ĺ ĺáŕőńìğãï äãŋłæĺî Ŕőŋâàïčĺŋă H (t, x, λ, u) = −λ_0 + λ_1x_2 + λ_2 (u − βx_2), ŕőńãçăěň ŋăąőà ãáńőćĺľ ďńï őŕàěďěńěŋĺï őŕâĺňăńìŋőľ âàăěłâőàĺĺ:

ẋ_1 =^{∂H}_{∂λ1} = x_2, ẋ_2 =^{∂H}_{∂λ2} = −βx_2 + u, λ̇_1 = −^{∂H}_{∂x1} = 0, λ̇_2 = −^{∂H}_{∂x2} = −λ_1 + βλ_2, x_1 (0) = x_0, x_2 (0) = ẋ_0, x_1 (t_1) = 0, x_2 (t_1) = 0,

λ_2 (t) u (t) = max_{|u|≤1} λ_2 (t) u.

Řěèěŋĺï áőŕàïęñŋŋëå ãàăćŋěŋĺľ ĺňěîâ ğďěáì ćĺď

λ_1 (t) = C, λ_2 (t) = C_1e^{βt} +^C_β .

Ŕàĺ ńîąőň ŋěâàĺćĺăńìŋőň ŋăąőàě łőŋáâăŋâ C, C_1 äãŋłæĺï λ_2 (t) ŋă ńîąőň łőŋěçŋőň őâàěğłě ćàěňěŋĺ ŕàĺŋĺňăěâ ŋě ąőńěě őďŋőčő ŋãńěćőčő ğŋăçěŋĺï. Ďěľáâćĺâěńìŋő, ŕàĺ C_1 ≠ 0 őŋă ňőŋőâőŋŋă, ă ŕàĺ C_1 = 0 ŕőáâőïŋŋă ĺ őâńĺçŋă őâ ŋãńï. Ŕőíâőňã őŕâĺňăńìŋőě ãŕàăćńěŋĺě

u^∗ (t) = sign λ_2 (t) = = sign ( C_1e^{βt} −^C_β )

ŕàĺŋĺňăěâ ńĺèì ğŋăçěŋĺï ±1 (àěńěľŋő) ĺ ĺňěěâ ŋě ąőńěě őďŋőľ âőçłĺ ŕěàěłńîçěŋĺï ŋă ĺŋâěàćăńě ãŕàăćńěŋĺï.

Ŋăľďñň ďćĺęěŋĺï, łőâőàëě áőćěàèăěâ áĺáâěňă ŕàĺ ŕőáâőïŋŋëå ğŋăçěŋĺïå ãŕàăćńïîéěľ äãŋłæĺĺ u^∗ (t) = ±1.

Ŕàĺ u^∗ (t) ≡ 1 ãàăćŋěŋĺï ďćĺęěŋĺï ć äăğőćőľ ŕńőáłőáâĺ ĺňěîâ ćĺď { ẋ_1 = x_2, ẋ_2 = 1 − βx_2.

Ŕőňĺňő àěèěŋĺï { x_1 =^t_β + x_0 x_2 (t) =^1_β = ẋ_0,

(áőőâćěâáâćãîéăï ĺŋâěčàăńìŋăï łàĺćăï — ńãç ŋă čőàĺğőŋâăńìŋőľ ŕàïňőľ x_2 =^1_β ć äăğőćőľ ŕńőáłőáâĺ), íâă áĺáâěňă ĺňěěâ ěéñ áěňěľáâćő ĺŋâěčàăńìŋëå łàĺćëå x_1 = − 1 β [ x_2 + 1 β ln |1 − βx_2| ] + C. Ăŋăńőčĺçŋő ćëčńïďïâ ďćĺęěŋĺï ć äăğőćőľ ŕńőáłőáâĺ, ŕàőĺáåőďïéĺě ŕőď ãŕàăćńěŋĺěň u^∗ (t) ≡ −1:

x_2 = − 1 β ĺ x_1 = − 1 β [ x_2 − 1 β ln |1 + βx_2| ] + C. Śĺŋâěğ őŕâĺňăńìŋëå âàăěłâőàĺľ őáãéěáâćńñŋ ŋă áńěďãîéěň àĺá.3.2. Şàăćŋěŋĺě ńĺŋĺĺ ŕěàěłńîçěŋĺľ

x_1 = − 1 β { x_2 +^1_β ln (1 − βx_2) , x_2 < 0 x_2 −^1_β ln (1 + βx_2) , x_2 > 0.

Ŕàĺňěà 3 (àěèěŋĺě ğăďăçĺ ő ňïčłőľ ŕőáăďłě àăłěâë). Ćěàŋñňáï ł àăááňőâàěŋŋőľ ć ŕàěďëďãéěň àăğďěńě ğăďăçě ő ňïčłőľ ŕőáăďłě łőáňĺçěáłőčő ăŕŕăàăâă ŋă ŕőćěàåŋőáâì ŕńăŋěâë ḣ = v, ṁ = −ku, v̇ = −g + m^{−1}u, 0 ≤ t ≤ 1 ,

m (0) = m_0, h (0) = h_0, v (0) = v_0, h (1) = 0, v (1) = 0,

−m (1) = 1∫ 0 ku dt − m_0 → max, ŋăłńăďëćăï ěáâěáâćěŋŋëě ďőŕőńŋĺâěńìŋëě őčàăŋĺçěŋĺï ŋă ćěńĺçĺŋã âïčĺ^4: 0 ≤ u ≤ u_0.

Śőáâăćĺć äãŋłæĺî Ŕőŋâàïčĺŋă

H = λ_0ku + λ_1v − λ_2ku + λ_3 ( um^{−1} − g ) , 4Ă âăłęě (ďńï ãŕàőéěŋĺï ğăďăçĺ) ŕàěŋěąàěčăï ć âàěâìěň ãàăćŋěŋĺĺ ĺğňěŋěŋĺěň ňăááë.

u = −1

u = 1 x_1 x_2

Řĺá. 3.1: Őŕâĺňăńìŋëě âàăěłâőàĺĺ ć ğăďăçě ő áłőàěľèěľ őáâăŋőćłě ňăâěàĺăńìŋőľ âőçłĺ

u = −1

u = 1 x_1 x_2

Řĺá. 3.2: Őŕâĺňăńìŋëě âàăěłâőàĺĺ ć áńãçăě ćïğłőľ áàěďë ŕőńãçăěň áőŕàïęñŋŋëě ãàăćŋěŋĺï λ̇_1 = −^{∂H}_{∂h} = 0, λ̇_2 = −^{∂H}_{∂m} = λ_3um−2, λ̇_3 = −^{∂H}_{∂v} = −λ_1.

Őâáîďă λ_1 (t) = −C_1, λ̇_2 = (C_1t + C_3) u (t) m−1 (t) , λ_3 (t) = C_1t + C_3.

Ďăńěě, ĺğ ŕàĺŋæĺŕă ňăłáĺňãňă (λ_0ku − λ_2ku + λ_3u/m) → max_{0≤u≤u0} ŕőńãçăěň u (t) = { 0, ψ (t) < 0 u_0, ψ (t) > 0 , čďě ψ (t) ≡ λ_0k (1 − λ_2 (t)) + λ_3 (t) /m (t).

Ŋăľďñň ďćĺęěŋĺï ãŕàăćńïěňőľ áĺáâěňë, ŕàőĺáåőďïéĺě ŕàĺ ŕőáâőïŋŋőň ãŕàăćńěŋĺĺ u (t) = 0, 0 ≤ t ≤ τ . Ĺňěěň ć íâőň áńãçăě áńěďãîéĺě ãàăćŋěŋĺï ďćĺęěŋĺï áĺáâěňë ḣ = v, ṁ = 0, v̇ = −g, őâłãďă ŕőńãçăěň ďńï 0 ≤ t ≤ τ m (t) = m_0, v (t) = −gt + v_0, h (t) = h_0 + v_0t − gt^2/2.

Ďćĺęěŋĺï àăłěâë ŕàĺ u (t) ≡ u_0, t ≥ τ őŕĺáëćăîâáï ãàăćŋěŋĺïňĺ ḣ = v, ṁ = −ku_0, v̇ = −g + m^{−1}u_0, àěèěŋĺï łőâőàëå

m (t) = m (τ) − ku_0 (t − τ ) , v (t) = v (τ ) − g (t − τ ) −^{ln} (m(τ )−ku0(t−τ )) m(τ ) k , h (t) = ( v (τ) +^{ln m(τ)}_k ) (t − τ ) − g (t − τ)^2 /2 + h (τ ) +^{m(τ ) ln m(τ)/e}_{k2 u0} + +^{(m(τ)−ku0 (t−τ))−(m(τ )−ku0 (t−τ)) ln(m(τ)−ku0 (t−τ))} k^2 u_0 .

Ĺáłńîçăï ćàěňï t − τ = m (τ) − m ku_0 , ŕőńãçĺň ãàăćŋěŋĺě âàăěłâőàĺĺ ć äăğőćőľ ŕńőáłőáâĺ ŕěàěňěŋŋëå (h, v) ć ŕăàăňěâàĺçěáłőľ äőàňě:

v = v (τ ) −^{g(m(τ)−m)}_{ku0} −^{ln mm(τ )}_k , h = ( v (τ ) +^{ln m(τ )}_k ) (_{m(τ)−m} ku_0 ) −^g_2 (_{m(τ )−m} ku_0 )_2 + h (τ) + +^{m(τ ) ln m(τ)/e−m ln m/e} k^2 u_0 , m ≤ m (τ )

Ĺğ ãáńőćĺï h (1) = v (1) = 0, m (1) ≥ 0 őŕàěďěńïěň âě ňőňěŋâë ŕěàěłńîçěŋĺï τ, ŕàĺ łőâőàëå ňïčłăï ŕőáăďłă ćőğňőęŋă ŕàĺ ňăłáĺňăńìŋőň âőàňőęěŋĺĺ u_0

v (τ) +^{ln m(τ)}_k − g (1 − τ ) −^{ln(m(τ)−ku0 (1−τ ))}_k = 0, ( v (τ ) +^{ln m(τ )}_k ) (1 − τ ) − g (1 − τ )^2 /2 + h (τ ) +^{m(τ) ln m(τ )/e}_{k2 u0} + +^{(m(τ)−ku0 (1−τ))−(m(τ)−ku0 (1−τ )) ln(m(τ )−ku0 (1−τ))} k^2 u_0 = 0.

42 ŮĂŚŠĲ I. ĆĂŘĹĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ

Čńăćă 4

Ćăàĺăæĺőŋŋëě ğăďăçĺ áő áćőąőďŋëňĺ čàăŋĺæăňĺ

Ć íâőň àăğďěńě ňë ćŋőćì àăááňăâàĺćăěň łńăááĺçěáłĺě ćăàĺăæĺőŋŋëě ğăďăçĺ, őďŋăłő, âěŕěàì ãęě ŋě ŕàěďŕőńăčăěň, çâő ďőŕãáâĺňëě äãŋłæĺĺ őŕàěďěńěŋë ŋă äĺłáĺàőćăŋŋëå őâàěğłăå, ă ďőŕãáłăěň ćőğňőęŋőáâì ćăàìĺàőćăŋĺï ĺå őąńăáâěľ őŕàěďěńěŋĺï. Ć íâőň áńãçăě ğŋăçěŋĺï äãŋłæĺőŋăńă ňőčãâ ĺ ŋěŕőáàěďáâćěŋŋő ğăćĺáěâì őâ ğŋăçěŋĺľ äãŋłæĺĺ ŋă čàăŋĺæăå őąńăáâĺ őŕàěďěńěŋĺï. Śńěďőćăâěńìŋő, ňë ŕàĺåőďĺň ł áńěďãîéěňã ěáâěáâćěŋŋőňã őąőąéěŋĺî łńăááĺçěáłőčő ĺŋâěčàăńìŋőčő äãŋłæĺőŋăńă

J (y (·)) =

x_1∫

x_0 F ( x, y (x) , y^′ (x) ) dx + f (x_0, y (x_0) , x_1, y (x_1)) → max_D

(äãŋłæĺőŋăń Ąőńìæă). Ğďěáì F (·, ·, ·) ∈ C^3 ( R^3 ) , f (·, ·, ·, ·) ∈ C^3 ( R^4 ) . Řăááňőâàĺň ŋěáłőńìłő ćăàĺăŋâőć ğăďăç áő áćőąőďŋëňĺ čàăŋĺæăňĺ ďńï àăğńĺçŋëå ňŋőęěáâć ďőŕãáâĺňëå äãŋłæĺľ D.

4.1 Ğăďăçă (I_1)

Ć ďăŋŋőľ ğăďăçě ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ áőáâőĺâ ĺğ íńěňěŋâőć áńěďãîéěčő ćĺďă D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0 } , čďě x_0, x_1, y_0 — ğăďăŋŋëě çĺáńă. Ğŋăçěŋĺě äãŋłæĺľ ć âőçłě x_1 ŋĺłăł ŋě őčàăŋĺçĺćăěâáï, çâő áőőâćěâáâćãěâ ňŋőęěáâćã łàĺćëå, ĺğőąàăęñŋŋëå ŋă àĺáãŋłě 4.1

Ďńï ŕőńãçěŋĺï ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă ŕőáâàőĺň ďőŕãáâĺňãî ćăàĺăŋâã íłáâàěňăńìŋőčő íńěňěŋâă y^∗ (·). Ŕãáâì η (·) — ŕàőĺğćőńìŋăï äãŋłæĺï łńăááă C^2 [x_0, x_1], ãďőćńěâćőàïîéăï ãáńőćĺî η (x_0) = 0. Ŕőńőęĺň y_ε (x) = y^∗ (x) + εη (x), x ∈ [x_0, x_1] , ε ∈ R. Ŕãáâì

φ (ε) ≡ J (y_ε (·)) =

x_1∫

x_0 F ( x, y_ε (x) , y^′_ε (x) ) dx + f (y_ε (x_1)) .

xx_1 x_0 y_0 y

Řĺá. 4.1: Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_1

Ćëçĺáńïï ŕàőĺğćőďŋãî φ^′ (ε) ĺ ãçĺâëćăï čàăŋĺçŋëě áćőľáâćă äãŋłæĺĺ η (·), ŋăåőďĺň ŕěàćãî ćăàĺăæĺî äãŋłæĺőŋăńă

δJ ≡ φ^′ (0) =

x_1∫

x_0 (_{∂F} ∂y η +^{∂F}_{∂y′} η^′ ) dx +^{∂f}_{∂y1} η (x_1) =

=^{∂F}_{∂y′} η |^{x1}_{x0} +^{∂f}_{∂y1} η (x_1) +

x_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx = = x_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx + (_{∂f} ∂y_1 + ∂F ∂y^′ ) η (x_1) = 0.

(4.1)

Ğďěáì η (·) — ŕàőĺğćőńìŋăï äãŋłæĺï, ãďőćńěâćőàïîéăï ćëèěŕěàěçĺáńěŋŋëň âàěąőćăŋĺïň. Ć çăáâŋőáâĺ, ěáńĺ η (x_1) = 0, âő

x_1∫

x_0 ( ∂F ∂y − d dx ∂F ∂y^′ ) η dx = 0,

ĺ âőčďă ŕő őáŋőćŋőľ ńěňňě ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï ďńï äãŋłæĺĺ y^∗ (·) ćëŕőńŋïěâáï ãáńőćĺě ∂F ∂y − d dx ∂F ∂y^′ = 0 ∀x ∈ [x_0, x_1]

— ãàăćŋěŋĺě İľńěàă. Ś ďàãčőľ áâőàőŋë, ĺğ (4.1) ĺňěěň âőčďă ( ∂f ∂y_1 + ∂F ∂y^′ ) η (x_1) = 0

ŕàĺ ŕàőĺğćőńìŋőň čàăŋĺçŋőň ğŋăçěŋĺĺ η (x_1). Śńěďőćăâěńìŋő, ∂f ∂y_1 (y (x_1)) + ∂F ∂y^′ (x_1, y (x_1) , y^′ (x_1)) = 0

— ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ^1 .

1Transversus - “ŕőŕěàěł ńěęăéĺľ, ĺďãéĺľ” .

Šăłĺň őąàăğőň, ŋěőąåőďĺňëň ãáńőćĺěň íłáâàěňãňă ć ďăŋŋőľ ğăďăçě ćëáâãŕăěâ łàăěćăï ğăďăçă ďńï ãàăćŋěŋĺï İľńěàă áńěďãîéěčő ćĺďă ∂F ∂y −^d_{dx}^{∂F}_{∂y′} = 0, y|_{x=x0} = y_{0,} ∂f ∂y_1 + ∂F ∂y^′ | |_{x=x1} = 0,

ć łőâőàőľ ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ĺčàăěâ àőńì ŋěďőáâăîéěčő čàăŋĺçŋőčő ãáńőćĺï (ěáâěáâćěŋŋőě čàăŋĺçŋőě ãáńőćĺě) .

Ŕàĺňěà. Ćăàĺăŋâ ğăďăçĺ ő ąàăåĺáâőåàőŋě (áň. àăğďěń 2.1): ŋăľâĺ łàĺćãî ŋăĺáłőàěľèěčő áŕãáłă łőńěçłă ĺğ ŋăçăńìŋőčő ŕőńőęěŋĺï x_0 = y_0 = 0 ŋă ćěàâĺłăńìŋãî ŕàïňãî x = x_1.

Řěèěŋĺě. İłáâàěňăńïňĺ äãŋłæĺőŋăńă

x_1∫

0 √ 1 + y^{′2} dx √ y , ãďőćńěâćőàïîéĺňĺ ńěćőňã čàăŋĺçŋőňã ãáńőćĺî, ïćńïîâáï æĺłńőĺďë { x = C (t − sin t) y = C (1 − cos t) .

Ŕőáâőïŋŋãî C őŕàěďěńïěň ĺğ ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ ŋă ŕàăćőň łőŋæě F^′_y′ | |_{x=x1} = y^′ √ y (1 + y^{′2}) | | | | x=x_1 = 0,

łőâőàőě ć ďăŋŋőň áńãçăě ŕàĺŋĺňăěâ ćĺď ãáńőćĺï őàâőčőŋăńìŋőáâĺ æĺłńőĺďë ł ŕàïňőľ x = x_1 ć âőçłě ŕěàěáěçěŋĺï: y^′ (x_1) = 0. Śńěďőćăâěńìŋő, âőçłă ŕěàěáěçěŋĺï áőőâćěâáâćãěâ ćěàèĺŋě æĺłńőĺďë, â.ě. ğŋăçěŋĺî ŕăàăňěâàă t = π. Őâáîďă x_1 = Cπ, ĺ ãàăćŋěŋĺě ěďĺŋáâćěŋŋőľ æĺłńőĺďë, ŋă łőâőàőľ ňőęěâ ďőáâĺčăâìáï íłáâàěňãň, ĺňěěâ ćĺď { x =^{x1}_π (t − sin t) y =^{x1}_π (1 − cos t) .

Ğăňěçăŋĺe. Ěáâěáâćěŋŋëå čàăŋĺçŋëå ãáńőćĺľ — ãáńőćĺľ âàăŋáćěàáăńìŋőáâĺ ćáěčďă “ćőğŋĺłăěâ” áâőńìłő, áłőńìłő ŋěőąåőďĺňő ďńï ŕőńŋőâë ŋěőąåőďĺňëå ãáńőćĺľ íłáâàěňãňă.

Ŋăŕàĺňěà, ć ğăďăçě áő ćâőàőľ ŕàőĺğćőďŋőľ

J (y (·)) =

x_1∫

x_0 F ( x, y (x) , y^′ (x) , y^{′′} (x) ) dx + f (y (x_1)) → max_D , D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^4 [x_0, x_1] , y (x_0) = y_0, y^′ (x_0) = y^′_0 }

ŕěàćăï ćăàĺăæĺï äãŋłæĺőŋăńă ĺňěěâ ćĺď

δJ ≡ φ^′ (0) =

x_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} +^{d2}_{dx2}^{∂F}_{∂y′′} ) η dx+ + (_{∂f} ∂y_1 + ∂F ∂y^′ − d dx ∂F ∂y^{′′} ) η (x_1) +^{∂F}_{∂y′′} η^′ (x_1) .

Ćňěáâő ďćãå ŋěďőáâăîéĺå ãáńőćĺľ ŋă ŕàăćőň łőŋæě ĺŋâěàćăńă ŕőńãçăěň ğďěáì ďćă ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ^2 : ∂f ∂y_1 + ∂F ∂y^′ − d dx ∂F ∂y^{′′} | | |_{x=x1} = 0, ∂F ∂y^{′′} | | |_{x=x1} = 0.

Ŕàĺňěà. Řăááňőâàĺň ğăďăçã ő áâăæĺőŋăàŋőň ŕàőčĺąě ãŕàãčőľ ŋăčàãęěŋŋőľ ąăńłĺ, ęñáâłő “ğăďěńăŋŋőľ” ŋă ńěćőň łőŋæě^3. Ŕőńŋăï ŕőâěŋæĺăńìŋăï íŋěàčĺï áĺáâěňë áłńăďëćăěâáï ĺğ íŋěàčĺĺ ãŕàãčĺå áĺń^4 ĺ ŕőâěŋæĺăńìŋőľ íŋěàčĺĺ ŕőńï áĺńë âïęěáâĺ:

U = 1 2 l∫ 0 k (u^{′′}_{xx})^2 dx + mgu (l) , čďě m — ňăááă čàãğă ŋă ŕàăćőň łőŋæě ąăńłĺ (ňăááőľ áăňőľ ąăńłĺ ŕàěŋěąàěčăěň), g — ãáłőàěŋĺě áĺńë âïęěáâĺ, k — ŕőáâőïŋŋăï, åăàăłâěàĺğãîéăï ãŕàãčĺě áćőľáâćă ňăâěàĺăńă, ĺğ łőâőàőčő ĺğčőâőćńěŋă ąăńłă, u (x) — őâłńőŋěŋĺě âőçłĺ x ąăńłĺ ć ćěàâĺłăńìŋőľ ŕńőáłőáâĺ őâ ŕőńőęěŋĺï àăćŋőćěáĺï u = 0.

Ňĺŋĺňĺğĺàãï íâőâ äãŋłæĺőŋăń ŋă ňŋőęěáâćě äãŋłæĺľ ĺğ C^4 [0, l], ãďőćńěâćőàïîéĺå čàăŋĺçŋëň ãáńőćĺïň ęñáâłőčő ğăłàěŕńěŋĺï u (0) = u^′ (0) = 0, ŕőńãçăěň łàăěćãî ğăďăçã

d^2 dx^2 (ku ′′ xx) = 0, u (0) = u^′ (0) = 0, u^{′′}_{xx} (l) = 0, mg − ku^{′′′} (l) = 0, àěèěŋĺěň łőâőàőľ ïćńïěâáï äãŋłæĺï

u (x) = mg 6k x^2 (x − 3l) .

Ć çăáâŋőáâĺ, ňăłáĺňăńìŋëľ ŕàőčĺą ąăńłĺ ŋă ěñ łőŋæě u (l) = −^{mg}_{2k} l^3 ąëáâàő ŋăàăáâăěâ á ãďńĺŋěŋĺěň ąăńłĺ^5.

4.2 Ğăďăçă (I_2)

Ć íâőľ ğăďăçě ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ áőáâőĺâ ĺğ íńěňěŋâőć áńěďãîéěčő ćĺďă D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, x_1 ∈ (a, b) } , 2Śŕěàćă ąěàñň ŕàőĺğćőńìŋãî ŕàőąŋãî äãŋłæĺî η (x), ãďőćńěâćőàïîéãî ďőŕőńŋĺâěńìŋëň čàăŋĺçŋëň ãáńőćĺïň η (x_1) = η^′ (x_1) = 0, ĺ ćëćőďĺň ãàăćŋěŋĺě Ŕãăááőŋă. Ğăâěň ŕőńãçăěň ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ, ãçĺâëćăï ŕàőĺğćőńìŋőáâì ğŋăçěŋĺľ η (x_1), η^′ (x_1) ć ćëàăęěŋĺĺ ďńï ćăàĺăæĺĺ äãŋłæĺőŋăńă.

3İâő őğŋăçăěâ, çâő ąăńłă ŋě áňěéěŋă ć âőçłě ćëåőďă ĺğ áâěŋë ĺ ćëåőďĺâ ĺğ ŋěñ ŕőď ŕàïňëň ãčńőň.

4Śň. âěőàĺî ãŕàãčőáâĺ.

5Šěň, łâő ãæěńěń, ŕàëčăï ć ćőďã á áăňőďěńìŋëå ňőáâłőć, íâő åőàőèő ĺğćěáâŋő ...

y

x x_0 x_1 y_0 a b

Řĺá. 4.2: Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_2

čďě x_0, y_0, x_0 < a < b — ğăďăŋŋëě çĺáńă. Šăłĺň őąàăğőň, ĺŋâěàćăń őŕàěďěńěŋĺï äãŋłæĺĺ ĺ ěñ ğŋăçěŋĺě ć ŕàăćőľ čàăŋĺçŋőľ âőçłě x_1 ŋě ğăďăŋë őďŋőğŋăçŋő, ă ńĺèì ãďőćńěâćőàïîâ ãłăğăŋŋëň őčàăŋĺçěŋĺïň, çâő áőőâćěâáâćãěâ ňŋőęěáâćã łàĺćëå, ĺğőąàăęñŋŋëå ŋă àĺá. 4.2

Ŕãáâì y^∗ (·) : [x_0, x^∗_1] → R — àěèěŋĺě ďăŋŋőľ ğăďăçĺ^6. Ŕãáâì ďăńěě η (·) ∈ C^2 [x_0, b), η (x_0) = 0. Ŕőńőęĺň

y_ε (x) = y^∗ (x) + εη (x) , x ∈ [x_0, x^∗_1 + ε] , |ε| < ε_0, ε_0 > 0.

Ńěčłő ŕàőćěàĺâì ďőŕãáâĺňőáâì ďăŋŋőľ ćăàĺăŋâë íłáâàěňăńìŋőčő íńěňěŋâă. Ŕãáâì

φ (ε) ≡ J (y_ε (·)) =

x^∗_1 +ε∫

x_0 F ( x, y_ε (x) , y^′_ε (x) ) dx + f (x^∗_1 + ε, y_ε (x^∗_1 + ε)) ≡

≡ J_1 (ε) + J_2 (ε) .

Ŋăľďñň ŕàőĺğćőďŋëě íâĺå äãŋłæĺľ. Ĺňěěň d dε J_1 (ε) =^d_{dε}

x^∗_1 +ε∫

x_0 F ( x, y_ε (x) , y^′_ε (x) ) dx = = F ( x^∗_1 + ε, y_ε (x^∗_1 + ε) , y^′_ε (x^∗_1 + ε) ) + x^∗_1 +ε∫

x_0 (_{∂F} ∂y η +^{∂F}_{∂y′} η^′ ) dx = = x^∗_1 +ε∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx + ( F +^{∂F}_{∂y′} η ) x=x^∗_1 +ε , d dε J_2 (ε) = ( ∂f ∂x_1 + ∂f ∂y_1 (y^′ + η + εη^′) ) x=x^∗_1 +ε . Ć ĺâőčě ŕěàćăï ćăàĺăæĺï äãŋłæĺőŋăńă ŕàĺŋĺňăěâ ćĺď

δJ ≡ φ^′ (0) = J^′_1 (0) + J^′_2 (0) = ( F +^{∂f}_{∂x1} +^{∂f}_{∂y1} y^′ ) x=x^∗_1 + +η (_{∂F} ∂y^′ + ∂f ∂y_1 ) x=x^∗_1 + x^∗_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx = 0. (4.2)

6Ğăňěâĺň, çâő ć ďăŋŋőň áńãçăě ć ŕőŋïâĺě àěèěŋĺï ćåőďĺâ ŋě âőńìłő áăňă äãŋłæĺï, ŋő ĺ ěñ ĺŋâěàćăń őŕàěďěńěŋĺï [ x_0, x^∗_1 ] .

y

y_0 a b x_1 x x_0

Řĺá. 4.3: Ŕãçőł ďőŕãáâĺňëå łàĺćëå ć ğăďăçě I_3

Ćëąàăć η (x) ≡ 0, ŕőńãçĺň őâáîďă ŕěàćőě ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ( F + ∂f ∂x_1 + ∂f ∂y_1 y^′ ) x=x^∗_1 = 0.

Ďăńěě, ćğïć ŕàőĺğćőńìŋãî äãŋłæĺî η (·), ďńï łőâőàőľ η (x^∗_1) = 0, ŕőńãçĺň ĺğ (4.2) á ŕőňőéìî őáŋőćŋőľ ńěňňë ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï ãàăćŋěŋĺě İľńěàă ∂F ∂y − d dx ∂F ∂y^′ = 0, x ∈ [x_0, x^∗_1] .

Ŋăłőŋěæ, ŕőńăčăï η (x^∗_1) ≠ 0, ĺňěěň ĺğ (4.2) ćâőàőě ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ( ∂F ∂y^′ + ∂f ∂y_1 ) x=x^∗_1 = 0.

4.3 Ğăďăçă (I_3)

Ŕãáâì ňŋőęěáâćő ďőŕãáâĺňëå äãŋłæĺľ áőáâőĺâ ĺğ íńěňěŋâőć áńěďãîéěčő ćĺďă D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, x_1 ∈ (a, b) , y (x_1) = g (x_1) } , čďě x_0, y_0, x_0 < a < b — ğăďăŋŋëě çĺáńă, g (x) — ğăďăŋŋăï äãŋłæĺï. Ŕő áàăćŋěŋĺî á ŕàěďëďãéěľ ğăďăçěľ ŕàăćëľ łőŋěæ čàăäĺłă íłáâàěňăńĺ őąńăďăěâ ňěŋìèěľ áćőąőďőľ: âěŕěàì őŋ ďőńęěŋ áłőńìğĺâì ŕő ğăďăŋŋőľ łàĺćőľ {(x, g (x)) , x ∈ (a, b)} ć ŕńőáłőáâĺ (x, y) (áň. àĺá. 4.3).

Ŕãáâì y^∗ (·) : [x_0, x^∗_1] → R — àěèěŋĺě^7 ğăďăçĺ (I_3). Ŕãáâì ďăńěě η (·) ∈ C^2 [x_0, b), η (x_0) = 0, η (x^∗_1) ≠ 0. Řăááňőâàĺň äãŋłæĺî ω_η (ε) ≡ g (x^∗_1 + ε) − y^∗ (x^∗_1 + ε) η (x^∗_1 + ε) , |ε| ≤ ε_0, 7Śň. ŕàěďëďãéãî áŋőáłã.

čďě ε_0 — ďőáâăâőçŋő ňăńőě ŕőńőęĺâěńìŋőě çĺáńő. Ńěčłő ćĺďěâì, çâő

ω_η (0) = 0,

ω^′_η (ε) | |_{ε=0} = (^{g′ −y′})^{η−η′(g−y)} η^2 | | |_{ε=0} = =^{g′ (x∗1 )−y∗′(x∗1 )} η(x^∗_1 ) = ω^{′η} (0) .

Ŕőńőęĺň

y_ε (x) = y^∗ (x) + ω_η (ε) η (x) , x ∈ [x_0, x^∗_1 + ε] , |ε| ≤ ε_0. (4.3)

Ŋěâàãďŋő ŕàőćěàĺâì, çâő ďăŋŋăï ćăàĺăŋâă ïćńïěâáï ďőŕãáâĺňőľ. Ŕãáâì, łăł ćáěčďă^8,

φ (ε) ≡ J (y_ε (·)) = = x_1 +ε∫

x_0 F (x, y_ε, y^′_ε) dx J_1(ε)

+ f (x_1 + ε, y_ε (x_1 + ε))

J_2(ε) .

Ŋăľďñň ŕàőĺğćőďŋãî íâőľ äãŋłæĺĺ. Ĺňěěň ŕőáńěďőćăâěńìŋő dJ_1 dε = F |_{x1+ε} + x_1 +ε∫

x_0 (_{∂F} ∂y dy_ε dε +^{∂F}_{∂y′}^{dy′ε}_{dε} ) dx = = F |_{x1+ε} + x_1+ε∫ x_0 (_{∂F} ∂y ηω^′_η +^{∂F}_{∂y′} η^′ω^′_η ) dx = = F |_{x1} + ηω^′_η^{∂F}_{∂y′} | | |^{x1+ε}_{x0} + ω^′_η (ε)

x_1 +ε∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx, dJ_1 dε (0) = [ F + (g^′ − y^′)^{∂F}_{∂y′} ] x=x_1 + +ω^′_η (0)

x_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx, dJ_2 dε =^{∂f}_{∂x1} +^{∂f}_{∂y1}^{dyε(x1 +ε)}_{dε} ⇒ dJ_2 dε (0) = [_{∂f} ∂x_1 + ∂f ∂y_1 ( y^′ + ηω^′_η + η^′ω_η )] ε=0 = = [_{∂f} ∂x_1 + ∂f ∂y_1 g ′ ] x=x_1 . Ć ĺâőčě ŕőńãçăěň áńěďãîéěě ćëàăęěŋĺě ďńï ŕěàćőľ ćăàĺăæĺĺ äãŋłæĺőŋăńă δJ = [ F + (g^′ − y^′)^{∂F}_{∂y′} +^{∂f}_{∂x1} +^{∂f}_{∂y1} g^′ ] x=x_1 + +ω^′_η (0)

x_1∫

x_0 (_{∂F} ∂y −^d_{dx}^{∂F}_{∂y′} ) η dx = 0. (4.4)

Ŋěŕőáàěďáâćěŋŋő ŕőńőęĺâì ć (4.4) η (x) ≡ 0 ďńï ŕőńãçěŋĺï áńěďãîéěčő ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ [ F + (g^′ − y^′) ∂F ∂y^′ + ∂f ∂x_1 + ∂f ∂y_1 g^′ ] x=x_1 = 0 (4.5)

8Ďăńěě ďńï ãŕàőéěŋĺï ğăŕĺáĺ áĺňćőń ”∗” ć őąőğŋăçěŋĺĺ àěèěŋĺï ğăďăçĺ őŕãáłăěâáï.

ňë ŋě ĺňěěň ŕàăćă, âăł łăł áăňă ćăàĺăŋâă (4.3) áâàőĺńăáì ć ŕàěďŕőńőęěŋĺĺ ő ŋěâàĺćĺăńìŋőáâĺ ŕàőąŋőľ äãŋłæĺĺ η (·) . Ŕőíâőňã ŕőáâãŕĺň áńěďãîéĺň őąàăğőň. Ŕàěďŕőńăčăï ĺğćěáâŋëňĺ łőőàďĺŋăâë ŕàăćőčő łőŋæă čàăäĺłă àěèěŋĺï ďăŋŋőľ ćăàĺăæĺőŋŋőľ ğăďăçĺ, ňë ňőęěň ŕàőĺğćěáâĺ áàăćŋěŋĺě íâőčő àěèěŋĺï ńĺèì á ďőŕãáâĺňëňĺ äãŋłæĺïňĺ, ãďőćńěâćőàïîéĺňĺ âőçŋő âăłĺň ęě čàăŋĺçŋëň ãáńőćĺïň. Řěèěŋĺě áőőâćěâáâćãîéěľ ŕàőáâěľèěľ ćăàĺăæĺőŋŋőľ ğăďăçĺ á ŋěőąåőďĺňőáâìî ãďőćńěâćőàïěâ ãàăćŋěŋĺî İľńěàă ∂F ∂y − d dx ∂F ∂y^′ = 0,

çâő őğŋăçăěâ ćëŕőńŋěŋĺě ďăŋŋőčő ãàăćŋěŋĺï ĺ ďńï àěèěŋĺï ğăďăçĺ íâőčő àăğďěńă. Ŕőíâőňã ć ćëàăęěŋĺĺ ďńï ćăàĺăæĺĺ (4.4) ĺŋâěčàăń ć ďěľáâćĺâěńìŋőáâĺ àăćěŋ ŋãńî, őâłãďă ĺ ŕőńãçăěň ãáńőćĺě (4.5).

Ŕàĺňěà. Ďńï äãŋłæĺőŋăńőć ćĺďă

J (y (·)) ≡ x_1∫

x_0

F_1 (x, y (x)) √ 1 + (y^′ (x))^2 dx

ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ (4.5) ğăŕĺáëćăěâáï łăł ãáńőćĺě őàâőčőŋăńìŋőáâĺ łàĺćëå y = y (x) ĺ y = g (x) ć âőçłě ŕěàěáěçěŋĺï: g^′y^′|_{x=x1} = −1. Ć çăáâŋőáâĺ, łàăâçăľèěě àăááâőïŋĺě őâ ğăďăŋŋőľ âőçłĺ ďő ğăďăŋŋőľ łàĺćőľ àěăńĺğãěâáï ŋă ćëåőďïéěľ ĺğ âőçłĺ ŕàïňőľ, łőâőàăï őàâőčőŋăńìŋă łàĺćőľ ć âőçłě ŕěàěáěçěŋĺï (F_1 ≡ 1).

Ğăďăçă^9 . Ŋăľâĺ ąàăåĺáâőåàőŋã, áőěďĺŋïîéãî ć ćěàâĺłăńìŋőľ ŕńőáłőáâĺ ğăďăŋŋãî âőçłã x_0 = y_0 = 0 á ŕàőĺğćőńìŋőľ âőçłőľ ŕàïňőľ y = −x + 1.

Ğăňěçăŋĺě ł ğăďăçăň (I). Ěáńĺ áćőąőďŋëň ïćńïěâáï ŋě ŕàăćëľ, ă ńěćëľ łőŋěæ łàĺćőľ, âő ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ, őçěćĺďŋő, áńěďãěâ ćëŕĺáëćăâì ĺňěŋŋő ďńï ŋěčő. Ŕàĺ íâőň ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ŋă ńěćőň łőŋæě łàĺćőľ ŕőńãçăěâáï ĺğ áőőâćěâáâćãîéěčő ãáńőćĺï ŋă ŕàăćőň łőŋæě áňěŋőľ ğŋăłă ćő ćáěå ćëàăęěŋĺïå, ć łőâőàëě ćåőďĺâ äãŋłæĺï F : F → −F, ∂F ∂y^′ → − ∂F ∂y^′ ĺ â.ď.

Ŋăŕàĺňěà, ć ğăďăçě (I_3) áő áćőąőďŋëň ńěćëň łőŋæőň ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ŋă íâőň łőŋæě ĺňěěâ ćĺď [ −F − (g^′ − y^′) ∂F ∂y^′ + ∂f ∂x_0 + ∂f ∂y_0 g^′ ] x=x_0 = 0.

9Ďńï áăňőáâőïâěńìŋőčő àěèěŋĺï. Ŕőáâăŋőćłã ğăďăçĺ ő ąàăåĺáâőåàőŋě áň. ć àăğďěńě (2.1).

Őâćěâ: æĺłńőĺďă á ãàăćŋěŋĺěň { x =^2_{4−π} (t − sin t) y =^2_{4−π} (1 − cos t) .

Ć őąéěň áńãçăě ãáńőćĺě âàăŋáćěàáăńìŋőáâĺ ďńï łőŋæă ĺŋâěàćăńă x = x_k , k = 0, 1 ć ğăďăçě (I_3) ňőęŋő, áńěďőćăâěńìŋő, ğăŕĺáăâì âăł: [ (−1)^{k+1} { F + (g^′ − y^′) ∂F ∂y^′ } + ∂f ∂x_k + ∂f ∂y_k g^′ ] x=x_k = 0.

Ěáńĺ áćőąőďŋë őąă łőŋæă łàĺćőľ, âő ŋă łăęďőň áńěďãěâ ćëŕĺáăâì áőőâćěâáâćãîéĺě ãáńőćĺï âàăŋáćěàáăńìŋőáâĺ.

52 ŮĂŚŠĲ I. ĆĂŘĹĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ

Čńăćă 5

Ďőáâăâőçŋëě ãáńőćĺï C1−ńőłăńìŋőčő íłáâàěňãňă

Ć ďăŋŋőň àăğďěńě ćëćőďïâáï ďőáâăâőçŋëě ãáńőćĺï íłáâàěňãňă ďńï ŕàőáâěľèěľ ğăďăçĺ ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (ğăďăçă (Ă) — áň. àăğďěń 2.1)

J (y (·)) =

x_1∫

x_0

F (x, y (x) , y^′ (x)) dx → max_D , (5.1)

D = { y (x) : x ∈ [x_0, x_1] , y (·) ∈ C^2 [x_0, x_1] , y (x_0) = y_0, y (x_1) = y_1 } . Őŕàěďěńěŋĺě 1. Ťãŋłæĺőŋăń J (y (·)) ďőáâĺčăěâ ŋă íńěňěŋâě y^∗ (·) ∈ D C^1−ńőłăńìŋőčő ňăłáĺňãňă, ěáńĺ ŋăľďñâáï çĺáńő ε > 0 âăłőě, çâő

J (y^∗ (·)) ≥ J (y (·))

ďńï ćáïłőľ y (·) ∈ D, ďńï łőâőàőľ^1 ‖y^∗ (·) − y (·)‖_C1_{[x0,x1]} ≤ ε. Ŋěőąåőďĺňëň ãáńőćĺěň C^1−ńőłăńìŋőčő íłáâàěňãňă ïćńïěâáï ćëŕőńŋěŋĺě ďńï y^∗ (·) łàăěćőľ ğăďăçĺ İľńěàă. Őďŋăłő, ŋă àěèěŋĺĺ íâőľ ğăďăçĺ^2 íłáâàěňãň ňőęěâ ĺ ŋě ďőáâĺčăâìáï. Ŕàőďěňőŋáâàĺàãěň íâő áńěďãîéĺň ŕàĺňěàőň:

J (y (·)) = 3π/2∫ 0 ( y^2 − y^{′2} ) dx → max, y (0) = y (3π/2) = 0.

Ğďěáì ěďĺŋáâćěŋŋëň àěèěŋĺěň łàăěćőľ ğăďăçĺ İľńěàă

y^{′′} + y = 0, y (0) = y (3π/2) = 0

1‖f‖_C1_{[x0,x1]} ≡ max_{x∈[x0,x1]} |f (x)| + max_{x∈[x0,x1]} |f^′ (x)| — ŋőàňă ć ŕàőáâàăŋáâćě C^1 [x_0, x_1]. 2Šő ěáâì, ŋă íłáâàěňăńĺ, ãďőćńěâćőàïîéěľ łàăěćëň ãáńőćĺïň.

ïćńïěâáï âàĺćĺăńìŋăï äãŋłæĺï y^∗ (x) ≡ 0. Ŋă ŋěľ ćďőąăćőł ćëŕőńŋěŋő ŋěőąåőďĺňőě ãáńőćĺě Ńěęăŋďàă

∂^2F ∂y^{′2} ≡ −2 < 0, ĺğ łőâőàőčő áńěďãěâ âăłęě, çâő ćőğňőęŋëľ íłáâàěňãň — ňăłáĺňãň.

Őďŋăłő, ŋă ďőŕãáâĺňëå äãŋłæĺïå ćĺďă y_ε (x) ≡ ε sin

(_2 3 x ) , ε > 0, ŕàĺŋăďńěęăéĺå C^1−őłàěáâŋőáâĺ àăďĺãáă^5_3 ε äãŋłæĺĺ y^∗ (·), ňë ĺňěěň

J (y_ε (·)) = 5 12 πε^2 > 0 = J (y^∗ (·)) ,

ĺğ çěčő ćëâěłăěâ, çâő ŋă y^∗ (·) ńőłăńìŋëľ ňăłáĺňãň ŋě ďőáâĺčăěâáï. Šăłĺň őąàăğőň, ćëŕőńŋěŋĺě łàăěćőľ ğăďăçĺ İľńěàă (ďăęě ćňěáâě á ãáńőćĺěň Ńěęăŋďàă) ŋě ïćńïěâáï ďőáâăâőçŋëň ãáńőćĺěň íłáâàěňãňă.

Řăááňőâàĺň ŕàĺàăéěŋĺě äãŋłæĺőŋăńă ć C^1-őłàěáâŋőáâĺ íłáâàěňăńìŋőčő íńěňěŋâă. Ŕő äőàňãńě Šěľńőàă △J = J (y^∗ + εη) − J (y^∗) = εδJ + ε^2 2! δ^2J + o ( ε^2 ) , (5.2)

čďě η (·) — ŕàőĺğćőńìŋăï äĺłáĺàőćăŋŋăï äãŋłæĺï łńăááă C^2 [x_0, x_1] á ŋãńěćëňĺ čàăŋĺçŋëňĺ ğŋăçěŋĺïňĺ.

Ŋěőąåőďĺňëňĺ ãáńőćĺïňĺ ńőłăńìŋőčő ňăłáĺňãňă ïćńïîâáï δJ = 0, δ^2J ≤ 0 ∀η (·) . Ĺğ àăğńőęěŋĺï (5.2) ćĺďŋő, çâő ć áńãçăě δJ = 0 ďőáâăâőçŋëň ãáńőćĺěň ńőłăńìŋőčő ňăłáĺňãňă ňőęěâ áńãęĺâì ãáńőćĺě őâàĺæăâěńìŋőáâĺ ćâőàőľ ćăàĺăæĺĺ ŋă ŕàőĺğćőńìŋőň ŋěâàĺćĺăńìŋőň ŕàĺàăéěŋĺĺ εη: δ^2J < 0 ∀η (·) ≢ 0. Ćëàăęěŋĺě ďńï ćâőàőľ ćăàĺăæĺĺ ąëńő ŕőńãçěŋő ć àăğďěńě 2.1:

δ^2J =

x_1∫

x_0 Ω (x, η (x) , η^′ (x)) dx = = x_1∫

x_0 [ P (x) η^2 (x) + 2Q (x) η (x) η^′ (x) + R (x) η^{′2} (x) ] dx, čďě P (x) ≡ F^{′′}_{y2} (x, y^∗ (x) , y^{∗′} (x)) , Q (x) ≡ F^{′′}_{yy}′ (x, y^∗ (x) , y^{∗′} (x)) , R (x) ≡ F^{′′}_{y′2} (x, y^∗ (x) , y^{∗′} (x)) . Ććěďñň àïď ŋőćëå őŕàěďěńěŋĺľ.

Őŕàěďěńěŋĺě 2. Ćâőàĺçŋőľ íłáâàěňăńìŋőľ ğăďăçěľ (ŕő őâŋőèěŋĺî ł ĺáåőďŋőľ ğăďăçě (5.1)) ŋăğëćăěâáï ğăďăçă

x_1∫

x_0

Ω (x, η (x) , η^′ (x)) dx → max_{D0} ,

D_0 ≡ { η (x) : x ∈ [x_0, x_1] , η (·) ∈ C^1 [x_0, x_1] , η (x_0) = η (x_1) = 0

} (5.3)

Őŕàěďěńěŋĺě 3. Şàăćŋěŋĺě İľńěàă ďńï ćâőàĺçŋőľ íłáâàěňăńìŋőľ ğăďăçĺ (5.3) Ω^′_η − d dx Ω^′_η′ = 0 (5.4)

ŋăğëćăěâáï ãàăćŋěŋĺěň §łőąĺ ĺáåőďŋőľ ğăďăçĺ (5.1).

Őŕàěďěńěŋĺě 4. Šőçłă x̄ ∈ (x_0, x_1] ŋăğëćăěâáï áőŕàïęñŋŋőľ âőçłě x_0 ŋă íłáâàěňăńĺ y^∗ (·), ěáńĺ η (x̄) = 0, čďě η (x) — ŋěŋãńěćőě àěèěŋĺě ãàăćŋěŋĺï §łőąĺ, ãďőćńěâćőàïîéěě ãáńőćĺî η (x_0) = 0.

Řăááňőâàĺň ãàăćŋěŋĺě §łőąĺ (5.4) ąőńěě ŕőďàőąŋő. Ĺňěěň

Ω^′_η ≡ 2P η + 2Qη^′, Ω^′_η′ ≡ 2Qη + 2Rη^′. Śńěďőćăâěńìŋő, ďńï ďőáâăâőçŋő čńăďłőľ äãŋłæĺĺ F (x, y, y^′) ãàăćŋěŋĺě §łőąĺ ŕàěďáâăćńïěâ áőąőľ őďŋőàőďŋőě ńĺŋěľŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă:

R (x) η^{′′} + S (x) η^′ + T (x) η = 0,

čďě äãŋłæĺĺ S (·) , T (·) ćëàăęăîâáï çěàěğ P (·) , Q (·) , R (·).

Őąéěě àěèěŋĺě íâőčő ńĺŋěľŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă, łăł ĺğćěáâŋő, ňőęŋő ğăŕĺáăâì ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ

η (x) = C_1φ (x) + C_2ψ (x) ,

čďě {φ, ψ} — ŕàőĺğćőńìŋëľ ńĺŋěľŋő ŋěğăćĺáĺňëľ ŋăąőà ěčő àěèěŋĺľ (äãŋďăňěŋâăńìŋăï áĺáâěňă àěèěŋĺľ). Řăááňőâàĺň áěňěľáâćő àěèěŋĺľ ãàăćŋěŋĺï §łőąĺ, őąàăéăîéĺåáï ć ŋőńì ć ŋăçăńìŋőľ âőçłě ĺŋâěàćăńă x_0:

η (x_0) = C_1φ (x_0) + C_2ψ (x_0) = 0 ⇒ C_2 = −C_1 φ (x_0) ψ (x_0) ⇒

η (x) = C_1 ( φ (x) − ψ (x) φ (x_0) ψ (x_0) ) ≡ C_1α (x) (5.5)

Ěáńĺ ć ŋěłőâőàőľ âőçłě x̄ łăłőě-ńĺąő ŋěâàĺćĺăńìŋőě àěèěŋĺě áěňěľáâćă (5.5) őąàăéăěâáï ć ŋőńì, âő ĺ ćáě ŕàőçĺě àěèěŋĺï áěňěľáâćă ć ďăŋŋőľ âőçłě őąàăéăîâáï ć ŋőńì. Ŕőíâőňã ŕàőćěàłã őąàăéěŋĺï ć ŋőńì ňőęŋő ŕàőćőďĺâì ŋă ŕàőĺğćőńìŋőň àěèěŋĺĺ, ćåőďïéěň ć íâő áěňěľáâćő, áłăęěň, ďńï őŕàěďěńñŋŋőáâĺ, ŋă àěèěŋĺĺ η_0 (x), łőâőàőě ãďőćńěâćőàïěâ ãáńőćĺî η^′_0 (x_0) = 1.

Őŕàěďěńěŋĺě 5. İłáâàěňăńì y^∗ (·) ãďőćńěâćőàïěâ ãáńőćĺî Ńěęăŋďàă, ěáńĺ

R (x) ≡ F^{′′}_y′2 (x, y^∗ (x) , y^{∗′} (x)) ≤ 0 ∀x ∈ [x_0, x_1] ;

ą) ãáńĺńěŋŋőňã ãáńőćĺî Ńěęăŋďàă, ěáńĺ

R (x) ≡ F^{′′}_y′2 (x, y^∗ (x) , y^{∗′} (x)) < 0 ∀x ∈ [x_0, x_1] ;

ć) ãáńőćĺî §łőąĺ, ěáńĺ ć ĺŋâěàćăńě (x_0, x_1) íłáâàěňăńì ŋě ĺňěěâ áőŕàïęñŋŋëå âőçěł;

č) ãáĺńěŋŋőňã ãáńőćĺî §łőąĺ, ěáńĺ ć ŕőńãĺŋâěàćăńě (x_0, x_1] íłáâàěňăńì ŋě ĺňěěâ áőŕàïęñŋŋëå âőçěł^3.

Šěőàěňă 1 (ăŋăńĺâĺçěáłăï äőàňãńĺàőćłă ŋěőąåőďĺňëå ĺ ďőáâăâőçŋëå ãáńőćĺľ íłáâàěňãňă).

Ďńï âőčő çâőąë íłáâàěňăńì y^∗ (·) ďőáâăćńïńă äãŋłæĺőŋăńã C^1−ńőłăńìŋëľ íłáâàěňãň

1) ŋěőąåőďĺňő, çâőąë őŋă ãďőćńěâćőàïńă ãáńőćĺïň Ńěęăŋďàă ĺ §łőąĺ;

2) ďőáâăâőçŋő, çâőąë őŋă ãďőćńěâćőàïńă ãáĺńěŋŋëň ãáńőćĺïň Ńěęăŋďàă ĺ §łőąĺ.

Ďőłăğăâěńìáâćő. Ŋěőąåőďĺňőáâì ãáńőćĺï Ńěęăŋďàă^4 ãáâăŋőćńěŋă ć àăğďěńě 2.1. Ŕőłăęěň, çâő ãáĺńěŋŋëě ãáńőćĺï Ńěęăŋďàă ĺ §łőąĺ (ć áőćőłãŕŋőáâĺ) őąěáŕěçĺćăîâ őâàĺæăâěńìŋőáâì ćâőàőľ ćăàĺăæĺĺ äãŋłæĺőŋăńă ŋă ńîąőň ŋěâàĺćĺăńìŋőň ŕàĺàăéěŋĺĺ, çâő ć áĺńã áďěńăŋŋëå ćëèě ğăňěçăŋĺľ ĺ ďőłăğëćăěâ âěőàěňã. Řăááňőâàĺň ďńï ŕàőĺğćőńìŋőľ őčàăŋĺçěŋŋőľ ďĺääěàěŋæĺàãěňőľ äãŋłæĺĺ w (x) ĺŋâěčàăń

x_1∫

x_0 ( w^′ (x) η^2 + 2w (x) ηη^′ ) dx = x_1∫

x_0 ( wη^2 )_′ dx = = wη^2 |_{x1} x_0 = 0 ∀η (·) ∈ D0.

(5.6)

Ŕàĺ ćëŕőńŋěŋĺĺ ãáĺńěŋŋőčő ãáńőćĺï Ńěęăŋďàă (R < 0) ćâőàăï ćăàĺăæĺï ŕőáńě ďőąăćńěŋĺï ł ŋěľ ńěćőľ çăáâĺ (5.6) ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě

δ^2J =

x_1∫

x_0 [ (P (x) + w^′ (x)) η^2 + 2 (Q (x) + w (x)) ηη^′ + R (x) η^{′2} ] dx = = x_1∫

x_0 [ R ( η^′ +^{Q+w}_R η

)_2 + ( P + w^′ −^{(Q+w)2}_R ) η^2 ] dx Ćëąěàěň äãŋłæĺî w (x) âăł, çâőąë ŕőďëŋâěčàăńìŋăï äãŋłæĺï á âőçŋőáâìî ďő ňŋőęĺâěńï ąëńă ŕőńŋëň łćăďàăâőň. Ďőáâăâőçŋő ŕőńőęĺâì ďńï íâőčő

R (P + w^′) − (Q + w)^2 ≡ 0. (5.7)

Šőčďă

δ^2J =

x_1∫

x_0 R ( η^′ + Q + w R η )_2 dx. Śńěďőćăâěńìŋő, ğŋăł ćâőàőľ ćăàĺăæĺĺ ąãďěâ őŕàěďěńïâìáï âőńìłő ğŋăłőň äãŋłæĺĺ R (x), ĺ ŕőâőňã ćăàĺăæĺï őâàĺæăâěńìŋă ŋă ńîąőň ŋěâàĺćĺăńìŋőň ŕàĺàăéěŋĺĺ εη. Őďŋăłő, ďńï ćőğňőęŋőáâĺ ãłăğăŋŋőčő ŕàěőąàăğőćăŋĺï ćăàĺăæĺĺ ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ãàăćŋěŋĺě (5.7) ĺňěńő őčàăŋĺçěŋŋőě àěèěŋĺě. Ğăňěŋőľ

3Ğăňěâĺň, çâő ć íâőň áńãçăě ãàăćŋěŋĺě §łőąĺ ĺňěěâ àěèěŋĺě, łőâőàőě ŋě őąàăéăěâáï ć ŋőńì ŋĺ ć őďŋőľ âőçłě őâàěğłă [x_0, x_1].

4Ďőłăğăâěńìáâćő ŋěőąåőďĺňőáâĺ ãáńőćĺï §łőąĺ őŕãáłăěň (áň., ŋăŕàĺňěà, [3]).

w = −Q − R u^′ u őŋő ŕàĺćőďĺâáï ł ãàăćŋěŋĺî §łőąĺ (5.4) ďńï äãŋłæĺĺ u. Ěáńĺ íâő ãàăćŋěŋĺě ĺňěěâ ŋěŋãńěćőě ŕàĺ x_0 ≤ x ≤ x_1 àěèěŋĺě (ă íâő ĺňěŋŋő âăł, ěáńĺ ćëŕőńŋěŋő ãáĺńěŋŋőě ãáńőćĺě §łőąĺ), âő ĺ (5.7) ĺňěěâ őčàăŋĺçěŋŋőě àěèěŋĺě. Šěőàěňă ďőłăğăŋă.

Ďőáâăâőçŋëě ãáńőćĺï íłáâàěňãňă ňőęŋő áäőàňãńĺàőćăâì ĺ ĺŋăçě, ŕàĺćńěłăï ŕőŋïâĺě æěŋâàăńìŋőčő ŕőńï íłáâàěňăńěľ. Ă ĺňěŋŋő, áěňěľáâćő íłáâàěňăńěľ y (x, λ) őąàăğãěâ æěŋâàăńìŋőě ŕőńě ŋă őâàěğłě x ∈ [x_0, x̃], ěáńĺ ćåőďïéĺě ć ŋěčő íłáâàěňăńĺ ŋă ďăŋŋőň ĺŋâěàćăńě ŋě ĺňěîâ ĺŋëå âőçěł ŕěàěáěçěŋĺï łàőňě âőçłĺ (x_0, y_0).

Šěőàěňă 2 (čěőňěâàĺçěáłăï äőàňãńĺàőćłă ďőáâăâőçŋëå ãáńőćĺľ íłáâàěňãňă).

Ďńï âőčő çâőąë ãďőćńěâćőàïîéăï ãáĺńěŋŋőňã ãáńőćĺî Ńěęăŋďàă íłáâàěňăńì y^∗ (·) ďőáâăćńïńă äãŋłæĺőŋăńã C^1−ńőłăńìŋëľ íłáâàěňãň ďőáâăâőçŋő, çâőąë ěñ ňőęŋő ąëńő ćłńîçĺâì ć æěŋâàăńìŋőě ŕőńě íłáâàěňăńěľ ŋă őâàěğłě [x_0, x_1].

(ąěğ ďőłăğăâěńìáâćă)

Ŕàĺňěàë.

1. Ćěàŋñňáï ł àăááňőâàěŋŋőňã ć ŋăçăńě ďăŋŋőčő àăğďěńă ŕàĺňěàã ć ŋěáłőńìłő ąőńěě èĺàőłőľ ŕőáâăŋőćłě:

J (y) =

x_1∫ 0 ( y^2 − y^{′2} ) dx → max, y (0) = y (x_1) = 0.

Ğďěáì x_1 — ŕàőĺğćőńìŋőě, ŋő äĺłáĺàőćăŋŋőě çĺáńő. Ĺğ ãàăćŋěŋĺï İľńěàă, łőâőàőě ğďěáì ĺňěěâ ćĺď y^{′′} +y = 0, ŋăåőďĺň áěňěľáâćő íłáâàěňăńěľ, ãďőćńěâćőàïîéĺå ńěćőňã čàăŋĺçŋőňã ãáńőćĺî: y (x) = C_1 sin x. Šăł łăł F^{′′}_{y′2} ≡ −2 < 0, âő ďńï ńîąőľ íłáâàěňăńĺ ćëŕőńŋěŋő ãáĺńěŋŋőě ãáńőćĺě Ńěęăŋďàă. Ĺğ ãàăćŋěŋĺě §łőąĺ η^{′′} + η = 0 ŋăåőďĺň äãŋłæĺî η_0 (x) ≡ sin x. Śńěďőćăâěńìŋő, ąńĺęăľèěľ ł x_0 = 0 áőŕàïęñŋŋőľ âőçłőľ ïćńïěâáï âőçłă x̄ = π.

Řăááňőâàĺň ćăàĺăŋâë ćőğňőęŋëå ğŋăçěŋĺľ x_1.

(a) Ŕãáâì x_1 < π. Šőčďă ěďĺŋáâćěŋŋőľ íłáâàěňăńìî, ãďőćńěâćőàïîéěľ őąěĺň čàăŋĺçŋëň ãáńőćĺïň, ïćńïěâáï y^∗ (x) ≡ 0. Ďńï íâőľ íłáâàěňăńĺ ćëŕőńŋěŋő ãáĺńěŋŋőě ãáńőćĺě §łőąĺ, âăł łăł ąńĺęăľèăï ŋă ŋěľ áőŕàïęñŋŋăï âőçłă π ŋě ŕőŕăďăěâ ć ŕőńãĺŋâěàćăń (0, x_1]. Śńěďőćăâěńìŋő, ŋă ŋěľ ďőáâĺčăěâáï C^1-ńőłăńìŋëľ íłáâàěňãň. İâő áńěďãěâ âăłęě ĺ ĺğ âőčő, çâő ďăŋŋăï íłáâàěňăńì ćłńîçěŋă ć æěŋâàăńìŋőě ŕőńě íłáâàěňăńěľ y (x, λ) = λ sin x.

(b) Ŕãáâì x_1 = π. Ć íâőň áńãçăě íłáâàěňăńěľ, ãďőćńěâćőàïîéĺå őąěĺň čàăŋĺçŋëň ãáńőćĺïň, ąěáłőŋěçŋő ňŋőčő: y^∗ (x) = C sin x.

Ćáě őŋĺ ãďőćńěâćőàïîâ ãáńőćĺî §łőąĺ (ŋő ŋě ãáĺńěŋŋőňã!). Ğŋăçěŋĺě äãŋłæĺőŋăńă ŋă ńîąőľ ĺğ ŋĺå őďĺŋăłőćő

J (C sin (x)) = C^2 π∫ 0 ( cos^2 x − sin^2 x ) dx = 0.

Šăłĺň őąàăğőň, ćőŕàőá ő ďőáâĺęěŋĺĺ ŋă ďăŋŋëå íłáâàěňăńïå C^1- ńőłăńìŋőčő íłáâàěňãňă őáâăñâáï őâłàëâëň, ĺ âàěąãěâáï ďőŕőńŋĺâěńìŋőě ĺááńěďőćăŋĺě.

(c) Ŕãáâì x_1 > π. Ć íâőň áńãçăě łàăěćëň ãáńőćĺïň ãďőćńěâćőàïěâ ŋãńěćăï íłáâàěňăńì y^∗ (x) ≡ 0 (ďńï x_1 = kπ ďăęě ńîąăï ĺğ ŕãçłă C sin x). Őďŋăłő, ŋă ŋěľ ŋě ćëŕőńŋěŋő ŋěőąåőďĺňőě ãáńőćĺě §łőąĺ: ć ĺŋâěàćăńě (0, x_1) ěáâì áőŕàïęñŋŋăï âőçłă π. Śńěďőćăâěńìŋő, ŋă ďăŋŋőľ íłáâàěňăńĺ ńőłăńìŋëľ íłáâàěňãň ŋě ďőáâĺčăěâáï (áà. á ŕàĺňěàőň, àăğőąàăŋŋëň ć ŋăçăńě àăğďěńă, čďě x_1 =^{3π}_2 ).

2. Ŕőłăęěň, çâő æĺłńőĺďă (áň. àăğďěń 2.1) ďěľáâćĺâěńìŋő ïćńïěâáï ąàăåĺáâőåàőŋőľ (ŕő-łàăľŋěľ ňěàě áàěďĺ C^1-ąńĺğłĺå łàĺćëå). Şáĺńěŋŋőě ãáńőćĺě Ńăčàăŋęă ć ďăŋŋőľ ğăďăçě ćëŕőńŋïěâáï ďńï ńîąőľ äãŋłæĺĺ: F^{′′}_y′2 = 1 √ y (1 + y^{′2})^{3/2} > 0. Śăňă ęě æĺłńőĺďă { x^∗ (t) = C^∗ (t − sin t) y^∗ (t) = C^∗ (1 − cos t) ,

ŕàĺåőďïéăï ć ğăďăŋŋãî âőçłã, őçěćĺďŋő, ňőęěâ ąëâì ćńőęěŋă ć æěŋâàăńìŋőě ŕőńě íłáâàěňăńěľ ćĺďă { x (t) = (1 + λ) C^∗ (t − sin t) y (t) = (1 + λ) C^∗ (1 − cos t) , |λ| < λ^0.

Čńăćă 6

Čăňĺńìâőŋőć äőàňăńĺğň

Řăááňőâàĺň őŕïâì ŕàőáâěľèãî ğăďăçã ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (2.1).

Ććőďï ŋőćãî ŕěàěňěŋŋãî (ĺňŕãńìá) p ≡ F^′_y′ (x, y, y^′) ĺ ŋőćãî äãŋłæĺî (Čăňĺńìâőŋă) H (x, y, p) = py^′ − F (x, y, y^′) ňőęŋő ğăŕĺáăâì ãàăćŋěŋĺě İľńěàă (2.5) ćâőàőčő ŕőàïďłă ć ćĺďě (łăŋőŋĺçěáłőľ) čăňĺńìâőŋőćőľ áĺáâěňë ĺğ ďćãå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă {_{dy} dx =^{∂H}_{∂p} dp dx = −^{∂H}_{∂y} (6.1)

Ďńï ďőłăğăâěńìáâćă íâőčő ćëàăğĺň y^′ ĺğ ãàăćŋěŋĺï p = F^′_y′ (x, y, y^′) ńőłăńìŋő^1 ć ćĺďě y^′ = ϕ (x, y, p) ĺ ğăŕĺèěň âőęďěáâćő H (x, y, p) ≡ pϕ (x, y, p) − F (x, y, ϕ (x, y, p)) . Őâáîďă ŕőńãçăěň ďńï ńîąőčő àěèěŋĺï ãàăćŋěŋĺï İľńěàă (íłáâàěňăńĺ) ∂H ∂p = ϕ (x, y, p) + ( p ∂ϕ ∂p − F^′_y′ ∂ϕ ∂p )

≡0 = y^′,

∂H ∂y = ( p ∂ϕ ∂y − F^′_y′ ∂ϕ ∂y )

≡0 − ∂F ∂y = − d dx F^′_y′ = −p^′.

Ğăňěâĺň âăłęě, çâő ∂H ∂x = p ∂ϕ ∂x − ∂F ∂x − F^′_y′ ∂ϕ ∂x = − ∂F ∂x . Ĺŋâěčàăńë ãàăćŋěŋĺï İľńěàă ć ŋőćëå ŕěàěňěŋŋëå ğăŕĺáëćăîâáï őáőąěŋŋő ŕàőáâő: ∂F ∂y ≡ − ∂H ∂y = 0 =⇒ p=const (ğăłőŋ áőåàăŋěŋĺï ĺňŕãńìáă) ∂F ∂x ≡ − ∂H ∂x = 0 =⇒ H=const (ğăłőŋ áőåàăŋěŋĺï íŋěàčĺĺ)

1Łăł ĺğćěáâŋő ĺğ łãàáă ňăâěňăâĺçěáłőčő ăŋăńĺğă, ďńï íâőčő ďőáâăâőçŋő, çâőąë F^{′′}_{y′2} ≠ 0.

Řăááňőâàĺň ďěľáâćĺě

S (x, y) = x∫ x_0 F (x, y (x) , y^′ (x)) dx

ŋă íłáâàěňăńïå y = y (x) æěŋâàăńìŋőčő ŕőńï y (x_0) = y_0 łăł äãŋłæĺî łőŋěçŋőľ âőçłĺ čàăäĺłă íłáâàěňăńĺ (x, y = y (x)) .

Ćëçĺáńěŋĺě çăáâŋëå ŕàőĺğćőďŋëå ďăŋŋőľ äãŋłæĺĺ ŕő x ĺ y íłćĺćăńěŋâŋő àěèěŋĺî ğăďăç âĺŕă I_3 á őčàăŋĺçěŋĺěň ćĺďă g (y (x_1)) = y = const ĺ I_1, áőőâćěâáâćěŋŋő. Śńěďőćăâěńìŋő, çăáâŋëě ŕàőĺğćőďŋëě áőćŕăďăîâ á ŕěàćëňĺ ćăàĺăæĺïňĺ äãŋłæĺőŋăńă ć ãłăğăŋŋëå ğăďăçăå

S^′_x = F + (g^′ − y^′)^{∂F}_{∂y′} +

x_1∫

x_0 ( ∂F ∂y − d dx ∂F ∂y^′ )

≡0 η dx = F − y^{′ ∂F}_{∂y′} = −H (x, y, p) ,

S^′_y =

x_1∫

x_0 ( ∂F ∂y − d dx ∂F ∂y^′ )

≡0 η dx +^{∂F}_{∂y′} =^{∂F}_{∂y′} = p (ŕàĺ η (x_1) = 1) .

Ĺáłńîçăï ĺğ íâĺå ďćãå ãàăćŋěŋĺľ p, ŕőńãçăěň áńěďãîéěě ãàăćŋěŋĺě Čăňĺńìâőŋă- §łőąĺ ć çăáâŋëå ŕàőĺğćőďŋëå ďńï ďěľáâćĺï S (x, y) :

S^′_x + H ( x, y, S^′_y ) = 0.

Ůăáâì II

ĎĹŤŤĚŘĚŊŰĹĂŃŽŊŻĚ ŞŘĂĆŊĚŊĹ§ ŇĂŠĚŇĂŠĹŮĚŚŁŐĽ ŤĹĞĹŁĹ

Čńăćă 7

Ććőďŋëě ğăňěçăŋĺï

Śőőâŋőèěŋĺě F ( x, u, Du, D^2u, . . . , D^mu ) = 0, (7.1)

čďě F (·, · · · , ·) — ğăďăŋŋăï äãŋłæĺï ňŋőčĺå ŕěàěňěŋŋëå, u = u (x) — ŋěĺğćěáâŋăï äãŋłæĺï n > 1 ŕěàěňěŋŋëå x ≡ (x_1, x_2, . . . , x_n) ∈ Ω ⊂ R^n, D, D^2, . . . , D^m, m ≥ 1 — őŕěàăâőàë ďĺääěàěŋæĺàőćăŋĺï áőőâćěâáâćãîéĺå ŕőàïďłőć, ŋăğëćăěâáï ãàăćŋěŋĺěň ć çăáâŋëå ŕàőĺğćőďŋëå. Ŕőàïďőł áâăàèěľ ŕàőĺğćőďŋőľ, ćåőďïéěľ ć ãàăćŋěŋĺě (7.1), ŋăğëćăěâáï ŕőàïďłőň ãàăćŋěŋĺï. Řěèěŋĺěň ãàăćŋěŋĺï^1 ŋăğëćăěâáï ćáïłăï äãŋłæĺï u (x), łőâőàăï ć őąńăáâĺ Ω ĺňěěâ ćáě ŋěőąåőďĺňëě ŕàőĺğćőďŋëě ĺ łőâőàăï ŕàĺ ŕőďáâăŋőćłě ć (7.1) őąàăéăěâ íâő áőőâŋőèěŋĺě ć âőęďěáâćő ć őąńăáâĺ x ∈ Ω.

Ěáńĺ ŕőŕëâăâìáï ćëáłăğăâì ŋěłőâőàëě őąéĺě áãęďěŋĺï őâŋőáĺâěńìŋő ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå, âő ňőęŋő őâňěâĺâì áńěďãîéěě:

• âěőàĺï âăłĺå ãàăćŋěŋĺľ őçěŋì áńőęŋă^2, ďăęě ěáńĺ őčàăŋĺçĺâìáï âőńìłő ńĺŋěľŋëňĺ ãàăćŋěŋĺïňĺ; ãęě áăňő ŕőŋïâĺě àěèěŋĺï ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ďőŕãáłăěâ àăğńĺçŋëě âőńłőćăŋĺï ĺ ŕőďåőďë;

• àěďłő, łőčďă ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ãďăñâáï àěèĺâì “ć őąéěň ćĺďě” ; ŕàĺ íâőň ňŋőęěáâćő ĺå àěèěŋĺľ őąëçŋő “ćěńĺłő” : ěáńĺ őąéěě àěèěŋĺě ăńčěąàăĺçěáłőčő ãàăćŋěŋĺï n-čő ŕőàïďłă áőáâőĺâ ĺğ n çĺáěń, àěèěŋĺě őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï n-čő ŕőàïďłă ćłńîçăěâ n ŕàőĺğćőńìŋëå ŕőáâőïŋŋëå, âő àěèěŋĺě ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå n-čő ŕőàïďłă ňőęěâ ćłńîçăâì ďő n ŕàőĺğćőńìŋëå äãŋłæĺľ^3;

1Łńăááĺçěáłĺň. Ŕőňĺňő łńăááĺçěáłĺå áãéěáâćãîâ âăłęě őąèĺàŋëě łńăááë â.ŋ. őąőąéñŋŋëå àěèěŋĺľ ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå (áň., ŋăŕàĺňěà, [13]).

2“Őâáîďă áńěďãěâ, çâő ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ğŋăçĺâěńìŋő áńőęŋěě őąëłŋőćěŋŋëå ...”

Ć.Ĺ.Ăàŋőńìď (ĺğ ćëáâãŕńěŋĺľ ...)

3Ěéñ őďŋă ĺŋâěàěáŋăï æěŕőçłă: àěèěŋĺě őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ć àïďě áńãçăěć áćőďĺâáï ł àěèěŋĺî ăńčěąàăĺçěáłőčő ãàăćŋěŋĺï (åăàăłâěàĺáâĺçěáłőčő); àěèěŋĺě ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå — ł àěèěŋĺî őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (ãàăćŋěŋĺľ åăàăłâěàĺáâĺł)...

• ł ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ âàăďĺæĺőŋŋő őâŋőáïâ ńĺŋěľŋëě ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ćâőàőčő ŕőàïďłă; ŕàĺ ąőńěě èĺàőłőň âőńłőćăŋĺĺ ďăŋŋőčő âěàňĺŋă ł ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ őâŋőáïâ âăłęě ŋěłőâőàëě łńăááë ĺŋâěčàőďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (ãàăćŋěŋĺï ŕěàěŋőáă ĺ ďà.).

Čńăćă 8

Şàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ŕěàćőčő ŕőàïďłă

8.1 Łńăááĺäĺłăæĺï ãàăćŋěŋĺľ

Őąéĺľ ćĺď ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ŕěàćőčő ŕőàïďłă ďńï äãŋłæĺĺ n > 1 ŕěàěňěŋŋëå u (x), x ≡ (x_1, . . . , x_n) F (x, u, ∇u) ≡ F ( x_1, . . . , x_n, u, u^′_{x1,} . . . , u^′_{xn} ) = 0.

Ńĺŋěľŋőě ŕő ŕàőĺğćőďŋëň ãàăćŋěŋĺě n∑ i=1 a_i (x, u) ∂u ∂x_i = b (x, u)

ŋăğëćăěâáï łćăğĺńĺŋěľŋëň, ãàăćŋěŋĺě ćĺďă n∑ i=1 a_i (x) ∂u ∂x_i = b (x, u)

— ŕőńãńĺŋěľŋëň, ŋăłőŋěæ, ãàăćŋěŋĺě n∑ i=1 a_i (x) ∂u ∂x_i = b (x)

— ńĺŋěľŋëň.

8.2 Ňěâőďë àěèěŋĺï łćăğĺńĺŋěľŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă

Ŕãáâì łőíääĺæĺěŋâë łćăğĺńĺŋěľŋőčő ãàăćŋěŋĺï n∑ i=1 a_i (x, u) ∂u ∂x_i = b (x, u) (8.1)

— äãŋłæĺĺ a_i (x, u), b (x, u) — ŋěŕàěàëćŋë ŕő áőćőłãŕŋőáâĺ ŕěàěňěŋŋëå ć ŋěłőâőàőľ őâłàëâőľ őąńăáâĺ, ĺ ć łăęďőľ ěñ âőçłě åőâï ąë őďŋă ĺğ äãŋłæĺľ a_i (x, u) őâńĺçŋă őâ ŋãńï: ∑_n i=1 a^2_i (x, u) > 0.

Ŕãáâì a ≡ (a_1, . . . , a_n), ‖a‖ ≡ √ a^2_1 + . . . + a^2_n, e ≡ a/ ‖a‖. Šőčďă ŕàőĺğćőďŋăï ŕő ŋăŕàăćńěŋĺî ćěłâőàă e ∂u ∂e = n∑ i=1 ∂u ∂x_i e_i = 1 ‖a‖ n∑ i=1 ∂u ∂x_i a_i, ĺ ŕőâőňã ãàăćŋěŋĺě (8.1) ňőęŋő ğăŕĺáăâì âăłęě ć áńěďãîéěľ äőàňě ∂u ∂e = b ‖a‖ . Ŕàĺňěà. Řăááňőâàĺň ãàăćŋěŋĺě

u^′_x + u^′_y = 0 (n = 2) .

Ğďěáì a ≡ (1, 1), b ≡ 0, e ≡ (_{1√} 2 ,^{1√}_2 ) . Ććőďï ŋőćëě ŋěğăćĺáĺňëě ŕěàěňěŋŋëě t_1 ≡ (x + y) / √ 2, t_2 ≡ (x − y) / √ 2 ĺ äãŋłæĺî v (t_1, t_2) ≡ u (x, y), ğăŕĺèěň ãàăćŋěŋĺě ć ćĺďě ∂u ∂e = ∂v ∂t_1 = 0,

çâő ŕőğćőńïěâ ńěčłő ćëŕĺáăâì ěčő àěèěŋĺě:

u = v = f (t_2) = f (x − y) ,

čďě f (·) — ŕàőĺğćőńìŋăï äãŋłæĺï łńăááă C^1 (R).

Őŕàěďěńěŋĺě. Ěáńĺ u (x) — àěèěŋĺě ãàăćŋěŋĺï (8.1), âő ŕőćěàåŋőáâì á ãàăćŋěŋĺěň u = u (x) ć ŕàőáâàăŋáâćě ŕěàěňěŋŋëå (u, x) ŋăğëćăěâáï ĺŋâěčàăńìŋőľ ŕőćěàåŋőáâìî (8.1). Śĺáâěňă ãàăćŋěŋĺľ {_{dxi} dτ = a_i (x, u) du dτ = b (x, u) (8.2)

ŋăğëćăěâáï åăàăłâěàĺáâĺçěáłőľ áĺáâěňőľ ďńï (8.1). Ěñ àěèěŋĺï — łàĺćëě ć ŕàőáâàăŋáâćě ŕěàěňěŋŋëå (u, x) — ŋăğëćăîâáï åăàăłâěàĺáâĺłăňĺ (8.1).

Ğăňěçăŋĺě. Śĺáâěňã őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (8.2) ňőęŋő âăłęě ğăŕĺáăâì ć áńěďãîéěľ áĺňňěâàĺçŋőľ äőàňě dx_1 a_1 = dx_2 a_2 = . . . = dx_n a_n = du b . Šěőàěňă. Ńîąăï ĺŋâěčàăńìŋăï ŕőćěàåŋőáâì (8.1) őąàăğőćăŋă ŋěłőâőàëň áěňěľáâćőň åăàăłâěàĺáâĺł íâőčő ãàăćŋěŋĺï.

(ąěğ ďőłăğăâěńìáâćă) Ŕàĺňěà. Ďńï àăááňőâàěŋŋőčő ćëèě ãàăćŋěŋĺï u^′_x + u^′_y = 0 åăàăłâěàĺáâĺçěáłăï áĺáâěňă ĺňěěâ ćĺď dx 1 = dy 1 = du 0 .

ČŃĂĆĂ 8. ... ŔĚŘĆŐČŐ ŔŐŘ§ĎŁĂ 67 Ţăàăłâěàĺáâĺłăňĺ ïćńïîâáï ŕàïňëě x − y = C_1, u = C_2.

Ŕãáâì f (·) ∈ C^1 (R) — ŕàőĺğćőńìŋăï äãŋłæĺï. Ĺŋâěčàăńìŋăï ŕőćěàåŋőáâì u (x, y) = f (x − y) őąàăğőćăŋă áěňěľáâćőň åăàăłâěàĺáâĺł, ŕàőåőďïéĺå çěàěğ łàĺćãî u = f (t_2) ć ŕńőáłőáâĺ x + y = 0.

68 ŮĂŚŠĲ II. ĎĹŤŤĚŘĚŊŰĹĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§

Čńăćă 9

Şàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ćâőàőčő ŕőàïďłă

Łăł áńěďãěâ ĺğ őŕàěďěńěŋĺï, őąéĺľ ćĺď ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ćâőàőčő ŕőàïďłă ďńï äãŋłæĺĺ u (x), x ∈ Ω ⊂ R^n, n > 1 F ( x, u (x) , Du (x) , D^2u (x) ) = 0.

Ğďěáì ğŋăçłĺ D, D^2 ãáńőćŋő őąőğŋăçăîâ ŕàőĺğćőńìŋëě ďĺääěàěŋæĺăńìŋëě őŕěàăâőàë ŕěàćőčő ĺ ćâőàőčő ŕőàïďłőć, áőőâćěâáâćěŋŋő.

Śőőâćěâáâćěŋŋő, őąéĺľ ćĺď ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă ć çăáâŋëå ŕàőĺğćőďŋëå á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ F ( x, y, u, u^′_x, u^′_y, u^{′′}_{xx}, u^{′′}_{xy}, u^{′′}_{yy} ) = 0.

9.1 Łăŋőŋĺçěáłăï äőàňă ğăŕĺáĺ łćăğĺńĺŋěľŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ

Łćăğĺńĺŋěľŋëň ãàăćŋěŋĺěň ćâőàőčő ŕőàïďłă ŋăğëćăěâáï ãàăćŋěŋĺě ćĺďă A (x, y) u^{′′}_x2 + 2B (x, y) u^{′′}_{xy} + C (x, y) u^{′′}_y2 + f (x, y, u, ∇u) = 0, (9.1) čďě A (x, y), B (x, y), C (x, y) — ŋěŕàěàëćŋëě ć őąńăáâĺ Ω ⊂ R^2 äãŋłæĺĺ, ŕàĺçñň ć ńîąőľ âőçłě őąńăáâĺ åőâï ąë őďŋă ĺğ ŋĺå őâńĺçŋă őâ ŋãńï:

A^2 (x, y) + B^2 (x, y) + C^2 (x, y) > 0 ∀ (x, y) ∈ Ω.

Ŕàőĺğćěďñň őąàăâĺňãî ğăňěŋã ŕěàěňěŋŋëå ć ãàăćŋěŋĺĺ (9.1) ξ = ξ (x, y) η = η (x, y) , v (ξ, η) = u (x, y) , J ≡ D (ξ, η) D (x, y) ≠ 0 ∀ (x, y) , čďě ξ (·, ·) , η (·, ·) ∈ C^2 (Ω) . Ŕőáńě ŕěàěáçñâă ŕàőĺğćőďŋëå ĺ ăńčěąàăĺçěáłĺå ŕàěőąàăğőćăŋĺľ ŕőńãçăěň áńěďãîéěě ãàăćŋěŋĺě ďńï äãŋłæĺĺ v: Ā (ξ, η) v^{′′}_{ξ2} + 2B̄ (ξ, η) v^{′′}_{ξη} + C̄ (ξ, η) v^{′′}_{η2} + g (ξ, η, v, ∇v) = 0, (9.2) čďě Ā (ξ, η) ≡ A (x, y) (ξ^′_x)^2 + 2B (x, y) ξ^′_xξ^′_y + C (x, y) (ξ^′_y)^2 , B̄ (ξ, η) ≡ A (x, y) ξ^′_xη′_x + B (x, y) (ξ^′_xη′_y + η′_xξ^′_y) + C (x, y) ξ^′_yη′_y, C̄ (ξ, η) ≡ A (x, y) (η′_x)^2 + 2B (x, y) η′_xη′_y + C (x, y) (η′_y)^2 . Ğăňěâĺň âăłęě, çâő ¯△ = △J^2, čďě ¯△ ≡ − | | | Ā B̄ B̄ C̄ | | | = B̄^2 − ĀC̄, Δ ≡ − | | | | A B B C | | | | = B^2 − AC. Őŕàěďěńěŋĺě. Łàĺćăï ć ŕńőáłőáâĺ (x, y), őŕĺáëćăěňăï ãàăćŋěŋĺěň φ (x, y) = C, čďě φ (x, y) — àěèěŋĺě åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï A (x, y) ( ∂φ ∂x )_2 + 2B (x, y) ∂φ ∂x ∂φ ∂y + C (x, y) ( ∂φ ∂y )_2

= 0, (9.3)

ŕàĺçñň ∇φ ≠ 0 ćő ćáěå âőçłăå łàĺćőľ, ŋăğëćăěâáï åăàăłâěàĺáâĺçěáłőľ ńĺŋĺěľ (åăàăłâěàĺáâĺłőľ) ãàăćŋěŋĺï (9.1).

Łńăááĺäĺłăæĺï âĺŕă łćăğĺńĺŋěľŋőčő ãàăćŋěŋĺï ć ğăďăŋŋőľ âőçłě őąńăáâĺ (x_0, y_0) ŕàőĺğćőďĺâáï ŕő ğŋăłã ďěâěàňĺŋăŋâă △ (x_0, y_0).

• Čĺŕěàąőńĺçěáłĺľ áńãçăľ:

△ ≡ B^2 − AC > 0. (9.4)

Ěáńĺ ć ďăŋŋőľ âőçłě A = C = 0, âő ć áĺńã ãáńőćĺï (9.4) B ≠ 0 (ć ďăŋŋőľ âőçłě ĺ ěñ őłàěáâŋőáâĺ). Ŕőíâőňã ŕőáńě ďěńěŋĺï ŋă łőíääĺæĺěŋâ B ãàăćŋěŋĺě (9.1) ŕàĺňěâ ćĺď u^{′′}_{xy} = f_1 ( x, y, u, u^′_x, u^′_y ) — ŕěàćăï łăŋőŋĺçěáłăï äőàňă ğăŕĺáĺ ãàăćŋěŋĺï čĺŕěàąőńĺçěáłőčő âĺŕă.

Ěáńĺ ęě őďĺŋ ĺğ łőíääĺæĺěŋâőć ŕàĺ ŕőćâőàŋëå ŕàőĺğćőďŋëå, A, ďńï őŕàěďěńñŋŋőáâĺ, ŋě àăćěŋ ŋãńî, âő åăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě (9.3) ňőęŋő ŕàěőąàăğőćăâì ł ćĺďã A ( A (φ^′_x)^2 + 2Bφ^′_xφ^′_y + C ( φ^′_y )_2) = ( Aφ^′_x + ( B + √ B^2 − AC ) φ^′_y ) · · ( Aφ^′_x + ( B − √ B^2 − AC ) φ^′_y ) = 0 ⇔ ⇔ [ ( Aφ^′_x + ( B + √ B^2 − AC ) φ^′_y ) = 0 ( Aφ^′_x + ( B − √ B^2 − AC ) φ^′_y ) = 0 . Ŕãáâì φ_1, φ_2 — àěèěŋĺï íâĺå ãàăćŋěŋĺľ, áőőâćěâáâćěŋŋő (ďćě åăàăłâěàĺáâĺłĺ, ŕàőåőďïéĺě çěàěğ âőçłã čĺŕěàąőńĺçěáłőčő âĺŕă). Ĺå ňőęŋő ćğïâì âăł, çâőąë J ≡ D (φ_1, φ_2) /D (x, y) ≠ 0.^1 Ćőğìňñň ć łăçěáâćě ŋőćëå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

ξ = φ_1 (x, y) , η = φ_2 (x, y) .

Ŕàĺ ŕőďőąŋőň ćëąőàě ĺňěěň Ā = C̄ = 0. Ďăńěě, âăł łăł ŕàĺ íâőň ¯△ = B̄^2 = △J^2 > 0,

âő B̄ ≠ 0 ĺ ŕőáńě ďěńěŋĺï (9.2) ŋă B̄, ŕàĺćőďĺň íâő ãàăćŋěŋĺě ł ŕěàćőľ łăŋőŋĺçěáłőľ äőàňě v^{′′}_{ξη} = g_1 (ξ, η, v, ∇v) . Ďőŕőńŋĺâěńìŋăï ğăňěŋă ŕěàěňěŋŋëå ξ = α + β, η = α − β, w (α, β) ≡ v (ξ, η) ŕàĺćőďĺâ ŕőáńěďŋěě ãàăćŋěŋĺě łő ćâőàőľ łăŋőŋĺçěáłőľ äőàňě ğăŕĺáĺ ãàăćŋěŋĺï čĺŕěàąőńĺçěáłőčő âĺŕă w^{′′}_{α2} − w^{′′}_{β2} = g_2 (α, β, w, ∇w) . • Ŕăàăąőńĺçěáłĺľ áńãçăľ:

△ = B^2 − AC = 0. (9.5)

Ěáńĺ A = 0, âő ć áĺńã (9.5) ĺ B = 0, ŕőíâőňã C ≠ 0. Ŕőáńě ďěńěŋĺï ŋă C ãàăćŋěŋĺě ŕàĺőąàěâăěâ ćĺď

u^{′′}_y2 = f_2 ( x, y, u, u^′_x, u^′_y ) — łăŋőŋĺçěáłăï äőàňă ğăŕĺáĺ ãàăćŋěŋĺï ŕăàăąőńĺçěáłőčő âĺŕă. Ďőŕãáâĺň, çâő A ≠ 0, ă áőőâŋőèěŋĺě (9.5) ćëŕőńŋïěâáï ć ŋěłőâőàőľ őłàěáâŋőáâĺ âőçłĺ (x_0, y_0). Šőčďă ć áĺńã âőęďěáâćă A ( A (φ^′_x)^2 + 2Bφ^′_xφ^′_y + C ( φ^′_y )_2) ≡ ( Aφ^′_x + Bφ^′_y )_2

åăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě (9.3) àăćŋőáĺńìŋő ãàăćŋěŋĺî

Aφ^′_x + Bφ^′_y = 0.

Ŕãáâì φ_1 (x, y) — àěèěŋĺě ďăŋŋőčő ãàăćŋěŋĺï (ěďĺŋáâćěŋŋăï ďěľáâćĺâěńìŋăï åăàăłâěàĺáâĺłă, ŕàőåőďïéăï çěàěğ âőçłã (x_0, y_0)), ∇φ_1 ≠ 0.

1Ĺŋëňĺ áńőćăňĺ φ^′_{1x} φ^′_{1y} = − B + √ △ A ≠ − B − √ △ A = φ^′_{2x} φ^′_{2y} , çâő àăćŋőáĺńìŋő ãáńőćĺî △ ≠ 0. Čěőňěâàĺçěáłĺ íâő őğŋăçăěâ, çâő åăàăłâěàĺáâĺłĺ ŋě łăáăîâáï ďàãč ďàãčă ć âőçłě (x_0, y_0).

Ŕàěďŕőńăčăï, çâő φ^′_{1y} ≠ 0, ćőğìňñň ć łăçěáâćě ŋőćëå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå^2 { ξ = φ_1 (x, y) , η = x . Šőčďă Ā = 0, B̄2 − ĀC̄ = (B2 − AC) J 2 = 0 ⇒ B̄ = 0, C̄ = A (η′_x)^2 = A ≠ 0.

Ŕőáńě ďěńěŋĺï (9.2) ŋă C̄, ŕàĺćőďĺň íâő ãàăćŋěŋĺě ł łăŋőŋĺçěáłőľ äőàňě

v^{′′}_{η2} = g_3 ( ξ, η, v, v^′_ξ, v^′_η ) . • İńńĺŕâĺçěáłĺľ áńãçăľ:

△ ≡ B^2 − AC < 0. (9.6)

Ć íâőň áńãçăě ćěéěáâćěŋŋëě åăàăłâěàĺáâĺłĺ őâáãâáâćãîâ. Ĺğ ăŋăńĺâĺçěáłőľ âěőàĺĺ őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ áńěďãěâ, çâő åăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě (9.3) ĺňěěâ ŕăàã łőňŕńěłáŋő áőŕàïęñŋŋëå, ăŋăńĺâĺçěáłĺå ć őłàěáâŋőáâĺ àăááňăâàĺćăěňőľ âőçłĺ àěèěŋĺľ φ_1 (x, y) ≡ ξ (x, y) + iη (x, y) , φ_2 (x, y) ≡ ξ (x, y) − iη (x, y) . Ŕőďáâăćńïï ŕěàćőě àěèěŋĺě ć ãàăćŋěŋĺě (9.3), ŕőńãçăěň ŕőáńě âőęďěáâćěŋŋëå ŕàěőąàăğőćăŋĺľ A ( ξ^′_x + iη^′_x )_2

+ 2B ( ξ^′_x + iη^′_x ) ( ξ^′_y + iη^′_y ) + C ( ξ^′_y + iη^′_y )_2 = = [ A ( ξ^′_x )_2

+ 2Bξ^′_xξ^′_y + C ( ξ^′_y )_2] − [ A (η^′_x)^2 + 2Bη^′_xη^′_y + C ( η^′_y )_2] + +2i [ Aξ^′_xη^′_x + B ( ξ^′_xη^′_y + η^′_xξ^′_y ) + Cξ^′_yη^′_y ] = 0.

Őâáîďă áńěďãěâ, çâő ŕőáńě ćëąőàă ć łăçěáâćě ŋőćëå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå ξ = ξ (x, y) , η = η (x, y) ňë ŕőńãçĺň B̄ = 0, Ā = C̄, B̄2 − ĀC̄ = −Ā2 = (B2 − AC) J 2 ≠ 0 ⇒ Ā ≠ 0, ă ãàăćŋěŋĺě (9.2) ŕőáńě ďěńěŋĺï ŋă Ā ŕàĺćěďñâáï ł łăŋőŋĺçěáłőľ äőàňě ğăŕĺáĺ ãàăćŋěŋĺï íńńĺŕâĺçěáłőčő âĺŕă

v^{′′}_{ξ2} + v^{′′}_{η2} = g_4 ( ξ, η, v, v^′_ξ , v^′_η )

2Ĺňěěň ŕàĺ íâőň D (ξ, η) D (x, y) = −φ^′_{1y} ≠ 0.

Ğăňěçăŋĺï.

1. Ć áĺńã àăćěŋáâćă B̄^2 − ĀC̄ = (B^2 − AC) J^2

âĺŕ ãàăćŋěŋĺï ć ďăŋŋőľ âőçłě ŋě ňěŋïěâáï ŕàĺ ŋěćëàőęďěŋŋőň ŕàěőąàăğőćăŋĺĺ.

2. Ěáńĺ âĺŕ ãàăćŋěŋĺï ĺğňěŋïěâáï őâ âőçłĺ ł âőçłě, âő čőćőàïâ, çâő ãàăćŋěŋĺě ć ďăŋŋőľ őąńăáâĺ ĺňěěâ áňěèăŋŋëľ âĺŕ.

3. Ŋăåőęďěŋĺě åăàăłâěàĺáâĺł ňőęěâ ąëâì áćěďěŋő ł àěèěŋĺî őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă. Ĺňěŋŋő, áŕàăćěďńĺćă áńěďãîéăï Ńěňňă. Řăááňőâàĺň ãàăćŋěŋĺï

A (z^′_x)^2 + 2Bz^′_xz^′_y + C ( z^′_y )_2 = 0, (9.7)

A (dy)^2 − 2Bdxdy + C (dx)^2 = 0. (9.8)

Ťãŋłæĺï z = φ (x, y) ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï (9.7) âőčďă ĺ âőńìłő âőčďă, łőčďă φ (x, y) = C — ŕěàćëľ ĺŋâěčàăń ãàăćŋěŋĺï (9.8).

4. Łńăááĺäĺæĺàőćăâì âĺŕ ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ ć âőçłě ňőęŋő ąëńő ĺ ć áőőâćěâáâćĺĺ á őąéěľ áåěňőľ, ĺğńőęěŋŋőľ ďăńěě. Ŕàĺ íâőň ãàăćŋěŋĺî (9.1) áâăćĺâáï ć áőőâćěâáâćĺě łćăďàăâĺçŋăï äőàňă

Q (λ_1, λ_2) ≡ A (x, y) λ^2_1 + 2B (x, y) λ_1λ_2 + C (x, y) λ^2,

łőâőàăï ŋěćëàőęďěŋŋëň ŕàěőąàăğőćăŋĺěň ŕàĺćőďĺâáï ł łăŋőŋĺçěáłőňã ćĺďã, ŋě áőďěàęăéěňã ŕàőĺğćěďěŋĺï λ_1λ_2: Q̃ (μ_1, μ_2) = α_1μ^2_1 + α_2μ^2,

čďě α_i ∈ {0, ±1}. Ěáńĺ łőíääĺæĺěŋâë α_i ĺňěîâ àăğŋëě ğŋăłĺ, âő âĺŕ ãàăćŋěŋĺï ć ďăŋŋőľ âőçłě čĺŕěàąőńĺçěáłĺľ; őďĺŋăłőćëě ğŋăłĺ — íńńĺŕâĺçěáłĺľ; ŋăłőŋěæ, ěáńĺ őďĺŋ ĺğ łőíääĺæĺěŋâőć àăćěŋ ŋãńî, âĺŕ ãàăćŋěŋĺï ŕăàăąőńĺçěáłĺľ.

Ŕàĺňěà. Řăááňőâàĺň áńěďãîéěě ãàăćŋěŋĺě Šàĺłőňĺ, ŋăåőďïéěě ćăęŋëě ŕàĺňěŋěŋĺï ć čăğőćőľ ďĺŋăňĺłě:

yu^{′′}_x2 + u^{′′}_y2 = 0.

Ďńï íâőčő ãàăćŋěŋĺï ĺňěěň A ≡ y, B ≡ 0, C ≡ 1, △ = B^2 − AC = −y. Őâáîďă áńěďãěâ, çâő ãàăćŋěŋĺě ïćńïěâáï čĺŕěàąőńĺçěáłĺň (ďőğćãłőćőľ àěęĺň ĺáâěçěŋĺï čăğőć) ć âőçłăå ŋĺęŋěľ ŕőńãŕńőáłőáâĺ y < 0 , ŕăàăąőńĺçěáłĺň ŋă ŕàïňőľ y = 0 ĺ íńńĺŕâĺçěáłĺň (áćěàåğćãłőćőľ àěęĺň ĺáâěçěŋĺï čăğőć) ć ćěàåŋěľ ŕőńãŕńőáłőáâĺ^3.

3Ďńï áőőâćěâáâćãîéěľ łćăďàăâĺçŋőľ äőàňë ĺňěěň

Q (λ_1, λ_2) = yλ^2_1 + λ^2 = (√ yλ_1 )_2 + λ^2, y > 0 − (√ |y|λ_1 )_2

+ λ^2, y < 0 .

Ţăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě ďńï ãàăćŋěŋĺï Šàĺłőňĺ — y ( ∂φ ∂x )_2 + ( ∂φ ∂y )_2

= 0,

ă íłćĺćăńěŋâŋőě ěňã őąëłŋőćěŋŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě —

y (dy)^2 + (dx)^2 = 0.

Ć ŋĺęŋěľ ŕőńãŕńőáłőáâĺ àěèěŋĺï ŕőáńěďŋěčő ãàăćŋěŋĺï — åăàăłâěàĺáâĺłĺ ãàăćŋěŋĺï Šàĺłőňĺ — ĺňěîâ ćĺď [ x =^2_3 (−y)^{3/2} + C_1, x = −^2_3 (−y)^{3/2} + C_2,

ă áăňő ãàăćŋěŋĺě Šàĺłőňĺ ŕőáńě ğăňěŋ { ξ = x +^2_3 √ −y^3, η = x −^2_3 √ −y^3 ŕàĺćőďĺâáï ł łăŋőŋĺçěáłőňã ćĺďã v^{′′}_{ξη} = v^′_η − v^′_ξ 6 (ξ − η) . Ć ćěàåŋěľ ŕőńãŕńőáłőáâĺ àěèěŋĺïňĺ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï ïćńïîâáï äãŋłæĺĺ φ_{1,2} (x, y) =^3_2 x ± i √ y^3. Ğăňěŋőľ { ξ =^3_2 x, η = − √ y^3

áćőďĺň ãàăćŋěŋĺě Šàĺłőňĺ ł łăŋőŋĺçěáłőňã ćĺďã

v^{′′}_ξ2 + v^{′′}_η2 = − 1 3η ∂v ∂η . 9.2 Łńăááĺäĺłăæĺï łćăğĺńĺŋěľŋëå ãàăćŋěŋĺľ ćâőàőčő ŕőàïďłă á n > 2 ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ

Ć áăňőň őąéěň ćĺďě ŕőďőąŋëě ãàăćŋěŋĺï ňőęŋő ğăŕĺáăâì áńěďãîéĺň őąàăğőň_n ∑ i,j=1 A_{ij} (x)

∂^2u ∂x_i∂x_j + f (x, u, ∇u) = 0. Ğďěáì x ≡ (x_1, . . . , x_n) ∈ Ω ⊂ R^n. Ŕàěďŕőńăčăěâáï, çâő ć łăęďőľ âőçłě őąńăáâĺ Ω åőâï ąë őďĺŋ ĺğ łőíääĺæĺěŋâőć ŕàĺ áâăàèĺå ŕàőĺğćőďŋëå őâńĺçěŋ őâ ŋãńï:_n ∑ i,j=1 A^2_{ij} (x) > 0 ∀x ∈ Ω.

Ďńï őŕàěďěńěŋĺï âĺŕă ãàăćŋěŋĺï ć ğăďăŋŋőľ âőçłě x_0 ∈ Ω áőáâăćĺň ďńï ŋěčő łćăďàăâĺçŋãî äőàňã n ŕěàěňěŋŋëå Q (λ) ≡ n∑ i,j=1 A_{ij} (x_0) λ_iλ_j ≡ n∑ i,j=1 α_{ij} λ_iλ_j . Łăł ďőłăğëćăěâáï ć âěőàĺĺ łćăďàăâĺçŋëå äőàň, áãéěáâćãěâ ŋěćëàőęďěŋŋőě ńĺŋěľŋőě ŕàěőąàăğőćăŋĺě ŕěàěňěŋŋëå μ = ℑλ, det ℑ ≠ 0 âăłőě, çâő ć ŋőćëå ŕěàěňěŋŋëå μ äőàňă ĺňěěâ áćőľ łăŋőŋĺçěáłĺľ ćĺď: Q̃ (μ) ≡ Q (ℑ^{−1}μ) =^n ∑ i=1 β_iμ^2_i , (9.9)

čďě β_i ∈ {0, ±1}. Ŕő íâőľ łăŋőŋĺçěáłőľ äőàňě ĺ őŕàěďěńïěâáï âĺŕ ãàăćŋěŋĺï ć âőçłě x_0.

• İńńĺŕâĺçěáłĺľ âĺŕ: ćáě łőíääĺæĺěŋâë őâńĺçŋë őâ ŋãńï ĺ áőćŕăďăîâ ŕő ğŋăłã: ńĺąő β_i = 1 ∀i = 1, n, ńĺąő β_i = −1 ∀i = 1, n. Ťőàňă (9.9) ć íâőň áńãçăě ŕàĺŋĺňăěâ őďĺŋ ĺğ ćĺďőć

Q̃ (μ) =^n∑ i=1 μ^2_i , Q̃ (μ) = −^n∑ i=1 μ^2_i ,

ă ãàăćŋěŋĺě ŋěłőâőàëň ŕàěőąàăğőćăŋĺěň ŕěàěňěŋŋëå ŕàĺćőďĺâáï ł ćĺďã ∂^2v ∂ξ^2_1 + ∂^2v ∂ξ^2 + . . . + ∂^2v ∂ξ^2_n + g (ξ, v, ∇v) = 0. • Ŕăàăąőńĺçěáłĺľ âĺŕ: ŋěłőâőàëě łőíääĺæĺěŋâë (ŋě ćáě!) àăćŋë ŋãńî.

Ŕãáâì ďńï őŕàěďěńñŋŋőáâĺ β_j = 0 ∀j > k, čďě k ∈ 1, n − 1. Łćăďàăâĺçŋăï äőàňă ć íâőň áńãçăě ŕàĺćőďĺâáï ł ćĺďã Q̃ (μ) = ±μ^2_1 ± μ^2 ± . . . ± μ^2_k,

čďě ğŋăłĺ ňőčãâ çěàěďőćăâìáï ć ńîąőľ ŕőáńěďőćăâěńìŋőáâĺ, ă ãàăćŋěŋĺě — ł ćĺďã ± ∂^2v ∂ξ^2_1 ± ∂^2v ∂ξ^2 ± . . . ± ∂^2v ∂ξ^2_k + g (ξ, v, ∇v) = 0.

Ěáńĺ äőàňă Q̃ (μ) ĺňěěâ őďŋő ĺğ áńěďãîéĺå ŕàěďáâăćńěŋĺľ Q̃ (μ) = μ^2_1 + μ^2 + . . . + μ^2_k, Q̃ (μ) = − (μ2_1 + μ2 + . . . + μ2_k) ,

âő âĺŕ ãàăćŋěŋĺï ňőęěâ ąëâì ãâőçŋñŋ łăł íńńĺŕâĺłő-ŕăàăąőńĺçěáłĺľ, ć ŕàőâĺćŋőň áńãçăě — łăł čĺŕěàąőńő-ŕăàăąőńĺçěáłĺľ.

• Čĺŕěàąőńĺçěáłĺľ âĺŕ: őďĺŋ ĺğ łőíääĺæĺěŋâőć őâńĺçěŋ őâ ćáěå ďàãčĺå ŕő ğŋăłã: ŕãáâì ďńï őŕàěďěńñŋŋőáâĺ β_1 = 1, β_2 = β_3 = . . . = β_n = −1. Ć ďăŋŋőň áńãçăě Q̃ (μ) = μ^2_1 − μ^2 − . . . − μ^2_n,

∂^2v ∂ξ^2_1 − ∂^2v ∂ξ^2 − . . . − ∂^2v ∂ξ^2_n + g (ξ, v, ∇v) = 0. • Şńìâàăčĺŕěàąőńĺçěáłĺľ âĺŕ: n > 3 ĺ áãéěáâćãěâ k ∈ 2, n − 2 âăłőě, çâő k ĺğ łőíääĺæĺěŋâőć β_i àăćŋë 1, ă ćáě ŕàőçĺě àăćŋë −1. Ŕãáâì ďńï őŕàěďěńěŋŋőáâĺ μ_1 = . . . = μ_k = 1. Šőčďă

Q̃ (μ) = μ^2_1 + . . . + μ^2_k − μ^2_{k+1} − . . . − μ^2_n,

∂^2v ∂ξ^2_1 + . . . + ∂^2v ∂ξ^2_k − ∂^2v ∂ξ^2_{k+1} − . . . − ∂^2v ∂ξ^2_n + g (ξ, v, ∇v) = 0.

Čńăćă 10

Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ

10.1 Ğăďăçă ňăâěňăâĺçěáłőľ äĺğĺłĺ

Ŕőď ğăďăçěľ ňăâěňăâĺçěáłőľ äĺğĺłĺ ć èĺàőłőň áňëáńě ŕőŋĺňăîâ áőćőłãŕŋőáâì ãáńőćĺľ, őďŋőğŋăçŋő őŕàěďěńïîéĺå íćőńîæĺî ŋěłőâőàőčő äĺğĺçěáłőčő ŕàőæěááă ć ğăďăŋŋőľ ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ.

Ŕãáâì áőáâőïŋĺě ŕàőæěááă ğăďăñâáï äãŋłæĺěľ u (r,t), čďě r ∈ Ω ⊂ R^3, t ∈ [0, T ]. Ğăďăçă ňăâěňăâĺçěáłőľ äĺğĺłĺ ć ãğłőň áňëáńě íâő ŋăąőà, áőáâőïéĺľ ĺğ

1. ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï (ć çăáâŋëå ŕàőĺğćőďŋëå), őŕĺáëćăîéěčő ňěåăŋĺğň ŕàőâěłăŋĺï ŕàőæěááă ć őąńăáâĺ Ω;

2. ŋăçăńìŋőčő ãáńőćĺï, ğăďăîéěčő ĺáåőďŋőě áőáâőïŋĺě ŕàőæěááă ć ňőňěŋâ ćàěňěŋĺ t = 0;

3. łàăěćőčő (čàăŋĺçŋőčő) ãáńőćĺï ŋă ∂Ω, őŕàěďěńïîéěčő ćńĺïŋĺě őłàãęăîéěľ áàěďë ŋă ŕàőâěłăŋĺě ŕàőæěááă.

10.2 Őáŋőćŋëě âĺŕë ŋăçăńìŋő-łàăěćëå ğăďăç

• Ğăďăçă Łőèĺ

Ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě (őąëçŋő čĺŕěàąőńĺçěáłőčő ĺńĺ ŕăàăąőńĺçěáłőčő âĺŕőć) àěèăěâáï ćő ćáñň ŕàőáâàăŋáâćě: Ω ≡ R^3. Śőőâćěâáâćěŋŋő, čàăŋĺçŋőě ãáńőćĺě őâáãâáâćãěâ, ĺğćěáâŋő ńĺèì ŋăçăńìŋőě áőáâőïŋĺě ŕàőæěááă.

• Łàăěćăï ğăďăçă

Ŕàőæěáá áâăæĺőŋăàěŋ, âő ěáâì ŋě ğăćĺáĺâ őâ ćàěňěŋĺ. Ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě (őąëçŋő íńńĺŕâĺçěáłőčő âĺŕă) àěèăěâáï ć ŋěłőâőàőľ őąńăáâĺ ŕàőáâàăŋáâćă, ŋă čàăŋĺæě łőâőàőľ áâăćĺâáï łàăěćőě ãáńőćĺě.

• Śňěèăŋŋăï (ŋăçăńìŋő-łàăěćăï) ğăďăçă.

Ŕàőæěáá ŋěáâăæĺőŋăàěŋ, ĺğćěáâŋő ěčő ŋăçăńìŋőě áőáâőïŋĺě. Şàăćŋěŋĺě (őąëçŋő čĺŕěàąőńĺçěáłőčő ĺńĺ ŕăàăąőńĺçěáłőčő âĺŕőć) àěèăěâáï ć ğăďăŋŋőľ őąńăáâĺ ŕàőáâàăŋáâćă, ŋă čàăŋĺæě łőâőàőľ áâăćĺâáï łàăěćőě ãáńőćĺě.

Őŕàěďěńěŋĺě. Ğăďăçă ňăâěňăâĺçěáłőľ äĺğĺłĺ áçĺâăěâáï łőààěłâŋő ŕőáâăćńěŋŋőľ ć łńăááě łőààěłâŋőáâĺ K, ěáńĺ

ă) őŋă ĺňěěâ àěèěŋĺě u (r, t) ∈ K;

ą) àěèěŋĺě ěďĺŋáâćěŋŋő ć K;

ć) àěèěŋĺě ŋěŕàěàëćŋő (ć áňëáńě ňěâàĺłĺ ŋă ňŋőęěáâćě K) ğăćĺáĺâ őâ ŕăàăňěâàőć ğăďăçĺ (łőíääĺæĺěŋâë ãàăćŋěŋĺï, ŋăçăńìŋëě ĺ čàăŋĺçŋëě ãáńőćĺï, őąńăáâì àěèěŋĺï ĺ ŕà.)

Ć âőň áńãçăě, łőčďă íćőńîæĺï ŕàőæěááă őŕĺáëćăěâáï őąëłŋőćěŋŋëňĺ ďĺääěàěŋæĺăńìŋëňĺ ãàăćŋěŋĺïňĺ, őâćěâë ŋă ćőŕàőáë łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ğăďăçĺ ŋőáïâ ďőáâăâőçŋő őąéĺľ åăàăłâěà ĺ ćëâěłăîâ ĺğ ĺğćěáâŋëå âěőàěň áãéěáâćőćăŋĺï, ěďĺŋáâćěŋŋőáâĺ ĺ ŋěŕàěàëćŋőľ ğăćĺáĺňőáâĺ àěèěŋĺľ ŕőďőąŋëå ãàăćŋěŋĺľ. Ć áńãçăě ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå ĺááńěďőćăŋĺě ďăŋŋëå ćőŕàőáőć ğŋăçĺâěńìŋő ãáńőęŋïěâáï. Ŕàĺćěďñň őďĺŋ łńăááĺçěáłĺľ ŕàĺňěà Ăďăňăàă, ĺńńîáâàĺàãîéĺľ ďăŋŋőě ćëáłăğëćăŋĺě.

Ŕàĺňěà. Řăááňőâàĺň áńěďãîéãî łàăěćãî ğăďăçã ďńï ãàăćŋěŋĺï Ńăŕńăáă ć ŕőńãŕńőáłőáâĺ Ω ≡ {(x, y) : x > 0} △u ≡ u^{′′}_x2 + u^{′′}_y2 = 0, (x, y) ∈ Ω u (0, y) = 0, |y| < ∞ u^′_x (0, y) =^1_k sin ky, |y| < ∞. (10.1)

Ğďěáì k — ŋăâãàăńìŋőě çĺáńő — ŕăàăňěâà ğăďăçĺ.

Ŋěâàãďŋő ŕàőćěàĺâì ŋěŕőáàěďáâćěŋŋőľ ŕőďáâăŋőćłőľ, çâő àěèěŋĺěň ďăŋŋőľ ğăďăçĺ (ŕàĺçěň, ěďĺŋáâćěŋŋëň, çâő ďőłăğăâì ãęě âàãďŋěě — áň. àăğďěń 11.3.2) ïćńïěâáï äãŋłæĺï u_k (x, y) = sh kx k^2 sin ky. Řăááňőâàĺň âăłęě ğăďăçã △u ≡ u^{′′}_{x2} + u^{′′}_{y2} = 0, (x, y) ∈ Ω u (0, y) = 0, |y| < ∞ u^′_x (0, y) = 0, |y| < ∞, (10.2)

ěďĺŋáâćěŋŋëň àěèěŋĺěň łőâőàőľ ïćńïěâáï âőęďěáâćěŋŋő àăćŋăï ŋãńî äãŋłæĺï u_0 (x, y) ≡ 0.

Ğăďăçã (10.1) ňőęŋő àăááňăâàĺćăâì łăł ňăńőě “ćőğňãéěŋĺě” ğăďăçĺ (10.2). Ďěľáâćĺâěńìŋő, ďńï áłőńì ãčőďŋő ňăńőčő ε > 0 ňőęŋő ćğïâì âăłőě ďőáâăâőçŋő ąőńìèőě k, çâő

max_y | | | 1 k sin ky − 0 | | | < ε.

ČŃĂĆĂ 10. ĞĂĎĂŮĹ ŇĂŠĚŇĂŠĹŮĚŚŁŐĽ ŤĹĞĹŁĹ 79

Śàăćŋĺň âěŕěàì àěèěŋĺï áőőâćěâáâćãîéĺå ğăďăç. Ěáńĺ y ≠^{πm}_k , m ∈ Z ĺ x ≠ 0, âő |u_k (x, y) − u_0 (x, y)| = |u_k (x, y)| →_{k→∞} ∞. Šăłĺň őąàăğőň, åőâï łàăěćëě ãáńőćĺï íâĺå ďćãå ğăďăç ŕàĺ k → ∞ ŋěőčăŋĺçěŋŋő áąńĺęăîâáï ć àăćŋőňěàŋőľ ňěâàĺłě, áăňĺ àěèěŋĺï áłőńì ãčőďŋő áĺńìŋő ć íâőľ ňěâàĺłě àăğńĺçăîâáï.

Śńěďãěâ őâňěâĺâì, çâő ćěáìňă èĺàőłĺľ łńăáá ŕàăłâĺçěáłĺå ğăďăç^1 ŕàĺ ĺå “ŋăĺćŋőľ” ŕőáâăŋőćłě ŕàĺćőďĺâ ł ŋěłőààěłâŋő ŕőáâăćńěŋŋëň ğăďăçăň ňăâěňăâĺçěáłőľ äĺğĺłĺ. İâĺň őąêïáŋïěâáï âőâ ąőńìèőľ ĺŋâěàěá, łőâőàëľ ćëğëćăîâ ňěâőďë àěèěŋĺï ŋěłőààěłâŋëå ğăďăç (áň., ŋăŕàĺňěà, łŋĺčĺ [23]; Ŋěłőààěłâŋëě ğăďăçĺ ěáâěáâćőğŋăŋĺï, Ň.: ŇČŞ, 1987 ĺ ďà.)

1Ğăďăçĺ őąàăąőâłĺ ĺ ĺŋâěàŕàěâăæĺĺ ďăŋŋëå äĺğĺçěáłĺå íłáŕěàĺňěŋâőć, â.ŋ. őąàăâŋëě ğăďăçĺ.

80 ŮĂŚŠĲ II. ĎĹŤŤĚŘĚŊŰĹĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§

Čńăćă 11

Ňěâőďë àěèěŋĺï ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ

11.1 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ čĺŕěàąőńĺçěáłőčő âĺŕă

11.1.1 Ťĺğĺçěáłĺě ğăďăçĺ, ŕàĺćőďïéĺě ł ãàăćŋěŋĺïň čĺŕěàąőńĺçěáłőčő âĺŕă

Ŕàěęďě çěň ŕàĺáâãŕăâì ł ĺğãçěŋĺî ňěâőďőć àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ čĺŕěàąőńĺçěáłőčő âĺŕă ŕàĺćěďěň ŕàĺňěàë äĺğĺçěáłĺå ğăďăç, ć łőâőàëå ŕőďőąŋëě ãàăćŋěŋĺï ćőğŋĺłăîâ. Łăł ŕàăćĺńő, íâő ğăďăçĺ łőńěąăâěńìŋőčő, ćőńŋőćőčő åăàăłâěàă. Őąëçŋő őŋĺ áâăćïâáï łăł ğăďăçĺ Łőèĺ ĺńĺ ŋăçăńìŋőłàăěćëě ğăďăçĺ.

• Ŕőŕěàěçŋëě łőńěąăŋĺï őâàěğłă áâàãŋë — áň. àăğďěń 2.5. • Ŕàőďőńìŋëě łőńěąăŋĺï őâàěğłă ãŕàãčőčő áâěàęŋï

Ŕãáâì äãŋłæĺï u (x, t) őŕĺáëćăěâ áňěéěŋĺě ć ňőňěŋâ ćàěňěŋĺ t áěçěŋĺï őďŋőàőďŋőčő ãŕàãčőčő áâěàęŋï őâŋőáĺâěńìŋő áćőěčő ŋěáňěéñŋŋőčő ŕőńőęěŋĺï x. Šőčďă ŕő âěőàěňě Ńăčàăŋęă ő łőŋěçŋëå ŕàĺàăéěŋĺïå őâŋőáĺâěńìŋőě ãďńĺŋěŋĺě ňăńőčő őâàěğłă [x, x + △x] àăćŋő [△x + u (x + △x, t) − u (x, t)] − △x △x = u^′_x (x + θ△x, t) , čďě θ ∈ [0, 1]. Ŕěàěåőďï ł ŕàěďěńã ŕàĺ △x → 0, ŋăåőďĺň őâŋőáĺâěńìŋőě ãďńĺ-

ŋěŋĺě ąěáłőŋěçŋő-ňăńőčő łãáőçłă áâěàęŋï. Ŕő ğăłőŋã Čãłă ŋăâïęěŋĺě áâěàęŋï ć ďăŋŋőň áěçěŋĺĺ ąãďěâ ŕő ňőďãńî àăćŋő |ESu′x (x, t)|, čďě S — ŕńőéăďì ŕőŕěàěçŋőčő áěçěŋĺï áâěàęŋï, E — ňőďãńì đŋčă ŋă ěďĺŋĺæã ŕőŕěàěçŋőčő áěçěŋĺï. Ňëáńěŋŋő àăğďěńĺň áâěàęěŋì áěçěŋĺěň x ŋă ďćě çăáâĺ. Ŋěâàãďŋő áőőąàăğĺâì, çâő ŕàőěłæĺï ŋă őáì x ãŕàãčőľ áĺńë, á łőâőàőľ ŕàăćăï çăáâì áâěàęŋï ďěľáâćãěâ ŋă ńěćãî, àăćŋă ESu′x (x, t). Ğăŕĺèěň âěŕěàì ãàăćŋěŋĺě ćâőàőčő ğăłőŋă Ŋìîâőŋă ďńï ňăńőčő őâàěğłă áâěàęŋï [x, x + △x] (ć ŕàőěłæĺĺ ŋă őáì x) ρS△xu^{′′}_t2 (x + θ_1△x, t) = ES (u^′_x (x + △x, t) − u^′_x (x, t)) , čďě ρ — ŕńőâŋőáâì ňăááë. Ŕőáńě ďěńěŋĺï őąěĺå çăáâěľ ŋă △x ĺ ŕěàěåőďă ł ŕàěďěńã ŕàĺ △x → 0 ŕőńãçăěň áńěďãîéěě ćőńŋőćőě ãàăćŋěŋĺě ďńï äãŋłæĺĺ u (x, t):

u^{′′}_t2 = a^2u^{′′}_x2 , a^2 ≡ E ρ • Řăáŕàőáâàăŋěŋĺě ğćãłă ć őďŋőàőďŋőľ ãŕàãčőľ áàěďě — ćëćőďĺâáï ć łãàáě ňěåăŋĺłĺ áŕńőèŋëå áàěď.

• Řăáŕàőáâàăŋěŋĺě ğćãłă ć őłěăŋĺçěáłőň ćőńŋőćőďě

• İńěłâàĺçěáłĺě łőńěąăŋĺï ć âěńěčàăäŋőľ (ďńĺŋŋőľ) ńĺŋĺĺ Ďńĺŋŋőľ ńĺŋĺěľ ć èĺàőłőň ŕőŋĺňăŋĺĺ íâőčő âěàňĺŋă ňőęěâ ąëâì ŋăğćăŋă ńî-

ąăï íńěłâàĺçěáłăï áåěňă, åăàăłâěàŋëě àăğňěàë łőâőàőľ áőŕőáâăćĺňë á ďńĺŋăňĺ àăáŕàőáâàăŋïîéĺåáï ć ŋěľ íńěłâàőňăčŋĺâŋëå ćőńŋ. Łăł ĺ ńîąëě ďàãčĺě íńěłâàőňăčŋĺâŋëě ïćńěŋĺï, ŕàőæěááë àăáŕàőáâàăŋěŋĺï ćőńŋ ć ďńĺŋŋőľ ńĺŋĺĺ ňőčãâ ąëâì őŕĺáăŋë ãàăćŋěŋĺïňĺ Ňăłáćěńńă. Şàăćŋěŋĺï Łĺàåčőääă, ãáŕěèŋő őŕĺáëćăîéĺě ŋĺğłőçăáâőâŋëě íńěłâàĺçěáłĺě áåěňë, ł ďńĺŋŋëň ńĺŋĺïň ňőęŋő ŕàĺňěŋïâì ńĺèì ńőłăńìŋő, âő ěáâì ŋă ňăńëå ĺå ãçăáâłăå^1.

Řăááňőâàĺň ćăàĺăŋâ ďńĺŋŋőľ ńĺŋĺĺ, ŕàěďáâăćńïîéĺľ áőąőľ őďŋőàőďŋëľ ŕàőćőďŋĺł, ćëâïŋãâëľ ćďőńì őáĺ x ŋăď ŕőćěàåŋőáâìî ğěňńĺ ŋãńěćőčő ŕőâěŋæĺăńă. Ąãďěň åăàăłâěàĺğőćăâì ěčő áńěďãîéĺňĺ ŕőčőŋŋëňĺ, â.ě. ŕàĺåőďïéĺňĺáï ŋă ěďĺŋĺæã ďńĺŋë, íńěłâàĺçěáłĺňĺ ŕăàăňěâàăňĺ: ăłâĺćŋëň áőŕàőâĺćńěŋĺěň R, ĺŋďãłâĺćŋőáâìî L, ñňłőáâìî őâŋőáĺâěńìŋő ğěňńĺ C ĺ ăłâĺćŋőľ ãâěçłőľ G. Ğăŕĺèěň ãàăćŋěŋĺï Łĺàåčőääă ďńï ŕăďěŋĺï ŋăŕàïęěŋĺï ŋă ãçăáâłě ńĺŋĺĺ őâ x

ďő x + △x ĺ ąăńăŋáă âőłă ć ãğńě x + △x: v (x) − v (x + △x) = i (x) R△x + L△x^{∂i}_{∂t} , i (x) = i (x + △x) + G△xv (x + △x) + C△x^{∂v}_{∂t} . Ŕőáńě ďěńěŋĺï ãàăćŋěŋĺľ ŋă △x ĺ ŕěàěåőďă ł ŕàěďěńã ŕàĺ △x → 0, ŕőńãçăěň ŕăàã âěńěčàăäŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă { v^′_x + Ri + Li^′_t = 0, i^′_x + Gv + Cv^′_t = 0. (11.1)

Ďĺääěàěŋæĺàãï ŕěàćőě ãàăćŋěŋĺě ŕő x, ă ćâőàőě ŕő t, ĺ ĺáłńîçăï ĺğ ãàăćŋěŋĺľ äãŋłæĺî i (x, t) ĺ ěñ ŕàőĺğćőďŋëě, ŕőńãçăěň ãàăćŋěŋĺě čĺŕěàąőńĺçěáłőčő âĺŕă ďńï äãŋłæĺĺ v (x, t):

v^{′′}_t2 = a^2v^{′′}_x2 − 2μv^′_t − κv, (11.2) čďě a^2 ≡^1_{LC} , μ =^1_2 (_R L +^G_C ) , κ =^{GR}_{LC} . Šőçŋő âăłőě ęě ãàăćŋěŋĺě ŕőńãçăěâáï ĺ ďńï äãŋłæĺĺ i. Şàăćŋěŋĺě (11.2) ňőęŋő áćěáâĺ ł ąőńěě ŕàőáâőňã ğăňěŋőľ u (x, t) = exp (μt) v (x, t). Ă ĺňěŋŋő, ŕőáńě ŕőďőąŋőľ ğăňěŋë ŕőńãçăěň

1Őąáãęďěŋĺě ďăŋŋőčő ćőŕàőáă áň. ć łŋĺčě [19].

u^{′′}_t2 = a^2u^{′′}_x2 + b^2u, čďě b ≡ 1 2 ( R L − G C ) . Őáőąěŋŋő ŕàőáâőľ ćĺď íâő ãàăćŋěŋĺě ŕàĺŋĺňăěâ ŕàĺ b = 0, âő ěáâì ŕàĺ RC = LG: u^{′′}_t2 = a^2u^{′′}_x2 .

Ć íâőň áńãçăě âěńěčàăäŋăï ńĺŋĺï ŋăğëćăěâáï ńĺŋĺěľ ąěğ ĺáłăęěŋĺľ. Ğăňěâĺň, çâő “ãńãçèăï” ńĺŋĺî ŕőćëèěŋĺěň ĺğőńïæĺĺ, âő ěáâì ãňěŋìèěŋĺěň ãâěçłĺ G, ňë àĺáłãěň ŋăàãèĺâì ãáńőćĺě őâáãâáâćĺï ĺáłăęěŋĺľ RC = LG. Ćëåőď — ć ĺáłãááâćěŋŋőň ãćěńĺçěŋĺĺ ŕőčőŋŋőľ ĺŋďãłâĺćŋőáâĺ^2 L.

Ďńï ŕőńãçěŋĺï čàăŋĺçŋőčő ãáńőćĺï ŋă łőŋæě âěńěčàăäŋőľ ńĺŋĺĺ x = 0 áńěďãěâ ğăŕĺáăâì ãàăćŋěŋĺě Łĺàåčőääă ďńï áőáàěďőâőçěŋŋőčő íńěňěŋâă, áâőïéěčő ŋă íâőň łőŋæě. Ŕàĺćěďěň ŋěłőâőàëě ćăàĺăŋâë.

1. ğăğěňńěŋŋëľ łőŋěæ: v (0, t) = 0;

2. ĺğőńĺàőćăŋŋëľ łőŋěæ: i (0, t) = 0 ⇔ v^′_x (0, t) = 0; 3. ăłâĺćŋőě áőŕàőâĺćńěŋĺě R_0 ŋă łőŋæě: −v (0, t) = R_0i (0, t) ; 4. ěňłőáâì C_0 ŋă łőŋæě: −C_0v^′_t (0, t) = i (0, t) .

11.1.2 Ňěâőď ąěčãéĺå ćőńŋ

Ć őáŋőćě ďăŋŋőčő ňěâőďă àěèěŋĺï àăğŋőőąàăğŋëå ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ ńěęĺâ ŕàěďáâăćńěŋĺě őąéěčő àěèěŋĺï ŕàőáâěľèěčő ćőńŋőćőčő ãàăćŋěŋĺï ć ŋěłőâőàőň áŕěæĺăńìŋőň ćĺďě, łőâőàëľ ďőŕãáłăěâ ŕàőáâőě äĺğĺçěáłőě ĺáâőńłőćăŋĺě ć âěàňĺŋăå ąěčãéĺå ćőńŋ. Ŕőáńě íâőčő ďńï àěèěŋĺï łőŋłàěâŋőľ ğăďăçĺ őáâăěâáï ńĺèì ŕőďőąàăâì ŕàőäĺńĺ ćőńŋ âăł, çâőąë ãďőćńěâćőàĺâì ćáěň őáâăćèĺňáï ãáńőćĺïň ğăďăçĺ. Ŕőáńěďŋěě őąëçŋő ŕàĺćőďĺâ ł ŋěłőâőàëň ăńčěąàăĺçěáłĺň ŕàőæěďãàăň ĺńĺ àěèěŋĺî ŋěłőâőàëå ğăďăç ďńï őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ, âăł łăł áăňĺ ŕàőäĺńĺ ïćńïîâáï äãŋłæĺïňĺ őďŋőľ ŕěàěňěŋŋőľ.

Řăááňőâàĺň ćőńŋőćőě ãàăćŋěŋĺě

u^{′′}_t2 = a^2u^{′′}_x2 .

Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï åăàăłâěàĺáâĺł ďńï ŋěčő

a^2 (dt)^2 − (dx)^2 = 0,

őâłãďă ŕőńãçăěň ãàăćŋěŋĺï åăàăłâěàĺáâĺçěáłĺå ńĺŋĺľ

x = ±at + c. (11.3)

2Ĺáâőàĺçěáłĺ âăł ĺ áńãçĺńőáì. Šőńìłő ŋă âěńěčàăäŋëå ńĺŋĺïå łőňŕăŋĺĺ “Bell System” ć 1949 čőďã áâőïńő őłőńő 20 ňńŋ. łăâãèěł ĺŋďãłâĺćŋőľ ŕőďďěàęłĺ.

Ďěńăï ć áőőâćěâáâćĺĺ á âěőàěâĺçěáłĺňĺ àěłőňěŋďăæĺïňĺ ğăňěŋã ŕěàěňěŋŋëå ćĺďă ξ = x − at, η = x + at, v (ξ, η) = u (x, t) , ŕàĺćőďĺň ďăŋŋőě čĺŕěàąőńĺçěáłőě ãàăćŋěŋĺě ł ŕěàćőľ łăŋőŋĺçěáłőľ äőàňě

∂^2v ∂ξ∂η = 0.

Ŕőíâőňã_∂ ∂ξ ∂v ∂η = 0 ⇒^{∂v}_{∂η} = g_1 (η) ⇒ v = ∫ g_1 (η) dη = g (η) + f (ξ) ⇒

u (x, t) = f (x − at) + g (x + at) , (11.4)

čďě f (·) , g (·) ∈ C^2 ( R^1 ) . Ŕőńãçěŋŋőě őąéěě àěèěŋĺě ãàăćŋěŋĺï (11.4) ĺňěěâ ŕàőáâőľ äĺğĺçěáłĺľ áňëáń: íâő áãňňă ćőńŋ, ąěčãéĺå á ŕőáâőïŋŋëňĺ áłőàőáâïňĺ ±a ćďőńì őáĺ x. Őâňěâĺň, çâő äőàňă ćőńŋ ŋě ĺğňěŋïěâáï ć ŕàőæěááě íćőńîæĺĺ (áàěďă ąěğ ďĺáŕěàáĺĺ).

Řăááňőâàĺň àïď ğăďăç ďńï ŕàőáâěľèěčő ćőńŋőćőčő ãàăćŋěŋĺï, ĺńĺ ãàăćŋěŋĺľ, áćőďĺňëå ł ŋěňã.

Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï ćőńŋőćőčő ãàăćŋěŋĺï ňěâőďőň ąěčãéĺå ćőńŋ

Řăááňőâàĺň ğăďăçã ő ŕőŕěàěçŋëå ňăńëå łőńěąăŋĺïå ŋěőčàăŋĺçěŋŋőľ őďŋőàőďŋőľ áâàãŋë u^{′′}_{t2} = a^2u^{′′}_{x2} , −∞ < x < +∞, t > 0, u (x, 0) = φ (x) , −∞ < x < +∞, u^′_t (x, 0) = ψ (x) , −∞ < x < +∞. (11.5)

Ąãďěň ĺáłăâì ěñ àěèěŋĺě ć ćĺďě áãňňë ąěčãéĺå ćőńŋ á ŋěĺğćěáâŋëňĺ ŕàőäĺńïňĺ u (x, t) = f (x − at) + g (x + at) . (11.6)

Ćëąěàñň ŕàőäĺńĺ ćőńŋ âăł, çâőąë ãďőćńěâćőàĺâì ŋăçăńìŋëň ãáńőćĺïň: { u (x, 0) = f (x) + g (x) = φ (x) , −∞ < x < +∞ u^′_t (x, 0) = a (g^′ (x) − f^′ (x)) = ψ (x) , −∞ < x < +∞.

Ŕőáńě ĺŋâěčàĺàőćăŋĺï ćâőàőčő âőęďěáâćă ŕő x ŕőńãçăěň

f (x) + g (x) = φ (x) ,

g (x) − f (x) =^1_a ∫ ψ (x) dx =^1_a^x ∫ 0 ψ (z) dz + C, őâłãďă áńőęěŋĺěň ŋăåőďĺň

g (x) =^{φ(x)}_2 +^1_{2a}^x ∫ 0 ψ (z) dz +^C_2 ,

f (x) = φ (x) − g (x) =^{φ(x)}_2 −^1_{2a} x∫ 0 ψ (z) dz −^C_2 .

Ć ĺâőčě àěèěŋĺě ğăďăçĺ Łőèĺ ňőęŋő ğăŕĺáăâì ć ćĺďě áńěďãîéěľ äőàňãńë Ďăńăňąěàă: u (x, t) = f (x − at) + g (x + at) = =^{φ(x−at)}_2 −^1_{2a}^{x−at} ∫ 0 ψ (z) dz −^C_2 +

+^{φ(x+at)}_2 +^1_{2a}^{x+at} ∫ 0 ψ (z) dz +^C_2 = =^{φ(x−at)+φ(x+at)} 2 +^1_{2a} x+at∫ x−at ψ (z) dz. (11.7)

Ćëďěńĺň áńěďãîéĺě çăáâŋëě áńãçăĺ őąéěľ ğăďăçĺ Łőèĺ.

• Łőńěąăŋĺï ćáńěďáâćĺě ŋăçăńìŋőčő őâłńőŋěŋĺï őâ ŕőńőęěŋĺï àăćŋőćěáĺï: ψ (x) ≡ 0.

Ć íâőň áńãçăě äőàňãńă (11.7) ďăñâ u (x, t) =^{φ(x−at)+φ(x+at)} 2 = =^{φ(x−at)}_2 +^{φ(x+at)}_2 .

İâő àěèěŋĺě ňőęŋő ĺŋâěàŕàěâĺàőćăâì áńěďãîéĺň őąàăğőň: ŋăçăńìŋőě őâłńőŋěŋĺě φ (x) àăğąĺćăěâáï ŋă ďćě ŕőńãćőńŋë φ (x) /2, łőâőàëě ąěčãâ ć ŕàőâĺćőŕőńőęŋëå ŋăŕàăćńěŋĺïå őáĺ x á őďĺŋăłőćëňĺ áłőàőáâïňĺ a. Ŕàőäĺńì áâàãŋë ć łăęďëľ ňőňěŋâ ćàěňěŋĺ ŕőńãçăěâáï áãňňĺàőćăŋĺěň âěłãéĺå áőáâőïŋĺľ íâĺå ąěčãéĺå ćőńŋ.

• Łőńěąăŋĺï ć őâáãâáâćĺě ŋăçăńìŋőčő őâłńőŋěŋĺï őâ ŕőńőęěŋĺï àăćŋőćěáĺï ćáńěďáâćĺě ŋăçăńìŋőľ áłőàőáâĺ (ãďăàŋőě ćőğąãęďěŋĺě łőńěąăŋĺľ): φ (x) ≡ 0. Ŕàĺ íâőň u (x, t) =^1_{2a}^{x+at} ∫ x−at ψ (z) dz = = E (x + at) − E (x − at) , čďě E (x) ≡ 1 2a x∫ x^∗ ψ (z) dz, x^∗ — ŕàőĺğćőńìŋăï äĺłáĺàőćăŋŋăï âőçłă^3 őáĺ. Śńěďőćăâěńìŋő, ć ďăŋŋőň áńãçăě ŕàőäĺńì áâàãŋë äőàňĺàãěâáï ćőńŋăňĺ ±E (x), ąěčãéĺňĺ ć ŕàőâĺćőŕőńőęŋëå ŋăŕàăćńěŋĺïå őáĺ áő áłőàőáâïňĺ, ŕő ňőďãńî àăćŋëňĺ a.

Śďěńăěň ŋěłőâőàëě őąéĺě ćëćőďë ĺğ äőàňãńë Ďăńăňąěàă.

1. Ďńï ŕàőĺğćőńìŋëå ŋăçăńìŋëå ãáńőćĺľ φ (·) ∈ C^2 ( R^1 ) , ψ (·) ∈ C^1 ( R^1 ) łńăááĺçěáłőě àěèěŋĺě u (x, t) ∈ C^2 ( R^2 ) ğăďăçĺ Łőèĺ (11.5) áãéěáâćãěâ.

3Őąëçŋő x^∗ = 0; ěáńĺ áőőâćěâáâćãîéĺľ ŋěáőąáâćěŋŋëľ ĺŋâěčàăń áåőďĺâáï, âő ãďőąŋő âăłęě ąàăâì x^∗ = −∞.

2. Őŋő ěďĺŋáâćěŋŋő ĺ ďăñâáï äőàňãńőľ Ďăńăňąěàă (11.7).

3. Őŋő ŋěŕàěàëćŋő ć áńěďãîéěň áňëáńě ğăćĺáĺâ őâ ŕăàăňěâàőć ğăďăçĺ^4: ∀ε > 0 ∀T > 0 ∃δ = δ (ε, T ) > 0 : max_x |φ − φ̃| + max_x | | |ψ − ψ̃ | | | < δ ⇒ max_{x,|t|≤T} |u − ũ| < ε.

4. Ŕőáłőńìłã áăňă äőàňãńă Ďăńăňąěàă ĺňěěâ áňëáń ďńï ğŋăçĺâěńìŋő ąőńěě èĺàőłĺå łńăááőć äãŋłæĺľ φ, ψ, çěň âě, çâő ãłăğăŋë ćëèě^5, ňőęŋő čőćőàĺâì őą őąőąéñŋŋëå àěèěŋĺïå ğăďăçĺ Łőèĺ. Ĺňěŋŋő, őąőąéñŋŋëň àěèěŋĺěň ğăďăçĺ (11.5), őâćěçăîéĺň ŕàőĺğćőńìŋëň ŋăçăńìŋëň ãáńőćĺïň φ, ψ, ďńï łőâőàëå äőàňãńă (11.7) ĺňěěâ áňëáń, ŋăğëćăěâáï äãŋłæĺï, őŕàěďěńïěňăï ďăŋŋőľ äőàňãńőľ. Ŕàĺ íâőň ďăŋŋăï äãŋłæĺï ňőęěâ ŋě ĺňěâì ŋěőąåőďĺňëå ďńï ŕőďáâăŋőćłĺ ć ćőńŋőćőě ãàăćŋěŋĺě ŕàőĺğćőďŋëå, ĺńĺ íâĺ ŕàőĺğćőďŋëě áńěďãěâ őŕàěďěńïâì łăł őąőąéñŋŋëě ĺ â.ď. ĺ â.ŕ.

5. Řăááňőâàĺň ŕńőáłőáâì á ďěłăàâőćëňĺ łőőàďĺŋăâăňĺ (x, t) — äăğőćãî ŕńőáłőáâì àăááňăâàĺćăěňőľ ğăďăçĺ. Ďńï ŕàőĺğćőńìŋőľ âőçłĺ (x_0, t_0), ńěęăéěľ ć ćěàåŋěľ ŕőńãŕńőáłőáâĺ, àăááňőâàĺň åăàăłâěàĺáâĺçěáłĺľ âàěãčőńìŋĺł, őąàăğőćăŋŋëľ á őáìî x åăàăłâěàĺáâĺłăňĺ ćőńŋőćőčő ãàăćŋěŋĺï — ŕàïňëňĺ (11.3), ŕàőåőďïéĺňĺ çěàěğ ćěàèĺŋã âàěčőńìŋĺłă — âőçłã (x_0, t_0). Ŕãáâì

x_1 = x_0 − at_0, x_2 = x_0 + at_0

- âőçłĺ ŕěàěáěçěŋĺï åăàăłâěàĺáâĺł á őáìî x — ćěàèĺŋë őáŋőćăŋĺï åăàăłâěàĺáâĺçěáłőčő âàěãčőńìŋĺłă (áň. àĺáãŋőł).

Ŕő äőàňãńě Ďăńăňąěàă àěèěŋĺě ğăďăçĺ Łőèĺ ňőęŋő ŕàěďáâăćĺâì ć ćĺďě

u (x_0, t_0) = φ (x_1) + φ (x_2) 2 + 1 2a x_2∫

x_1 ψ (z) dz.

Šăłĺň őąàăğőň, ďńï ŋăåőęďěŋĺï àěèěŋĺï ğăďăçĺ Łőèĺ ć ŕàőĺğćőńìŋőľ âőçłě äăğőćőľ ŕńőáłőáâĺ ďőáâăâőçŋő áńőęĺâì ŕőńãáãňňã ŋăçăńìŋëå őâłńőŋěŋĺľ ć ćěàèĺŋăå őáŋőćăŋĺï åăàăłâěàĺáâĺçěáłőčő âàěãčőńìŋĺłă á ĺŋâěčàăńőň ŕő őáŋőćăŋĺî őâ ŋăçăńìŋőľ áłőàőáâĺ, ďěńñŋŋëň ŋă 2a. Ćŋãâàĺ åăàăłâěàĺáâĺçěáłőčő âàěãčőńìŋĺłă łőńěąăŋĺï áâàãŋë őŕàěďěńïîâáï ĺáłńîçĺâěńìŋő ŋăçăńìŋëňĺ ďăŋŋëňĺ ŋă őáŋőćăŋĺĺ åăàăłâěàĺáâĺçěáłőčő âàěãčőńìŋĺłă. İâő áńěďáâćĺě äãŋďăňěŋâăńìŋőčő áćőľáâćă ćőńŋőćëå ŕàőæěááőć, àăáŕàőáâàăŋïîéĺåáï ć ŕàőáâàăŋáâćě á łőŋěçŋőľ áłőàőáâìî.

4Ćáñ íâő čőćőàĺâ ő łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ğăďăçĺ Łőèĺ ć ãłăğăŋŋëå łńăááăå äãŋłæĺľ._5 Ŋăŕàĺňěà, äãŋłæĺï φ ňőęěâ ąëâì ćőőąéě ńîąőľ äãŋłæĺěľ őďŋőčő ŕěàěňěŋŋőčő.

Ğăďăçă Łőèĺ ďńï ŋěőďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï. u^{′′}_{t2} = a^2u^{′′}_{x2} + f (x, t) , −∞ < x < +∞, t > 0, u (x, 0) = φ (x) , −∞ < x < +∞, u^′_t (x, 0) = ψ (x) , −∞ < x < +∞. (11.8)

Şçĺâëćăï ńĺŋěľŋőáâì ğăďăçĺ, ąãďěň ĺáłăâì ěñ àěèěŋĺě ć ćĺďě áãňňë u = v + w, čďě äãŋłæĺĺ v, w ïćńïîâáï àěèěŋĺïňĺ ğăďăç

v^{′′}_{t2} = a^2v^{′′}_{x2} , v (x, 0) = φ (x) , v^′_t (x, 0) = ψ (x) , w^{′′}_{t2} = a^2w^{′′}_{x2} + f (x, t) , w (x, 0) = 0, w^′_t (x, 0) = 0, , áőőâćěâáâćěŋŋő.

Řěèěŋĺě ŕěàćőľ ğăďăçĺ ŕőńãçěŋő ćëèě. Řěèěŋĺě ćâőàőľ ąãďěň ĺáłăâì ć ĺŋâěčàăńìŋőľ äőàňě

w (x, t) = t∫ 0 Φ (x, t, τ ) dτ , (11.9) čďě Φ^{′′}_{t2} = a^2Φ^{′′}_{x2} , −∞ < x < ∞, t ≥ τ > 0, Φ (x, t, τ ) |_{t=τ} = 0, −∞ < x < ∞, Φ^′_t (x, t, τ ) |_{t=τ} = f (x, τ ) , −∞ < x < ∞. Řěèěŋĺě ŕőáńěďŋěľ ğăďăçĺ ďăñâáï, őçěćĺďŋő, äőàňãńőľ Ďăńăňąěàă:

Φ (x, t, τ ) = 1 2a x+a(t−τ ) ∫ x−a(t−τ) f (z, τ) dz.

Ŕàőćěàĺň, çâő äãŋłæĺï (11.9) ďěľáâćĺâěńìŋő ïćńïěâáï àěèěŋĺěň áőőâćěâáâćãîéěľ ŋăçăńìŋőľ ğăďăçĺ. Ĺňěěň w^′_t (x, t) = Φ (x, t, t) + t∫ 0 Φ^′_t dτ = t∫ 0 Φ^′_t dτ , w^{′′}_{t2} = Φ^′_t (x, t, t) +^t ∫ 0 Φ^{′′}_{t2} dτ = f (x, t) + a^{2 t} ∫ 0 Φ^{′′}_{x2} dτ =

= f (x, t) + a^2w^{′′}_{x2} ,

w (x, 0) =^0 ∫ 0 Φ (x, t, τ ) dτ = 0, w^′_t (x, 0) =^0 ∫ 0 Φ^′_t (x, t, τ ) dτ = 0, çâő ĺ âàěąőćăńőáì ŕàőćěàĺâì.

Ć ĺâőčě àěèěŋĺě àăááňăâàĺćăěňőľ ğăďăçĺ ňőęŋő ğăŕĺáăâì ć äőàňě àăáèĺàěŋŋőľ äőàňãńë Ďăńăňąěàă u (x, t) =^{φ(x−at)+φ(x+at)} 2 +^1_{2a}^{x+at} ∫ x−at ψ (z) dz+ +^1_{2a}^t ∫ 0 x+a(t−τ ) ∫ x−a(t−τ) f (z, τ) dzdτ . (11.10)

[5] Ğăňěâĺň, çâő ďăŋŋãî äőàňãńã ňőęŋő ğăŕĺáăâì ĺ ć ąőńěě łőňŕăłâŋőň ćĺďě. Ă ĺňěŋŋő,

u (x, t) = ∂ ∂t Φ_φ (x, t, 0) + Φ_ψ (x, t, 0) + t∫ 0 Φ_f (x, t, τ ) dτ , (11.11)

čďě Φ_α (x, t, τ ), α = φ, ψ, f — àěèěŋĺě ğăďăçĺ Łőèĺ

∂^2 ∂t^2 Φα = a

2 ∂^2 ∂x^2 Φα, −∞ < x < ∞, t ≥ τ ≥ 0, Φ_α (x, t, τ ) |_{t=τ} = 0, −∞ < x < ∞, ∂ ∂t Φ_α (x, t, τ ) |_{t=τ} = α (x, τ ) , −∞ < x < ∞. (11.12)

Ć őâńĺçĺě őâ (11.10) äőàňãńă (11.11) “àăąőâăěâ” ć áńãçăě ŕàőáâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ x ńîąőľ àăğňěàŋőáâĺ. Ŕàĺ n > 1 ğăďăçă (11.12) ĺňěěâ ćĺď ∂^2 ∂t^2 Φα = a 2△Φ_α, x ∈ R^n, t ≥ τ ≥ 0, Φ_α (x, t, τ ) |_{t=τ} = 0, x ∈ R^n, ∂ ∂t Φ_α (x, t, τ ) |_{t=τ} = α (x, τ ) , x ∈ R^n. Ěñ àěèěŋĺï ğăćĺáïâ őâ àăğňěàŋőáâĺ ŕàőáâàăŋáâćă n. Ŕàĺćěďñň ĺå ďńï n = 1, 3:

Φ_α (x, t, τ ) = 1 2a ∫ |x−z|≤a(t−τ) α (z, τ) dz, n = 1 1 2πa ∫∫ |z−x|≤a(t−τ) α(z_1,z_2,τ) dz_1dz_2 √_{a2 (t−τ )2−(z1−x1)2−(z2−x2)2} , n = 2 1 4πa ∫∫ |z−x|=a(t−τ) α(z,τ) |z−x| dSz, n = 3

Ğăňěâĺň, çâő ć ŕőáńěďŋěň ćăàĺăŋâě (ŕàĺ n = 3) ć őâńĺçĺě őâ ďćãå ŕàěďëďãéĺå ĺŋâěčàĺàőćăŋĺě ćěďěâáï ńĺèì ŕő ŕőćěàåŋőáâĺ èăàă àăďĺãáă a (t − τ ), ă ŋě ŕő ěčő ćŋãâàěŋŋőáâĺ. İâő ŕàĺćőďĺâ ł âőňã, çâő ćőńŋë ć âàñåňěàŋőň ŕàőáâàăŋáâćě őąńăďăîâ áńěďãîéĺň áćőľáâćőň őâáãâáâćĺï ŕőáńěďěľáâćĺï: ěáńĺ ćőńŋă ćőğŋĺłăěâ ćáńěďáâćĺě ńőłăńĺğőćăŋŋőčő ć ŕàőáâàăŋáâćě ĺ ćàěňěŋĺ ćőğňãéěŋĺï, âő ć ŕàőĺğćőńìŋőľ âőçłě x ŕàőáâàăŋáâćă őŋă ńőłăńĺğőćăŋă ćő ćàěňěŋĺ (ŋăńĺçĺě ŕěàěďŋěčő ĺ ğăďŋěčő äàőŋâőć ćőńŋë)^6.

Őâňěâĺň âăłęě, çâő äőàňãńã Ďăńăňąěàă (n = 1) ĺ äőàňãńã Ŕãăááőŋă (n = 2) ňőęŋő ćëćěáâĺ ĺğ äőàňãńë Łĺàåčőäă (n = 3) łăł çăáâŋëě áńãçăĺ, łőčďă äãŋłæĺï α (z_1, z_2, z_3, τ) ŋě ğăćĺáĺâ őâ áőőâćěâáâćãîéĺå łőőàďĺŋăâ z_i (ňěâőď áŕãáłă)^7.

6Ćőŕàőá: ŕőçěňã ć őďŋő- ĺ ďćãňěàŋőň áńãçăïå ŕőáńěďěľáâćĺě ĺňěěâ ňěáâő? 7Ğăďăçă ŋă “ŕïâñàłã” ŋă íłğăňěŋě. Śň., ŋăŕàĺňěà, [13].

Ğăďăçă Łőèĺ ďńï áĺáâěňë âěńěčàăäŋëå ãàăćŋěŋĺľ (ńĺŋĺï ąěğ ĺáłăęěŋĺľ)

Řăááňőâàĺň âěŕěàì ğăďăçã Łőèĺ ďńï áĺáâěňë âěńěčàăäŋëå ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă v^′_x + Ri + Li^′_t = 0, x ∈ R, t > 0 i^′_x + Gv + Cv^′_t = 0, x ∈ R, t > 0 v (x, 0) = v_0 (x) , x ∈ R i (x, 0) = i_0 (x) . x ∈ R

(11.13)

Łăł ąëńő ŕőłăğăŋő ćëèě ć àăğďěńě 11.1.1, ŕőáńě ĺáłńîçěŋĺï ĺğ áĺáâěňë ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ äãŋłæĺĺ âőłă i (x, t) ďńï ŋăŕàïęěŋĺï v (x, t) ŕőńãçăěâáï čĺŕěàąőńĺçěáłőě ãàăćŋěŋĺě, łőâőàőě ć áćőî őçěàěďì ãŕàőéăěâáï ŕőáńě ğăňěŋë u (x, t) = exp (μt) v (x, t) ďő ãàăćŋěŋĺï

u^{′′}_t2 = a^2u^{′′}_x2 + b^2u, čďě b ≡^1_2 (_R L −^G_C ) , μ ≡^1_2 (_R L +^G_C ) . Ŕàĺ b = 0^8 íâő ãàăćŋěŋĺě ŕàĺŋĺňăěâ ćĺď ŕàőáâěľèěčő ćőńŋőćőčő

u^{′′}_t2 = a^2u^{′′}_x2 .

őąéěě àěèěŋĺě łőâőàőčő (áň. äőàňãńã (11.4) ĺňěěâ ćĺď u (x, t) = f (x − at) + g (x + at) . Śńěďőćăâěńìŋő, őąéěě ćëàăęěŋĺě ďńï ŋăŕàïęěŋĺï v (x, t) = exp (−μt) u (x, t) = = exp (−μt) (f (x − at) + g (x + at)) . Ďńï ŋăåőęďěŋĺï őąéěčő ćëàăęěŋĺï ďńï âőłă ĺňěěň ĺğ ćâőàőčő ãàăćŋěŋĺï áĺáâěňë i^′_x (x, t) = −Gv − Cv^′_t = = −Gv (x, t) + Cμv (x, t) + +aC exp (−μt) (f^′ (x − at) − g^′ (x + at)) = = √_C L exp (−μt) (f^′ (x − at) − g^′ (x + at)) . Ŕőáńě ĺŋâěčàĺàőćăŋĺï ŕő x ŕőńãçăěň őâáîďă i (x, t) = √_C L exp (−μt) (f (x − at) − g (x + at)) + c_1 (t) = = √_C L exp (−μt) (f (x − at) − g (x + at) + c_2 (t)) ,

8Ğăňěâĺň, çâő ŕàĺ íâőň

μ =^R_L =^G_C ,

aC =^C√_{LC} = √_C L , R = μL, G = μC, aL √_C L = 1

čďě c_1 (t) — “ŕőáâőïŋŋăï” ĺŋâěčàĺàőćăŋĺï — ŕàőĺğćőńìŋăï äãŋłæĺï ćàěňěŋĺ, c_2 (t) ≡ √_L C exp (μt) c_1 (t).

Ć ďěľáâćĺâěńìŋőáâĺ äãŋłæĺï c_2 (t) ŕőáâőïŋŋă. Ć íâőň ňőęŋő ãąěďĺâìáï ŕőďáâăćńïï ŋăľďěŋŋëě àěèěŋĺï ć ŕěàćőě ĺğ âěńěčàăäŋëå ãàăćŋěŋĺľ:

v^′_x + Ri + Li^′_t = = exp (−μt) (f^′ (x − at) + g^′ (x + at)) + +R √_C L exp (−μt) (f (x − at) − g (x + at) + c_2 (t)) − −μL √_C L exp (−μt) (f (x − at) − g (x + at) + c_2 (t)) − −aL √_C L exp (−μt) (f^′ (x − at) + g^′ (x + at) + c^′_2 (t)) = = − exp (−μt) c^′_2 (t) = 0.

Ććőďï ćňěáâő ŕàőĺğćőńìŋëå ŕàőäĺńěľ ćőńŋ f, g ŋőćëě

f̃ ≡ f +^c2_2 , g̃ ≡ f −^{c2}_2

ĺ őŕãáłăï ğăâěň âĺńìďã, ŋăåőďĺň őłőŋçăâěńìŋőě ŕàěďáâăćńěŋĺě őąéěčő àěèěŋĺï áĺáâěňë âěńěčàăäŋëå ãàăćŋěŋĺľ ďńï ńĺŋĺĺ ąěğ ĺáłăęěŋĺľ { v (x, t) = exp (−μt) (f (x − at) + g (x + at)) i (x, t) = √_C L exp (−μt) (f (x − at) − g (x + at)) (11.14)

Ĺáŕőńìğãěň (11.14) ďńï àěèěŋĺï ŕőáâăćńěŋŋőľ ćëèě ğăďăçĺ Łőèĺ. Ďőáâăâőçŋő ŕőďőąàăâì ŕàőäĺńĺ ćőńŋ f, g âăł, çâőąë ćëŕőńŋïńĺáì ŋăçăńìŋëě ãáńőćĺï { f (x) + g (x) ≡ v_0 (x) , √_C L (f (x) − g (x)) ≡ i_0 (x) .

Ďńï íâőčő áńěďãěâ ćğïâì

f (x) ≡^{v0 (x)+} √_{LC i0 (x)} 2 , g (x) ≡^{v0 (x)−} √_{LC i0 (x)} 2 . Ğăďăçă ő àăáŕàőáâàăŋěŋĺĺ łàăěćőčő àěęĺňă.

Řăááňőâàĺň áňěèăŋŋãî ğăďăçã ďńï őďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï u^{′′}_{t2} = a^2u^{′′}_{x2} , 0 < x < +∞, t > 0, u (x, 0) = φ (x) , 0 < x < +∞, u^′_t (x, 0) = ψ (x) , 0 < x < +∞, u (0, t) = μ (t) , t ≥ 0. Ĺéěň ěñ àěèěŋĺě ć ćĺďě áãňňë u = v + w, čďě

v^{′′}_{t2} = a^2v^{′′}_{x2} , v (x, 0) = φ (x) , v^′_t (x, 0) = ψ (x) , v (0, t) = 0. (v)

w^{′′}_{t2} = a^2w^{′′}_{x2} , w (x, 0) = 0, w^′_t (x, 0) = 0, w (0, t) = μ (t) . (w)

Řěèĺň áŕěàćă ğăďăçã (v). Ďńï íâőčő ŕőáâàőĺň ćáŕőňőčăâěńìŋãî ğăďăçã Łőèĺ v̄^{′′}_{t2} = a^2v̄^{′′}_{x2} , −∞ < x < ∞, t > 0 v̄ (x, 0) = φ̄ (x) , −∞ < x < ∞ v̄^′_t (x, 0) = ψ̄ (x) , −∞ < x < ∞, čďě φ̄ (x) , ψ̄ (x) — ŋěçñâŋëě ŕàőďőńęěŋĺï áőőâćěâáâćãîéĺå äãŋłæĺľ á ŕőńőęĺâěńìŋőľ ŕőńãőáĺ x ŋă ćáî őáì, âő ěáâì äãŋłæĺĺ, ãďőćńěâćőàïîéĺě ãáńőćĺïň

φ̄ (x) = { φ (x) , x > 0 −φ (−x) x ≤ 0 , ψ̄ (x) = { ψ (x) , x > 0 −ψ (−x) , x ≤ 0 .

Řěèěŋĺě ćáŕőňőčăâěńìŋőľ ğăďăçĺ Łőèĺ ďăñâáï äőàňãńőľ Ďăńăňąěàă

v̄ (x, t) = φ̄ (x − at) + φ̄ (x + at) 2 + 1 2a x+at∫

x−at ψ̄ (z) dz.

Ŕőłăęěň, çâő íâă äãŋłæĺï, ěáńĺ ěñ àăááňăâàĺćăâì ńĺèì ďńï x ≥ 0 (áãęěŋĺě äãŋłæĺĺ v̄ (x, t)), ďăñâ àěèěŋĺě ğăďăçĺ (v). Ďőáâăâőçŋő ŕàőćěàĺâì ńĺèì ćëŕőńŋěŋĺě čàăŋĺçŋőčő ãáńőćĺï; ćáě őáâăńìŋëě ãáńőćĺï ćëŕőńŋěŋë ŋă ćáěľ ŕàïňőľ x ĺ, ć çăáâŋőáâĺ, ŕàĺ x > 0. Ĺňěěň

v̄ (0, t) = φ̄ (−at) + φ̄ (+at) 2 + 1 2a at∫ −at ψ̄ (z) dz = 0

ć áĺńã ŋěçñâŋőáâĺ äãŋłæĺľ φ̄, ψ̄.

Ğăňěçăŋĺě. Ŕãáâì ψ (x) ≡ 0. Ğăŕĺáëćăï äãŋłæĺî φ̄ (x) ć ćĺďě φ̄ (x) ≡ φ (x) χ (x) − φ (−x) χ (−x) , čďě χ (x) ≡ { 1, x ≥ 0 0, x < 0 (11.15)

— äãŋłæĺï Ţěćĺáăľďă (ĺŋďĺłăâőà ŕőńőęĺâěńìŋőľ ŕőńãőáĺ), ŕőńãçăěň àěèěŋĺě ğăďăçĺ (v) ć ćĺďě v (x, t) =^1_2 [φ (x + at) χ (x + at) + φ (x − at) χ (x − at) − −φ (at − x) χ (at − x) − φ (−x − at) χ (−x − at)] = =^1_2 [φ (x + at) + φ (x − at) χ (x − at) − φ (at − x) χ (at − x)] . İâă äőàňãńă ďőŕãáłăěâ ŕàőáâãî äĺğĺçěáłãî ĺŋâěàŕàěâăæĺî. Ŕěàćőě áńăčăěňőě íâő ćőńŋă, ŋăąěčăîéăï ŋă čàăŋĺæã x = 0 á ŕőńőęĺâěńìŋőčő ŋăŕàăćńěŋĺï őáĺ x. Ćâőàőě ĺ âàěâìě áńăčăěňëě íâő ćőńŋë, ąěčãéĺě ć ŕőńőęĺâěńìŋőň ŋăŕàăćńěŋĺĺ őáĺ, ŕàĺçñň ćâőàăï (ŕàïňăï) őâńĺçŋă őâ ŋãńï ć ďăŋŋőľ âőçłě x ńĺèì ŕàĺ 0 ≤ t ≤ x/a, ă âàěâìï (őâàăęñŋŋăï őâ ŋăçăńă łőőàďĺŋăâ ĺ ŕőâőňã áňěŋĺćèăï ğŋăł ŋă ŕàőâĺćőŕőńőęŋëľ — ĺŋćěàâĺàőćăŋŋăï) - ńĺèì ŕàĺ t ≥ x/a.

Ďőłăęěň, çâő ŋăľďñŋŋőě àěèěŋĺě ğăďăçĺ (v) ěďĺŋáâćěŋŋő. Ŕãáâì áãéěáâćãîâ ďćă ěñ àěèěŋĺï: v_1 ĺ v_2. Ďńï ĺå àăğŋőáâĺ r (x, t) ŕőńãçăěň r^{′′}_{t2} = a^2r^{′′}_{x2} , 0 < x < +∞, t > 0, r (x, 0) = 0, 0 < x < +∞, r^′_t (x, 0) = 0, 0 < x < +∞, r (0, t) = 0, t ≥ 0. Šăł łăł ćáě àěèěŋĺï ćőńŋőćőčő ãàăćŋěŋĺï ďăîâáï äőàňãńőľ (11.6), âő

r (x, 0) = f (x) + g (x) = 0, x ≥ 0, r^′_t (x, 0) = a (g^′ (x) − f^′ (x)) = 0, x ≥ 0, r (0, t) = f (−at) + g (at) = 0, t ≥ 0, őâłãďă f (x) + g (x) = 0, x ≥ 0, g (x) − f (x) = C_1, x ≥ 0, f (−x) + g (x) = 0, x ≥ 0. Ĺğ ŕěàćëå ďćãå âőęďěáâć ŕőńãçăěň { f (x) ≡ −C_2, g (x) ≡ C_2 ŕàĺ x ≥ 0, ă ğăâěň ĺğ ŕőáńěďŋěčő âőęďěáâćă — f (x) ≡ −g (−x) = −C_2, x ≤ 0. Šăłĺň őąàăğőň, r (x, t) = f (x − at) + g (x + at) ≡ C_2 − C_2 ≡ 0, âăł łăł ćåőďïéĺě ć äőàňãńã äãŋłæĺĺ őŕàěďěńěŋë ćëèě łăł àăćŋëě C_2 ŕőáâőïŋŋëě ć áőőâćěâáâćãîéĺå őąńăáâïå ĺğňěŋěŋĺï ăàčãňěŋâőć. Ŕőńãçěŋŋőě âőęďěáâćő ďőłăğëćăěâ ěďĺŋáâćěŋŋőáâì àěèěŋĺï ğăďăçĺ (v).

Ŕěàěľďñň ł àěèěŋĺî ğăďăçĺ (w). Ŕàěďáâăćńïï àěèěŋĺě ãàăćŋěŋĺï ć ćĺďě áãňňë ąěčãéĺå ćőńŋ w (x, t) = f (x − at) + g (x + at) ĺ ŕőďáâăćńïï íâő àěèěŋĺě ć ŋăçăńìŋëě ĺ łàăěćëě ãáńőćĺï ğăďăçĺ, ŕőńãçăěň áĺáâěňã ãàăćŋěŋĺľ ďńï őŕàěďěńěŋĺï ŋěĺğćěáâŋëå ŕàőäĺńěľ ćőńŋ

w (x, 0) = f (x) + g (x) = 0, x ≥ 0, w_t (x, 0) = a (g^′ (x) − f^′ (x)) = 0, x ≥ 0, w (0, t) = f (−at) + g (at) = μ (t) , t ≥ 0 . Řěèěŋĺěň íâőľ áĺáâěňë ïćńïîâáï äãŋłæĺĺ { f (x) = χ (−x) μ ( −^x_a ) − C, x ∈ (−∞, ∞) , g (x) = C, x ≥ 0, čďě C — ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï, χ (x) — äãŋłæĺï Ţěćĺáăľďă (11.15). Śńěďőćăâěńìŋő, àěèěŋĺě ğăďăçĺ (w) ĺňěěâ ćĺď w (x, t) = χ ( t − x a ) μ ( t − x a ) . Őçěćĺďŋő,çâő ďăŋŋőě àěèěŋĺě áńěďãěâ ĺŋâěàŕàěâĺàőćăâì łăł “àăáŕàőáâàăŋěŋĺě łàăěćőčő àěęĺňă” ć ŕőńőęĺâěńìŋőň ŋăŕàăćńěŋĺĺ őáĺ x.

Łőńěąăŋĺï őâàěğłă áâàãŋë.

Řăááňőâàĺň áńěďãîéãî áňěèăŋŋãî ğăďăçã ďńï őďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï u^{′′}_{t2} = a^2u^{′′}_{x2} , 0 < x < l, t > 0, u (x, 0) = φ (x) , 0 < x < l, u^′_t (x, 0) = ψ (x) , 0 < x < l, u (0, t) = u (l, t) = 0, t ≥ 0, ňőďěńĺàãîéãî ŕàőæěáá ňăńëå łőńěąăŋĺľ őâàěğłă áâàãŋë 0 < x < l á ğăłàěŕńñŋŋëňĺ łőŋěçŋëňĺ âőçłăňĺ.

Ďńï ěñ àěèěŋĺï ŕőáâàőĺň ćáŕőňőčăâěńìŋãî ğăďăçã Łőèĺ. Ŕãáâì φ̄ (x) — ŕàőďőńęěŋĺě äãŋłæĺĺ φ (x) á ĺŋâěàćăńă (0, l) ŋă ćáî ďěľáâćĺâěńìŋãî őáì, ãďőćńěâćőàïîéěě áńěďãîéĺň ãáńőćĺïň

φ̄ (0 + x) ≡ −φ̄ (0 − x) , φ̄ (l + x) ≡ −φ̄ (l − x) (ŋěçñâŋőáâì őâŋőáĺâěńìŋő őąěĺå čàăŋĺçŋëå âőçěł, ĺŋëňĺ áńőćăňĺ, áĺňňěâàĺï čàăäĺłă äãŋłæĺĺ őâŋőáĺâěńìŋő íâĺå âőçěł). Ăŋăńőčĺçŋő őŕàěďěńĺň ŕàőďőńęěŋĺě ψ̄ äãŋłæĺĺ ψ á ĺŋâěàćăńă (0, l) ŋă ćáî őáì. Ğăňěâĺň, çâő ŕőńãçěŋŋëě äãŋłæĺĺ ŕěàĺőďĺçŋë á ŕěàĺőďőň 2l. Ďěľáâćĺâěńìŋő,

φ̄ (2l + x) ≡ −φ̄ (l + l + x) ≡ ≡ −φ̄ (l − l − x) ≡ −φ̄ (−x) ≡ φ̄ (x) . Ŋěâàãďŋő ćĺďěâì^9, çâő

φ̄ (x) ≡^{+∞} ∑ k=−∞ [φ (x − 2kl) χ_l (x − 2kl) − φ (2kl − x) χ_l (2kl − x)] ≡ ≡ φ (x) χ_l (x) − φ (−x) χ_l (−x) + φ (x − 2l) χ_l (x − 2l) − . . . , (11.16)

čďě χ_l (x) — ĺŋďĺłăâőàŋăï äãŋłæĺï ĺŋâěàćăńă (0, l).

Řăááňőâàĺň âěŕěàì ćáŕőňőčăâěńìŋãî ğăďăçã Łőèĺ ū^{′′}_{t2} = a^2ū^{′′}_{x2} , −∞ < x < ∞, t > 0, ū (x, 0) = φ̄ (x) , −∞ < x < ∞, ū^′_t (x, 0) = ψ̄ (x) , −∞ < x < ∞, àěèěŋĺě łőâőàőľ ďăñâ äőàňãńă Ďăńăňąěàă ū (x, t) = φ̄ (x − at) + φ̄ (x + at) 2 + 1 2a x+at∫

x−at ψ̄ (z) dz. (11.17)

Şąěďĺňáï ć âőň, çâő íâő àěèěŋĺě, ěáńĺ àăááňăâàĺćăâì ěčő ńĺèì ďńï t > 0, x ∈ [0, l], ďăñâ àěèěŋĺě ĺáåőďŋőľ áňěèăŋŋőľ ğăďăçĺ. Őçěćĺďŋő, ďőáâăâőçŋő ŕàőćěàĺâì ńĺèì ćëŕőńŋěŋĺě čàăŋĺçŋëå ãáńőćĺľ. Ĺňěěň

ū (0, t) =^{φ̄(−at)+φ̄(at)}_2 +^1_{2a}^{at} ∫ −at ψ̄ (z) dz ≡ 0, ū (l, t) =^{φ̄(l−at)+φ̄(l+at)} 2 +^1_{2a} l+at∫ l−at ψ̄ (z) dz ≡ 0 9Ŕàĺ łăęďőň x áàěďĺ çńěŋőć ďăŋŋőčő äőàňăńìŋőčő àïďă ńĺèì őďĺŋ őâńĺçěŋ őâ ŋãńï.

Ğăňěâĺň, çâő ďńï łőààěłâŋőáâĺ ďăŋŋőľ ğăŕĺáĺ áńěďãěâ áçĺâăâì, çâő äãŋłæĺï φ (x) ŕěàćőŋăçăńìŋő ŕàőďőńęěŋă łăłĺň-ńĺąő őąàăğőň (ŋăŕàĺňěà ŋãńñň) ŋă ćáî őáì.

ć áĺńã őŕàěďěńěŋĺï äãŋłæĺľ φ̄, ψ̄. Ěďĺŋáâćěŋŋőáâì àěèěŋĺï áňěèăŋŋőľ ğăďăçĺ ňőęŋő ďőłăğăâì âěň ęě áŕőáőąőň, çâő ĺ ć ŕàěďëďãéěľ ğăďăçě.

Ğăňěçăŋĺï.

1. Ĺáŕőńìğãï àïď (11.16), ğăŕĺèěň ŕőńãçěŋŋőě àěèěŋĺě ć ćĺďě ū (l, t) =^{φ(x−at)χl(x−at)} 2 +^{φ(x+at)χl(x+at)} 2 − −^{φ(−x+at)χl(−x+at)} 2 −^{φ(−x+at)χl(−x+at)} 2 + . . . Ůńěŋë äőàňăńìŋőčő àïďă ć ŕàăćőľ çăáâĺ äőàňãńë ňőęŋő ĺŋâěàŕàěâĺàőćăâì łăł ąěčãéĺě ć ŕàïňőň ĺ őąàăâŋőň ŋăŕàăćńěŋĺïå ćőńŋë, ĺáŕëâëćăîéĺě ŕőáńěďőćăâěńìŋëě őâàăęěŋĺï őâ ğăłàěŕńñŋŋëå łőŋæőć őâàěğłă. Ŕàĺ íâőň ŕàĺ łăęďőň őâàăęěŋĺĺ ćőńŋă ňěŋïěâ áćőľ ğŋăł.

2. Řěèěŋĺě (11.17) ďőŕãáłăěâ ĺ ďàãčãî, ąőńěě ěáâěáâćěŋŋãî ć ďăŋŋőň áńãçăě ĺŋâěàŕàěâăæĺî. Řăğńőęĺň ŕěàĺőďĺçěáłĺě ŋěçñâŋëě äãŋłæĺĺ φ̄, ψ̄ ć àïďë Ťãàìě, áåőďïéĺěáï ł ŋĺň ŋă ćáěľ ŕàïňőľ:

φ̄ (x) =^∞ ∑ n=1 φ_n sin^{πnx}_l ,

ψ̄ (x) =^∞∑ n=1 ψ_n sin^{πnx}_l , čďě φ_n =^2_l ∫_l 0 φ (x) sin^{πnx}_l dx, ψ_n =^2_l ∫_l 0 ψ (x) sin^{πnx}_l dx. Ŕőáńě ŕőďáâăŋőćłĺ íâĺå àïďőć ć (11.17) ĺ ŋěáńőęŋëå äőàňăńìŋëå ŕàěőąàăğőćăŋĺľ ŕőńãçăěň u (x, t) =^∞ ∑ n=1 φ_n (^{sin πn(x−at)l +sin πn(x+at)l} ) 2 + +^1_{2a}^∞ ∑ n=1 ψ_n^{x+at} ∫ x−at sin^{πnz}_l dz =

=^∞ ∑ n=1 ( φ_n cos ω_nt +^{sin ωnt}_{ωn} ψ_n ) sin^{πnx}_l ,

čďě ω_n ≡^{πna}_l .

Łăęďăï ĺğ äãŋłæĺľ ŕőď ğŋăłőň ďăŋŋőčő àïďă ňőęěâ ąëâì ĺáâőńłőćăŋă łăł áâőïçăï ćőńŋă á ŕàőäĺńěň sin^{πnx}_l ĺ áőąáâćěŋŋőľ çăáâőâőľ ω_n. Śńěďőćăâěńìŋő, àěèěŋĺě áňěèăŋŋőľ ğăďăçĺ ő łőńěąăŋĺïå őâàěğłă áâàãŋë ňőęŋő ŕàěďáâăćĺâì ĺ łăł ąěáłőŋěçŋãî áãňňã áâőïçĺå ćőńŋ.

11.1.3 Ňěâőď äãŋďăňěŋâăńìŋëå àěèěŋĺľ

Ć őáŋőćě ďăŋŋőčő ňěâőďă ńěęĺâ ŕàěďáâăćńěŋĺě ő âőçěçŋőň ňčŋőćěŋŋőň ĺáâőçŋĺłě ćőńŋ ĺ ŕàĺŋæĺŕě áãŕěàŕőğĺæĺĺ, áŕàăćěďńĺćőň ďńï ńĺŋěľŋëå áĺáâěň. Ĺáåőďï ĺğ ŕőáńěďŋěčő ćőńŋă, ŕőàőęďăěňăï áńőęŋëň ĺáâőçŋĺłőň ňőęěâ àăááňăâàĺćăâìáï łăł áãňňă (ĺŋâěčàăń) íńěňěŋâăàŋëå ćőńŋ, ŕőàőęďăěňëå áőćőłãŕŋőáâìî íńěňěŋâăàŋëå ĺáâőçŋĺłőć.

Ňăâěňăâĺçěáłĺň őąőáŋőćăŋĺěň ňěâőďă áńãęĺâ âěőàĺï őąőąéñŋŋëå äãŋłæĺľ^{10}, łàăâłőě ććěďěŋĺě ć łőâőàãî ĺğńăčăěâáï ďăńěě. Ďőŕőńŋĺâěńìŋëě áćěďěŋĺï ŕő őąőąéñŋŋëň äãŋłæĺïň ňőęŋő ŕőńãçĺâì, ŋăŕàĺňěà, ć łŋĺčăå [13, 14, 17, 18].

Ććěďěŋĺě ć âěőàĺî őąőąéěŋŋëå äãŋłæĺľ

Őŕàěďěńěŋĺě^{11}. Ŕàőáâàăŋáâćőň őáŋőćŋëå (ŕàőąŋëå) äãŋłæĺľ K ŋăğëćăěâáï ňŋőęěáâćő ćáěå ąěáłőŋěçŋő-ďĺääěàěŋæĺàãěňëå äãŋłæĺľ á őčàăŋĺçěŋŋëňĺ ŋőáĺâěńïňĺ^{12}: K = {φ (x) : x ∈ R, φ (·) ∈ C^∞ (R) , Supp φ ⊂ [A, B] ⊂ R} . (ğďěáì őâàěğőł [A, B] ğăćĺáĺâ őâ äãŋłæĺĺ φ).

Őŕàěďěńěŋĺě. Ŕàőáâàăŋáâćőň őąőąéñŋŋëå äãŋłæĺľ (ő.ä.) K^′ (ŋăď ŕàőáâàăŋáâćőň őáŋőćŋëå äãŋłæĺľ K) ŋăğëćăěâáï ňŋőęěáâćő ćáěå ńĺŋěľŋëå ŋěŕàěàëćŋëå äãŋłæĺőŋăńőć ŋă K:

1. f : K → R;

2. (f, c_1φ_1 + c_2φ_2) = c_1 (f, φ_1) + c_2 (f, φ_2) ∀φ_{1,2} ∈ K;

3. (f, φ_n) → 0 ŕàĺ φ_n^K→ 0.^{13}

Ŕàĺňěàë.

1. Ŕãáâì f̂ (x) — ńőłăńìŋő ĺŋâěčàĺàãěňăï^{14} ć R äãŋłæĺï. Ŕőńőęĺň

(f, φ) = +∞∫ −∞ f̂ (x) φ (x) dx.

Šăłĺě őąőąéñŋŋëě äãŋłæĺĺ ŋăğëćăîâáï àěčãńïàŋëňĺ. Ćáě ŕàőçĺě — áĺŋčãńïàŋëňĺ.

2. Čńăćŋőě ğŋăçěŋĺě^{15} őâ^1_x : ( P^1_x , φ ) = Vp^{+∞} ∫ −∞ φ(x) x dx = = lim_{ε→+0} (_{−ε} ∫ −∞ φ(x) x dx + +∞∫ ε φ(x) x dx ) . 10Ć ğăàãąěęŋőľ ńĺâěàăâãàě çăéě ĺáŕőńìğãěâáï âěàňĺŋ “àăáŕàěďěńěŋĺï” . 11Ğďěáì ňë ĺğńăčăěň áńãçăľ őąőąéñŋŋëå äãŋłæĺľ (ő.ä.) őďŋőľ ďěľáâćĺâěńìŋőľ ŕěàěňěŋŋőľ. Őďŋăłő, ąőńìèĺŋáâćő ććőďĺňëå őŕàěďěńěŋĺľ ĺ ãâćěàęďěŋĺľ ąěğ âàãďă ňőęěâ ąëâì őąőąéěŋő ĺ ŋă áńãçăľ ő.ä. ňŋőčĺå ďěľáâćĺâěńìŋëå ŕěàěňěŋŋëå.

12Ŋőáĺâěńěň äãŋłæĺĺ Supp φ ŋăğëćăěâáï ğăňëłăŋĺě ňŋőęěáâćă âěå âőçěł őáĺ, ć łőâőàëå äãŋłæĺï φ (x) őâńĺçŋă őâ ŋãńï.

13Ŕàěďćăàĺâěńìŋő áńěďãěâ, łőŋěçŋő, âőçŋő őŕàěďěńĺâì âĺŕ áåőďĺňőáâĺ ŕőáńěďőćăâěńìŋőáâĺ ć ŕàőáâàăŋáâćě K. Ĺňěŋŋő, ŕőáńěďőćăâěńìŋőáâì φ_n^K→ 0, ěáńĺ áăňă íâă äãŋłæĺï ĺ ěñ ŕàőĺğćőďŋëě ńîąőčő ŕőàïďłă áåőďïâáï ł ŋãńî àăćŋőňěàŋő ŋă ńîąőň őâàěğłě őáĺ.

14Šő ěáâì ĺŋâěčàĺàãěňăï ŕő Řĺňăŋã ŋă ńîąőň łőŋěçŋőň őâàěğłě. 15Ğăňěâĺň, çâő äãŋłæĺï^1_x ŋě ïćńïěâáï ńőłăńìŋő ĺŋâěčàĺàãěňőľ ĺ áőőâćěâáâćãîéĺě ĺŋâěčàăńë áãéěáâćãîâ ďńï ŋěñ ńĺèì ć áňëáńě čńăćŋőčő ğŋăçěŋĺï.

3. Ďěńìâă-äãŋłæĺï Ďĺàăłă:

(δ, φ) = φ (0) .

Ŕőďőąŋëě äãŋłæĺĺ ĺáŕőńìğőćăńĺáì ć ŕàĺłńăďŋëå ĺááńěďőćăŋĺïå ďăćŋő, ěéñ ďő Ďĺàăłă. Řăááňőâàĺň, ŋăŕàĺňěà, őąëçŋëě ďńï äĺğĺłĺ àăááãęďěŋĺï, ŕàĺćőďïéĺě ł ŕőŋïâĺî ŕńőâŋőáâĺ ňăááë ňăâěàĺăńìŋőľ âőçłĺ. Řăááňőâàĺň ěďĺŋĺçŋãî ňăááã, “àăğňăğăŋŋãî” ć ε-őłàěáâŋőáâĺ âőçłĺ ŋőńì (ć âàñåňěàŋőň ŕàőáâàăŋáâćě). Ŕàĺ ε → +0 ŕńőâŋőáâì ňăááë ρ_ε (x) őłăğëćăěâáï àăćŋőľ ŋãńî ćő ćáñň ŕàőáâàăŋáâćě ğă ĺáłńîçěŋĺěň âőçłĺ x = 0, čďě őŋă “ãåőďĺâ” ŋă ąěáłőŋěçŋőáâì. Ŕàĺ íâőň ĺŋâěčàăń ŕő ćáěňã ŕàőáâàăŋáâćã őâ “ŕàěďěńìŋőľ äãŋłæĺĺ” ďőńęěŋ őáâăćăâìáï àăćŋëň ěďĺŋĺæě — ŕőńŋőľ ňăááě ćěéěáâćă. Ďăńěě, ďńï ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ φ (x) ∫ R^3

ρ_ε (x) φ (x) dx = φ (ξ_ε) ∫ R^3

ρ_ε (x) dx =

= φ (ξ_ε) → φ (0) , ε → 0.

Šăłĺň őąàăğőň, ŕńőâŋőáâì ňăâěàĺăńìŋőľ âőçłĺ áńěďőćăńő ąë őŕàěďěńĺâì łăł äãŋłæĺî ρ (x), őąńăďăîéãî áńěďãîéĺňĺ áćőľáâćăňĺ

ρ (x) = { +∞, x = 0 0, x ≠ 0 , ∫ R^3

ρ (x) φ (x) dx = φ (0) ∀φ (·) .

Ŋěâàãďŋő, őďŋăłő, ŕőłăğăâì, çâő ĺŋâěčàăń Řĺňăŋă ďńï âăłőľ äãŋłæĺĺ ŋě áãéěáâćãěâ (ă Ńěąěčă — àăćěŋ ŋãńî). İâő őğŋăçăěâ, çâő ŕőáâàőěŋŋãî ŕńőâŋőáâì âőçěçŋőľ ňăááë ŋěńìğï àăááňăâàĺćăâì łăł “őąëçŋãî äãŋłæĺî” .

4. Śňěéñŋŋăï ďěńìâă-äãŋłæĺï:

(δ (x − x_0) , φ (x)) = φ (x_0) .

5. Ŕàőĺğćőďŋăï ďěńìâă-äãŋłæĺĺ: ( δ^′, φ ) = −φ^′ (0) .

Řăğãňěěâáï, ŋě ćáïłĺľ äãŋłæĺőŋăń ŋăď ŕàőáâàăŋáâćőň őáŋőćŋëå äãŋłæĺľ K ïćńïěâáï őąőąéñŋŋőľ äãŋłæĺěľ. Ŕàĺćěďñň ŕàĺňěàë âăłĺå äãŋłæĺőŋăńőć.

Ŕàĺňěàë.

1. Ćáě ŋěńĺŋěľŋëě äãŋłæĺőŋăńë. Ŋăŕàĺňěà, (f, φ) = max_x |φ (x)|.

2. Ńĺŋěľŋëě àăğàëćŋëě äãŋłæĺőŋăńë. Śãéěáâćőćăŋĺě ŕőďőąŋëå äãŋłæĺőŋăńőć ňőęŋő ďőłăğăâì, őďŋăłő łőŋáâàãłâĺćŋëě ŕàĺňěàë őçěŋì áńőęŋë (áň.[17]).

Ąőńìèĺŋáâćő íńěňěŋâăàŋëå äãŋłæĺľ ńőłăńìŋő ĺŋâěčàĺàãěňë ć R ĺ ŕőâőňã ŕőàőęďăîâ àěčãńïàŋëě őąőąéñŋŋëě äãŋłæĺĺ. Őďŋăłő, ŋě ćáě őąőąéñŋŋëě äãŋłæĺĺ ïćńïîâáï àěčãńïàŋëňĺ.

Ńěňňă. Ďěńìâă-äãŋłæĺï — áĺŋčãńïàŋă.

Ďőłăğăâěńìáâćő. Őâ ŕàőâĺćŋőčő. Ŕãáâì ŋăľďěâáï ńőłăńìŋő ĺŋâěčàĺàãěňăï ć R äãŋłæĺï f̃ (x) âăłăï, çâő

(δ, φ) = +∞∫ −∞ f̃ (x) φ (x) dx = φ (0) ∀φ ∈ K.

Ćőğìňěň, ć çăáâŋőáâĺ, ŕàőąŋãî äãŋłæĺî

φ_ε (x) = { 0, |x| ≥ ε exp ( −^1_{1−(x/ε)2} ) , |x| < ε . Ďńï ŋěñ

|(δ, φ_ε)| = |φ_ε (0)| =^1_e = = | | | | | +∞∫ −∞ f̃ (x) φ_ε (x) dx | | | | | = | | | | | ε∫ −ε f̃ (x) exp ( −^1_{1−(x/ε)2} ) dx | | | | | ≤ ≤^ε ∫ −ε | |f̃ (x) | | dx → ε→0 0. Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ďőłăğëćăěâ ńěňňã.

Őŕěàăæĺĺ ŋăď őąőąéñŋŋëňĺ äãŋłæĺïňĺ

• Őąőąéñŋŋëě äãŋłæĺĺ f_1 ĺ f_2 áőćŕăďăîâ ŋă ňŋőęěáâćě E, ěáńĺ

(f_1, φ) = (f_2, φ) ∀φ ∈ K, Supp φ ⊂ E

Ć çăáâŋőáâĺ, őąőąéñŋŋëě äãŋłæĺĺ ŕàőáâő áőćŕăďăîâ, ěáńĺ őŋĺ áőćŕăďăîâ ŋă ćáñň ňŋőęěáâćě R, âő ěáâì (f_1, φ) = (f_2, φ) ∀φ ∈ K. • Ďńï ńîąëå őąőąéñŋŋëå äãŋłæĺľ f_{1,2} ĺ ńîąëå çĺáěń α_{1,2} ńĺŋěľŋăï łőňąĺŋăæĺï α_1f_1 + α_2f_2 őŕàěďěńïěâáï łăł őąőąéñŋŋăï äãŋłæĺï ćĺďă

(α_1f_1 + α_2f_2, φ) = α_1 (f_1, φ) + α_2 (f_2, φ) , φ ∈ K.

• Ďńï ńîąëå α (·) ∈ C^∞ (R) ĺ f ∈ K^′ ĺå ŕàőĺğćěďěŋĺě őŕàěďěńïěâáï łăł őąőąéñŋŋăï äãŋłæĺï ćĺďă (αf, φ) = (f, αφ) . • (Őąőąéñŋŋăï) ŕàőĺğćőďŋăï őąőąéñŋŋőľ äãŋłæĺĺ f őŕàěďěńïěâáï łăł äãŋłæĺőŋăń ćĺďă (f^′, φ) = − (f, φ^′) .

Ŕàőĺğćőďŋăï k−čő ŕőàïďłă őŕàěďěńïěâáï łăł ŕěàćăï ŕàőĺğćőďŋăï őâ ŕàőĺğćőďŋőľ ŕőàïďłă k − 1. Ć ĺâőčě ŕő ĺŋďãłæĺĺ ŕőńãçăěň äőàňãńã ( f^{(k)}, φ ) = (−1)^k ( f, φ^{(k)} ) . Ŕàĺňěàë.

• Ŕàőĺğćőďŋăï àěčãńïàŋőľ őąőąéñŋŋőľ äãŋłæĺĺ, ŕőàőęďăěňőľ äãŋłæĺěľ Ţěćĺáăľďă (11.15).

1. Ĺňěěň (χ^′, φ) = − (χ, φ^′) = = − +∞∫ 0 φ^′ (x) dx = +φ (0) = (δ, φ) ,

áńěďőćăâěńìŋő, χ^′ = δ.^{16} 2. Ŕàőĺğćőďŋăï àěčãńïàŋőľ őąőąéñŋŋőľ äãŋłæĺĺ, ŕőàőęďăěňőľ łãáőçŋőčńăďłőľ äãŋłæĺěľ. Ŕãáâì f ∈ C^1 (−∞, x_0) ∩ C^1 (x_0, +∞) , f (x_0 + 0) − f (x_0 − 0) = h.

Ŋăľďěň őąőąéñŋŋãî ŕàőĺğćőďŋãî f^′_{őą} íâőľ äãŋłæĺĺ. Őąőğŋăçăï çěàěğ f^′_{łń} (x) őąëçŋãî (łńăááĺçěáłãî) ŕàőĺğćőďŋãî ďăŋŋőľ äãŋłæĺĺ (ć âěå âőçłăå čďě őŋă áãéěáâćãěâ) ĺ ćëçĺáńïï ĺŋâěčàăńë ŕő çăáâïň, ĺňěěň

(f^′_{őą}, φ) = − (f, φ^′) = − +∞∫ −∞ f (x) φ^′ (x) dx = = − x_0∫ −∞ f (x) φ^′ (x) dx −^{+∞} ∫ x_0 f (x) φ^′ (x) dx = = −fφ|^{x0−0}_{−∞} + x_0∫ −∞ f^′_{łń} (x) φ (x) dx − fφ|^{+∞}_{x0 +0} + +∞∫ x_0

f^′_{łń} (x) φ (x) dx =

= φ (x_0) (f (x_0 + 0) − f (x_0 − 0)) +^{+∞} ∫ −∞ f^′_{łń} (x) φ (x) dx =

= (hδ (x − x_0) , φ (x)) +^{+∞} ∫ −∞ f^′_{łń} (x) φ (x) dx =

= (hδ (x − x_0) + f^′_{łń} (x) , φ (x)) .

Őâáîďă ŕőńãçăěň áńěďãîéěě ŕàăćĺńő őąőąéñŋŋőčő ďĺääěàěŋæĺàőćăŋĺï łãáőçŋő-čńăďłĺå äãŋłæĺľ:

f^′_{őą} (x) = f^′_{łń} (x) + hδ (x − x_0)

— őąőąéñŋŋăï ŕàőĺğćőďŋăï àěčãńïàŋőľ ő.ä., ŕőàőęďăěňőľ łãáőçŋőčńăďłőľ äãŋłæĺěľ, àăćŋă áãňňě àěčãńïàŋőľ ő.ä., ŕőàőęďăěňőľ łńăááĺçěáłőľ ŕàőĺğćőďŋőľ ďăŋŋőľ äãŋłæĺĺ, ĺ ďěńìâă-äãŋłæĺĺ,

16Ĺŋâãĺâĺćŋő íâőčő áńěďőćăńő őęĺďăâì: äãŋłæĺï χ (x) ćěğďě ŕőáâőïŋŋă, łàőňě âőçłĺ x = 0, ć łőâőàőľ áłőàőáâì ěñ ĺğňěŋěŋĺï ąěáłőŋěçŋă.

áőáàěďőâőçěŋŋőľ ć âőçłě áłăçłă á ćěáőň, àăćŋëň áłăçłã. Őâáîďă ć çăáâŋőáâĺ áńěďãěâ, çâő őąőąéñŋŋăï ŕàőĺğćőďŋăï àěčãńïàŋőľ ő.ä., ŕőàőęďăěňőľ ŋěŕàěàëćŋő-ďĺääěàěŋæĺàãěňőľ äãŋłæĺěľ, áőćŕăďăěâ á àěčãàïàŋőľ ő.ä., ŕőàőęďăěňőľ łńăááĺçěáłőľ ŕàőĺğćőďŋőľ äãŋłæĺĺ (őąőąéñŋŋăï ŕàőĺğćőďŋăï áőćŕăďăěâ á łńăááĺçěáłőľ ć áńãçăě áãéěáâćőćăŋĺï ŕőáńěďŋěľ).

• Řěğãńìâăâ ŕàěďëďãéěčő ŕàĺňěàă ěáâěáâćěŋŋő őąőąéăěâáï ŋă áńãçăľ äãŋłæĺľ á ąěáłőŋěçŋëň çĺáńőň áłăçłőć. Ć łăçěáâćě ŕàĺňěàă ŋăľďñň ŕàőĺğćőďŋãî “ŕĺńë”: ŕěàĺőďĺçěáłőľ (á ŕěàĺőďőň 2π) äãŋłæĺĺ f (x) = x, |x| < π. 1. Ăŋăńőčĺçŋő ćëèěĺğńőęěŋŋőňã ŋăåőďĺň

f^′ (x) = 1 − ∞∑ k=−∞ 2πδ (x − π − 2πk) . 2. Ŕàőĺğćőďŋëě ďěńìâă-äãŋłæĺĺ: ( δ^′, φ ) = − (δ, φ^′) = −φ^′ (0) , · · · , ( δ^{(k)}, φ ) = (−1)^k ( δ, φ^{(k)} ) = (−1)^k φ^{(k)} (0) .

• Ğăňěŋă ŕěàěňěŋŋőľ ć őąőąéñŋŋőľ äãŋłæĺĺ. Ŕő őŕàěďěńěŋĺî

(f (ax + b) , φ (x)) = ( f (x) , 1 |a| φ ( x − b a )) . Ć çăáâŋőáâĺ,

(f (x + b) , φ (x)) = (f (x) , φ (x − b)) , (f (ax) , φ (x)) = ( f (x) , 1 |a| φ (x a )) , (f (−x) , φ (x)) = (f (x) , φ (−x)) . Ĺáŕőńìğãï ďăŋŋőě őŕàěďěńěŋĺě ňőęŋő ććěáâĺ àăğŋőőąàăğŋëě áćőľáâćă áĺňňěâàĺĺ őąőąéñŋŋëå äãŋłæĺľ. Ŋăŕàĺňěà, őąőąéñŋŋăï äãŋłæĺï ŋăğëćăěâáï

– çñâŋőľ, ěáńĺ f (−x) = f (x), âő ěáâì (f (x) , φ (x)) = (f (x) , φ (−x)) ∀φ ∈ K; – ŋěçñâŋőľ, ěáńĺ f (−x) = −f (x), âő ěáâì (f (x) , φ (x)) = − (f (x) , φ (−x)) ∀φ ∈ K; – ŕěàĺőďĺçěáłőľ á ŕěàĺőďőň T , ěáńĺ f (x + T ) = f (x), âő ěáâì (f (x) , φ (x)) = (f (x) , φ (x − T )) ∀φ ∈ K ĺ â.ď. Ŕàĺňěàőň çñâŋőľ ő.ä. ïćńïěâáï ďěńìâă-äãŋłæĺï , ŋěçñâŋőľ — ěñ ŕàőĺğćőďŋăï (ďőłăęĺâě!).

• Ŕàïňőě ŕàőĺğćěďěŋĺě őąőąéñŋŋëå äãŋłæĺľ f (x) ĺ g (y) ŋěğăćĺáĺňëå ŕěàěňěŋŋëå x ĺ y ććőďĺâáï łăł őąőąéñŋŋăï äãŋłæĺï ďćãå ŕěàěňěŋŋëå, ďěľáâćãîéăï ŋă őáŋőćŋãî äãŋłæĺî íâĺå ŕěàěňěŋŋëå ŕő ŕàăćĺńã (f (x) g (y) , φ (x, y)) = (f (x) , (g (y) , φ (x, y))) . • Śćñàâłă őąőąéñŋŋëå äãŋłæĺľ ććőďĺâáï ć ďćă íâăŕă:

– áćñàâłőľ őąőąéñŋŋőľ äãŋłæĺĺ g á őáŋőćŋőľ äãŋłæĺěľ φ ŋăğëćăěâáï őáŋőćŋăï äãŋłæĺï^{17} φ_1 (x) = (g (ξ) , φ (x + ξ)) ;

– áćñàâłőľ őąőąéñŋŋëå äãŋłæĺľ f ĺ g ŋăğëćăěâáï äãŋłæĺőŋăń h ≡ f ∗ g, ďěľáâćãîéĺľ ŋă ŕàőąŋãî äãŋłæĺî ŕő ŕàăćĺńã (h, φ) = (f ∗ g, φ) = (f, g ∗ φ) , ŕàĺ ãáńőćĺĺ, çâő őŋ ŕàĺŋăďńěęĺâ K^′, âő ěáâì áăň ïćńïěâáï őąőąéñŋŋőľ äãŋłæĺěľ.

Ŕàĺňěà.

Ŕãáâì f, g — àěčãńïàŋëě ő.ä. Ĺňěěň

g ∗ φ = (g (ξ) , φ (x + ξ)) =^{+∞} ∫ −∞ g (ξ) φ (x + ξ) dξ, (f ∗ g, φ) =^{+∞} ∫ −∞ f (x) dx^{+∞} ∫ −∞ g (ξ) φ (x + ξ) dξ =^{+∞} ∫ −∞ h (y) φ (y) dy, h (y) ≡^{+∞} ∫ −∞ g (y − x) f (x) dx. Őâňěâĺň, çâő äãŋłæĺï h (y), őŕàěďěńïěňăï ŕőáńěďŋěľ äőàňãńőľ, ŋăğëćăěâáï ć âěőàĺĺ äãŋłæĺľ áćñàâłőľ (ĺŋâěčàĺàãěňëå) äãŋłæĺľ g ĺ f. Śńěďőćăâěńìŋő, áćñàâłě àěčãńïàŋëå őąőąéñŋŋëå äãŋłæĺľ áőőâćěâáâćãěâ àěčãńïàŋăï őąőąéñŋŋăï äãŋłæĺï, ŕőàőęďăěňăï áćñàâłőľ áőőâćěâáâćãîéĺå ńőłăńìŋő ĺŋâěčàĺàãěňëå äãŋłæĺľ. Śćőľáâćă áćñàâłĺ.

1. Łőňňãâăâĺćŋőáâì: ěáńĺ åőâï ąë őďŋă ĺğ áńěďãîéĺå áćñàâőł áãéěáâćãěâ, âő f ∗ g = g ∗ f; 2. Ďĺääěàěŋæĺàőćăŋĺě áćñàâłĺ: ć áńãçăě áãéěáâćőćăŋĺï áőőâćěâáâćãîéĺå áćñàâőł (f ∗ g)^′ = f^′ ∗ g = f ∗ g^′;

3. Řőńì ďěńìâă-äãŋłæĺĺ ć áćñàâłě: f ∗ δ = δ ∗ f = f, f ∗ δ^′ = f^′ ∗ δ = f^′

17Őąőğŋăçăěňăï g ∗ φ.

Ďőłăęěň, ŋăŕàĺňěà, áćőľáâćő 2. Ŕãáâì φ_1 ≡ g ∗ φ. Šőčďă

φ^′_1 = (g ∗ φ)^′ = (g, φ)^′ = −g^′ ∗ φ.

Ŕőíâőňã ( (f ∗ g)^′ , φ ) = − (f ∗ g, φ^′) = − (f, g ∗ φ^′) = = (f, g^′ ∗ φ) = (f ∗ g^′, φ) ĺ (f ∗ g)^′ = f ∗ g^′. Ŕàĺňěŋěŋĺě âěőàĺĺ őąőąéěŋŋëå äãŋłæĺľ ŕàĺ àěèěŋĺĺ ğăďăçĺ Łőèĺ ďńï ćőńŋőćőčő ãàăćŋěŋĺï.

Ć ďăŋŋőň àăğďěńě ćáě äãŋłæĺĺ, ğăćĺáïéĺě őâ ćàěňěŋŋő́ľ ŕěàěňěŋŋőľ t, áçĺâăîâáï àăćŋëňĺ ŋãńî ŕàĺ t < 0. Ććěďñň âăłęě őŕěàăâőà Ďăńăňąěàă^{18} □_a ≡ ∂^2 ∂t^2 − a^2 ∂^2 ∂x^2 Šěőàěňă. Řěčãńïàŋăï őąőąéñŋŋăï äãŋłæĺï u (x, t), ŕőàőęďăěňăï (łńăááĺçěáłĺň) àěèěŋĺěň ğăďăçĺ Łőèĺ □_au (x, t) = f (x, t) , x ∈ R, t > 0, u (x, 0) = φ (x) , x ∈ R, u^′_t (x, 0) = ψ (x) , x ∈ R, ãďőćńěâćőàïěâ áńěďãîéěňã ãàăćŋěŋĺî ć őąőąéñŋŋëå äãŋłæĺïå

□_au (x, t) = φ (x) δ^′ (t) + ψ (x) δ (t) + f (x, t)

Ďőłăğăâěńìáâćő. Ŕãáâì α (x, t) — ŕàőĺğćőńìŋăï ŕàőąŋăï äãŋłæĺï ďćãå ŕěàěňěŋŋëå. Ĺňěěň á ãçñâőň áďěńăŋŋőčő ćëèě ğăňěçăŋĺï ő àăćěŋáâćě ŋãńî äãŋłæĺľ ŕàĺ t < 0 (□_au, α) = (u, □_aα) = ∫∫ R^2 ( α^{′′}_{t2} − a^2α^{′′}_{x2} ) u dxdt = =^{+∞} ∫ 0 dt^{+∞} ∫ −∞ ( α^{′′}_{t2} − a^2α^{′′}_{x2} ) u dx. Ďăńěě, +∞∫ 0 dt +∞∫ −∞ α^{′′}_{t2} u dx = +∞∫ −∞ dx +∞∫ 0 α^{′′}_{t2} u dt = =^{+∞} ∫ −∞ dx [ uα^′_t|^{+∞}_0 − u^′_tα|^{+∞}_0 +^{+∞} ∫ 0 αu^{′′}_{t2} dt ] = =^{+∞} ∫ −∞ dx [ − φ (x) α^′_t (x, 0) + ψ (x) α (x, 0) +^{+∞} ∫ 0 αu^{′′}_{t2} dt ] = = ( φ (x) δ^′ (t) + ψ (x) δ (t) , α ) + ∫∫ R^2 αu^{′′}_{t2} dxdt. 18Ğŋăçőł □ ŋăğëćăîâ ĺŋőčďă ďăńăňąěàâĺăŋőň ŕő ăŋăńőčĺĺ áő ğŋăçłőň △ - ńăŕńăáĺăŋőň.

Ăŋăńőčĺçŋő, − a^{2 +∞} ∫ 0 dt^{+∞} ∫ −∞ α^{′′}_{x2} u dx = = − a^{2 +∞} ∫ 0 dt^{+∞} ∫ −∞ u^{′′}_{x2} α dx = ∫∫ R^2 ( f − u^{′′}_{t2} ) α dxdt = = (f, α) − ∫∫ R^2 αu^{′′}_{t2} dxdt Ŕőíâőňã ∀α (□_au, α) = ( φ (x) δ^′ (t) + ψ (x) δ (t) + f (x, t) , α ) , çâő ĺ ďőłăğëćăěâ âěőàěňã.

Őŕàěďěńěŋĺě. Ŕãáâì f (x, t) , φ (x) , ψ (x) — ğăďăŋŋëě őąőąéñŋŋëě äãŋłæĺĺ áćőĺå ŕěàěňěŋŋëå. Řěèěŋĺěň őąőąéñŋŋőľ ğăďăçĺ Łőèĺ □_au (x, t) = f (x, t) , u (x, 0) = φ (x) , u^′_t (x, 0) = ψ (x) ŋăğëćăěâáï ő.ä. u (x, t), ãďőćńěâćőàïîéăï áńěďãîéěňã ãàăćŋěŋĺî ć őąőąéñŋŋëå äãŋłæĺïå □_au (x, t) = φ (x) δ^′ (t) + ψ (x) δ (t) + f (x, t) . Őŕàěďěńěŋĺě. Ťãŋďăňěŋâăńìŋëň àěèěŋĺěň ćőńŋőćőčő ãàăćŋěŋĺï □_au (x, t) = 0 ŋăğëćăěâáï ő.ä. G (x, t), ãďőćńěâćőàïîéăï ãàăćŋěŋĺî □_aG = δ (x, t) . Ğăňěçăŋĺě. Ňőęŋő ďăâì âăłęě áńěďãîéĺě ďćă íłćĺćăńěŋâŋëě^{19} ŕàĺćěďñŋŋőňã ćëèě őŕàěďěńěŋĺï: äãŋďăňěŋâăńìŋëň àěèěŋĺěň G (x, t) ŋăğëćăěâáï àěèěŋĺě ńîąőľ ĺğ áńěďãîéĺå ďćãå őąőąéñŋŋëå ğăďăç Łőèĺ ă) □_aG (x, t) = δ (x, t) , G (x, 0) = 0, G^′_t (x, 0) = 0; ą) □_aG (x, t) = 0, G (x, 0) = 0, G^′_t (x, 0) = δ (x) .

19Ŕàőćěàìâě íłćĺćăńěŋâŋőáâì, ãçĺâëćăï ďăŋŋőě ćëèě őŕàěďěńěŋĺě őąőąéñŋŋőčő àěèěŋĺï ğăďăçĺ Łőèĺ!

Šěőàěňă. Ťãŋďăňěŋâăńìŋőě àěèěŋĺě ćőńŋőćőčő ãàăćŋěŋĺï ĺňěěâ ćĺď G (x, t) = 1 2a χ (at − |x|) , (11.18) čďě χ (x) — äãŋłæĺï Ţěćĺáăľďă (11.15).

Ďőłăğăâěńìáâćő. Ŕãáâì α (x, t) — ŕàőĺğćőńìŋăï ŕàőąŋăï äãŋłæĺï ďćãå ŕěàěňěŋŋëå. Ĺňěěň ďńï äãŋłæĺĺ (11.18)

(□_aG, α) = (G, □_aα) =^1_{2a} ∫∫ R^2 χ (at − |x|) □_aα (x, t) dxdt = =^1_{2a}^{+∞} ∫ 0 dt^{at} ∫ −at dx ( α^{′′}_{t2} − a^2α^{′′}_{x2} ) = : { ξ = x − at η = x + at = =^1_{4a2} ∫∫ {η>0,ξ<0} ( −4a^2α^{′′}_{ξη} ) dξdη = α (0, 0) = (δ, α) , çâő ďőłăğëćăěâ âěőàěňã.

Šěőàěňă. Řěèěŋĺě ãàăćŋěŋĺï

□_au (x, t) = F (x, t) , (11.19)

čďě F — ğăďăŋŋăï, u — ĺáłőňăï őąőąéñŋŋëě äãŋłæĺĺ, áãéěáâćãěâ, ěďĺŋáâćěŋŋő^{20} ĺ ĺňěěâ ćĺď u = F ∗ G, (11.20)

čďě G — äãŋďăňěŋâăńìŋőě àěèěŋĺě ćőńŋőćőčő ãàăćŋěŋĺï.

Ć çăáâŋőáâĺ, ěďĺŋáâćěŋŋőě àěèěŋĺě őąőąéñŋŋőľ ğăďăçĺ Łőèĺ ďăñâáï áćñàâłőľ u (x, t) = G (x, t) ∗ ( f (x, t) + φ (x) δ^′ (t) + ψ (x) δ (t) ) . (11.21)

Ďőłăğăâěńìáâćő. Ŕőłăęěň, çâő (11.20) ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï (11.19). Ĺňěěň, ĺáŕőńìğãï áćőľáâćă áćñàâłĺ, □_au = □_a (F ∗ G) = F ∗ □_aG = F ∗ δ = F. Ŕőłăęěň ďăńěě, çâő àěèěŋĺě (11.20) ěďĺŋáâćěŋŋő ć łńăááě âěå őąőąéñŋŋëå äãŋłæĺľ, ďńï łőâőàëå áãéěáâćãěâ áćñàâłă á G (x, t). Ďńï íâőčő ďőáâăâőçŋő ãąěďĺâìáï ć âőň, çâő őďŋőàőďŋőě ãàăćŋěŋĺě □_au (x, t) = 0, ĺňěěâ ć ďăŋŋőň łńăááě ńĺèì ŋãńěćőě àěèěŋĺě. Ŋő íâő ďěľáâćĺâěńìŋő áŕàăćěďńĺćő, âăł łăł u = u ∗ δ = u ∗ □_aG = □_au ∗ G = 0. Ćâőàőě ãâćěàęďěŋĺě âěőàěňë ïćńïěâáï ŕàőáâëň áńěďáâćĺěň ŕěàćőčő ć áĺńã őŕàěďěńěŋĺï àěèěŋĺï őąőąéñŋŋőľ ğăďăçĺ Łőèĺ.

Šěőàěňă. Łńăááĺçěáłőě àěèěŋĺě ğăďăçĺ Łőèĺ ďăñâáï äőàňãńőľ Ďăńăňąěàă.^{21}

20Śň. ãâőçŋěŋĺě áćőľáâćă ěďĺŋáâćěŋŋőáâĺ ć ďőłăğăâěńìáâćě âěőàěňë. 21Ěéñ őďĺŋ ćëćőď íâőľ äőàňãńë - á ŕőňőéìî ăŕŕăàăâă őąőąéñŋŋëå äãŋłæĺľ.

Ďőłăğăâěńìáâćő. Ŕő ďőłăğăŋŋëň ćëèě âěőàěňăň ćáïłőě łńăááĺçěáłőě àěèěŋĺě ğăďăçĺ Łőèĺ ïćńïěâáï ěñ őąőąéñŋŋëň àěèěŋĺěň. Ŕőíâőňã őŋő ğăŕĺáëćăěâáï ć äőàňě (11.21). Őáâăñâáï ńĺèì ćëçĺáńĺâì áőőâćěâáâćãîéĺě áćñàâłĺ ďńï àěčãńïàŋëå äãŋłæĺőŋăńőć.

Ĺňěěň, ćëçĺáńïï ŕőáńěďőćăâěńìŋő áćñàâłĺ, 1. G (x, t) ∗ (ψ (x) δ (t)) = (G (x, t) ∗ δ (t)) ∗ ψ (x) = = G (x, t) ∗ ψ (x) = +∞∫ −∞ ψ (x − ξ) G (ξ, t) dξ = =^1_{2a} +∞∫ −∞ χ (at − |ξ|) ψ (x − ξ) dξ =^1_{2a} x+at∫ x−at ψ (z) dz; 2. G (x, t) ∗ ( φ (x) δ^′ (t) ) = (G (x, t) ∗ φ (x)) ∗ δ^′ (t) = = (G (x, t) ∗ φ (x))^′_t = ( 1 2a x+at∫ x−at φ (z) dz )_′ t =^{φ(x−at)+φ(x+at)} 2 3. G (x, t) ∗ f (x, t) =^{+∞} ∫ −∞ dξ^{+∞} ∫ −∞ dη G (ξ, η) f (x − ξ, t − η) = =^1_{2a}^{+∞} ∫ 0 dη aη∫ −aη f (x − ξ, t − η) dξ = =^1_{2a} t∫ 0 dτ x+a(t+τ ) ∫ x−a(t−τ) f (z, τ) dz.

Ŕőáńě ŕőďáâăŋőćłĺ ŕőńãçěŋŋëå ćëàăęěŋĺľ ć äőàňãńã (11.21) ďńï őąőąéñŋŋőčő àěèěŋĺï ŕőńãçăěň äőàňãńã Ďăńăňąěàă, çâő ĺ ďőłăğëćăěâ âěőàěňã.

11.1.4 Ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ

Őąéăï ĺďěï ďăŋŋőľ čàãŕŕë ňěâőďőć ğăłńîçăěâáï ć ğăňěŋě ĺáåőďŋőľ ŋăçăńìŋő-łàăěćőľ ğăďăçĺ ďńï ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå ŋăçăńìŋő-łàăěćőľ ğăďăçěľ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï (á ŕăàăňěâàőň), łőâőàőňã ãďőćńěâćőàïěâ őąàăğ ĺáåőďŋőčő àěèěŋĺï ŕàĺ ĺŋâěčàăńìŋőň ŕàěőąàăğőćăŋĺĺ.

Ććěďñň ŋěőąåőďĺňëě őŕàěďěńěŋĺï. Ŕãáâì Φ ≡ {f (x)} — ŋěłőâőàőě ňŋőęěáâćő äãŋłæĺľ (łńăáá őàĺčĺŋăńőć), ă Φ̄ ≡ {f̄ (p)} — ňŋőęěáâćő áőőâćěâáâćãîéĺå ĺň ŕàĺ ĺŋâěčàăńìŋőň ŕàěőąàăğőćăŋĺĺ f̄ (p) = A [f (x)] äãŋłæĺľ (łńăáá ĺğőąàăęěŋĺľ)

Őąéĺľ ćĺď ĺŋâěčàăńìŋőčő őŕěàăâőàă

A [f (x)] = b∫ a K (p, x) f (x) dx,

čďě −∞ ≤ a < b ≤ +∞, K (p, x) — ïďàő ĺŋâěčàăńìŋőčő őŕěàăâőàă. Śőőâćěâáâćĺě ňěęďã őàĺčĺŋăńőň f (x) ĺ ěčő ĺğőąàăęěŋĺěň f̄ (p) ąãďěň őąőğŋăçăâì âăłęě äőàňãńőľ f (x) ÷ f̄ (p) . Ŕàĺćěďñň ŕàĺňěàë ŋăĺąőńěě çăáâő ĺáŕőńìğãěňëå ć ŕàĺńőęěŋĺïå ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ. Ğăňěâĺň, çâő ćëąőà âőčő ĺńĺ ĺŋőčő ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï ďńï àěèěŋĺï łőŋłàěâŋőľ ğăďăçĺ őŕàěďěńïěâáï áŕěæĺäĺłőľ íâőľ ğăďăçĺ: áćőľáâćăňĺ àěèěŋĺï, čàăŋĺçŋëňĺ ãáńőćĺïňĺ ĺ â.ď. (áň. [20]).

Ŕàĺňěàë.

1. Ťãàìě-ŕàěőąàăğőćăŋĺě: p ≡ ω ∈ R, K (p, x) ≡ exp (−iωx),

f̄ (ω) = +∞∫ −∞ exp (−iωx) f (x) dx;

2. Śĺŋãá(łőáĺŋãá)-Ťãàìě ŕàěőąàăğőćăŋĺï: p ≡ ω ∈ R, K_S (p, x) ≡ sin ωx (K_C (p, x) ≡ cos ωx),

f̄_S (ω) =^{+∞}∫ 0 sin ωx f (x) dx, f̄_C (ω) =^{+∞}∫ 0 cos ωx f (x) dx;

3. Ŕàěőąàăğőćăŋĺě Ńăŕńăáă: p ∈ C, K (p, x) ≡ exp (−px),

f̄ (p) = +∞∫ 0 exp (−px) f (x) dx;

4. Ŕàěőąàăğőćăŋĺě Ňěńńĺŋă: p ∈ C, K (p, x) ≡ x^{p−1},

f̄ (p) = +∞∫ 0 x^{p−1}f (x) dx;

5. Ŕàěőąàăğőćăŋĺě Ąěááěńï: p ∈ C, K (p, x) ≡ K_ν (px) — őďŋă ĺğ äãŋłæĺľ Ąěááěńï,

f̄ (p) = +∞∫ 0 K_ν (px) f (x) dx.

Ŕàěőąàăğőćăŋĺě Ťãàìě

Ŋăŕőňŋĺň ŋěłőâőàëě őáŋőćŋëě áćőľáâćă ďăŋŋőčő ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï^{22}. Ć łăçěáâćě łńăááă őàĺčĺŋăńőć ąãďěň ĺáŕőńìğőćăâì ğďěáì ňŋőęěáâćő Φ_F łãáőçŋő-čńăďłĺå, ĺŋâěčàĺàãěňëå ĺ àěčãńïàŋëå^{23} ŋă ćáěľ ŕàïňőľ äãŋłæĺľ. Ŕàïňőě ĺ őąàăâŋőě ŕàěőąàăğőćăŋĺï Ťãàìě^{24} ğăďăîâáï áőőâćěâáâćěŋŋő äőàňãńăňĺ

f̄ (ω) ≡ F (f (x)) = +∞∫ −∞ exp (−iωx) f (x) dx;

f (x) ≡ F^{−1} (¯ f (ω) ) = Vp 1 2π +∞∫ −∞ exp (iωx) f̄ (ω) dω. Ěáńĺ f (x) ÷ f̄ (ω), g (x) ÷ ḡ (ω), âő

1. αf (x) + βg (x) ÷ αf̄ (ω) + βḡ (ω) (ńĺŋěľŋőáâì ŕàěőąàăğőćăŋĺï);

2. f (x − β) ÷ exp (−iωβ) f̄ (ω) (äőàňãńă áňěéěŋĺï);

3. f (αx) ÷^1_α f̄ (_ω α ) (ŕàěőąàăğőćăŋĺě ŕőďőąĺï); 4. f^′ (x) ÷ iωf̄ (ω) , . . . , f^{(n)} (x) ÷ (iω)^n f̄ (ω)

(ďĺääěàěŋæĺàőćăŋĺě őàĺčĺŋăńă); 5. ∫ f (x) dx ÷^1_{iω} f̄ (ω) , . . . , ∫ · · · ∫ n f (x) dx ÷^1_{(iω)}n f̄ (ω)

(ĺŋâěčàĺàőćăŋĺě őàĺčĺŋăńă);

6. f (x) ∗ g (x) ÷ f̄ (ω) · ḡ (ω) (ŕàěőąàăğőćăŋĺě áćñàâłĺ).

Ŕàĺňěà (Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï őďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï). u^{′′}_{tt} = a^2u^{′′}_{xx}, −∞ < x < +∞, t > 0, u (x, 0) = φ (x) , −∞ < x < +∞, u^′_t (x, 0) = ψ (x) −∞ < x < +∞. (11.22)

22Śň. áőőâćěâáâćãîéĺě àăğďěńë łãàáă ňăâěňăâĺçěáłőčő ăŋăńĺğă. İâő łăáăěâáï ĺ ďàãčĺå ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ.

23Ťãŋłæĺï ć ďăŋŋőň àăğďěńě ŋăğëćăěâáï àěčãńïàŋőľ ć âőçłě x, ěáńĺ

f (x) = f (x + 0) + f (x − 0) 2 24“Memoire sur la propagation de la chaleur” (1811).

Ďńï àěèěŋĺï ďăŋŋőľ ğăďăçĺ ŕàĺňěŋĺň ňěâőď ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŕő ŕàőáâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ x.

Ŕàěďŕőńăčăï, çâő ŋăçăńìŋëě ďăŋŋëě ŕàĺŋăďńěęăâ łńăááã őàĺčĺŋăńőć Φ_F , ććěďñň őąőğŋăçěŋĺï φ̄ (ω) ≡ F (φ (x)) ≡ +∞∫ −∞ exp (−iωx) φ (x) dx, ψ̄ (ω) ≡ F (ψ (x)) ≡^{+∞}∫ −∞ exp (−iωx) ψ (x) dx. Ňőęŋő ŕőłăğăâì^{25}, çâő àěèěŋĺě ğăďăçĺ ŕàĺ ńîąőň äĺłáĺàőćăŋŋőň t âăłęě ŕàĺŋăďńěęĺâ łńăááã őàĺčĺŋăńőć. Ěčő őąàăğ őąőğŋăçĺň ū (ω, t) ≡ F (u (x, t)) ≡ +∞∫ −∞ exp (−iωx) u (x, t) dx.

Ŕàĺňěŋïï ŕàěőąàăğőćăŋĺě Ťãàìě ł łăęďőľ ĺğ áâàőł áĺáâěňë (11.22), ŕőńãçăěň (á ãçñâőň áćőľáâć ŕàěőąàăğőćăŋĺï) ğăďăçã Łőèĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï á ŕăàăňěâàőň ω F (u^{′′}_{tt}) = F ( a^2u^{′′}_{xx} ) , F (u (x, 0)) = F (φ (x)) , F (u^′_t (x, 0)) = F (ψ (x)) ⇔ ū^{′′}_{tt} = −ω^2a^2ū, ū (ω, 0) = φ̄ (ω) , ū^′_t (ω, 0) = ψ̄ (ω) . Řěèěŋĺě íâőľ ŕőáńěďŋěľ ğăďăçĺ ńěčłő ŋăåőďĺâáï: ū (ω, t) = 1 2 [ φ̄ (ω) e^{−iωat} + φ̄ (ω) e^{iωat} ] + 1 2a [¯ ψ (ω) iω e^{iωat} − ψ̄ (ω) iω e^{−iωat} ]

Šăł łăł φ̄ (ω) e^{−iωat} = F (φ (x − at)) , φ̄ (ω) e^{iωat} = F (φ (x + at)) , ψ̄(ω) iω e^{−iωat} = F (E (x − at)) ,^{ψ̄(ω)}_{iω} e^{iωat} = F (E (x + at)) , čďě E (x) ≡ x∫ 0 ψ (z) dz, âő F (u (x, t)) = F φ (x + at) + φ (x − at) 2 + 1 2a x+at∫

x−at ψ (z) dz .

Őâáîďă ŕőáńě őąàăâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ćŋőćì^{26} ŕőńãçăěň äőàňãńã Ďăńăňąěàă ďńï àěèěŋĺï ğăďăçĺ Łőèĺ. Ğăňěâĺň, çâő íâő àěèěŋĺě ňőęŋő ğăŕĺáăâì âăłęě ć ćĺďě “áãňňë ŕńőáłĺå ćőńŋ ”

u (x, t) = Vp^{+∞} ∫ −∞ A_1 (ω) exp iω (x − at) dω+ + Vp +∞∫ −∞ A_2 (ω) exp iω (x + at) dω, 25Ĺáŕőńìğãï, ŋăŕàĺňěà, àăŋěě ŕőńãçěŋŋãî äőàňãńã Ďăńăňąěàă. 26Şęě âàěâĺľ àăğ.

čďě łőňŕńěłáŋëě ăňŕńĺâãďë ćőńŋ A_1 (ω) ≡^{ωaφ̄(ω)+iψ̄(ω)} 4πωa , A_2 (ω) ≡^{ωaφ̄(ω)−iψ̄(ω)} 4πωa = Ā_1 (ω) .

Śĺŋãá- ĺ łőáĺŋãá-Ťãàìě ŕàěőąàăğőćăŋĺï

Łńăáá őàĺčĺŋăńőć Φ_{S(C)} ďńï ďăŋŋëå ŕàěőąàăğőćăŋĺľ áőáâőĺâ ĺğ ćáěå äãŋłæĺľ f (x), őŕàěďěńñŋŋëå ŋă ŕőńőęĺâěńìŋőľ ŕőńãőáĺ x ≥ 0, łőâőàëě, ąãďãçĺ ŕàőďőńęěŋŋëňĺ ŋãńñň ŋă ćáî őáì, ŕàĺŋăďńěęăâ ňŋőęěáâćã Φ_F . Śăňĺ ŕàěőąàăğőćăŋĺï őŕàěďěńïîâáï äőàňãńăňĺ

f̄ (ω) = S (f (x)) =^{+∞}∫ 0 f (x) sin ωx dx, f (x) = S^{−1} (¯ f (ω) ) =^2_π^{+∞} ∫ 0 f̄ (ω) sin ωx dω, f̄ (ω) = C (f (x)) =^{+∞}∫ 0 f (x) cos ωx dx, f (x) = C^{−1} (¯ f (ω) ) =^2_π +∞∫ 0 f̄ (ω) cos ωx dω. Śćőľáâćă ďăŋŋëå ŕàěőąàăğőćăŋĺľ ąńĺğłĺ áőőâćěâáâćãîéĺň áćőľáâćăň ŕàěőąàăğőćăŋĺï Ťãàìě (áň., ŋăŕàĺňěà, [20]). Ŕàĺćěďñň ńĺèì äőàňãńë ďńï ŕàěőąàăğőćăŋĺľ ŕàőĺğćőďŋëå, ŋãęŋëě ŋăň ďńï àěèěŋĺï áńěďãîéěľ ďăńěě ğăďăçĺ: S (f^′) = −ωC (f) , C (f^′) = −f (+0) + ωS (f) , S (f^{′′}) = ωf (+0) − ω^2S (f) , . . . Ŕàĺňěà (Řěèěŋĺě áňěèăŋŋőľ ğăďăçĺ ďńï őďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï - łőńěąăŋĺï ŕőńãőčàăŋĺçěŋŋőľ áâàãŋë). u^{′′}_{tt} = a^2u^{′′}_{xx}, x > 0, t > 0, u (0, t) = 0, t > 0, u (x, 0) = 0, x > 0, u^′_t (x, 0) = ψ (x) , x > 0. (11.23)

Ććőďï őąőğŋăçěŋĺï ū (ω, t) ≡ S (u (x, t)) , ψ̄ (ω) ≡ S (ψ (x)) , ĺ ŕàĺňěŋïï áĺŋãá-Ťãàìě ŕàěőąàăğőćăŋĺě ł ŕěàćëň âàñň áâàőłăň áĺáâěňë (11.23), ŕőńãçĺň áńěďãîéãî ğăďăçã Łőèĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă

ū^{′′}_{tt} = a^2ωu (+0, t) − a^2ω^2ū = −a^2ω^2ū, ū (ω, 0) = 0, ū^′_t (ω, 0) = ψ̄ (ω) .

Ěñ àěèěŋĺěň, őçěćĺďŋő, ïćńïěâáï äãŋłæĺï ū (ω, t) = 1 aω ψ̄ (ω) sin aωt.

Őáâăñâáï ńĺèì ćğïâì őąàăâŋőě áĺŋãá-Ťãàìě ŕàěőąàăğőćăŋĺě ďńï ćőááâăŋőćńěŋĺï àěèěŋĺï ğăďăçĺ:

u (x, t) = S^{−1} (ū (ω, t)) =^2_π +∞∫ 0 1 aω ψ̄ (ω) sin aωt sin ωx dω = =^1_π^{+∞} ∫ 0 ψ̄(ω) aω [cos ω (x − at) − cos ω (x + at)] dω = =^1_{2a}^2_π^{+∞} ∫ 0 ψ̄ (ω) (−^{cos ωz}_ω )|^{z=x+at}_{z=x−at} dω =^1_{2a}^2_π^{+∞}∫ 0 ψ̄ (ω) (−^{cos ωz}_ω )|^{z=x+at}_{z=|x−at|} dω = =^1_{2a}^2_π +∞∫ 0 ψ̄ (ω)^{x+at}∫ |x−at| sin ωz dz dω =^1_{2a} x+at∫ |x−at| ( 2 π +∞∫ 0 ψ̄ (ω) sin ωz dω ) dz = =^1_{2a}^{x+at} ∫ |x−at| ψ (z) dz =^1_{2a}^{x+at} ∫ x−at ψ̃ (z) dz, čďě ψ̃ (z) — ŋěçñâŋőě ŕàőďőńęěŋĺě äãŋłæĺĺ ψ (z) ŋă ćáî ŕàïňãî. Šăłĺň őąàăğőň, ŕőňĺňő äőàňãń ďńï àěèěŋĺï ğăďăçĺ ŋăňĺ ŕőńãçěŋ âăłęě áńěďãîéĺľ àěæěŕâ ěñ àěèěŋĺï^{27}: ňőęŋő ŕàőďőńęĺâì ŋăçăńìŋëě ďăŋŋëě ŋă ćáî ŕàïňãî á ãçñâőň łàăěćőčő ãáńőćĺï (ŋěçñâŋëň őąàăğőň ć ďăŋŋőň áńãçăě — ęñáâłőě ğăłàěŕńěŋĺě) ĺ ćőáŕőńìğőćăâìáï äőàňãńőľ Ďăńăňąěàă ďńï ŕőńãçěŋŋőľ ćáŕőňőčăâěńìŋőľ ğăďăçĺ Łőèĺ.

Ŕàěőąàăğőćăŋĺě Ńăŕńăáă (1782)

Ć łńăáá őàĺčĺŋăńőć ďńï ŕàěőąàăğőćăŋĺï Ńăŕńăáă ćłńîçăěâáï ńîąăï äãŋłæĺï f (x), ďńï łőâőàőľ áãéěáâćãěâ ŕőáâőïŋŋăï γ (áćőï ďńï łăęďőľ äãŋłæĺĺ), ďńï łőâőàőľ f (x) exp (−γx) ∈ Φ_S . Śăňő ŕàěőąàăğőćăŋĺě ĺňěěâ ćĺď

f̄ (p) = L (f (x)) ≡ +∞∫ 0 f (x) exp (−px) dx, p ∈ C, Re p > γ. Őąàăâŋëň ł ŋěňã ćëáâãŕăěâ ĺŋâěčàăńìŋőě ŕàěőąàăğőćăŋĺě

f (x) = L^{−1} (¯ f (p) ) ≡ Vp 1 2πi γ_1+i∞ ∫ γ_1−i∞ f̄ (p) exp (px) dp, γ_1 > γ.

Ĺğ áćőľáâć ŕàěőąàăğőćăŋĺï Ńăŕńăáă ŕàĺćěďñň ńĺèì ŋěőąåőďĺňëě ŋăň äőàňãńë ďńï ŕàěőąàăğőćăŋĺï ŕàőĺğćőďŋëå:

L (f^′) = pL (f) − f (+0) , L (f^{′′}) = p^2L (f) − pf (+0) − f^′ (+0) , . . . , L ( f^{(n)} ) = p^nL (f) − p^{n−1}f (+0) − . . . − f^{(n−1)} (+0) .

Ŕàĺňěà (Řěèěŋĺě áňěèăŋŋőľ ğăďăçĺ ďńï őďŋőàőďŋőčő ćőńŋőćőčő ãàăćŋěŋĺï — łőńěąăŋĺï őâàěğłă áâàãŋë). u^{′′}_{tt} = a^2u^{′′}_{xx}, 0 < x < l, t > 0, u (0, t) = u (l, t) = 0, t > 0, u (x, 0) = φ (x) , 0 < x < l, u^′_t (x, 0) = ψ (x) , 0 < x < l. (11.24)

27Śň. àăğďěń 11.1.2.

Ŕãáâì ū (x, p) ≡^{(t)}L (u (x, t)) = +∞∫ 0 u (x, t) exp (−pt) dt.

Ŕàĺňěŋïï ŕàěőąàăğőćăŋĺě Ńăŕńăáă ŕő ćàěňěŋŋő́ľ ŕěàěňěŋŋőľ t ł ãàăćŋěŋĺî ğăďăçĺ (11.24) ĺ čàăŋĺçŋëň ãáńőćĺïň, ŕőńãçăěň á ãçñâőň ŋăçăńìŋëå ďăŋŋëå áńěďãîéãî łàăěćãî ğăďăçã ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă { a^2ū^{′′}_{xx} − p^2ū + pφ (x) + ψ (x) = 0, 0 < x < l ū (0, p) = ū (l, p) = 0.

Ŕőáńě ěñ àěèěŋĺï ŋăåőďĺň äãŋłæĺî u (x, t) őąàăâŋëň ŕàěőąàăğőćăŋĺěň Ńăŕńăáă:

u (x, t) = L^{−1} (ū (x, p)) ≡ Vp 1 2πi γ_1+i∞ ∫ γ_1−i∞ ū (x, p) exp (pt) dp.

11.1.5 Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě — ňěâőď áâőïçĺå ćőńŋ

Ć őáŋőćě ďăŋŋőčő ňěâőďă àěèěŋĺï àăğńĺçŋëå ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ ńěęĺâ äăłâ áãéěáâćőćăŋĺï àěèěŋĺľ ãàăćŋěŋĺï ć çăáâŋëå ŕàőĺğćőďŋëå áŕěæĺăńìŋőčő ćĺďă — á àăğďěńïîéĺňĺáï ŕěàěňěŋŋëňĺ. Ć ćőńŋőćëå ğăďăçăå ŕőďőąŋëě àěèěŋĺï ďőŕãáłăîâ ŕàőáâőě äĺğĺçěáłőě ĺáâőńłőćăŋĺě ć âěàňĺŋăå áâőïçĺå ćőńŋ. Őąéěě àěèěŋĺě ğăďăçĺ ŕàĺ íâőň ŕëâăîâáï ŋăľâĺ łăł áãňňã (àïď, ĺŋâěčàăń) áâőïçĺå ćőńŋ, ŕőďąĺàăï ŕăàăňěâàë ŕőáńěďŋĺå.

Ňăâěňăâĺçěáłĺň őąőáŋőćăŋĺěň ďăŋŋőľ čàãŕŕë ňěâőďőć áńãęĺâ áŕěłâàăńìŋăï âěőàĺï ďĺääěàěŋæĺăńìŋëå őŕěàăâőàőć, ĺáâőàĺçěáłĺ àăğćĺćèăïáï ĺğ âěőàĺĺ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï. Ŕàĺ ĺğńőęěŋĺĺ ďăŋŋëå àăğďěńőć ãďőąŋő őŕěàĺàőćăâì őąéĺňĺ ŕőŋïâĺïňĺ ĺ âěàňĺŋăňĺ âěőàĺĺ ěćłńĺďőćëå ŕàőáâàăŋáâć (äãŋłæĺőŋăńìŋëľ ăŋăńĺğ).

Ňĺŋĺňãň áćěďěŋĺľ őą ěćłńĺďőćëå ŕàőáâàăŋáâăå.

Őŕàěďěńěŋĺě 1. Ńĺŋěľŋőě (ćěłâőàŋőě) ŕàőáâàăŋáâćő^{28} E ŋăğëćăěâáï ěćłńĺďőćëň, ěáńĺ ć ŋñň őŕàěďěńěŋő áłăńïàŋőě ŕàőĺğćěďěŋĺě, ãďőćńěâćőàïîéěě áńěďãîéĺň ăłáĺőňăň: 1. ⟨x, y⟩ = ⟨y, x⟩ ∀x, y; 2. ⟨λ_1x_1 + λ_2x_2, y⟩ = λ_1 ⟨x_1, y⟩ + λ_2 ⟨x_2, y⟩ ∀x_1, x_2, y ∈ E, ∀λ_1, λ_2 ∈ R; 3. ⟨x, x⟩ ≥ 0 ∀x; ⟨x, x⟩ = 0 ⇔ x = 0. 28Ŋăď ŕőńěň ćěéěáâćěŋŋëå çĺáěń.

Ńîąőě ěćłńĺďőćő ŕàőáâàăŋáâćő áâăŋőćĺâáï ŋőàňĺàőćăŋŋëň ŕőáńě ććěďěŋĺï ć ŋñň ŋőàňë ‖x‖ ≡ √ ⟨x, x⟩. Őŕàěďěńěŋĺě 2. Śĺáâěňă^{29} íńěňěŋâőć {e_k} ěćłńĺďőćă ŕàőáâàăŋáâćă E ŋăğëćăěâáï

1. őàâőčőŋăńìŋőľ, ěáńĺ ⟨e_i, e_j ⟩ = 0 ∀i, j : i ≠ j;

2. ŋőàňĺàőćăŋŋőľ, ěáńĺ ‖e_i‖ = 1 ∀i;

3. őàâőŋőàňĺàőćăŋŋőľ, ěáńĺ ⟨e_i, e_j ⟩ = δ_{ij} ∀i, j;

4. ŕőńŋőľ, ěáńĺ ďńï ńîąëå ε > 0 ĺ f ∈ E áãéěáâćãěâ łőŋěçŋăï ńĺŋěľŋăï łőňąĺŋăæĺï íńěňěŋâőć áĺáâěňë ∑ k α_ke_k, ďńï łőâőàőľ ‖ ‖ ‖ ‖ f − ∑ k α_ke_k ‖ ‖ ‖ ‖ < ε;

5. ńĺŋěľŋő ŋěğăćĺáĺňőľ, ěáńĺ ďńï ńîąőľ ěñ łőŋěçŋőľ ŕőďáĺáâěňë {ẽ_k}^n_{k=1} n∑ k=1 c_kẽ_k = 0 ⇔ c_k = 0 ∀k,

ĺŋëňĺ áńőćăňĺ, ŋĺłăłőľ ěñ íńěňěŋâ ŋě ňőęěâ ąëâì ŕàěďáâăćńěŋ łăł łőŋěçŋăï ńĺŋěľŋăï łőňąĺŋăæĺï ďàãčĺå íńěňěŋâőć.

Őŕàěďěńěŋĺě 3. Ěćłńĺďőćő ŕàőáâàăŋáâćő E ŋăğëćăěâáï ąěáłőŋěçŋőňěàŋëň, ěáńĺ ć ŋñň ĺňěěâáï ąěáłőŋěçŋăï ńĺŋěľŋő ŋěğăćĺáĺňăï áĺáâěňă íńěňěŋâőć.

Őŕàěďěńěŋĺě 4. Ŕãáâì {e_k} — őàâőŋőàňĺàőćăŋŋăï áĺáâěňă ć ěćłńĺďőćőň ŕàőáâàăŋáâćě E. Řïď^{30} ∞∑ k=1 c_ke_k, c_k ≡ ⟨f, e_k⟩ ŋăğëćăěâáï (őąőąéñŋŋëň) àïďőň Ťãàìě ďńï íńěňěŋâă f ŕő áĺáâěňě {e_k}.

Řïď Ťãàìě ŕő ğăďăŋŋőľ őàâőŋőàňĺàőćăŋŋőľ áĺáâěňě ňőęŋő ŕőáâàőĺâì ďńï ńîąőčő íńěňěŋâă ŕàőáâàăŋáâćă. Şłăğăŋŋőě áőőâćěâáâćĺě ğăŕĺáëćăěâáï ć ćĺďě f ∼ ∞∑ k=1 c_ke_k. İâő ŋě őğŋăçăěâ, őďŋăłő, çâő ďăŋŋëľ àïď áåőďĺâáï ł f, ĺńĺ ďăęě ćőőąéě áåőďĺâáï. Ćňěáâě á âěň, ćěàŋă áńěďãîéăï âěőàěňă.

Šěőàěňă 1. Ďńï ńîąőľ őàâőŋőàňĺàőćăŋŋőľ áĺáâěňë {e_k} ĺ ńîąőčő ćěłâőàă f àïď ∑_∞ k=1 c^2_k áåőďĺâáï, ĺ áŕàăćěďńĺćő ŋěàăćěŋáâćő Ąěááěńï ∞∑ k=1 c^2_k ≤ ‖f‖^2 .

29Ŋăąőà, ňŋőęěáâćő, áěňěľáâćő, áőćőłãŕŋőáâì . . . 30Ĺńĺ áãňňă - ďńï łőŋěçŋőľ áĺáâěňë íńěňěŋâőć.

Őŕàěďěńěŋĺě 5. Őàâőŋőàňĺàőćăŋŋăï áĺáâěňă {e_k} ŋăğëćăěâáï ğăňłŋãâőľ, ěáńĺ ďńï ńîąőčő f ∈ E áŕàăćěďńĺćő àăćěŋáâćő Ŕăàáěćăńï-Śâěłńőćă: ∞∑ k=1 c^2_k = ‖f‖^2 .

Šěőàěňă 2. Ŕãáâì {e_k} — őàâőŋőàňĺàőćăŋŋăï áĺáâěňă ć ěćłńĺďőćőň ŕàőáâàăŋáâćě. Śńěďãîéĺě âàĺ ãâćěàęďěŋĺï őâŋőáĺâěńìŋő ŋěñ àăćŋőáĺńìŋë:

• áĺáâěňă ğăňłŋãâă;

• áĺáâěňă ŕőńŋă;

• ŕàőĺğćőńìŋëľ íńěňěŋâ ŕàőáâàăŋáâćă ňőęěâ ąëâì ŕàěďáâăćńěŋ áåőďïéĺňáï ł ŋěňã àïďőň Ťãàìě ŕő ďăŋŋőľ áĺáâěňě.

Őŕàěďěńěŋĺě 6. Ğăňłŋãâăï őàâőŋőàňĺàőćăŋŋăï áĺáâěňă íńěňěŋâőć ěćłńĺďőćă ŕàőáâàăŋáâćă ŋăğëćăěâáï őàâőŋőàňĺàőćăŋŋëň ąăğĺáőň ć íâőň ŕàőáâàăŋáâćě.

Ŕàĺňěàë:

1. E = R^n, e_1 = (1, 0, . . . , 0), e_2 = (0, 1, 0, . . . , 0),. . .,e_n = (0, 0, 0, . . . , 1).

2. E = CL_2 (0, l) — ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå ŋă ĺŋâěàćăńě (0, l) äãŋłæĺľ áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

⟨φ, ψ⟩ = l∫ 0 φ (x) ψ (x) dx

ĺ ŋőàňőľ ‖φ‖ = l ∫ 0 φ^2 (x) dx.

Őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ŋñň őąàăğãěâ, ŋăŕàĺňěà, áĺáâěňă äãŋł- æĺľ { φ_k (x) ≡ √_2 π sin^{πkx}_l }_∞ k=1 . Őąéăï áåěňă ňěâőďă àăğďěńěŋĺï ŕěàěňěŋŋëå (Ťãàìě).

Řăááňőâàĺň áňěèăŋŋãî ğăďăçã ďńï ãàăćŋěŋĺï čĺŕěàąőńĺçěáłőčő âĺŕă

∂^2u ∂t^2 = − L u, 0 < x < l, t > 0, αu (0, t) + βu^′_x (0, t) = 0, t ≥ 0, γu (l, t) + δu^′_x (l, t) = 0, t ≥ 0, u (x, 0) = φ (x) , 0 ≤ x ≤ l, u^′_t (x, 0) = ψ (x) , 0 ≤ x ≤ l, (11.25)

čďě L u ≡ q (x) u − ∂ ∂x ( p (x) ∂u ∂x )

— ńĺŋěľŋëľ ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà ćâőàőčő ŕőàïďłă, q (x) , p (x) — ğăďăŋŋëě äãŋłæĺĺ, α, β, γ, δ — ğăďăŋŋëě, ŋě ćáě àăćŋëě ŋãńî çĺáńă (|α| + |β| ≠ 0, |γ| + |δ| ≠ 0). Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå àěăńĺğãěň łăł ŕőáńěďőćăâěńìŋőáâì áńěďãîéĺå èăčőć.

Ÿăč 1. Řăááňőâàĺň őďŋőàőďŋãî łàăěćãî ğăďăçã, ăááőæĺĺàőćăŋŋãî á ĺáåőďŋőľ ğăďăçěľ (11.25):

∂^2 u ∂t^2 = − L u, 0 < x < l, t > 0, αu (0, t) + βu^′_x (0, t) = 0, t ≥ 0, γu (l, t) + δu^′_x (l, t) = 0, t ≥ 0. (11.26)

Ŋăľďěň ćáě ŋěâàĺćĺăńìŋëě àěèěŋĺï íâőľ ğăďăçĺ á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ, â.ě. àěèěŋĺï ćĺďă u (x, t) = y (x) T (t) — áâőïçĺě ćőńŋë. Ŕőďáâăćńïï ŕőďőąŋőě àěèěŋĺě ć (11.26), ŕőńãçăěň âőęďěáâćă y (x) T̈ (t) = − L (y (x)) T (t) , 0 < x < l, t > 0, (αy (0) + βy^′ (0)) T (t) = 0, t ≥ 0, (γy (l) + δy^′ (l)) T (t) = 0, t ≥ 0.

Őâáîďă, ãçĺâëćăï ŋěâàĺćĺăńìŋőáâì àěèěŋĺï ĺ ŋěğăćĺáĺňőáâì ŕěàěňěŋŋëå x, t, ĺňěěň αy (0) + βy^′ (0) = 0, γy (l) + δy^′ (l) = 0, T̈ (t) T (t) ≡ − L (y (x)) y (x) ≡ −λ, čďě λ — ŕőáâőïŋŋăï ćěńĺçĺŋă. Šăłĺň őąàăğőň, äãŋłæĺï y (x) — ŕàőäĺńì áâőïçěľ ćőńŋë — ďőńęŋă ąëâì ŋěâàĺćĺăńìŋëň àěèěŋĺěň áńěďãîéěľ łàăěćőľ ğăďăçĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă L (y (x)) = λy (x) , 0 < x < l, αy (0) + βy^′ (0) = 0, γy (l) + δy^′ (l) = 0

(11.27)

— ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï, ă äãŋłæĺï T (t) — àěèěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă

T̈ (t) + λT = 0. (11.28)

Őłăğëćăěâáï, çâő ŕàĺ ďőáâăâőçŋő èĺàőłĺå ŕàěďŕőńőęěŋĺïå őâŋőáĺâěńìŋő ďăŋŋëå ğăďăçĺ (11.27), őŋă ĺňěěâ ąěáłőŋěçŋőě ňŋőęěáâćő àěèěŋĺľ, â.ě. áãéěáâćãěâ ąěáłőŋěçŋëľ ŋăąőà çĺáěń λ_1, λ_2, . . ., ŕàĺ łăęďőň ĺğ łőâőàëå λ_n łàăěćăï ğăďăçă (11.27) ĺňěěâ åőâï ąë őďŋő ŋěâàĺćĺăńìŋőě àěèěŋĺě y_n (x). Ąőńěě âőčő, őłăğëćăěâáï , çâő ňŋőęěáâćő ŋőàňĺàőćăŋŋëå äãŋłæĺľ {y_n (x)} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě CL_2 (0, l). Ŋăľďï áőőâćěâáâćãîéěě íâőňã λ_n őąéěě àěèěŋĺě T_n (t) ãàăćŋěŋĺï (11.28), ŕőńãçăěň ąěáłőŋěçŋëľ ŋăąőà áâőïçĺå ćőńŋ u_n (x, t) ≡ y_n (x) T_n (t), łăęďăï ĺğ łőâőàëå áőďěàęĺâ ć áěąě ďćă áćőąőďŋëå ŕăàăňěâàă — ğŋăçěŋĺï T_n (0) , Ṫ_n (0).

Ÿăč 2. Ć áĺńã ńĺŋěľŋőáâĺ ćáěå ãàăćŋěŋĺľ łàăěćőľ ğăďăçĺ (11.26) áãňňă ŕàőĺğćőńìŋëå áâőïçĺå ćőńŋ âăłęě ïćńïěâáï àěèěŋĺěň íâőľ ğăďăçĺ. Śãňňă àïďă u (x, t) ≡ ∞∑ n=1 u_n (x, t) = ∞∑ n=1 y_n (x) T_n (t)

ĺğ áâőïçĺå ćőńŋ âăłęě ąãďěâ àěèěŋĺěň íâőľ ğăďăçĺ ŕàĺ ãáńőćĺĺ ďőáâăâőçŋő ąëáâàőľ ěčő áåőďĺňőáâĺ^{31}. Őáâăñâáï ŕőďőąàăâì áćőąőďŋëě ŕăàăňěâàë áâőïçĺå ćőńŋ âăł, çâőąë ãďőćńěâćőàĺâì ŋăçăńìŋëň ãáńőćĺïň ğăďăçĺ (11.25):

u (x, 0) =^∞ ∑ n=1 y_n (x) T_n (0) = φ (x) , 0 ≤ x ≤ l

u_t (x, 0) =^∞ ∑ n=1 y_n (x) Ṫ_n (0) = ψ (x) , 0 ≤ x ≤ l.

(11.29)

Šăł łăł {y_n (x)} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá, âő ďńï ćëŕőńŋěŋĺï íâĺå àăćěŋáâć ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ğŋăçěŋĺï T_n (0) , Ṫ_n (0) áőćŕăďăńĺ á łőíääĺæĺěŋâăňĺ Ťãàìě àăğńăčăěňëå äãŋłæĺľ

T_n (0) = φ_n ≡ ⟨φ (x) , y_n (x)⟩ , Ṫ_n (0) = ψ_n ≡ ⟨ψ (x) , y_n (x)⟩ .

Ć ĺâőčě ňë ŕőńãçăěň äőàňăńìŋőě àěèěŋĺě ğăďăçĺ (11.25) ć ćĺďě àïďă u (x, t) ≡ ∞∑ n=1 y_n (x) T_n (t) , (11.30)

čďě T_n (t) — àěèěŋĺě ğăďăçĺ Łőèĺ

T̈ (t) + λ_nT = 0, T_n (0) = φ_n, Ṫ_n (0) = ψ_n.

Ÿăč 3. Ğăćěàèăîéĺň ć ňěâőďě àăğďěńěŋĺï ŕěàěňěŋŋëå ïćńïěâáï íâăŕ őąőáŋőćăŋĺï ŕàőĺğćěďěŋŋëå ŋă ŕàěďëďãéĺå èăčăå ďěľáâćĺľ. Ŋă íâőň íâăŕě ĺááńěďãěâáï áåőďĺňőáâì àïďă (11.30), ćőğňőęŋőáâì ěčő ŕőçńěŋŋőčő ďĺääěàěŋæĺàőćăŋĺï ĺ ŕőďáâăŋőćłĺ ć ãàăćŋěŋĺě, åăàăłâěà áåőďĺňőáâĺ àïďőć (11.29) ĺ ŕà. Őâňěâĺň, çâő áãéěáâćãîâ àăğńĺçŋëě ŕőďåőďë ł ŕőŋïâĺî àěèěŋĺï ğăďăçĺ. Ŋăŕàĺňěà, ěáńĺ àïď (11.30) áåőďĺâáï ł äãŋłæĺĺ, ŋě ĺňěîéěľ ŋěőąåőďĺňëå ŕàőĺğćőďŋëå ćâőàőčő ŕőàïďłă, âő ŕőďőąŋăï äãŋłæĺï ňőęěâ ąëâì ŋăğćăŋă őąőąéñŋŋëň àěèěŋĺěň ğăďăçĺ. Őąőąéñŋŋëě àěèěŋĺï ğăďăçĺ âăłęě ňőčãâ àăğńĺçăâìáï, ŋăŕàĺňěà, ŕő åăàăłâěàã áåőďĺňőáâĺ áőőâćěâáâćãîéĺå àïďőć (11.30), ŕő áćőĺň ďĺääěàěŋæĺăńìŋëň áćőľáâćăň ĺ â.ď.

31Őąěáŕěçĺćăîéěľ ćőğňőęŋőáâì ěčő ďćãłàăâŋőčő ďĺääěàěŋæĺàőćăŋĺï ŕőď ğŋăłőň àïďă ŕő ŕěàěňěŋŋëň x, t.

Šěőàĺï ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï.

Řăááňőâàĺň ğăďăçã Ÿâãàňă-Ńĺãćĺńńï á čàăŋĺçŋëňĺ ãáńőćĺïňĺ çăáâŋőčő ćĺďă L y (x) = λy (x) , 0 < x < l, y (0) = 0, y (l) = 0,

(11.31)

(őąőąéěŋĺï ŋă áńãçăľ őďŋőàőďŋëå čàăŋĺçŋëå ãáńőćĺľ ąőńěě őąéěčő ćĺďă ňőčãâ ąëâì áďěńăŋë ąěğ őáőąëå őáńőęŋěŋĺľ).

Şâőçŋĺň ŕőáâăŋőćłã ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï. Ŕàěďŕőńőęĺň, çâő äãŋłæĺĺ p (x) , q (x), ğăďăîéĺě ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà L y (x) ≡ q (x) y (x) − d dx ( p (x) dy (x) dx ) , ãďőćńěâćőàïîâ áńěďãîéĺň, őąěáŕěçĺćăîéĺň íńńĺŕâĺçŋőáâì őŕěàăâőàă, ãáńőćĺïň: p (·) ∈ C^1 (0, l) , q (·) ∈ C (0, l) , q (x) ≥ q_0 > 0, p (x) ≥ p_0 > 0,

čďě p_0, q_0 — ŕőáâőïŋŋëě çĺáńă. Ńîąőě łőňŕńěłáŋőě çĺáńő λ ∈ C, ŕàĺ łőâőàőň łàăěćăï ğăďăçă (11.31) ĺňěěâ åőâï ąë őďŋő ŋěâàĺćĺăńìŋőě àěèěŋĺě y (·) ∈ C^2 (0, l), ŋăğëćăěâáï áőąáâćěŋŋëň çĺáńőň ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï. Śăňő íâő àěèěŋĺě ŋăğëćăěâáï áőąáâćěŋŋőľ äãŋłæĺěľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï, őâćěçăîéěľ ďăŋŋőňã áőąáâćěŋŋőňã çĺáńã.

Ğăďăçă Ÿâãàňă-Ńĺãćĺńńï: ŋăľâĺ ćáě áőąáâćěŋŋëě çĺáńă ĺ ďńï łăęďőčő ĺğ ŋĺå ŋăľâĺ ňŋőęěáâćő ćáěå ěňã őâćěçăîéĺå áőąáâćěŋŋëå äãŋłæĺľ.

Śćőľáâćă àěèěŋĺľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï.

Ŕàĺ ĺááńěďőćăŋĺĺ áćőľáâć àěèěŋĺľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ãďőąŋő àăááňăâàĺćăâì íâĺ àěèěŋĺï łăł íńěňěŋâë ěćłńĺďőćă ŕàőáâàăŋáâćă CL_2 (0, l). Ĺáŕőńìğãěňëě ďăńěě âěàňĺŋë ĺğ âěőàĺĺ ěćłńĺďőćëå ŕàőáâàăŋáâć (ŋőàňă äãŋłæĺĺ, őàâőčőŋăńìŋőáâì äãŋłæĺľ ĺ â.ď.) őâŋőáïâáï ĺňěŋŋő ł ďăŋŋőňã ŕàőáâàăŋáâćã.

Šěőàěňă 1. Ěáńĺ y_k — áőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě őďŋőňã ĺ âőňã ęě áőąáâćěŋŋőňã çĺáńã λ, âő ŕàőĺğćőńìŋăï ĺå (łőŋěçŋăï) ńĺŋěľŋăï łőňąĺŋăæĺï y ≡ ∑ k C_ky_k ńĺąő âőęďěáâćěŋŋő àăćŋă ŋãńî, ńĺąő ïćńïěâáï áőąáâćěŋŋőľ äãŋłæĺěľ, őâćěçăîéěľ âőňã ęě λ.

Ďőłăğăâěńìáâćő. Ěáńĺ y ≡ 0, âő âěőàěňă ďőłăğăŋă. Ĺŋăçě ć áĺńã ńĺŋěľŋőáâĺ ďĺääěàěŋæĺăńìŋőčő őŕěàăâőàă L,

L y = L ( ∑ k C_ky_k ) = ∑ k C_k L (y_k) = ∑ k C_k λy_k = λy,

ĺ, áńěďőćăâěńìŋő, y — áőąáâćěŋŋăï äãŋłæĺï^{32}, çâő ďőłăğëćăěâ âěőàěňã.

Šěőàěňă 2. Ěáńĺ y — áőąáâćěŋŋăï äãŋłæĺï, âő y^′ (0) ≠ 0 ĺ y^′ (l) ≠ 0.

32Śńěďãěâ ěéě ŕàőćěàĺâì ćëŕőńŋěŋĺě čàăŋĺçŋëå ãáńőćĺľ y (0) = y (l) = 0 — őŋĺ, őçěćĺďŋő, ćëŕőńŋïîâáï.

Ďőłăğăâěńìáâćő. Ŕãáâì, ŋăŕàĺňěà, y^′ (0) = 0. Ŕàěőąàăğãï (11.31), ŕőńãçăěň ďńï y (x)

y^{′′} + f (x) y^′ + g (x) y = 0, y (0) = 0, y^′ (0) = 0,

čďě äãŋłæĺĺ f (x) , g (x) őŕàěďěńěŋë çěàěğ p (x) , q (x). Řăááňăâàĺćăï íâőâ ŋăąőà ãáńőćĺľ łăł ğăďăçã Łőèĺ ďńï ńĺŋěľŋőčő őďŋőàőďŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ĺ ãçĺâëćăï ěďĺŋáâćěŋŋőáâì àěèěŋĺï ŕőďőąŋőľ ğăďăçĺ, ŕőńãçăěň y (x) ≡ 0. Ŋő íâő ŕàőâĺćőàěçĺâ âőňã, çâő y (x) — áőąáâćěŋŋăï äãŋłæĺï. Śńěďőćăâěńìŋő, y^′ (0) ≠ 0 ĺ ăŋăńőčĺçŋő y^′ (l) ≠ 0.

Šěőàěňă 3. Śőąáâćěŋŋëě äãŋłæĺĺ y_{1,2} (x), őâćěçăîéĺě őďŋőňã áőąáâćěŋŋőňã çĺáńã, ŕàőŕőàæĺőŋăńìŋë: y_1 (x) ≡ ky_2 (x), čďě k ≠ 0 — ŕőáâőïŋŋăï.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áńěďãîéãî ńĺŋěľŋãî łőňąĺŋăæĺî íâĺå äãŋłæĺľ: y (x) ≡ y_1 (x) y^′_2 (0) − y_2 (x) y^′_1 (0). Ďńï ŋěñ ĺňěěň y^′ (0) = 0. Śńěďőćăâěńìŋő, ŕő ŕàěďëďãéěľ âěőàěňě y (x) ŋě ïćńïěâáï áőąáâćěŋŋőľ äãŋłæĺěľ. Ŋő âőčďă ŕő âěőàěňě 1 y (x) ≡ 0, ĺ ŕőâőňã

y_1 (x) ≡ y^′_1 (0) y^′_2 (0) y_2 (x) ≡ ky_2 (x) ,

çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Šěőàěňă 4. Ďńï ńîąőčő áőąáâćěŋŋőčő çĺáńă λ áãéěáâćãîâ ďćě (ĺ âőńìłő ďćě) ŋőàňĺàőćăŋŋëě áőąáâćěŋŋëě äãŋłæĺĺ. Őŋĺ àăğńĺçăîâáï âőńìłő ğŋăłőň^{33}.

Ďőłăğăâěńìáâćő. Ŕãáâì y (x) — áőąáâćěŋŋăï äãŋłæĺï, őâćěçăîéăï λ. Šőčďă

y_{1,2} (x) ≡ ± y (x) ‖y (x)‖ — ŋőàňĺàőćăŋŋëě áőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě λ. Ś ďàãčőľ áâőàőŋë, ěáńĺ y_{1,2} (x) — ŋőàňĺàőćăŋŋëě áőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě λ, âő ŕő âěőàěňě 3 őŋĺ ŕàőŕőàæĺőŋăńìŋë: y_1 (x) ≡ ky_2 (x). Ŕőíâőňã 1 = ‖y_1‖ = |k| ‖y_2‖ = |k| ⇒ k = ±1, y_1 (x) ≡ ±y_2 (x) ,

çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ńěňňă 1. Ďńï ńîąëå äãŋłæĺľ y_{1,2} (x) ∈ C^2 (0, l), ãďőćńěâćőàïîéĺå ŋãńěćëň čàăŋĺçŋëň ãáńőćĺïň y_{1,2} (0) = y_{1,2} (l) = 0, ĺňěěâ ňěáâő àăćěŋáâćő

⟨L y_1, y_2⟩ = ⟨y_1, L y_2⟩ .

33İâő őğŋăçăěâ, çâő ňŋőęěáâćő áőąáâćěŋŋëå äãŋłæĺľ, őâćěçăîéĺå őďŋőňã ĺ âőňã ęě áőąáâćěŋŋőňã çĺáńã (áőąáâćěŋŋőě ŕőďŕàőáâàăŋáâćő), őąàăğãěâ őďŋőňěàŋőě ńĺŋěľŋőě ŕőďŕàőáâàăŋáâćő.

Ďőłăğăâěńìáâćő. Ĺňěěň l∫ 0 (L (y_1) y_2 − L (y_2) y_1) dx =

=^l ∫ 0 ( y_1^d_{dx} (py^′_2) − y_2^d_{dx} (py^′_1) ) dx = = (y_1py^′_2 − y_2py^′_1)|^{x=l}_{x=0} −^l ∫ 0 (y^′_1py^′_2 − y^′_2py^′_1) dx = 0

ć áĺńã čàăŋĺçŋëå ãáńőćĺľ ďńï ďăŋŋëå äãŋłæĺľ. Ńěňňă ďőłăğăŋă^{34}.

Šěőàěňă 5. Śőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě àăğńĺçŋëň áőąáâćěŋŋëň çĺáńăň, őàâőčőŋăńìŋë ňěęďã áőąőľ.

Ďőłăğăâěńìáâćő. Ŕãáâì L y_1 = λ_1y_1, L y_2 = λ_2y_2. Šőčďă ⟨L y_1, y_2⟩ = λ_1 ⟨y_1, y_2⟩, ⟨L y_2, y_1⟩ = λ_2 ⟨y_1, y_2⟩, ĺ ŕő ŕàěďëďãéěľ ńěňňě

0 = ⟨L y_1, y_2⟩ − ⟨L y_2, y_1⟩ = = (λ_1 − λ_2) ⟨y_1, y_2⟩ .

Ŕőíâőňã ŕàĺ λ_1 ≠ λ_2 ĺňěěň ⟨y_1, y_2⟩ = 0, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Šěőàěňă 6. Ćáě áőąáâćěŋŋëě çĺáńă ćěéěáâćěŋŋë.

Ďőłăğăâěńìáâćő. Ŕãáâì, ŋăŕàőâĺć, ďńï ŋěłőâőàőčő áőąáâćěŋŋőčő çĺáńă λ ĺňěěň λ ≠ λ̄. Ŕàĺňěŋïï őŕěàăæĺî łőňŕńěłáŋőčő áőŕàïęěŋĺï ł őąěĺň çăáâïň ćěéěáâćěŋŋőčő ãàăćŋěŋĺï L y = λy, ŕőńãçĺň L y = λ̄y. Śńěďőćăâěńìŋő, λ̄ ïćńïěâáï áőąáâćěŋŋëň çĺáńőň, őâćěçăîéĺň âőľ ęě áőąáâćěŋŋőľ äãŋłæĺĺ y (x). Ĺğ âěőàěňë 5 ćëâěłăěâ âőčďă àăćěŋáâćő ⟨y, y⟩ = ‖y‖^2 = 0, ŕàőâĺćőàěçăéěě ãáńőćĺî ŋěâàĺćĺăńìŋőáâĺ áőąáâćěŋŋőľ äãŋłæĺĺ. Ŕőíâőňã ĺáåőďŋőě ŕàěďŕőńőęěŋĺě ŋěćěàŋő. Šěőàěňă ďőłăğăŋă.

İłáâàěňăńìŋăï ğăďăçă, áćïğăŋŋăï á ğăďăçěľ Ÿâãàňă-Ńĺãćĺńńï.

Řăááňőâàĺň íłáâàěňăńìŋãî ğăďăçã, áńěďãîéĺň őąàăğőň áćïğăŋŋãî á ğăďăçěľ Ÿâãàňă-Ńĺãćĺńńï: ć äãŋłæĺőŋăńě ĺáŕőńìğőćăŋë äãŋłæĺĺ p (x) , q (x), ćåőďïéĺě ć ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà L, ă ňŋőęěáâćő äãŋłæĺľ, ŋă łőâőàőň ňĺŋĺňĺğĺàãěâáï äãŋłæĺőŋăń, ïćńïěâáï ŕőďňŋőęěáâćőň őąńăáâĺ őŕàěďěńěŋĺï ďăŋŋőčő őŕěàăâőàă —

J (y (·)) =^l ∫ 0 ( q (x) y^2 (x) + p (x) y^{′2} (x) ) dx → min_D , D = { y (x) : y (·) ∈ C^2 (0, l) , y (0) = y (l) = 0, ‖y‖^2 = ∫_l 0 y^2 (x) dx = 1 } . (11.32)

Ńěňňă 2. Ěáńĺ y (·) — ŋőàňĺàćőćăŋŋăï áőąáâćěŋŋăï äãŋłæĺï ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï, őâćěçăîéăï áőąáâćěŋŋőňã çĺáńã λ, âő J (y (·)) = λ.

34Śćőľáâćő áăňőáőŕàïęěŋŋőáâĺ őŕěàăâőàă L ŋă áőőâćěâáâćãîéěň ŕőďŕàőáâàăŋáâćě ŕàőáâàăŋáâćă CL_2.

Ďőłăğăâěńìáâćő. Ĺňěěň λ = λ^l ∫ 0 y^2 (x) dx =^l ∫ 0 λy (x) y (x) dx = =^l ∫ 0 L (y (x)) y (x) dx = l∫ 0 ( qy −^d_{dx} (py^′) ) ydx = =^l ∫ 0 ( qy^2 + py^{′2} ) dx − py^′y|^l_0 = J (y (·)) , çâő ĺ ãâćěàęďăńőáì.

Šěőàěňă 7. İłáâàěňăńìŋăï ğăďăçă (11.32) ĺňěěâ àěèěŋĺě. İâő àěèěŋĺě y_1 (·) ïćńïěâáï ŋőàňĺàőćăŋŋőľ áőąáâćěŋŋőľ äãŋłæĺěľ ğăďăçĺ Ÿâãàňă- Ńĺãćĺńńï, őâćěçăîéěľ ňĺŋĺňăńìŋőňã ĺğ ćáěå áőąáâćěŋŋëå çĺáěń λ_1. Śőőâćěâáâćãîéěě ňĺŋĺňăńìŋőě ğŋăçěŋĺě äãŋłæĺőŋăńă J (y_1 (·)) = λ_1.

Ďőłăğăâěńìáâćő. Ďőłăğăâěńìáâćő áãéěáâćőćăŋĺï àěèěŋĺï ćăàĺăæĺőŋŋőľ ğăďăçĺ (11.32) ćëåőďĺâ ğă àăňłĺ ŋăèěčő łãàáă (áň., ŋăŕàĺňěà, łŋĺčã [9]).

Ćëŕĺèěň ŋěőąåőďĺňőě ãáńőćĺě íłáâàěňãňă^{35} ďńï ĺğőŕěàĺňěâàĺçěáłőľ ğăďăçĺ (11.32): áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă (λ_0, λ_1) âăłőľ, çâő ďńï àěèěŋĺï ćăàĺăæĺőŋŋőľ ğăďăçĺ y_1 ćëŕőńŋěŋő âőęďěáâćő (ãàăćŋěŋĺě Ńăčàăŋęă) ∂H ∂y − d dx ∂H ∂y^′ = 0, čďě H (x, y, y^′) ≡ λ_0 ( q (x) y^2 + p (x) y^{′2} ) − λ_1y^2 — äãŋłæĺï Ńăčàăŋęă.

Ĺŋëňĺ áńőćăňĺ,

λ_0 ( qy_1 (x) − d dx (py^′_1 (x)) ) ≡ λ_1y_1 (x) .

Ěáńĺ λ_0 = 0, âő λ_1y_1 (x) ≡ 0, çâő ŕàőâĺćőàěçĺâ ãáńőćĺïň ŋěâàĺćĺăńìŋőáâĺ ŋăąőàă ňŋőęĺâěńěľ Ńăčàăŋęă ĺ äãŋłæĺĺ y_1 (x). Ŕőíâőňã λ_0 = 1 ĺ, ğŋăçĺâ, L y_1 = λ_1y_1, â.ě. y_1 (x) — áőąáâćěŋŋăï äãŋłæĺï ğăďăçĺ Ÿâãàňă- Ńĺãćĺńńï, őâćěçăîéăï áőąáâćěŋŋőňã çĺáńã λ_1. Ŕőłăęěň, çâő λ_1 — ňĺŋĺňăńìŋőě ĺğ ćáěå áőąáâćěŋŋëå çĺáěń. Ŕãáâì y (·) — ŕàőĺğćőńìŋăï ŋőàňĺàőćăŋŋăï áőąáâćěŋŋăï äãŋłæĺï ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï. Šőčďă y (·) ∈ D, ă ďńï áőőâćěâáâćãîéěčő áőąáâćěŋŋőčő çĺáńă λ ĺňěěň ć áĺńã ńěňňë 2 ŋěàăćěŋáâćő λ = J (y (·)) ≥ J (y_1 (·)) = λ_1,

çâő ĺ ďőłăğëćăěâ ňĺŋĺňăńìŋőáâì λ_1. Šěőàěňă ďőłăğăŋă.

Šěőàěňă 8. Śőąáâćěŋŋëě çĺáńă ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ňőčãâ ąëâì àăáŕőńőęěŋë ć ąěáłőŋěçŋãî ćőğàăáâăîéãî ŕőáńěďőćăâěńìŋőáâì 0 < λ_1 < λ_2 < · · · < λ_n < · · · Ŕàĺ íâőň ŋőàňĺàőćăŋŋăï áőąáâćěŋŋăï äãŋłæĺï y_n (·) , n ≥ 1, őâćěçăîéăï

35Śň. àăğďěń 2.12.

áőąáâćěŋŋőňã çĺáńã λ_n, ïćńïěâáï àěèěŋĺěň íłáâàěňăńìŋőľ ğăďăçĺ

J (y (·)) = l∫ 0 ( q (x) y^2 (x) + p (x) y^{′2} (x) ) dx → min_{Dn} , D_n = { y (x) : y (·) ∈ C^2 (0, l) , y (0) = y (l) = 0, ‖y‖^2 = ∫_l 0 y^2 (x) dx = 1, ∫_l 0 y (x) y_k (x) dx = 0, k = 1, n − 1 } . (11.33)

Ňĺŋĺňăńìŋőě ğŋăçěŋĺě äãŋłæĺőŋăńă ŋă D_n

J (y_n) = λ_n.

Ďőłăğăâěńìáâćő. Ŕàőćěďěň ěčő ŕő ĺŋďãłæĺĺ. Ŕàĺ n = 1 âěőàěňă ćěàŋă (áň. âěőàěňã 7). Ŕàěďŕőńőęĺň, çâő őŋă ćěàŋă ĺ ŕàĺ n − 1. Řăááňőâàĺň âěŕěàì ğăďăçã (11.33). Őŋă ĺňěěâ àěèěŋĺě (áň. [9]), łőâőàőě ňë őąőğŋăçĺň y_n. Šőčďă (áň. àăğďěń 2.12) áãéěáâćãěâ ŋěâàĺćĺăńìŋëľ ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă (λ_0, λ_n, ν_1, . . . , ν_{n−1}) âăłőľ, çâő ∂H ∂y − d dx ∂H ∂y^′ = 0, (11.34) čďě H (x, y, y^′) ≡ λ_0 ( q (x) y^2 + p (x) y^{′2} ) − λ_ny^2 − 2 n−1∑ i=1 ν_iy_iy — äãŋłæĺï Ńăčàăŋęă ĺğőŕěàĺňěâàĺçěáłőľ ćăàĺăæĺőŋŋőľ ğăďăçĺ (11.33). Ĺğ (11.34) ŕőńãçăěň

λ_0 L y_n = λ_ny_n + n−1∑ i=1 ν_iy_i. Şňŋőęăï őąě çăáâĺ íâőčő àăćěŋáâćă áłăńïàŋő ŋă y_j , j = 1, n − 1, ĺňěěň

λ_0 ⟨L y_n, y_j ⟩ = λ_n ⟨y_n, y_j ⟩ + n−1∑ i=1 ν_i ⟨y_i, y_j ⟩ . Ć ŕàăćőľ çăáâĺ íâőčő àăćěŋáâćă ćáě çńěŋë, łàőňě ν_j ⟨y_j , y_j ⟩ = ν_j , àăćŋë ŋãńî. Ŕàěőąàăğãěň ńěćãî çăáâì. Ŕő ńěňňě 1

⟨L y_n, y_j ⟩ = ⟨y_n, L y_j ⟩ = λ_j ⟨y_n, y_j ⟩ = 0.

Śńěďőćăâěńìŋő, ν_j = 0 j = 1, n − 1 ĺ

λ_0 L y_n = λ_ny_n.

Ěáńĺ λ_0 = 0, âő λ_n = 0 ĺ ćěáì ŋăąőà ňŋőęĺâěńěľ Ńăčàăŋęă ŋãńěćőľ, çâő ŋěćěàŋő. Ğŋăçĺâ, λ_0 = 1, L yn = λnyn, â.ě. y_n — áőąáâćěŋŋăï äãŋłæĺï, őâćěçăîéăï áőąáâćěŋŋőňã çĺáńã λ_n. Ŕőłăęěň, çâő λ_n > λ_{n−1}. Ĺňěěň

λ_{n−1} = J (y_{n−1}) = min_{y∈Dn−1} J (y) ≤ J (y_n) = λ_n, â.ł. y_n ∈ D_n ⊂ D_{n−1}. Ěáńĺ ęě λ_n = λ_{n−1}, âő ŕő âěőàěňě 4 y_n = ±y_{n−1}. Ŋő âőčďă ć áĺńã (11.33) 0 = |⟨y_n, y_{n−1}⟩| = 1 — ŕàőâĺćőàěçĺě! Śńěďőćăâěńìŋő, λ_n > λ_{n−1}. Šěőàěňă ďőłăğăŋă.

Šěőàěňă 9. Ŕőáńěďőćăâěńìŋőáâì áőąáâćěŋŋëå çĺáěń ğăďăçĺ Ÿâãàňă- Ńĺãćĺńńï λ_n → +∞ ŕàĺ n → ∞.

Ďőłăğăâěńìáâćő. Ŕàĺňěň ąěğ ďőłăğăâěńìáâćă áńěďãîéěě “őçěćĺďŋőě ” ãâćěàęďěŋĺě: ěáńĺ äãŋłæĺĺ p (x) , q (x) ŕőńãçăîâ ŋěőâàĺæăâěńìŋëě ŕàĺàăéěŋĺï δp (x) , δq (x), âő ćáě áőąáâćěŋŋëě çĺáńă ŕàĺ íâőň ňőčãâ ńĺèì ćőğàăáâĺ. İâő ŕőğćőńïěâ áàăćŋĺâì áőąáâćěŋŋëě çĺáńă λ_n á áőąáâćěŋŋëňĺ çĺáńăňĺ λ_{0n} áńěďãîéěľ “ŕàőáâěľèěľ” ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï { L0 y = λy, y (0) = y (l) = 0,

L0 (y) ≡ q0y − p0y^{′′}, łőâőàăï “ňĺŋőàĺàãěâ” ĺáåőďŋãî ğăďăçã, ćěďì q (x) ≥ q_0, p (x) ≥ p_0. Ĺňěěň

λ_n ≥ λ_{0n} = q_0 + (πn l )_2

p_0,

őâłãďă ĺ áńěďãěâ ãâćěàęďěŋĺě âěőàěňë.

Ğăňěçăŋĺě. Ěáńĺ äãŋłæĺĺ p (x) , q (x) âăłęě àăćŋőňěàŋő őčàăŋĺçěŋë áćěàåã ŕőáâőïŋŋëňĺ p_1, q_1, áőőâćěâáâćěŋŋő, âő ăŋăńőčĺçŋő ĺğńőęěŋŋőňã ŕőńãçăěň ćěàåŋîî őæěŋłã

λ_n ≤ λ_{1n} = q_1 + (πn l )_2

p_1.

Śńěďőćăâěńìŋő, ć íâőň áńãçăě λ_n = O ( n^2 ) ŕàĺ n → ∞.

Šěőàěňă Śâěłńőćă. Ńîąăï äãŋłæĺï f (·) ∈ C^2 (0, l), f (0) = f (l) = 0 àăğńăčăěâáï ć àăćŋőňěàŋő ĺ ăąáőńîâŋő áåőďïéĺľáï àïď Ťãàìě ŕő áĺáâěňě áőąáâćěŋŋëå äãŋłæĺľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï:

f (x) =^∞ ∑ i=1 c_iy_i (x) , x ∈ [0, l] , c_i = ⟨f, y_i⟩ . Ďőłăğăâěńìáâćő. Řăááňőâàĺň őáâăâőł àïďă r_n (x) ≡ f (x) − n∑ i=1 c_iy_i (x) . Ďőłăęěň ńĺèì ąőńěě áńăąőě ãâćěàęďěŋĺě: ‖r_n‖ → 0 ŕàĺ n → ∞. Ŋěâàãďŋő ćĺďěâì, çâő

a) r_n (0) = r_n (l) = 0; b) ⟨r_n, y_j ⟩ = ⟨f, y_j ⟩ − ∑_n i=1 c_i ⟨y_i, y_j ⟩ = c_j − c_j = 0 ∀j = 1, n;

c) J (r_n) ≥ λ_{n+1} ‖r_n‖^2 .

Ŕàőćěàĺň ŕőáńěďŋěě ŋěàăćěŋáâćő. Šăł łăł ć áĺńã ŕŕ. a),b) r_n/ ‖r_n‖ ∈ D_{n+1}, âő 1 ‖r_n‖^2 J (r_n) = J ( r_n ‖r_n‖ ) ≥ min_{Dn+1} J = λ_{n+1},

çâő ĺ ãâćěàęďăńőáì.

Řăááňőâàĺň âăłęě ąĺńĺŋěľŋëľ äãŋłæĺőŋăń

K (y1, y2) = l∫ 0 (q (x) y_1y_2 + p (x) y^′_1y^′_2) dx.

Őâňěâĺň áńěďãîéĺě ěčő áćőľáâćă:

a) Ďńï ńîąëå äãŋłæĺľ y_1, y_2 ∈ C^2 (0, l), ãďőćńěâćőàïîéĺå čàăŋĺçŋëň ãáńőćĺïň y_{1,2} (0) = y_{1,2} (l) = 0, K (y1, y2) = ⟨L y1, y2⟩ = ⟨y1, L y2⟩ = K (y2, y1) , K (y, y) = J (y) ;

b) K (y_i, y_j ) = ⟨L y_i, y_j ⟩ = λ_i ⟨y_i, y_j ⟩ = 0 i ≠ j;

c) K (r_n, y_j ) = ⟨L y_j , r_n⟩ = λ_j ⟨y_j , r_n⟩ = 0 j = 1, n.

Ĺňěěň ŕőíâőňã J (f) = J ( r_n +^n ∑ i=1 c_iy_i ) = J (r_n) +^n ∑ i=1 c^2_i J (y_i) + + ∑ ∑ i≠j c_ic_j K (y_i, y_j ) + 2^n ∑ i=1 c_i K (r_n, y_i) ≥

≥ λ_{n+1} ‖r_n‖^2 +^n ∑ i=1 c^2_i λ_i ≥ λ_{n+1} ‖r_n‖^2 ,

áńěďőćăâěńìŋő, ć áĺńã âěőàěňë 9 ‖r_n‖^2 ≤ J (f) λ_{n+1} → 0, çâő ĺ ãâćěàęďăńőáì. Ğăňěâĺň, çâő ĺğ ďőłăğăŋŋőčő ćëâěłăěâ, ć çăáâŋőáâĺ, ŕőńŋőâă őàâőŋőàňĺàőćăŋŋőľ áĺáâěňë áőąáâćěŋŋëå äãŋłæĺľ {y_i} ć CL_2 (0, l).

Ğăňěçăŋĺě. Łăł ãęě őâňěçăńőáì, ŕőńãçěŋŋëě ćëèě àěğãńìâăâë őâŋőáĺâěńìŋő áőąáâćěŋŋëå çĺáěń ĺ äãŋłæĺľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ąěğ âàãďă őąőąéăîâáï ŋă áńãçăľ ŕàőĺğćőńìŋëå őďŋőàőďŋëå čàăŋĺçŋëå ãáńőćĺľ, â.ě. ŋă ğăďăçã (11.27). Śćěàå âőčő, ĺ íâă ąőńěě őąéăï ğăďăçă ňőęěâ ąëâì ńěčłő őąőąéěŋă ďő áńěďãîéěľ L (y (x)) = λρ (x) y (x) , 0 < x < l, αy (0) + βy^′ (0) = 0, γy (l) + δy^′ (l) = 0,

(11.35)

čďě äãŋłæĺï ρ (·) ∈ C (0, l), ρ (x) > 0 ∀x ∈ (0, l). Ć íâőň áńãçăě, őďŋăłő, ćáě àăááňőâàěŋĺï áńěďãěâ ŕàőćőďĺâì ć ěćłńĺďőćőň ŕàőáâàăŋáâćě CL^{(ρ)}_2 (0, l) áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

⟨y_i, y_j ⟩ = l∫ 0 ρ (x) y_i (x) y_j (x) dx.

Ğăďăçă Ÿâãàňă-Ńĺãćĺńńï (11.35) áńãęĺâ ĺáâőçŋĺłőň ňŋőčĺå ĺğćěáâŋëå ć ňăâěňăâĺłě őàâőčőŋăńìŋëå áĺáâěň äãŋłæĺľ.

Ŕàĺňěàë.

1. q (x) ≡ 0, p (x) ≡ ρ (x) ≡ 1. Ğďěáì ãàăćŋěŋĺě ĺňěěâ ćĺď y^{′′} + λy = 0. Śŕěłâà áőąáâćěŋŋëå çĺáěń ĺ áőąáâćěŋŋëě äãŋłæĺĺ ğăćĺáïâ őâ łàăěćëå ãáńőćĺľ. Ŕàĺćěďñň ŋěłőâőàëě ćăàĺăŋâë:

(a) y (0) = y (l) = 0 ⇒ λ_n = (_{πn} l )_2

, y_n (x) ≡

√_2

l sin^{πnx}_l , n = 1, 2, . . . ;

(b) y (0) = y^′ (l) = 0 ⇒ λ_n = (_π l )_2 (

n −^1_2

)_2

, y_n (x) ≡

√_2 l sin^π_l ( n −^1_2 ) x, n = 1, 2, . . . ; (c) y^′ (0) = y^′ (l) = 0 ⇒ λ_n = ( π^n_l )_2

, n = 0, 1, 2, . . . ;

y_n (x) ≡ √_2 l cos^{πnx}_l , n = 1, 2, . . . √_1 l , n = 0 2. q (x) ≡^{m2}_x , p (x) ≡ ρ (x) ≡ x, |y (0)| < ∞, y (l) = 0 y^{′′} + 1 x y^′ + ( λ − m^2 x^2 ) y = 0

— ãàăćŋěŋĺě Ąěááěńï m-čő ŕőàïďłă (m - ğăďăŋŋőě æěńőě çĺáńő). Śőąáâćěŋŋëě çĺáńă λ_n, n = 1, 2, . . . ć íâőň áńãçăě ŋăåőďïâáï ĺğ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï J_m (√ λl ) = 0,

čďě J_m - äãŋłæĺï Ąěááěńï ŕěàćőčő àőďă m-čő ŕőàïďłă, ă áőąáâćěŋŋëě äãŋłæĺĺ ĺňěîâ ćĺď

y_n (x) = √ 2 J^′_m (√ λ_n ) l J_m (√ λ_nx )

3. q (x) ≡ 0, p (x) ≡ 1 − x^2, ρ (x) ≡ 1, x ∈ (−1, 1) − d dx ( ( 1 − x^2 ) dy dx ) = λy — ãàăćŋěŋĺě Ńěęăŋďàă. Őčàăŋĺçěŋŋëě ŋěŋãńěćëě àěèěŋĺï íâőčő ãàăćŋěŋĺï áãéěáâćãîâ ńĺèì ŕàĺ λ_n = n (n + 1) , n = 0, 1, . . . ĺ ïćńïîâáï ňŋőčőçńěŋăňĺ n-čő ŕőàïďłă (ňŋőčőçńěŋë Ńěęăŋďàă P_n (x)).

4. q (x) ≡^{m2}_{1−x2} , m = 0, 1, . . .(äĺłáĺàőćăŋŋőě çĺáńő); p (x) ≡ 1 − x^2; ρ (x) ≡ 1; x ∈ (−1, 1) m^2 1 − x^2 y − d dx ( ( 1 − x^2 ) dy dx ) = λy — ŕàĺáőěďĺŋñŋŋőě ãàăćŋěŋĺě Ńěęăŋďàă. Őčàăŋĺçěŋŋëě ŋěŋãńěćëě àěèěŋĺï ďăŋŋőčő ãàăćŋěŋĺï áãéěáâćãîâ ńĺèì ŕàĺ λ_n = n (n + 1) , n ≥ m.

Řěèěŋĺě ŋěőďŋőàőďŋőľ ğăďăçĺ ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå.

Ĺğńőęĺň âěŕěàì őąéãî áåěňã àěèěŋĺï ŋěőďŋőàőďŋőľ áňěèăŋŋőľ ğăďăçĺ ňěâőďőň Ťãàìě: ρ (x)^{∂2u}_{∂t2} = − L u + g (x, t) , 0 < x < l, t > 0, αu (0, t) + βu^′_x (0, t) = f_1 (t) , t ≥ 0, γu (l, t) + δu^′_x (l, t) = f_2 (t) , t ≥ 0, u (x, 0) = φ (x) , 0 ≤ x ≤ l, u^′_t (x, 0) = ψ (x) , 0 ≤ x ≤ l, (11.36)

čďě g (x, t) , f_1 (t) , f_2 (t) — ğăďăŋŋëě äãŋłæĺĺ.

Ŕàěęďě ćáěčő áńěďãěâ ĺğąăćĺâìáï őâ ŋěőďŋőàőďŋőáâĺ ć čàăŋĺçŋëå ãáńőćĺïå. Ąãďěň ĺáłăâì àěèěŋĺě ğăďăçĺ (11.36) ć ćĺďě áãňňë

u (x, t) = û (x, t) + ǔ (x, t) , (11.37)

čďě “ŕàěďŋăğŋăçěŋĺě” äãŋłæĺĺ û (x, t) — ãďőćńěâćőàěŋĺě čàăŋĺçŋëň ãáńőćĺïň αû (0, t) + βû^′_x (0, t) = f_1 (t) , γû (l, t) + δû^′_x (l, t) = f_2 (t) .

Şłăğăŋŋëňĺ čàăŋĺçŋëňĺ ãáńőćĺïňĺ äãŋłæĺï őŕàěďěńěŋă, őçěćĺďŋő, ŋěőďŋőğŋăçŋő. Ŕőíâőňã ďńï ěñ ŋăåőęďěŋĺï ňőęŋő ŕàĺćńěłăâì ĺ ďőŕőńŋĺâěńìŋëě áőőąàăęěŋĺï: ŕàőáâőâă ăŋăńĺâĺçěáłőčő őŕĺáăŋĺï, ćőğňőęŋőáâì äĺğĺçěáłőľ ĺŋâěàŕàěâăæĺĺ ĺ â.ď. Ĺğ ďăńìŋěľèěčő âăłęě ćëïáŋïěâáï, çâő ãďőąŋő ąëńő ąë ćğïâì ŕőďőąŋãî äãŋłæĺî ĺğ ňŋőęěáâćă àěèěŋĺľ őďŋőàőďŋőčő ãàăćŋěŋĺï ρu^{′′}_{tt} = − L u. Ŕőáńě ŕőďáâăŋőćłĺ (11.37) ć (11.36) ŕőńãçăěň ďńï ǔ (x, t) áńěďãîéãî ğăďăçã á őďŋőàőďŋëňĺ čàăŋĺçŋëňĺ ãáńőćĺïňĺ ρ (x)^{∂2ǔ}_{∂t2} = − L ǔ + ǧ (x, t) , 0 < x < l, t > 0, αǔ (0, t) + βǔ^′_x (0, t) = 0, t ≥ 0, γǔ (l, t) + δǔ^′_x (l, t) = 0, t ≥ 0, ǔ (x, 0) = φ̌ (x) , 0 ≤ x ≤ l, ǔ^′_t (x, 0) = ψ̌ (x) , 0 ≤ x ≤ l, čďě ǧ (x, t) ≡ g (x, t) − (ρ (x) û^{′′}_{tt} − L û), φ̌ (x) ≡ φ (x) − û (x, 0), ψ̌ (x) ≡ ψ (x) − û^′_t (x, 0). Řěèěŋĺě íâőľ áňěèăŋŋőľ ğăďăçĺ âăłęě ąãďěň ĺáłăâì^{36} ć ćĺďě áãňňë ǔ (x, t) ≡ v (x, t) + w (x, t) , čďě v (x, t) — àěèěŋĺě ğăďăçĺ ρ (x)^{∂2v}_{∂t2} = − L v, 0 < x < l, t > 0, αv (0, t) + βv^′_x (0, t) = 0, t ≥ 0, γv (l, t) + δv^′_x (l, t) = 0, t ≥ 0, v (x, 0) = φ̌ (x) , 0 ≤ x ≤ l, v^′_t (x, 0) = ψ̌ (x) , 0 ≤ x ≤ l, (11.38)

36Őçěćĺďŋő, çâő ćőğňőęŋőáâì ŕőďőąŋëå àăğńőęěŋĺľ ĺáåőďŋőľ áňěèăŋŋőľ ğăďăçĺ ŋěŕőáàěďáâćěŋŋŋő áćïğăŋë á ěñ ńĺŋěľŋőáâìî - ŕàĺŋæĺŕ áãŕěàŕőğĺæĺĺ.

ă w (x, t) — ğăďăçĺ ρ (x)^{∂2w}_{∂t2} = − L w + ǧ (x, t) , 0 < x < l, t > 0, αw (0, t) + βw^′_x (0, t) = 0, t ≥ 0, γw (l, t) + δw^′_x (l, t) = 0, t ≥ 0, w (x, 0) = 0, 0 ≤ x ≤ l, w^′_t (x, 0) = 0, 0 ≤ x ≤ l. (11.39)

Řěèěŋĺě őďŋőàőďŋőľ ğăďăçĺ (11.38) ŕàőĺğćőďĺâáï ŕő áâăŋďăàâŋőľ áåěňě, ĺğńőęěŋŋőľ ćëèě ĺ ğăŕĺáëćăěâáï ć ćĺďě àïďă v (x, t) = ∞∑ n=1 ( φ̌_n cos ω_nt + ψ̌ ω_n sin ω_nt ) y_n (x) (11.40)

ŕő áĺáâěňě áőąáâćěŋŋëå äãŋłæĺľ {y_n (x)} ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï L y = λρy, αy (0) + βy^′ (0) = 0, γy (l) + δy^′ (l) = 0.

Ŕőďáâăćńïï ć (11.40) ğŋăçěŋĺï łőíääĺæĺěŋâőć Ťãàìě äãŋłæĺľ φ̌ (x) , ψ̌ (x), ŕőńãçĺň ĺŋâěčàăńìŋőě ŕàěďáâăćńěŋĺě ďńï äãŋłæĺĺ v (x, t): v (x, t) =^∞ ∑ n=1 (_l ∫ 0 ρ (ξ) φ̌ (ξ) y_n (ξ) dξ cos ω_nt+

+^1_{ωn}^l ∫ 0 ρ (ξ) ψ̌ (ξ) y_n (ξ) dξ sin ω_nt ) y_n (x) = = l∫ 0 ρ (ξ) (_∞ ∑ n=1 y_n (x) cos ω_nt y_n (ξ) φ̌ (ξ) +^∞ ∑ n=1 y_n (x)^{sin ωnt}_{ωn} y_n (ξ) ψ̌ (ξ) ) dξ ≡ ≡^l ∫ 0 ρ (ξ) G^′_t (x, t, ξ) φ̌ (ξ) dξ +^l ∫ 0 ρ (ξ) G (x, t, ξ) ψ̌ (ξ) dξ. (11.41) Ğďěáì G (x, t, ξ) ≡ G (x | t | ξ) ≡ ∞∑ n=1 y_n (x) sin ω_nt ω_n y_n (ξ) (11.42)

— äãŋłæĺï Čàĺŋă łàăěćőľ ğăďăçĺ ρ (x)^{∂2 v}_{∂t2} = − L v, 0 < x < l, t > 0, αv (0, t) + βv^′_x (0, t) = 0, t ≥ 0, γv (l, t) + δv^′_x (l, t) = 0, t ≥ 0. Řěèěŋĺě ğăďăçĺ (11.39) âăłęě ąãďěň ĺáłăâì ć ćĺďě àïďă w (x, t) = ∞∑ n=1 w_n (t) y_n (x) .

Ďńï ŋăåőęďěŋĺï ŕěàěňěŋŋëå łőíääĺæĺěŋâőć Ťãàìě w_n (t) ≡ ⟨w (x, t) , y_n (x)⟩ ŕőďáâăćĺň íâő àěèěŋĺě ć (11.39), ŕàěďćăàĺâěńìŋő àăğńőęĺć ŕő âőľ ęě áĺáâěňě ŋěőďŋőàőďŋëľ çńěŋ ãàăćŋěŋĺï: 1 ρ (x) ǧ (x, t) = ∞∑ n=1 g_n (t) y_n (x) .

Ć ĺâőčě ŕőńãçăěň ∞∑ n=1 y_n (x) ρ (x) {ẅ_n (t) + λ_nw_n (t) − g_n (t)} = 0, 0 < x < l, t > 0, w (x, 0) =^∞ ∑ n=1 w_n (0) y_n (x) = 0, 0 < x < l, w^′_t (x, 0) =^∞ ∑ n=1 ẇ_n (0) y_n (x) = 0, 0 < x < l.

őâłãďă ć áĺńã ŕőńŋőâë őàâőŋőàňĺàőćăŋŋőľ áĺáâěňë {y_n (x)} ẅ_n (t) + λ_nw_n (t) − g_n (t) = 0, t > 0 w_n (0) = 0, ẇ_n (0) = 0.

Řěèěŋĺě ŕőáńěďŋěľ ğăďăçĺ Łőèĺ ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï 2-čő ŕőàïďłă ğăŕĺèěň ć ĺŋâěčàăńìŋőľ äőàňě

w_n (t) = t∫ 0 G_n (t − τ) g_n (τ ) dτ ,

čďě G_n (t) ≡^{sin √λnt√}_{λn} — äãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï, â.ě. àěèěŋĺě ğăďăçĺ Łőèĺ G̈_n + λ_nG_n = 0, G_n (0) = 0, Ġ_n (0) = 1.

Ŕőáńě ŕőďáâăŋőćłĺ ŋăľďěŋŋëå łőíääĺæĺěŋâőć Ťãàìě ć àïď àěèěŋĺě ŋěőďŋőàőďŋőľ ğăďăçĺ (11.39) ğăŕĺèěâáï ć ĺŋâěčàăńìŋőľ äőàňě w (x, t) =^∞ ∑ n=1 w_n (t) y_n (x) =

=^∞ ∑ n=1 1√ λ_n t∫ 0 l∫ 0 sin (√ λ_n (t − τ) ) g (ξ, τ ) y_n (ξ) dξdτ y_n (x) = = t∫ 0 l∫ 0 G (x, t − τ , ξ) g (ξ, τ) dξdτ çěàěğ äãŋłæĺî Čàĺŋă (11.42).

Ŕàĺňěàë.

1. g (x, t) ≡ δ (x − x_0) δ (t) w (x, t) = t∫ 0 l∫ 0 G (x, t − τ, ξ) g (ξ, τ ) dξdτ = = t∫ 0 l∫ 0 G (x, t − τ , ξ) δ (ξ − x_0) δ (τ ) dξdτ = G (x | t | x_0) . Őâáîďă ňőęŋő ćëćěáâĺ “äĺğĺçěáłĺľ áňëáń” äãŋłæĺĺ Čàĺŋă: ěñ ğŋăçěŋĺě G (x | τ | x_0) — íâő őâłńőŋěŋĺě âőçłĺ x ć ňőňěŋâ ćàěňěŋĺ t, ćëğćăŋŋőě ňčŋőćěŋŋëň âőçěçŋëň ćőğňãéěŋĺěň, ŕàĺńőęěŋŋëň ć âőçłã x_0 ć ŋăçăńìŋëľ ňőňěŋâ ćàěňěŋĺ. Ĺğ äőàňãńë (11.42) ćĺďŋă áĺňňěâàĺï äãŋłæĺĺ Čàĺŋă őâŋőáĺâěńìŋő ŕěàěňěŋŋëå x ĺ ξ. İâő őğŋăçăěâ ćëŕőńŋěŋĺě áńěďãîéěľ âěőàěňë ćğăĺňŋőáâĺ: őâłńőŋěŋĺě âőçłĺ x, ćëğćăŋŋőě ŋăçăńìŋëň ćőğňãéěŋĺěň, ŕàĺńőęěŋŋëň ć âőçłã x_0, âőęďěáâćěŋŋő á őâłńőŋěŋĺěň âőçłĺ x_0, ćëğćăŋŋëň ăŋăńőčĺçŋëň ŋăçăńìŋëň ćőğňãéěŋĺěň âőçłĺ x. 2. g (x, t) ≡ A sin ωt w (x, t) =^t ∫ 0 l∫ 0 G (x, t − τ , ξ) g (ξ, τ) dξdτ = = A^∞ ∑ n=1 y_n (x)^l ∫ 0 y_n(ξ) ω_n dξ t∫ 0 sin ω_n (t − τ) sin ωτ E_n(t,τ) dτ ,

čďě ω_n ≡ √ λ_n — áőąáâćěŋŋăï çăáâőâă łőńěąăŋĺľ n-őľ áâőïçěľ ćőńŋë (ňőďë). Őłőŋçăâěńìŋëľ ćĺď àěèěŋĺï őŕàěďěńïěâáï âěň, áőćŕăďăěâ çăáâőâă ćëŋãęďăîéěľ áĺńë ω á őďŋőľ ĺğ àěğőŋăŋáŋëå çăáâőâ ω_n áĺáâěňë ĺńĺ ŋěâ:

(a) ω ≠ ω_n ŕàĺ ćáěå n (ŋěàěğőŋăŋáŋëľ áńãçăľ). Ğďěáì

E_n (t, τ ) =^1_2 [cos (ω_nt − (ω + ω_n) τ ) − cos (ω_nt + (ω − ω_n) τ )] ,

w (x, t) = W_1 (x) sin ωt +^∞ ∑ n=1 B_ny_n (x) sin ω_nt.

(b) ω = ω_n∗ — àěğőŋăŋá ŋă çăáâőâě áâőïçěľ ćőńŋë á ŋőňěàőň n^∗. Ć íâőň áńãçăě

E_n∗ (t, τ) = −^{cos ωn∗ t}_2 +^{cos(ωn∗ t−2ωn∗ τ )}_2 , w (x, t) = W_2 (x) t cos ω_n∗ t + ∑ n≠n^∗ C_ny_n (x) sin ω_nt.

Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě ć ňŋőčőňěàŋëå ğăďăçăå.

Śåěňă ňěâőďă àăğďěńěŋĺï, ĺğńőęěŋŋăï ćëèě, ąěğ áãéěáâćěŋŋëå ĺğňěŋěŋĺľ őąőąéăěâáï ŋă áńãçăľ ŕàőáâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ ńîąőčő çĺáńă ĺğňěàěŋĺľ. Ŕãáâì u = u (t, x) , x ≡ (x_1, . . . , x_n) ∈ Ω, t > 0, L u ≡ a0 (x) u − n∑ i,j=1 ∂ ∂x_i ( a_{ij} (x)^{∂u}_{∂xj} ) , a_0 (x) ≥ 0, a_{ij} (x) ≡ a_{ji} (x) , ⟨a (x) η, η⟩ ≡^n ∑ i,j=1 a_{ij} (x) η_iη_j > 0 ∀x ∈ Ω, ∀η ≠ 0. Ğďěáì n > 1, Ω — őčàăŋĺçěŋŋőě ňŋőęěáâćő ć R^n, a_0 (·) ∈ C (Ω), a_{ij} (·) ∈ C^1 (Ω).

Řăááňőâàĺň áňěèăŋŋãî ğăďăçã ďńï ãàăćŋěŋĺï čĺŕěàąőńĺçěáłőčő âĺŕă (ćőńŋőćőčő ãàăćŋěŋĺï)

∂^2u ∂t^2 = − L u, x ∈ Ω, t > 0, u = 0, (x, t) ∈ Γ ≡ ∂Ω × (0, ∞) , u (x, 0) = φ (x) , x ∈ Ω, u^′_t (x, 0) = ψ (x) , x ∈ Ω. (11.43)

Łăł ĺ ć áńãçăě őďŋőňěàŋőľ ŕàőáâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ x, ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå àěèěŋĺï ğăďăçĺ (11.43) àěăńĺğãěâáï ć ćĺďě ŕőáńěďőćăâěńìŋőáâĺ áâăŋďăàâŋëå èăčőć.

Ÿăč 1. Ĺéãâáï ćáě ŋěâàĺćĺăńìŋëě àěèěŋĺï (áâőïçĺě ćőńŋë) őďŋőàőďŋőľ łàăěćőľ ğăďăçĺ {_{∂2u} ∂t^2 = − L u, x ∈ Ω, t > 0, u = 0, (x, t) ∈ Γ ≡ ∂Ω × (0, ∞) , (11.44)

á àăğďěńñŋŋëňĺ ćàěňěŋŋőľ ĺ ŕàőáâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ: u (x, t) = y (x) T (t). Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőčő àěèěŋĺï ć (11.44) ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå, ŕőńãçăěň âőęďěáâćő T̈ T (t) ≡ − L y y (x) .

Šăł łăł ŕěàěňěŋŋëě t ĺ x ŋěğăćĺáĺňë, âő őąě çăáâĺ âőęďěáâćă ďőńęŋë ąëâì ŕőáâőïŋŋë. Őąőğŋăçăï íâã ŕőáâőïŋŋãî −λ, ŕàĺåőďĺň ł áńěďãîéěľ ňŋőčőňěàŋőľ ğăďăçě Ÿâãàňă-Ńĺãćĺńńï: ŋăľâĺ ćáě (áőąáâćěŋŋëě) çĺáńă λ, ŕàĺ łőâőàëå łàăěćăï ğăďăçă { L y = λy y|_{∂Ω} = 0 (11.45)

ĺňěěâ ŋěâàĺćĺăńìŋőě àěèěŋĺě (áőąáâćěŋŋëě äãŋłæĺĺ). Šěőàĺï âăłĺå ğăďăç ăŋăńőčĺçŋă âőľ, çâő ŕőáâàőěŋă ŋăňĺ ćëèě ďńï őďŋőňěàŋőčő áńãçăï. Őłăğëćăěâáï, çâő ć ãłăğăŋŋëå ćëèě ãáńőćĺïå áãéěáâćãěâ ąěáłőŋěçŋëľ ŋăąőà áőąáâćěŋŋëå çĺáěń 0 < λ_1 < λ_2 < . . . < λ_n < . . . , λ_n → ∞, ă őâćěçăîéĺľ ĺň ŋăąőà ŋőàňĺàőćăŋŋëå áőąáâćěŋŋëå äãŋłæĺľ y_1, y_2, . . . őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć áőőâćěâáâćãîéěň ěćłńĺďőćőň ŕàőáâàăŋáâćě ⟨y_i, y_j ⟩ = ∫ · · · ∫ Ω y_i (x) y_j (x) dx = δ_{ij} .

Ŕőáńě àěèěŋĺï ãàăćŋěŋĺľ ďńï T (t):

T̈ + λ_nT = 0

ŋăåőďĺň ćáě áâőïçĺě ćőńŋë ć ćĺďě

u_n (x, t) = y_n (x) T_n (t) = ( A_n cos √ λ_nt + B_n sin √ λ_nt ) y_n (x) .

Ÿăč 2. Ĺéěň àěèěŋĺě ĺáåőďŋőľ ŋăçăńìŋő-łàăěćőľ ğăďăçĺ (11.43) ć ćĺďě àïďă u (x, t) = ∞∑ n=1 ( A_n cos √ λ_nt + B_n sin √ λ_nt ) y_n (x)

ŕő ŋăľďěŋŋëň áâőïçĺň ćőńŋăň. Ďńï ŋăåőęďěŋĺï ŋěőŕàěďěńěŋŋëå łőíääĺæĺěŋâőć A_n, B_n ĺňěěň ŋăçăńìŋëě ãáńőćĺï

u (x, 0) =^∞ ∑ n=1 A_ny_n (x) = φ (x) ⇔ A_n = ⟨φ, y_n⟩ ∀n, u^′_t (x, 0) =^∞ ∑ n=1 √ λ_nB_ny_n (x) = ψ (x) ⇔ B_n =^{1√}_{λn} ⟨ψ, y_n⟩ ∀n. Ć ĺâőčě äőàňăńìŋőě àěèěŋĺě ğăďăçĺ ŕàĺőąàěâăěâ ćĺď u (x, t) =^∞ ∑ n=1 ( ⟨φ, y_n⟩ cos √ λ_nt +^{1√}_{λn} ⟨ψ, y_n⟩ sin √ λ_nt ) y_n (x) = = ∫ ··· ∫ Ω G (x, t, ξ) ψ (ξ) dξ + ∫ ··· ∫ Ω G^′_t (x, t, ξ) φ (ξ) dξ, (11.46) čďě G (x, t, ξ) ≡ ∞∑ n=1 y_n (x) sin √ λ_nt √ λ_n y_n (ξ)

— äãŋłæĺï Čàĺŋă áőőâćěâáâćãîéěľ łàăěćőľ ğăďăçĺ (11.44).

Ÿăč 3. Ŋă íâőň èăčě àïď (11.46) ĺááńěďãěâáï ŋă áåőďĺňőáâì, ãáâăŋăćńĺćăěâáï ćőğňőęŋőáâì ěčő ďćãłàăâŋőčő ŕőçńěŋŋőčő ďĺääěàěŋæĺàőćăŋĺï, çâő ŕőğćőńïěâ ŕàőĺğćěáâĺ ŕőďáâăŋőćłã àïďă ć ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ĺ ãąěďĺâìáï ŕőďőąŋëň őąàăğőň, çâő őŋ ďěľáâćĺâěńìŋő ïćńïěâáï łńăááĺçěáłĺň àěèěŋĺěň ğăďăçĺ. Řăğãňěěâáï, íâő ćőğňőęŋő ńĺèì ŕàĺ ďőáâăâőçŋő čńăďłĺå ŋăçăńìŋëå ďăŋŋëå.

Ŕàĺňěà 1. Łőńěąăŋĺï ŕàïňőãčőńìŋőľ ňěňąàăŋë

u^{′′}_{tt} = a^2Δu = a^2 ( u^{′′}_{xx} + u^{′′}_{yy} ) , (x, y) ∈ Ω, t > 0, u|_{∂Ω} = 0, t > 0, u (x, y, 0) = φ (x, y) , (x, y) ∈ Ω, u^′_t (x, y, 0) = ψ (x, y) , (x, y) ∈ Ω. Ğďěáì Ω — ŕàïňőãčőńìŋăï őąńăáâì 0 < x < p, 0 < y < q. Řěèěŋĺě. Ŋăľďěň ćáě áâőïçĺě ćőńŋë, âő ěáâì ŋěâàĺćĺăńìŋëě àěèěŋĺï őďŋőàőďŋőľ łàăěćőľ ğăďăçĺ { u^{′′}_{tt} = a^2Δu = a^2 ( u^{′′}_{xx} + u^{′′}_{yy} ) , (x, y) ∈ Ω, t > 0, u|_{∂Ω} = 0, t > 0, ćĺďă u (x, y, t) ≡ v (x, y) T (t). Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőľ äãŋłæĺĺ ć ğăďăçã ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå ŕőńãçăěň âőęďěáâćă T̈ a^2T ≡ △v v , v |_{∂Ω} T (t) ≡ 0.

Őâáîďă { △v + k^2v = 0, v|_{∂Ω} = 0, (11.47)

T̈ + k^2a^2T = 0, (11.48)

čďě k — ŕőáâőïŋŋăï.

Řěèěŋĺě ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï (11.47) âăłęě ąãďěň ĺáłăâì ć äőàňě á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ: v (x, y) ≡ X (x) Y (y). Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőčő àěèěŋĺï ć (11.47) ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå, ŕőńãçăěň âőęďěáâćă −^{X ′′(x)}_X ≡^{Y ′′(y)}_Y + k^2, 0 < x < p, 0 < y < q, X (x) Y (0) ≡ X (x) Y (q) ≡ 0, 0 < x < p, Y (y) X (0) ≡ Y (y) X (p) ≡ 0, 0 < y < q. Őâáîďă ć áĺńã ŋěğăćĺáĺňőáâĺ ŕěàěňěŋŋëå x, y ĺňěěň { X^{′′} + k^2_1 X = 0, X (0) = X (p) = 0, { Y^{′′} + k^2 Y = 0, Y (0) = Y (q) = 0,

čďě k_1, k_2 — ŕőáâőïŋŋëě, k^2_1 + k^2 = k^2. Ŋěâàĺćĺăńìŋëě àěèěŋĺï ďćãå ŕőáńěďŋĺå łàăěćëå ğăďăç ĺňěîâ áőőâćěâáâćěŋŋő ćĺď

X_n (x) =

√_2

p sin^{πnx}_p , k_{1n} =^{πn}_p , n = 1, 2, . . .

Y_m (y) =

√_2 q sin^{πmy}_q , k_{2m} =^{πm}_q , m = 1, 2, . . . .

Ŕőíâőňã ŋěâàĺćĺăńìŋëňĺ àěèěŋĺïňĺ łàăěćőľ ğăďăçĺ (11.47) ïćńïîâáï äãŋłæĺĺ

v_{nm} (x, y) = X_n (x) Y_m (y) = √ 4 pq sin πnx p sin πmy q , őâćěçăîéĺě ěñ áőąáâćěŋŋëň çĺáńăň

k_{nm} = √ k^2_{1n} + k^2_m = √ π^2 ( n^2 p^2 + m^2 q^2 ) , n, m = 1, 2, . . . . Ğăňěâĺň, çâő ĺğ âěőàĺĺ łàăâŋëå àïďőć Ťãàìě^{37} áńěďãěâ, çâő ďăŋŋăï áĺáâěňă äãŋłæĺľ őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě L_2 (Ω).

Ŋăåőďï áőőâćěâáâćãîéĺě àěèěŋĺï ğăďăçĺ (11.48), ŕőńãçăěň áâőïçĺě ćőńŋë ćĺďă u_{nm} (x, y, t) = v_{nm} (x, y) T_{nm} (t) = = v_{nm} (x, y) (A_{nm} cos ω_{nm}t + B_{nm} sin ω_{nm}t) ,

čďě A_{nm}, B_{nm} — ŕàőĺğćőńìŋëě ŕőáâőïŋŋëě, ω_{nm} = ak_{nm}.

37Ă âăłęě ĺ ĺğ őąéěľ âěőàĺĺ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï.

Ŋăľďěň äőàňăńìŋőě àěèěŋĺě ĺáåőďŋőľ ğăďăçĺ ć ćĺďě ďćőľŋőčő àïďă ŕő ďăŋŋëň áâőïçĺň ćőńŋăň u (x, y, t) =^∞ ∑ n,m=1 u_{nm} (x, y, t) = =^∞ ∑ n,m=1 v_{nm} (x, y) T_{nm} (t) . Ĺňěěň ĺğ ŋăçăńìŋëå ãáńőćĺľ: u (x, y, 0) =^∞ ∑ n,m=1 v_{nm} (x, y) T_{nm} (0) =

=^∞ ∑ n,m=1 A_{nm}v_{nm} (x, y) = φ (x, y) ,

u^′_t (x, y, 0) =^∞ ∑ n,m=1 v_{nm} (x, y) Ṫ_{nm} (0) =

=^∞ ∑ n,m=1 ω_{nm}B_{nm}v_{nm} (x, y) = ψ (x, y) . Śńěďőćăâěńìŋő, A_{nm} = ⟨φ, v_{nm} (x, y)⟩ = ∫ ··· ∫ Ω φ (x, y) v_{nm} (x, y) dxdy, B_{nm} =^1_{ωnm} ⟨ψ, v_{nm} (x, y)⟩ =^1_{ωnm} ∫ ··· ∫ Ω ψ (x, y) v_{nm} (x, y) dxdy, ĺ ŋă íâőň ŕőáâàőěŋĺě äőàňăńìŋőčő àěèěŋĺï ğăłăŋçĺćăěâáï. Ŕőáńě ŕőďáâăŋőćłĺ ŋăľďěŋŋëå ğŋăçěŋĺľ łőíääĺæĺěŋâőć A_{nm}, B_{nm} ć àïď àěèěŋĺě ňőęŋő âăłęě ğăŕĺáăâì ć ĺŋâěčàăńìŋőľ äőàňě á ĺáŕőńìğőćăŋĺěň äãŋłæĺĺ Čàĺŋă. Ŋăłńăďëćăï őčàăŋĺçěŋĺï ŋă ŋăçăńìŋëě ãáńőćĺï φ, ψ, ňőęŋő ďőąĺâìáï ąëáâàőľ áåőďĺňőáâĺ ŕőńãçěŋŋőčő àïďă ĺ ćőğňőęŋőáâĺ ěčő ďćãłàăâŋőčő ďĺääěàěŋæĺàőćăŋĺï (áň. [10]). Ć íâőň áńãçăě áãňňă àïďă ïćńïěâáï łńăááĺçěáłĺň àěèěŋĺěň ğăďăçĺ.

Ŕàĺňěà 2. Łőńěąăŋĺï łàãčńőľ ňěňąàăŋë u^{′′}_{tt} = a^2Δu, (x, y) ∈ Ω, t > 0, u |_{∂Ω}= 0, t > 0, u (x, y, 0) = φ (x, y) , (x, y) ∈ Ω, u^′_t (x, y, 0) = ψ (x, y) , (x, y) ∈ Ω. Šěŕěàì Ω ≡ { (x, y) : x^2 + y^2 < r^2_0 } — łàãč àăďĺãáă r_0 á æěŋâàőň ć ŋăçăńě łőőàďĺŋăâ.

Şçĺâëćăï čěőňěâàĺî ğăďăçĺ, ŕěàěľďñň ć ŕőńïàŋãî áĺáâěňã łőőàďĺŋăâ u^{′′}_{tt} = a^2 (_1 ρ ∂ ∂ρ ( ρ^{∂u}_{∂ρ} ) +^1_{ρ2}^{∂2u}_{∂2 θ2} ) , 0 < ρ < r_0, θ ∈ R, t > 0, u (r_0, θ, t) = 0, θ ∈ R, t > 0, u (ρ, θ, 0) = φ (ρ, θ) , 0 < ρ < r_0, θ ∈ R, u^′_t (ρ, θ, 0) = ψ (ρ, θ) , 0 < ρ < r_0, θ ∈ R. Ďőŕőńŋĺâěńìŋëň ãáńőćĺěň ïćńïěâáï ãáńőćĺě őďŋőğŋăçŋőáâĺ àěèěŋĺï: u (ρ, θ + 2π, t) ≡ u (ρ, θ, t).

Řěèěŋĺě. Ćŋăçăńě őŕàěďěńïěň ćáě áâőïçĺě ćőńŋë, âő ěáâì ŋěâàĺćĺăńìŋëě àěèěŋĺï łàăěćőľ ğăďăçĺ { u^{′′}_{tt} = a^2 (_1 ρ ∂ ∂ρ ( ρ^{∂u}_{∂ρ} ) +^1_{ρ2}^{∂2u}_{∂2 θ2} ) , 0 < ρ < r_0, θ ∈ R, t > 0, u (r_0, θ, t) = 0, θ ∈ R, t > 0. á àăğďěńñŋŋëňĺ ŕàőáâàăŋáâćěŋŋëňĺ ĺ ćàěňěŋŋő́ľ ŕěàěňěŋŋőľ: u (ρ, θ, t) = v (ρ, θ) T (t). Řăğďěńïï őąëçŋëň áŕőáőąőň ŕěàěňěŋŋëě, ŕőńãçăěň áńěďãîéěě ãàăćŋěŋĺě ďńï “ćàěňěŋŋő́ľ” äãŋłæĺĺ T (t):

T̈ (t) + a^2λT = 0, (11.49)

ĺ áńěďãîéãî ğăďăçã Ÿâãàňă-Ńĺãćĺńńï ďńï “ŕàőáâàăŋáâćěŋŋőľ” äãŋłæĺĺ v (ρ, θ): L (v) = λv, v (ρ_0, θ) = 0, v (ρ, θ + 2π) = v (ρ, θ) , (11.50)

čďě L (v) ≡ −^1_ρ^∂_{∂ρ} ( ρ^{∂u}_{∂ρ} ) −^1_{ρ2}^{∂2u}_{∂2 θ2} .

Řěèěŋĺï ŕőáńěďŋěľ ğăďăçĺ ĺéěň őŕïâì ć ćĺďě äãŋłæĺľ á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ v (ρ, θ) = R (ρ) Θ (θ). Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőčő àěèěŋĺï ć (11.50) ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå ŕőńãçăěň âőęďěáâćő

ρ^2 ( (ρR^′)^′ ρR + λ ) ≡ − Θ^{′′} Θ = μ^2,

čďě μ — ŕőáâőïŋŋăï. Őâáîďă { Θ^{′′} + μ^2Θ = 0, Θ (θ + 2π) = Θ (θ) .

Őąéĺň àěèěŋĺěň ďăŋŋőčő ãàăćŋěŋĺï ïćńïěâáï

Θ_μ (θ) = D_{1μ} cos μθ + D_{2μ} sin μθ

(ŕàĺ μ = 0 ĺňěěň Θ_0 (θ) = D_{10} + D_{20}θ). Őçěćĺďŋő, őŋő ąãďěâ ĺňěâì áćőĺň ŕěàĺőďőň 2π âőčďă ĺ âőńìłő âőčďă, łőčďă μ = n = 0, 1, . . .. Ć ĺâőčě

Θ_n (θ) = D_{1n} cos nθ + D_{2n} sin nθ, n = 0, 1, . . . .

Ďńï ŋăåőęďěŋĺï äãŋłæĺĺ R (ρ) ŕőńãçăěň ŕàĺ łăęďőň äĺłáĺàőćăŋŋőň n áńěďãîéãî őďŋőňěàŋãî ğăďăçã Ÿâãàňă-Ńĺãćĺńńï: ŋăľâĺ çĺáńă λ, ďńï łőâőàëå áãéěáâćãěâ ŋěâàĺćĺăńìŋőě őčàăŋĺçěŋŋőě ŋă őâàěğłě [0, r_0] àěèěŋĺě łàăěćőľ ğăďăçĺ {

n^2 ρ R −^d_{dρ} ( ρ^{dR}_{dρ} ) = λρR, R (r_0) = 0.

(11.51)

Ĺğ őąéěľ âěőàĺĺ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï, àăğćĺâőľ ćëèě, ćëâěłăěâ áãéěáâćőćăŋĺě ąěáłőŋěçŋőčő, ŋě őčàăŋĺçěŋŋőčő áćěàåã ŋăąőàă áőąáâćěŋŋëå çĺáěń ďăŋŋőľ ğăďăçĺ:

0 < λ^{(n)}_1 < λ^{(n)}_2 < . . . < λ^{(n)}_m < . . .

Őâćěçăîéĺě ĺň ŋőàňĺàőćăŋŋëě áőąáâćěŋŋëě äãŋłæĺĺ

R^{(n)}_1 (ρ) , R^{(n)}_2 (ρ) , . . . , R^{(n)}_m (ρ) , . . .

őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě CL^{(ρ)}_2 áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

⟨φ_1 (ρ) , φ_2 (ρ)⟩ =

r_0∫

0 ρφ_1 (ρ) φ_2 (ρ) dρ.

Ś ďàãčőľ áâőàőŋë, ěáńĺ x = √ λρ, y (x) = R (ρ) , (11.52) âő dR dρ = √ λ dy dx , d^2R dρ^2 = λ d^2y dx^2 , ĺ ŕőâőňã, ďěńăï ć ãàăćŋěŋĺĺ ŕőďőąŋãî ğăňěŋã ŕěàěňěŋŋëå, ŕőńãçăěň ďńï y (x) áńěďãîéěě ãàăćŋěŋĺě Ąěááěńï n-čő ŕőàïďłă: y^{′′} + 1 x y^′ + ( 1 − n^2 x^2 ) y = 0.

Şàăćŋěŋĺï ĺ äãŋłæĺĺ Ąěááěńï.

Şàăćŋěŋĺě Ąěááěńï^{38} ŕőàïďłă ν ∈ C ďńï łőňŕńěłáŋőľ äãŋłæĺĺ y (x) łőňŕńěłáŋőčő ŕěàěňěŋŋőčő x ňőęěâ ąëâì ğăŕĺáăŋő ć őďŋőľ ĺğ áńěďãîéĺå ďćãå íłćĺćăńěŋâŋëå äőàň y^{′′} + 1 x y^′ + ( 1 − ν^2 x^2 ) y = 0, x^2y^{′′} + xy^′ + ( x^2 − ν^2 ) y = 0. Őďŋő ĺğ ěčő àěèěŋĺľ ŕàěďáâăćńïěâáï àïďőň

J_ν (x) = (x 2 )_ν^∞∑ k=0 (−1)^k k!Γ (ν + k + 1) (x 2 )_{2k}

ĺ ŋăğëćăěâáï æĺńĺŋďàĺçěáłőľ äãŋłæĺěľ 1-čő àőďă ν-čő ŕőàïďłă^{39}. Ć çăáâŋőáâĺ, J_0 (x) = 1 − (_x 2 )_2 + (_1 2! )_2 (_x 2 )_4 − (_1 3! )_2 (_x 2 )_6 + . . . , J_1 (x) = (_x 2 ) ( 1 −^1_{2!} (_x 2 )_2

+^1_{2!3!} (_x 2 )_4 − . . . ) . Őąéěě àěèěŋĺě ãàăćŋěŋĺï Ąěááěńï ğăŕĺáëćăěâáï ć ćĺďě

y (x) = C_1J_ν (x) + C_2Y_ν (x) ,

38Śŕàăćłă ĺğ ăŋăńĺâĺçěáłőľ âěőàĺĺ őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ. 39Ĺńĺ äãŋłæĺěľ Ąěááěńï 1-čő àőďă ν-čő ŕőàïďłă.

čďě Y_ν (x) — æĺńĺŋďàĺçěáłăï äãŋłæĺï 2-čő àőďă ν-čő ŕőàïďłă^{40}

Y_ν (x) =^2_π ( C + ln^x_2 ) J_ν (x) −^1_π^{ν−1} ∑ k=0 (ν−k−1)! k! (_2 x )_{ν−2k} − −^1_π^∞ ∑ k=0 (−1)^k (^x_2 )^{ν+2k} k!(ν+k)! [_{Γ′ (k+1)}

Γ(k+1) +

Γ^′(k+ν+1) Γ(k+ν+1) ] , C — ŕőáâőïŋŋăï İľńěàă-Ňăáłěàőŋĺ^{41}. Ğăňěâĺň, çâő äãŋłæĺĺ 2-čő àőďă ĺňěîâ ńőčăàĺäňĺçěáłĺě őáőąěŋŋőáâĺ ć ŋãńě ĺ, áńěďőćăâěńìŋő, ŋěőčàăŋĺçěŋë ć őłàěáâŋőáâĺ ďăŋŋőľ âőçłĺ.

Śćőľáâćă äãŋłæĺľ Ąěááěńï.

Čàăäĺłĺ J_0, J_1 Čàăäĺłĺ Y_0, Y_1

Śćőľáâćă äãŋłæĺľ Ąěááěńï åőàőèő ĺğãçěŋë. Őâňěâĺň ŋěłőâőàëě ĺğ ŋĺå^{42}.

ă) J_{−n} (x) = (−1)^n J_n (x) , n ∈ Z.

ą) Ŕàĺ ν /∈ Z äãŋłæĺĺ J_ν ĺ J_{−ν} ńĺŋěľŋő ŋěğăćĺáĺňë ĺ őąàăğãîâ äãŋďăňěŋâăńìŋãî áĺáâěňã àěèěŋĺľ ãàăćŋěŋĺï Ąěááěńï.

ć) J_{ν+1} (x) = −J_{ν−1} (x) +^{2ν}_x J_ν (x).

č) J^′_ν (x) = −^ν_x J_ν (x) + J_{ν−1} (x).

ď) (x^ν J_ν (x))^′ = x^ν J_{ν−1} (x) , (xJ_1 (x))^′ = xJ_0 (x) , J^′_0 (x) = −J_1 (x).

ě) (x^{−ν} J_ν (x))^′ = −x^ν J_{ν+1} (x).

ę) J_{n+1/2} (x) =

√_2 πx [ P_n (_1 x ) sin ( x −^{πn}_2 ) + Q_n (_1 x ) cos ( x −^{πn}_2 )] , čďě P_n (·) , Q_n (·)

— ĺğćěáâŋëě ňŋőčőçńěŋë áâěŕěŋĺ n, ć çăáâŋőáâĺ, J_{1/2} (x) =

√_2

πx sin x, J_{−1/2} (x) = √_2 πx cos x. 40Ąőńěě çăáâŋëě ŋăğćăŋĺï ďăŋŋëå äãŋłæĺľ - äãŋłæĺĺ Ąěááěńï, Ŋěľňăŋă ( N_ν ), Ćěąěàă ĺ â.ď.

41C = lim_{n→∞} (_n ∑ k=1 1 k − ln n ) ≃ 0.5772157

42Ŕàĺćőďĺňëě ŋĺęě áőőâŋőèěŋĺï ďńï äãŋłæĺľ Ąěááěńï ïćńïîâáï âőęďěáâćăňĺ ć áőőâćěâáâćãîéĺå őąńăáâïå őŕàěďěńěŋĺï.

ğ) Ăáĺňŕâőâĺçěáłĺě ćëàăęěŋĺï ďńï äãŋłæĺľ Ąěááěńï:

1. ŕàĺ x → +∞

J_ν (x) =

√_2 πx cos ( x −^{πν}_2 −^π_4 ) + O (_1 x^{3/2} ) , Y_ν (x) =

√_2 πx sin ( x −^{πν}_2 −^π_4 ) + O (_1 x^{3/2} ) ; 2. ŕàĺ x → +0, ν > 0

J_ν (x) ∼^1_{ν!} (_x 2 )_ν , Y_0 (x) ∼^2_π ( ln^x_2 + C ) , Y_ν (x) ∼^{(ν−1)!}_π

(_2 x )_ν . ĺ) Ŕàĺąńĺęñŋŋëě ğŋăçěŋĺï łőàŋěľ ŋěłőâőàëå äãŋłæĺľ Ąěááěńï:

J_0 :

μ^{(0)}_1 ≃ 2.4 μ^{(0)}_2 ≃ 5.5 μ^{(0)}_3 ≃ 8.7 . . . μ^{(0)}_k ∼^{3π}_4 + πk, k → ∞

J_ν : μ^{(ν)}_k ∼ 3π 4 + πν 2 + πk, k → ∞. ł) Ŋěłőâőàëě ďàãčĺě æĺńĺŋďàĺçěáłĺě äãŋłæĺĺ

1. Ťãŋłæĺĺ Ţăŋłěńï

H^{(1)}_ν (x) = J_ν (x) + iY_ν (x) , H^{(2)}_ν (x) = J_ν (x) − iY_ν (x) .

2. Ťãŋłæĺĺ Ąěááěńï ňŋĺňőčő ăàčãňěŋâă

I_ν (x) = exp ( −^{πνi}_2 ) J_ν (ix) , K_ν (x) =^{πi}_2 exp (_{πνi} 2 ) H^{(1)}_ν (x)

Ďăŋŋëě äãŋłæĺĺ őąàăğãîâ äãŋďăňěŋâăńìŋãî áĺáâěňã àěèěŋĺľ ãàăćŋěŋĺï y^{′′} + 1 x y^′ − ( 1 + ν^2 x^2 ) y = 0.

Ćěàŋñňáï ł ğăďăçě ő łőńěąăŋĺïå łàãčńőľ ňěňąàăŋë. Ŕőáńě ććěďěŋĺï ŋőćëå ŕěàěňěŋŋëå (11.52) ğăďăçă (11.51) ŕàĺőąàěâăěâ ćĺď

y^{′′} +^1_x y^′ + ( 1 −^{n2}_{x2} ) y = 0, y (√ λr_0 ) = 0.

Őąéěě àěèěŋĺě ãàăćŋěŋĺï Ąěááěńï, łăł íâő áńěďãěâ ĺğ ŕàĺćěďñŋŋőľ ćëèě áŕàăćłĺ, ĺňěěâ ćĺď y (x) = C_1J_n (x) + C_2Y_n (x) .

Ŕőáâőïŋŋãî C_2 áńěďãěâ ŕőńőęĺâì àăćŋőľ 0, ĺŋăçě àěèěŋĺě ąãďěâ ŋěőčàăŋĺçěŋő ć őłàěáâŋőáâĺ âőçłĺ x = 0. Śńěďőćăâěńìŋő C_1 ≠ 0, ĺŋăçě àěèěŋĺě ąãďěâ âàĺćĺăńìŋëň.

Ŕőďáâăŋőćłă àěèěŋĺï ć čàăŋĺçŋőě ãáńőćĺě ŕàĺćőďĺâ âőčďă ł áńěďãîéěňã åăàăłâěàĺáâĺçěáłőňã ãàăćŋěŋĺî J_n (√ λr_0 ) = 0 ďńï ŋăåőęďěŋĺï áőąáâćěŋŋëå çĺáěń ğăďăçĺ (11.51). Ğŋăçĺâ, √ λr_0 = μ^{(n)}_m , m = 1, 2, . . . ⇒ λ^{(n)}_m = (_{μ(n)m} r_0

)_2 . Śăňĺ àěèěŋĺï ğăďăçĺ ćëàăęăîâáï çěàěğ äãŋłæĺĺ Ąěááěńï ŕěàćőčő àőďă:

R^{(n)}m (ρ) = y (x) = C_1J_n (x) = = C_1J_n (√ λ^{(n)}_m ρ ) = C_1J_n (_{μ(n)m ρ} r_0 ) . Ŕőáâőïŋŋãî C_1 ćëąěàěň ĺğ ãáńőćĺï ŋőàňĺàőćłĺ^{43}: 1 = ‖ ‖ ‖R^{(n)}m ‖ ‖ ‖^2 =

r_0∫ 0 ρ ( R^{(n)}m (ρ)

)_2

dρ = C^2_1

r_0∫ 0 ρJ^2_n (_{μ(n)m ρ} r_0 ) dρ = = C^2_1^{r20}_2 J^{′2}_n ( μ^{(n)}_m ) . Őâáîďă C_1 =^{√2}

r_0J^′_n ( μ^{(n)}_m ) , R^{(n)}_m (ρ) =^{√2}_{J ′n}^(_{μ(n)m}^)_{r0} J_n (_{μ(n)m ρ} r_0 ) . Šěŕěàì ňë ňőęěň ćëŕĺáăâì àěèěŋĺï ğăďăçĺ (11.50):

v_{nm} (ρ, θ) = R^{(n)}_m (ρ) Θ_n (θ) = R^{(n)}_m (ρ) {D_{1n} cos nθ + D_{2n} sin nθ} . (11.53)

Ćëąěàěň ĺğ ňŋőęěáâćă äãŋłæĺľ (11.53) őàâőŋőàňĺàőćăŋŋëľ ŋăąőà {v_{nm}} = {v̄_{nm}} ∪ {ṽ_{nm}}, áőáâőïéĺľ ĺğ áńěďãîéĺå äãŋłæĺľ

v̄_{nm} (ρ, θ) = R^{(n)}_m (ρ)^{cos nθ√}_π , v̄_{0m} (ρ, θ) = R^{(0)}_m (ρ)^{1√}_{2π} , ṽ_{nm} (ρ, θ) = R^{(n)}m (ρ)^{sin nθ√}_π , n = 1, 2, . . . . Łăł ŋěâàãďŋő ŕàőćěàĺâì, ⟨v̄_{nm}, ṽ_{n1m1} ⟩ ≡ r_0∫ 0 dρ 2π∫ 0 dθ ρv̄_{nm} (ρ, θ) ṽ_{n1 m1} (ρ, θ) = 0, ⟨v̄_{nm}, v̄_{n1 m1} ⟩ = δ_{nn1} δ_{mm1} , ⟨ṽ_{nm}, ṽ_{n1m1} ⟩ = δ_{nn1} δ_{mm1} . Śńěďãîéěě ãâćěàęďěŋĺě ő ŕőńŋőâě ďăŋŋőľ áĺáâěňë äãŋłæĺľ ć áőőâćěâáâćãîéěň ěćłńĺďőćőň ŕàőáâàăŋáâćě ŕàĺňěň ąěğ ďőłăğăâěńìáâćă.

43Ĺŋâěčàăń âőçŋő ćëçĺáńïěâáï á ĺáŕőńìğőćăŋĺěň ćëèěŕàĺćěďñŋŋëå áćőľáâć äãŋłæĺľ Ąěááěńï.

Šěőàěňă. Ćáïłăï ŋěŕàěàëćŋăï äãŋłæĺï F (ρ, θ) ňőęěâ ąëâì àăğńőęěŋă ć áàěďŋě-łćăďàăâĺçěáłĺ áåőďïéĺľáï àïď ŕő őàâőŋőàňĺàőćăŋŋőľ áĺáâěňě äãŋł- æĺľ {v_{nm}}: F (ρ, θ) = ∞∑ n,m ( Ā_{nm}v̄_{nm} (ρ, θ) + Ã_{nm}ṽ_{nm} (ρ, θ) ) , čďě Ā_{nm} = ⟨F, v̄_{nm}⟩ = = √_2 π 1 r_0J^′_n ( μ^{(n)}_m ) r_0∫ 0 ρdρ 2π∫ 0 J_n (_{μ(n)m ρ} r_0 ) cos (nθ) F (ρ, θ) dθ, Ã_{nm} = ⟨F, ṽ_{nm}⟩ . Ŕőáńě ŋăåőęďěŋĺï ĺğ (11.49) “ćàěňěŋŋë́å” äãŋłæĺľ, áőőâćěâáâćãîéĺå ŋăľďěŋŋëň ğŋăçěŋĺïň λ^{(n)}_m

T_{nm} (t) = α_{nm} cos ω_{nm}t + β_{nm} sin ω_{nm}t,

čďě ω_{nm} = a √ λ^{(n)}_m =^{aμ(n)m}_{r0} — áőąáâćěŋŋëě çăáâőâë łőńěąăŋĺľ áâőïçĺå ćőńŋ, ŋăåőďĺň, ŋăłőŋěæ, ĺ áăňĺ áâőïçĺě ćőńŋë: u_{nm} (ρ, θ, t) = ( ᾱ_{nm} cos ω_{nm}t + β̄_{nm} sin ω_{nm}t ) v̄_{nm} (ρ, θ) + + ( α̃_{nm} cos ω_{nm}t + β̃_{nm} sin ω_{nm}t ) ṽ_{nm} (ρ, θ) . Řěèěŋĺě ćáěľ ğăďăçĺ ĺéěň ć ćĺďě àïďă ŕő ŋăľďěŋŋëň áâőïçĺň ćőńŋăň u (ρ, θ, t) = ∑ n,m u_{nm} (ρ, θ, t) . Ŋěĺğćěáâŋëě ŕőáâőïŋŋëě őŕàěďěńïěň ĺğ ŋăçăńìŋëå ãáńőćĺľ: u (ρ, θ, 0) = ∑ n,m u_{nm} (ρ, θ, 0) = = ∑ n,m ᾱ_{nm}v̄_{nm} (ρ, θ) + α̃_{nm}ṽ_{nm} (ρ, θ) = φ (ρ, θ) , u^′_t (ρ, θ, 0) = ∑ n,m (u_{nm})^′_t (ρ, θ, 0) = = ∑ n,m ω_{nm} ( β̄_{nm}v̄_{nm} (ρ, θ) + β̃_{nm}ṽ_{nm} (ρ, θ) ) = ψ (ρ, θ) . Őâáîďă ᾱ_{nm} = ⟨φ, v̄_{nm}⟩ , α̃_{nm} = ⟨φ, ṽ_{nm}⟩ , β̄_{nm} =^1_{ωnm} ⟨ψ, v̄_{nm}⟩ , β̃_{nm} =^1_{ωnm} ⟨ψ, ṽ_{nm}⟩ . ĺ äőàňăńìŋőě àěèěŋĺě ğăďăçĺ ŕőáâàőěŋő.

11.2 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ ŕăàăąőńĺçěáłőčő âĺŕă

11.2.1 Ťĺğĺçěáłĺě ğăďăçĺ, ŕàĺćőďïéĺě ł ãàăćŋěŋĺïň ŕăàăąőńĺçěáłőčő âĺŕă

• Šěŕńőŕàőćőďŋőáâì.

Řăááňőâàĺň âàñåňěàŋãî áàěďã. Ś âőçłĺ ğàěŋĺï ěñ âěŕńőłőŋďěŋáĺàãîéĺå áćőľáâć őŋă åăàăłâěàĺğãěâáï ãďěńìŋőľ âěŕńőñňłőáâìî c (r) ĺ ŕńőâŋőáâìî àăáŕàěďěńěŋĺï ňăááë ρ (r). Šěŕńő, łőâőàőě ãďěàęĺćăěâ ć áěąě ąěáłőŋěçŋő-ňăńëľ őąêñň dv, őłàãęăîéĺľ âőçłã r ŕàĺ ăąáőńîâŋőľ âěňŕěàăâãàě T (r), dQ = c (r) ρ (r) T dv. Šěŕńőŕàőćőďïéĺě áćőľáâćă áàěďë åăàăłâěàĺğãîâáï łőíääĺæĺěŋâőň âěŕńőŕàőćőďŋőáâĺ k (r). Šěŕńőćëě ŕőâőłĺ ć áàěďě ŕàőĺáåőďïâ ć áőőâćěâáâćĺĺ á ğăłőŋőň Ťãàìě q = −k (r) ∇T, čďě q - ŕńőâŋőáâì ŕőâőłă âěŕńă. Łőńĺçěáâćő âěŕńă dQ, ŕàőèěďèěě ŋă ĺŋâěàćăńě

ćàěňěŋĺ (t, t + dt) çěàěğ ąěáłőŋěçŋő-ňăńãî ŕńőéăďłã dS ć ŋăŕàăćńěŋĺĺ ćěłâőàă ŋőàňăńĺ ł ŋěľ n ŋăåőďĺâáï ŕő äőàňãńě dQ = ⟨q, n⟩ dtdS. Ĺáŕőńìğãï ććěďñŋŋëě åăàăłâěàĺáâĺłĺ, áőáâăćĺň ãàăćŋěŋĺě ąăńăŋáă âěŕńă ŋă ĺŋâěàćăńě ćàěňěŋĺ (t, t + △t) (ğăłőŋ áőåàăŋěŋĺï íŋěàčĺĺ) ć ŕàőĺğćőńìŋőň łőŋěçŋőň őąêñňě Ω ŕàőáâàăŋáâćă c čńăďłőľ čàăŋĺæěľ ∂Ω ĺ ćěłâőàőň ćŋěèŋěľ ŋőàňăńĺ ł

ŋěľ n. Ĺňěěň, ŕàĺňěŋïï âěőàěňã Őáâàőčàăďáłőčő-Čăãááă, △Q = Q (t + △t) − Q (t) = ∫∫∫ Ω ρc (T (t + △t) − T (t)) dv = = ∫∫∫ Ω f (r) dv △t − ∫∫ ∂Ω ⟨q, n⟩ dS △t = = ∫∫∫ Ω (f − div q) dv △t = ∫∫∫ Ω (f + div k∇T ) dv △t. Ŕőáńě ďěńěŋĺï ŋă △t ĺ ŕěàěåőďă ł ŕàěďěńã ŕàĺ △t → 0 ŕőńãçăěň ∫ ∫∫ Ω ( ρc ∂T ∂t − div k∇T − f ) dv = 0.

Őâáîďă, ãçĺâëćăï ŕàőĺğćőńìŋőáâì őąńăáâĺ Ω, ŕőńãçăěň áńěďãîéěě ŕăàăąőńĺçěáłőě ãàăćŋěŋĺě ć çăáâŋëå ŕàőĺğćőďŋëå — ãàăćŋěŋĺě âěŕńőŕàőćőďŋőáâĺ, őŕĺáëćăîéěě ĺğňěŋěŋĺě âěňŕěàăâãàë T , łăł äãŋłæĺĺ (r,t): ρc ∂T ∂t = div k∇T + f (r,t) . Ğďěáì f (r, t) — ŕńőâŋőáâì ćŋãâàěŋŋĺå ĺáâőçŋĺłőć âěŕńă, àăáŕàěďěńñŋŋëå ć áàěďě. Ć őďŋőàőďŋőľ áàěďě, čďě äãŋłæĺĺ k, c, ρ ŕőáâőïŋŋë, ãàăćŋěŋĺě âěŕńőŕàőćőďŋőáâĺ ŕàĺŋĺňăěâ áćőľ ŕàőáâěľèĺľ ćĺď ∂T ∂t = a^2ΔT + f̃ (r,t) , čďě a^2 ≡ k/cρ, f̃ ≡ f/ρc. • Ďĺääãğĺï.

Ŕàőæěáá ďĺääãğĺĺ áâőàőŋŋěčő ćěéěáâćă, ŕőňěéñŋŋőčő ć ŋěŕàěàëćŋãî áàěďã ŕàőĺáåőďĺâ ŕő ğăłőŋã Ŋěàŋáâă: W = −D (r) ∇u.

Ğďěáì D — łőíääĺæĺěŋâ ďĺääãğĺĺ, W — ŕńőâŋőáâì ďĺääãğĺőŋŋőčő ŕőâőłă (ňăááă ćěéěáâćă, ŕàőâěłăîéěčő ć ěďĺŋĺæã ćàěňěŋĺ çěàěğ ěďĺŋĺçŋãî őàâőčőŋăńìŋãî ŕńőéăďłã), u — łőŋæěŋâàăæĺï ćěéěáâćă (u dv = dm — ňăááă ćěéěáâćă ć ąěáłőŋěçŋőňăńőň őąêěňě ŕàőáâàăŋáâćă dv). Śőáâăćńïï ãàăćŋěŋĺě ąăńăŋáă ćěéěáâćă (ğăłőŋ áőåàăŋěŋĺï ňăááë) ć ŕàőĺğćőńìŋőň őąêěňě ŕàőáâàăŋáâćă, ŕőńãçăěň, łăł ĺ ć áńãçăě ğăďăçĺ ő àăáŕàőáâàăŋěŋĺĺ âěŕńă, áńěďãîéěě ãàăćŋěŋĺě ŕăàăąőńĺçěáłőčő âĺŕă

(ďĺääãğĺőŋŋőě ãàăćŋěŋĺě) ďńï äãŋłæĺĺ łőŋæěŋâàăæĺĺ u (r,t): ∂u ∂t = div D∇u + f (r, t) ,

čďě f (r, t) — ŕńőâŋőáâì ĺáâőçŋĺłőć áâőàőŋŋěčő ćěéěáâćă.

• Ďĺääãğĺőŋŋëě ŕàĺąńĺęěŋĺï ć íńěłâàőďĺŋăňĺłě, âěőàĺĺ ŕěàěŋőáă, ăłãáâĺłě.

• Şàăćŋěŋĺě Łőńňőčőàőćă-Ťőłłěàă-Ŕńăŋłă ć âěőàĺĺ ňăàłőćáłĺå áńãçăľŋëå ŕàőæěááőć.

Őáŋőćŋőě ãàăćŋěŋĺě âěőàĺĺ ňăàłőćáłĺå ŕàőæěááőć (ŕàőæěááőć ąěğ ŕőáńěďěľáâćĺï) — ŕăàăąőńĺçěáłőě ãàăćŋěŋĺě Łőńňőčőàőćă ďńï ŕěàěåőďŋőľ ŕńőâŋőáâĺ ćěàőïâŋőáâěľ p (t, x, y) ∂p ∂t = 1 2 ∑ i,j ∂^2 ∂y^i∂y^j ( a^{ij} (y) p ) − ∑ i ∂ ∂y^i ( b^i (y) p ) .

11.2.2 Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăç ďńï ãàăćŋěŋĺľ ŕăàăąőńĺçěáłőčő âĺŕă

Őáŋőćŋëě âĺŕë ğăďăç ďńï ãàăćŋěŋĺľ ŕăàăąőńĺçěáłőčő âĺŕă (u = u (x, t)):

• Ğăďăçă Łőèĺ — t > 0, x ∈ R^n —

ĺéěâáï àěèěŋĺě, ãďőćńěâćőàïîéěě ğăďăŋŋőňã ŋăçăńìŋőňã ãáńőćĺî u (x, 0) = φ (x). Čàăŋĺçŋëě ãáńőćĺï őâáãâáâćãîâ.

• Śňěèăŋŋëě ğăďăçĺ: t > 0, x ∈ Ω ⊂ R^n, u (x, 0) = φ (x)

• Ŕěàćőčő àőďă (Ďĺàĺåńě) —

– ğŋăçěŋĺě äãŋłæĺĺ ŋă čàăŋĺæě ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ ∂Ω ğăďăŋő — u|_{∂Ω} = ψ (x, t) – Ćâőàőčő àőďă (Ŋěľňăŋă) —

ŋă čàăŋĺæě ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ ğăďăŋő ğŋăçěŋĺě ŋőàňăńìŋőľ ŕàőĺğćőďŋőľ —^{∂u}_{∂n} | |_{∂Ω} = ψ (x, t)

• Šàěâìěčő àőďă —

– ŋă čàăŋĺæě ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ ğăďăŋő ńĺŋěľŋőě áőőâŋőèěŋĺě, áćïğëćăîéěě ňěęďã áőąőľ äãŋłæĺî ĺ ěñ ŋőàňăńìŋãî ŕàőĺğćőďŋãî αu + β^{∂u}_{∂n} | ∂Ω = ψ (x, t).

Ŕőďőąŋëě ŋăçăńìŋő-łàăěćëě ğăďăçĺ ćőğŋĺłăîâ ĺğ ŕőâàěąŋőáâěľ ŕàăłâĺłĺ. Řăááňőâàĺň, ŋăŕàĺňěà, âěŕńőâěåŋĺçěáłãî ĺŋâěàŕàěâăæĺî ŕěàěçĺáńěŋŋëå ćëèě ğăďăç. Ğăďăçă Łőèĺ ćőğŋĺłăěâ ŕàĺ őŕàěďěńěŋĺĺ âěňŕěàăâãàë ćő ćáěň ŕàőáâàăŋáâćě, ŕàĺ ĺğćěáâŋőľ ŋăçăńìŋőľ âěňŕěàăâãàě ĺ ĺğćěáâŋëå âěŕńőćëå ĺáâőçŋĺłăå, àăáŕàěďěńěŋŋëå ć ŕàőáâàăŋáâćě. Ğăďăçă Ďĺàĺåńě — íâő ğăďăçă ő àăáŕàěďěńěŋĺĺ âěňŕěàăâãàë ć őčàăŋĺçěŋŋőľ őąńăáâĺ, ŕàĺ ĺğćěáâŋőľ ŋăçăńìŋőľ âěňŕěàăâãàě ĺ âěňŕěàăâãàě čàăŋĺçŋëå âőçěł. Ğăďăçě Ŋěľňăŋă áőőâćěâáâćãěâ ğăďăçă őŕàěďěńěŋĺï àăáŕàěďěńěŋĺï âěňŕěàăâãàë ŕàĺ ĺğćěáâŋëå âěŕńőćëå ŕőâőłăå ŋă čàăŋĺæě őąńăáâĺ. Ć ğăďăçě âàěâìěčő àőďă ŋă čàăŋĺæě őąńăáâĺ ŕàőĺáåőďĺâ âěŕńőőąňěŋ á őłàãęăîéěľ áàěďőľ ŕő ğăłőŋã Ŋìîâőŋă44.

Őąáãďĺň łőààěłâŋőáâì ŕőáâăŋőćłĺ őáŋőćŋëå ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ ďńï ŕàőáâěľèěčő ãàăćŋěŋĺï ŕăàăąőńĺçěáłőčő âĺŕă — őďŋőàőďŋőčő ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ

u^′_t = a^2Δu, u = u (x, y, z, t) , (x, y, z) ∈ Ω ⊂ R^3, t > 0. Ğďěáì Ω — őčàăŋĺçěŋŋăï (diam Ω < ∞) őąńăáâì ć âàñåňěàŋőň ŕàőáâàăŋáâćě á čàăŋĺæěľ ∂Ω. Őąőğŋăçĺň Q_T ≡ Ω × (0, T ) — æĺńĺŋďà ć çěâëàñåňěàŋőň ŕàőáâàăŋáâćě. Ŕãáâì Γ_1 ≡ Ω × {T } — ěčő ćěàåŋěě őáŋőćăŋĺě, Γ ≡ ∂Q_T \ Γ_1 ≡ Ω × {0} ∪ ∂Ω × [0, T ] — őáâăćèăïáï çăáâì ěčő ŕőńŋőľ čàăŋĺæë ∂Q_T — ąőłőćăï ŕőćěàåŋőáâì ćňěáâě á ŋĺęŋĺň őáŋőćăŋĺěň:

Šěőàěňă (ő ňăłáĺňãňě ĺ ňĺŋĺňãňě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ). Ťãŋłæĺï u (x, y, z, t), ãďőćńěâćőàïîéăï ć Q_T őďŋőàőďŋőňã ãàăćŋěŋĺî âěŕńőŕàőćőďŋőáâĺ ĺ ŋěŕàěàëćŋăï ć ğăňëłăŋĺĺ Q_T , ďőáâĺčăěâ áćőĺå ňĺŋĺňăńìŋőčő ĺ ňăłáĺňăńìŋőčő ğŋăçěŋĺľ ć Q_T ŋă čàăŋĺæě Γ, âő ěáâì ńĺąő ć ŋăçăńìŋëľ ňőňěŋâ ćàěňěŋĺ, ńĺąő ć čàăŋĺçŋëå âőçłăå őąńăáâĺ Ω.

Ďőłăğăâěńìáâćő. Ŕãáâì^{45}

M ≡ max_{QT} u = u (x_0, y_0, z_0, t_0) , m ≡ max_Γ u.

Šăł łăł Γ ⊂ Q_T , âő m ≤ M. Ŕőłăęěň, çâő ğďěáì ć ďěľáâćĺâěńìŋőáâĺ ĺňěěâ ňěáâő àăćěŋáâćő, â.ě. m = M.

Ŕàěďŕőńőęĺň, çâő m < M. Ŕőáâàőĺň ćáŕőňőčăâěńìŋãî äãŋłæĺî v (x, y, z, t) ≡ u (x, y, z, t) + +^{(M−m)}_{6d2} [ (x − x_0)^2 + (y − y_0)^2 + (z − z_0)^2 ] , čďě d ≡ diam (Ω). Ŋă čàăŋĺæě Γ ĺňěěň v ≤ m + M − m 6d^2 d^2 = 5m + M 6 < M. Šăł łăł v (x_0, y_0, z_0, t_0) = u (x_0, y_0, z_0, t_0) = M,

44Ŕńőâŋőáâì ŋőàňăńìŋőčő ŕőâőłă âěŕńă, ŕàőĺáâěłăîéěčő ĺğ áàěďë á âěňŕěàăâãàőľ u_1 ć áàěďã á âěňŕěàăâãàőľ u_2 çěàěğ àăğďěńïîéãî ĺå čàăŋĺæã

q_{12} = h (u_1 − u_2) ,

čďě h - łőíääĺæĺěŋâ âěŕńőőąňěŋă.

45Ŕőáłőńìłã ňŋőęěáâćă Q_T , Γ ïćńïîâáï łőňŕăłâăňĺ (őčàăŋĺçěŋŋëňĺ ğăňłŋãâëňĺ ňŋőęěáâćăňĺ ć âàñåňěàŋőň ŕàőáâàăŋáâćě), âő ŋěŕàěàëćŋăï äãŋłæĺï u (·) ďőáâĺčăěâ ŋă ŋĺå áćőĺå íłáâàěňăńìŋëå ğŋăçěŋĺľ (âěőàěňă Ćěľěàèâàăááă).

âő ŋěŕàěàëćŋăï ć łőňŕăłâě Q_T äãŋłæĺï v (·) ďőáâĺčăěâ áćőěčő ňăłáĺňăńìŋőčő ŋă Q_T ğŋăçěŋĺï ć ŋěłőâőàőľ âőçłě (x_1, y_1, z_1, t_1) ∈ Q_T \ Γ = Q_T ∪ Γ_1. Ć íâőľ âőçłě ĺňěěň v^′_t − a^2△v =u^′_t − a^2△u =0 −a^2 M − m d^2 < 0.

Ś ďàãčőľ áâőàőŋë, ć íâőľ âőçłě łăł ć âőçłě íłáâàěňãňă v^′_t = 0, (x_1, y_1, z_1, t_1) ∈ Q_T v^′_t ≥ 0, (x_1, y_1, z_1, t_1) ∈ Γ_1

(ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ŕěàćőčő ŕőàïďłă ďńï ćŋãâàěŋŋěľ ĺ čàăŋĺçŋőľ âőçěł, áőőâćěâáâćěŋŋő), ă âăłęě v^{′′}_{xx} ≤ 0, v^{′′}_{yy} ≤ 0, v^{′′}_{zz} ≤ 0 ⇒ △v ≤ 0 (ŋěőąåőďĺňëě ãáńőćĺï íłáâàěňãňă ćâőàőčő ŕőàïďłă).

Ŕőíâőňã v^′_t − a^2△v ≥ 0. Ŕőńãçěŋŋőě ŕàőâĺćőàěçĺě ŕőłăğëćăěâ, çâő áńãçăľ m < M ŋěćőğňőęěŋ, áńěďőćăâěńìŋő, m = M, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Śńěďáâćĺï.

1. Řěèěŋĺě ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ěďĺŋáâćěŋŋő.

Ďőłăğăâěńìáâćő. Ďńï àăğŋőáâĺ ćőğňőęŋëå ďćãå àěèěŋĺľ u ≡ u_1−u_2 ĺňěěň u |_Γ≡ 0. Ŕőíâőňã max_{QT} u = min_{QT} u = 0,

çâő ĺ âàěąőćăńőáì ďőłăğăâì.

2. Ŕãáâì u_{1,2} — àěèěŋĺï ğăďăç Ďĺàĺåńě

u^′_t = a^2Δu + f (r,t) u (r,t)|_Γ = ψ_{1,2} (r,t) u (r,0) = φ_{1,2} (r) Šőčďă { φ_1 (r) ≤ φ_2 (r) , r ∈Ω ψ_1 (r,t) ≤ ψ_2 (r, t) , (r, t) ∈ ∂Ω × [0, T ] } ⇒ ⇒ u_1 ≤ u_2ć Q_T .

Ďőłăğăâěńìáâćő. Ĺňěěň ďńï àăğŋőáâĺ u ≡ u_1 − u_2 ŕő ďőłăğăŋŋőľ âěőàěňě u ≤ max_{QT} u = max_Γ u ≤ 0,

âăł łăł ŋă Γ ãłăğăŋŋőě ŋěàăćěŋáâćő ćëŕőńŋěŋő ŕő ãáńőćĺî.

3. Ŕãáâì u_{0,1,2} — àěèěŋĺï ğăďăç Ďĺàĺåńě

u^′_t = a^2Δu u (r,t)|_Γ = ψ_{0,1,2} (r,t) u (r,0) = φ_{0,1,2} (r)

Šőčďă { φ_1 (r) ≤ φ_0 (r) ≤ φ_2 (r) , r ∈Ω ψ_1 (r,t) ≤ ψ_0 (r, t) ≤ ψ_2 (r, t) , (r, t) ∈ ∂Ω × [0, T ] } ⇒

⇒ u_1 ≤ u_0 ≤ u_2ć Q_T .

Ďőłăğăâěńìáâćő. Ŋěŕőáàěďáâćěŋŋő ćëâěłăěâ ĺğ ŕàěďëďãéěčő.

4. Ŕãáâì u_{1,2} — àěèěŋĺï ğăďăç Ďĺàĺåńě

u^′_t = a^2Δu u (r,t)|_Γ = ψ_{1,2} (r,t) u (r,0) = φ_{1,2} (r)

Šőčďă ŕàĺ ńîąőň ŕőńőęĺâěńìŋőň ε { |φ_1 (r) − φ_2 (r)| ≤ ε, r ∈Ω |ψ_1 (r,t) − ψ_2 (r, t)| ≤ ε, (r, t) ∈ ∂Ω × [0, T ] } ⇒

⇒ |u_1 − u_2| ≤ εć Q_T . Ďőłăğăâěńìáâćő. Ŋěŕőáàěďáâćěŋŋő ćëâěłăěâ ĺğ ŕàěďëďãéěčő.

Ĺğ ŕàĺćěďñŋŋëå ãâćěàęďěŋĺľ áńěďãěâ łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ć áőőâćěâáâćãîéĺå àăćŋőňěàŋëå ŋőàňăå őæěŋłĺ àěèěŋĺľ. Ďőłăğăâěńìáâćő łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ŕěàćőľ łàăěćőľ ğăďăçĺ ć áńãçăě ŋěőčàăŋĺçěŋŋőľ ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ, ă âăłęě — łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ďàãčĺå áňěèăŋŋëå ğăďăç, âàěąãěâ ąőńěě áńőęŋëå ŕőáâàőěŋĺľ.

Ŕěàěçĺáńĺň őáŋőćŋëě ňěâőďë, łőâőàëě ŕàĺňěŋïîâáï ŕàĺ àěèěŋĺĺ àăğŋőőąàăğŋëå ğăďăç ňăâěňăâĺçěáłőľ äĺğĺłĺ, áćïğăŋŋëå á ãàăćŋěŋĺïňĺ ŕăàăąőńĺçěáłőčő âĺŕă:

• Ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ;

• Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě;

• Ňěâőď äãŋďăňěŋâăńìŋëå àěèěŋĺľ;

• Śŕěæĺăńìŋëě ňěâőďë (ňěâőď ŕőďőąĺï, ăáĺňŕâőâĺçěáłĺě ňěâőďë ĺ ďà.).

11.2.3 Ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ

Řěèěŋĺě ğăďăçĺ Łőèĺ ňěâőďőň ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ŕő ŕàőáâàăŋáâćěŋŋëň ŕěàěňěŋŋëň.

Řăááňőâàĺň ğăďăçã Łőèĺ ďńï őďŋőàőďŋőčő ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ć âàñåňěàŋőň ŕàőáâàăŋáâćě { u^′_t = a^2△u, r ∈ R^3, t > 0 u (r,0) = φ (r) , r ∈ R^3. (11.54)

Ďńï ěñ àěèěŋĺï ŕàĺňěŋĺň ĺŋâěčàăńìŋőě ŕàěőąàăğőćăŋĺě Ťãàìě ŕő ŕàő-

áâàăŋáâćěŋŋőľ ŕěàěňěŋŋőľ r: F ≡^{(r)}F . Ŕàĺňěŋïï íâő ŕàěőąàăğőćăŋĺě ł ŕàăćëň ĺ ńěćëň çăáâïň âőęďěáâć (11.54), ŕőńãçĺň á ãçñâőň ěčő áćőľáâć { F (u^′_t) = F ( a^2△u ) , F (u (r,0)) = F (φ (r)) , ⇔ {_d dtū = −a^2k^2ū, ū (k,0) = φ̄ (k) ,

(11.55) čďě φ̄ (k) ≡ F (φ (r)) = ∫∫∫ R^3

φ (r) exp (−i ⟨k, r⟩) dr, ū (k,t) ≡ F (u (r,t)) , k^2 ≡ ⟨k, k⟩ . Řěèĺć (ŕàĺ äĺłáĺàőćăŋŋőň ğŋăçěŋĺĺ ćěłâőàă k) ğăďăçã Łőèĺ (11.55) ďńï őąëłŋőćěŋŋőčő ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă, ŋăåőďĺň őąàăğ àěèěŋĺï ŕàĺ äĺłáĺàőćăŋŋőň t

ū (k,t) = φ̄ (k) exp ( −a^2k^2t ) . Őáâăñâáï őąàăâŋëň ŕàěőąàăğőćăŋĺěň ćőááâăŋőćĺâì áăňő àěèěŋĺě ŕő ěčő Ťãàìě-őąàăğã:

u (r,t) = F^{−1} (ū (k,t)) =

(_1 2π )_3 ∫∫∫ R^3

ū (k,t) exp (i ⟨k, r⟩) dk = = (_1 2π )_3 ∫∫∫ R^3

φ̄ (k) exp ( i ⟨k, r⟩ − a^2k^2t ) dk = = (_1 2π )_3 ∫∫∫ R^3 dk ∫∫∫ R^3 φ (ξ) exp (−i ⟨k, ξ⟩) dξ exp ( i ⟨k, r⟩ − a^2k^2t ) = = ∫∫∫ R^3 φ (ξ) ( (_1 2π )_3 ∫∫∫ R^3 exp ( i ⟨k, r − ξ⟩ − a^2k^2t ) dk ) dξ ≡ ≡ ∫∫∫ R^3 G (r |t| ξ) φ (ξ) dξ,

(11.56)

čďě G (r |t| ξ) ≡ ( 1 2π )_3 ∫∫ ∫ R^3 exp ( i ⟨k, r − ξ⟩ − a^2k^2t ) dk (11.57)

— äãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ. Ĺŋâěčàăń (11.57) ńěčłő ćëçĺáńïěâáï — ďőáâăâőçŋő ćőáŕőńìğőćăâìáï áńěďãîéĺň áńěďáâćĺěň ĺğćěáâŋőčő ĺŋâěčàăńă Ŕãăááőŋă^{46} ∞∫ −∞ exp ( iωα − pω^2 ) dω = √ π p exp ( − α^2 4p ) , p > 0. Šőčďă 1 2π ∞∫ −∞ exp ( ik_1 (x − ξ_1) − a^2k^2_1 t ) dk_1 = √ 1 4πa^2t exp ( − (x − ξ_1)^2 4a^2t )

ĺ ŕőâőňã G (r |t| ξ) ≡ ( 1 4πa^2t )_{3/2} exp ( − (x − ξ_1)^2 + ( y − ξ^2 ) + (z − ξ_3)^2 4a^2t ) . Ğăňěçăŋĺě. Ć âőň çăáâŋőň áńãçăě, łőčďă φ (x, y, z) ≡ φ (x, y) ĺńĺ ďăęě φ (x, y, z) ≡ φ (x) ĺğ áĺňňěâàĺĺ ïáŋő, çâő ďőńęŋő áőőâćěâáâćěŋŋő ąëâì u ≡ u (x, y, t) ĺ u ≡ u (x, t). Šăł ĺ ŕőńãçăěâáï ĺğ (11.56): u (r, t) = ∫∫∫ R^3 G (r |t| ξ) φ (ξ) dξ = = ∫∫ R^2 ( ∫ R^1 G (x, y, z |t| ξ_1, ξ_2, ξ_3) dξ_3 ) φ (ξ_1, ξ_2) dξ_1dξ_2 ≡ ≡ ∫∫ R^2

G_2 (x, y |t| ξ_1, ξ_2) φ (ξ_1, ξ_2) dξ_1dξ_2 ≡ u (x, y, t) , čďě G_2 (x, y |t| ξ_1, ξ_2) ≡ ∫ R^1 G (x, y, z |t| ξ_1, ξ_2, ξ_3) dξ_3 = = ∫ R^1

(_1 4πa^2t )_{3/2} exp ( −^{(x−ξ1)2 +}(^{y−ξ2})^{+(z−ξ3 )2}

4a^2t ) dξ_3 =

=^1_{4πa2t} exp ( −^{(x−ξ1 )2+}(^{y−ξ2})

4a^2 t )

— äãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ć ďćãňěàŋőň ŕàőáâàăŋáâćěŋŋőň áńãçăě. Ăŋăńőčĺçŋő ŕàĺ φ ≡ φ (x) u (r, t) = ∫∫∫ R^3 G (r |t| ξ) φ (ξ) dξ = = ∫∫ R^2 ( ∫ R^1 G (x, y, z |t| ξ_1, ξ_2, ξ_3) dξ_2dξ_3 ) φ (ξ_1) dξ_1 ≡ ≡ ∫∫ R^2

G_1 (x |t| ξ_1) φ (ξ_1) dξ_1 ≡ u (x, t) , čďě G_1 (x |t| ξ_1) ≡ ∫ R^1

G (x, y, z |t| ξ_1, ξ_2, ξ_3) dξ_2dξ_3 = = ∫ R^1

(_1 4πa^2t )_{3/2} exp ( −^{(x−ξ1)2 +}(^{y−ξ2})^{+(z−ξ3 )2}

4a^2t ) dξ_3 = = √_1

4πa^2t exp ( −^{(x−ξ1)2}_{4a2t} ) 46Şďőąŋăï ďńï ğăŕőňĺŋăŋĺï äőàňă ĺŋâěčàăńă Ŕãăááőŋă: ∫_{+∞} −∞ e^−(^{Ax2 +Bx+C})dx = √_π A exp

(_Δ 4A ) , Δ ≡ B^2 − 4AC, Real A > 0.

— äãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ć őďŋőňěàŋőň ŕàőáâàăŋáâćěŋŋőň áńãçăě.

Łăł ãęě őâňěçăńőáì ćëèě^{47}, ŕőďőąŋëľ ŕàĺñň ŕőńãçěŋĺï àěèěŋĺľ ğăďăç ďńï ŕàőáâàăŋáâć ňěŋìèěľ àăğňěàŋőáâĺ ĺğ àěèěŋĺľ ğăďăç ďńï ŕàőáâàăŋáâć ąőńìèěľ àăğňěàŋőáâĺ ŋăğëćăěâáï ňěâőďőň áŕãáłă.

Śćőľáâćă äãŋďăňěŋâăńìŋőčő àěèěŋĺï.

1. Ťĺğĺçěáłĺľ áňëáń äãŋďăňěŋâăńìŋőčő àěèěŋĺï: ďńï φ (r) ≡ δ (r − r_0) ĺğ (11.56) ĺňěěň u (r,t) = ∫ ∫∫ R^3

G (r |t | ξ) δ (ξ − r_0) dξ = G (r |t | r_0) .

Śńěďőćăâěńìŋő, ğŋăçěŋĺě äãŋďăňěŋâăńìŋőčő àěèěŋĺï G (r |t | r_0) àăćŋő âěňŕěàăâãàě âőçłĺ r áàěďë ć ňőňěŋâ ćàěňěŋĺ t, ŕàĺ ãáńőćĺĺ, çâő ŕěàćőŋăçăńìŋőě àăáŕàěďěńěŋĺě âěňŕěàăâãàë — ďěńìâăőąàăğŋőě (ňčŋőćěŋŋëľ ĺáâőçŋĺł âěŕńă ňőéŋőáâĺ Q = ∫ ∫∫ R^3

cρδ (r − r_0) dr = cρ,

ŕőňěéñŋŋëľ ć âőçłã r = r_0 ).

2. Şáńőćĺě ŋőàňĺàőćłĺ ďńï äãŋďăňěŋâăńìŋőčő àěèěŋĺï: ďńï φ (r) ≡ 1 ć áĺńã ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï ğăďăçĺ Łőèĺ u (r,t) ≡ 1 ≡ ∫∫∫ R^3 G (r |t | ξ) dξ.

3. Šěőàěňă ćğăĺňŋőáâĺ:

G (r |t | r_0) ≡ G (r_0|t | r) .

Řěèěŋĺě áňěèăŋŋőľ ğăďăçĺ á ŕőňőéìî ŕàěőąàăğőćăŋĺï Ńăŕńăáă.

Řăááňőâàĺň ğăďăçã ő ŋăčàěćě ŕőńãőčàăŋĺçěŋŋőčő áâěàęŋï ŕőď ćőğďěľáâćĺěň âěŕńőćëå ĺáâőçŋĺłőć, ğăďăîéĺå âěňŕěàăâãàã ńěćőčő łőŋæă áâěàęŋï: u^′_t = a^2u^{′′}_{xx}, x > 0, t > 0, u (0, t) = f (t) , t > 0, u (x,0) = 0, x > 0. (11.58)

Ŕàĺňěŋĺň ďńï ěñ àěèěŋĺï ňěâőď ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï Ńăŕńăáă ŕő ćàěňěŋŋő́ľ ŕěàěňěŋŋőľ t. Ŕãáâì

F (p) ≡^{(t)}L (f (t)) =^{+∞} ∫ 0 f (t) exp (−pt) dt, U (x, p) ≡^{(t)}L (u (x, t)) = +∞∫ 0 u (x, t) exp (−pt) dt. 47Ć àăğďěńě 11.1.2 ő ňěâőďě ąěčãéĺå ćőńŋ.

Ŕő áćőľáâćã ŕàěőąàăğőćăŋĺï Ńăŕńăáă ĺňěěň u .= U ⇒ u^′_t .= pU − u (x, +0) = pU. Ŕőíâőňã ĺğ (11.58) ŕőńãçăěň { pU = a^2U^{′′}_{xx}, U (0, p) = F (p) , őâłãďă U (x, p) = F (p) exp ( − √ px/a ) . Ŕő âăąńĺæě ĺğőąàăęěŋĺľ ŕàěőąàăğőćăŋĺï Ńăŕńăáă (áň., ŋăŕàĺňěà, áŕàăćőçŋĺł [20]) ŋăåőďĺň

G (x, p) ≡^1_p exp ( −^{x√p}_a ) . = .= Erf (_x 2a √ t ) ≡^{2√}_π +∞∫ x/2a √ t exp ( −ξ^2 ) dξ ≡ g (x, t) . Šăł łăł, őçěćĺďŋő, g (x, +0) = 0, âő g^′_t .= pG (p) − g (x, +0) = p 1 p exp ( − x √ p a ) = exp ( − x √ p a ) . Ŕőíâőňã u (x, t) .= U (x, p) = F (p) exp ( − x √ p a ) .= f ∗ g_{′t}, âő ěáâì u (x, t) = t∫ 0 f (τ ) g^′_t (x, t − τ) dτ = x 2a √ π t∫ 0 f (τ ) (t − τ )^{3/2} exp ( − x^2 4a^2 (t − τ ) ) dτ .

11.2.4 Ňěâőď Ťãàìě àăğďěńěŋĺï ŕěàěňěŋŋëå

Řăááňőâàĺň áńěďãîéãî áňěèăŋŋãî ğăďăçã őąéěčő ćĺďă ő ŋăčàěćě őâàěğłă áâěàęŋï, łőŋæë łőâőàőčő ŕőďďěàęĺćăîâáï ŕàĺ ŋãńěćőľ âěňŕěàăâãàě, ρ (x) u^′_t = − L u + f (x, t) , x ∈ (0, l) , t > 0, u (0, t) = u (l, t) = 0, t > 0, u (x, 0) = φ (x) , x ∈ (0, l) , (11.59)

čďě L u ≡ q (x) u −^∂_{∂x} ( p (x)^{∂u}_{∂x} ) . Ąãďěň ĺáłăâì àěèěŋĺě ğăďăçĺ (11.59) ć ćĺďě áãňňë u = v + w, čďě v = v (x, t) , w = w (x, t) — áőőâćěâáâćěŋŋő àěèěŋĺï ğăďăç (v) ρv^′_t = − L v v (x, 0) = φ (x) v (0, t) = v (l, t) = 0 , (w) ρw^′_t = − L w + f w (x, 0) = 0 w (0, t) = w (l, t) = 0 .

Ćŋăçăńě àěèĺň ğăďăçã (v). Ďńï íâőčő ŋăľďěň ćáě ŋěâàĺćĺăńìŋëě àěèěŋĺï őâćěçăîéěľ ěľ őďŋőàőďŋőľ łàăěćőľ ğăďăçĺ { ρv^′_t = − L v v (0, t) = v (l, t) = 0 (11.60) á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ: v (x, t) ≡ y (x) T (t). Ŕőďáâăćĺć íâő àěèěŋĺě ć (11.60), ŕőńãçĺň ŕőáńě àăğďěńěŋĺï ŕěàěňěŋŋëå { L y = λρy y (0) = y (l) = 0 Ṫ + λT = 0, čďě λ — ŕőďńěęăéăï őŕàěďěńěŋĺî ŕőáâőïŋŋăï. Ŕàěďŕőńăčăï, çâő ŕőńãçěŋŋăï ğăďăçă Ÿâãàňă-Ńĺãćĺńńï ãďőćńěâćőàïěâ ãáńőćĺïň àăğďěńă 11.1.5, ŋăåőďĺň ąěáłőŋěçŋëľ áŕěłâà áőąáâćěŋŋëå çĺáěń 0 < λ_1 < λ_2 < . . . < λ_n < . . . Śőőâćěâáâćãîéĺľ ĺň ŋăąőà áőąáâćěŋŋëå äãŋłæĺľ {y_n (x)} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě CL^{(ρ)}_2 (0, l) áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň ⟨φ, ψ⟩ = l∫ 0 ρ (x) φ (x) ψ (x) dx. Őâćěçăîéăï λ_n äãŋłæĺï T (t) àăćŋă, őçěćĺďŋő, T_n (t) = A_n exp (−λ_nt) ĺ ŕőâőňã áőőâćěâáâćãîéěě àěèěŋĺě á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ v_n (x, t) = A_ny_n (x) exp (−λ_nt) , čďě A_n — ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï.

Ąãďěň âěŕěàì ĺáłăâì àěèěŋĺě ğăďăçĺ (v) ć ćĺďě àïďă ŕő ŕőńãçěŋŋőňã ŋăąőàã ŕőďőąŋëå àěèěŋĺľ ãàăćŋěŋĺï: v (x, t) = ∞∑ n=1 A_ny_n (x) exp (−λ_nt) .

Ťőàňăńìŋő ŕőďáâăćńïï íâő àěèěŋĺě ć ŋăçăńìŋőě ãáńőćĺě ğăďăçĺ ĺ ĺáŕőńìğãï ŕőńŋőâã áĺáâěňë, ŕőńãçăěň

v (x, 0) = ∞∑ n=1 A_ny_n (x) = φ (x) ⇔ A_n = ⟨φ, y_n⟩ . Ć ĺâőčě äőàňăńìŋőě àěèěŋĺě ğăďăçĺ (v) ňőęŋő ğăŕĺáăâì ć ćĺďě v (x, t) =^∞ ∑ n=1 ⟨φ, y_n⟩ y_n (x) exp (−λ_nt) = =^∞ ∑ n=1 (_l ∫ 0 ρ (ξ) φ (ξ) y_n (ξ) dξ ) y_n (x) exp (−λ_nt) =

=^l ∫ 0 ρ (ξ) G (x |t| ξ) φ (ξ) dξ, čďě G (x |t| ξ) ≡ ∞∑ n=1 y_n (x) exp (−λ_nt) y_n (ξ) (11.61)

— äãŋłæĺï Čàĺŋă áőőâćěâáâćãîéěľ łàăěćőľ ğăďăçĺ.

Řěèěŋĺě ğăďăçĺ (w) ąãďěň ĺáłăâì ć ćĺďě àïďă Ťãàìě ŕő áĺáâěňě äãŋłæĺľ {y_n (x)}: w (x, t) = ∞∑ n=1 w_n (t) y_n (x) .

Ďńï ŋăåőęďěŋĺï ŕěàěňěŋŋëå łőíääĺæĺěŋâőć Ťãàìě w_n (t) ≡ ⟨w (x, t) , y_n (x)⟩ ŕőďáâăćĺň íâőâ àïď ć ãàăćŋěŋĺě ĺ ŋăçăńìŋőě ãáńőćĺě áĺáâěňë (w), ŕàěďćăàĺâěńìŋő àăğńőęĺć ŋěőďŋőàőďŋëľ çńěŋ f (x, t) ć àïď ŕő âőľ ęě áĺáâěňě: 1 ρ f (x, t) =^∞ ∑ n=1 f_n (t) y_n (x) , f_n (t) ≡ ⟨_1 ρ f (x, t) , y_n (x) ⟩ = =^l ∫ 0 f (ξ, t) y_n (ξ) dξ. Ŕőáńě ŋěáńőęŋëå äőàňăńìŋëå ŕàěőąàăğőćăŋĺľ ĺňěěň ρ (x)^∞ ∑ n=1 {ẇ_n + λ_nw_n − f_n (t)} y_n (x) = 0, ∞∑ n=1 w_n (0) y_n (x) = 0.

Őâáîďă ć áĺńã ŕőńŋőâë őàâőŋőàňĺàőćăŋŋőľ áĺáâěňë {y_n (x)} { ẇ_n + λ_nw_n = f_n (t) , w_n (0) = 0 ďńï łăęďőčő n. Ŕőíâőňã

w_n (t) = t∫ 0 exp (−λ_n (t − τ )) f_n (τ ) dτ ĺ w (x, t) =^∞ ∑ n=1 t∫ 0 exp (−λ_n (t − τ )) f_n (τ) dτ y_n (x) = = t∫ 0 l∫ 0 G (x |t − τ | ξ) f (ξ, τ) dξdτ. Ć łőŋěçŋőň ĺâőčě àěèěŋĺě ğăďăçĺ (11.59) ğăŕĺáëćăěâáï ć ĺŋâěčàăńìŋőľ äőàňě u (x, t) = l∫ 0 ρ (ξ) G (x |t| ξ) φ (ξ) dξ + t∫ 0 l∫ 0 G (x |t − τ| ξ) f (ξ, τ ) dξdτ . (11.62)

Śćőľáâćă äãŋłæĺĺ Čàĺŋă.

1. Ťĺğĺçěáłĺľ áňëáń äãŋłæĺĺ Čàĺŋă.

Řăááňőâàĺň áňěèăŋŋãî ğăďăçã ćĺďă ρ (x) u^′_t = − L u, x ∈ (0, l) , t > 0, u (0, t) = u (l, t) = 0, t > 0, u (x, 0) =^1_{ρ(x)} δ (x − x_0) , x ∈ (0, l) .

Ěñ àěèěŋĺě ć áőőâćěâáâćĺĺ á (11.62) ĺňěěâ ćĺď

u (x, t) = l∫ 0 G (x |t| ξ) δ (ξ − x_0) dξ = G (x |t| x_0) , çâő ďăñâ őáŋőćăŋĺï ďńï âàăłâőćłĺ äãŋłæĺĺ Čàĺŋă łăł àăáŕàěďěńěŋĺï âěňŕěàăâãàë ć áàěďě, ćëğćăŋŋőě ŋăçăńìŋëň ďěńìâăőąàăğŋëň ěñ àăáŕàěďěńěŋĺěň. Ś ďàãčőľ áâőàőŋë, àěèěŋĺě áńěďãîéěľ áňěèăŋŋőľ ğăďăçĺ

ρ (x) u^′_t = − L u + δ (t) δ (x − x_0) , x ∈ (0, l) , t > 0, u (0, t) = u (l, t) = 0, t > 0, u (x, 0) = 0, x ∈ (0, l) âăłęě ć áőőâćěâáâćĺĺ á (11.62) ĺňěěâ ćĺď

u (x, t) = t∫ 0 l∫ 0 G (x |t − τ | ξ) δ (τ ) δ (ξ − x_0) dξdτ = G (x |t| x_0) ,

çâő ŕőğćőńïěâ âăłęě âàăłâőćăâì äãŋłæĺî Čàĺŋă łăł àăáŕàěďěńěŋĺě âěňŕěàăâãàë ć áàěďě, ćëğćăŋŋőě ďěńìâăőąàăğŋëňĺ ĺáâőçŋĺłăňĺ âěŕńă, àăáŕàěďěńñŋŋëňĺ ć áàěďě.

2. Šěőàěňă ćğăĺňŋőáâĺ.

Łăł ńěčłő ćĺďěâì ĺğ äőàňãńë (11.61), G (x |t| ξ) ≡ G (ξ |t| x) . Ďăŋŋőě áćőľáâćő áĺňňěâàĺĺ äãŋłæĺĺ Čàĺŋă ŕàĺŋïâő âàăłâőćăâì łăł áćőľáâćő ćğăĺňŋőáâĺ: ćńĺïŋĺě âőçěçŋőčő ĺáâőçŋĺłă âěŕńă, ŕőňěéñŋŋőčő ć âőçłã ξ, ŋă âőçłã ĺğňěàěŋĺï x áĺňňěâàĺçŋő őâŋőáĺâěńìŋő ğăňěŋë ξ ↔ x.

Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě ć ňŋőčőňěàŋëå ŕăàăąőńĺçěáłĺå ğăďăçăå.

Řăááňőâàĺň ğăďăçã őą őáâëćăŋĺĺ őďŋőàőďŋőčő łàãčńőčő âěŕńőŕàőćőďïéěčő æĺńĺŋďàă:

u^′_t = a^2Δu = a^2 (_{∂2u} ∂ρ^2 + 1 ρ ∂u ∂ρ +^1_{ρ2}^{∂2u}_{∂θ2} ) , ρ ≥ 0, θ ∈ R^1, t > 0 u (ρ_0, θ, t) = 0, θ ∈ R^1, t > 0, u (ρ, θ, 0) = φ (ρ, θ) , ρ ≥ 0, θ ∈ R^1. , (11.63)

Ğďěáì ρ_0 — àăďĺãá æĺńĺŋďàă. Ĺáåőďï ĺğ čěőňěâàĺĺ ğăďăçĺ, ďńï ěñ àěèěŋĺï ćëąàăŋă ŕőńïàŋăï áĺáâěňă łőőàďĺŋăâ (ρ, θ). Ŕàĺ íâőň ďńï âőčő çâőąë àěèěŋĺě ğăďăçĺ ĺňěńő äĺğĺçěáłĺľ áňëáń áńěďãěâ ďőąăćĺâì ć ŕőáâăŋőćłě ğăďăçĺ ãáńőćĺě ŕěàĺőďĺçŋőáâĺ àěèěŋĺï ŕő ãčńã: u (ρ, θ + 2π, t) ≡ u (ρ, θ, t) . Őčàăŋĺçĺňáï, ćŕàőçěň, ďńï ŕàőáâőâë ńĺèì áńãçăěň àăďĺăńìŋő-áĺňňěâàĺçŋőčő ŋăçăńìŋőčő àăáŕàěďěńěŋĺï âěňŕěàăâãàë: φ (ρ, θ) ≡ φ (ρ). Ĺğ áĺňňěâàĺĺ ğăďăçĺ ïáŋő, çâő ć íâőň áńãçăě àăáŕàěďěńěŋĺě âěňŕěàăâãàë ć áâěàęŋě ćáěčďă ąãďěâ àăďĺăńìŋő-áĺňňěâàĺçŋő: u (ρ, θ, t) ≡ u (ρ, t) .

Ŋăľďñň ćáě àăďĺăńìŋő-áĺňňěâàĺçŋëě àěèěŋĺï őďŋőàőďŋőľ łàăěćőľ ğăďăçĺ { u^′_t = a^2Δu = a^2 (_{∂2u} ∂ρ^2 + 1 ρ ∂u ∂ρ ) , ρ ≥ 0, t > 0, u (ρ_0, t) = 0, t > 0

á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ, âő ěáâì àěèěŋĺï ćĺďă u (ρ, t) = R (ρ) T (t) . Ŕőďáâăćńïï íâő àěèěŋĺě ć ãàăćŋěŋĺě ĺ čàăŋĺçŋőě ãáńőćĺě, ŕőńãçăěň ŕőáńě àăğďěńěŋĺï ŕěàěňěŋŋëå (R) { R^{′′} +^1_ρ R^′ + λR = 0, ρ ≥ 0, R (ρ_0) = 0,

(T ) Ṫ + a2λT = 0, t > 0 Ğďěáì λ — ŕőáâőïŋŋăï (áőąáâćěŋŋőě çĺáńő), ŕőďńěęăéăï őŕàěďěńěŋĺî.

Řőńì őâáãâáâćãîéěčő ćâőàőčő čàăŋĺçŋőčő ãáńőćĺï ć łàăěćőľ ğăďăçě (R) ďńï ãàăćŋěŋĺï ćâőàőčő ŕőàïďłă ďńï äãŋłæĺĺ R (ρ) ĺčàăěâ ãáńőćĺě őčàăŋĺçěŋŋőáâĺ àěèěŋĺï ć łàãčě ρ ≤ ρ_0: |R (ρ)| < ∞. Ğăňěâĺň, çâő ĺğ őąéěľ âěőàĺĺ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï, ĺğńőęěŋŋőľ ćëèě ć àăğďěńě 11.1.5, áńěďãěâ áãéěáâćőćăŋĺě ąěáłőŋěçŋőčő ŋăąőàă ŕőńőęĺâěńìŋëå áőąáâćěŋŋëå çĺáěń; áőőâćěâáâćãîéĺľ őàâőŋőàňĺàőćăŋŋëľ ŋăąőà áőąáâćěŋŋëå äãŋłæĺľ őąàăğãěâ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě. Ŋě őčàăŋĺçĺćăïáì ďăŋŋőľ łőŋáâăâăæĺěľ, ćëàăğĺň ãłăğăŋŋëě áőąáâćěŋŋëě äãŋłæĺĺ çěàěğ äãŋłæĺĺ Ąěááěńï ŋãńěćőčő ŕőàïďłă. Őàâőčőŋăńìŋőáâì ĺ ŕőńŋőâă áĺáâěňë äãŋłæĺľ ąãďěâ âőčďă áńěďőćăâì âăłęě ĺ ĺğ âěőàĺĺ ąěááěńěćëå äãŋłæĺľ.

Ğăňěŋőľ x = √ λρ, y (x) = R (ρ) áćěďñň łàăěćãî ğăďăçã (R) ł áńěďãîéěľ ğăďăçě ďńï ãàăćŋěŋĺï Ąěááěńï ŋãńěćőčő ŕőàïďłă: y^{′′} +^1_x y^′ + ( 1 −^{02}_{x2} ) y = 0, y (√ λρ_0 ) = 0, |y (0)| < ∞. Őąéěě àěèěŋĺě ãàăćŋěŋĺï ćëàăğĺň çěàěğ æĺńĺŋďàĺçěáłĺě äãŋłæĺĺ ŕěàćőčő ĺ ćâőàőčő àőďă ŋãńěćőčő ŕőàïďłă

y (x) = C_1J_0 (x) + C_2Y_0 (x) .

Ŕőáâőïŋŋãî C_2 ŕőńăčăěň àăćŋőľ ŋãńî ďńï őčàăŋĺçěŋŋőáâĺ àěèěŋĺï ć ŋãńěćőľ âőçłě. Čàăŋĺçŋőě ãáńőćĺě ć ďàãčőľ âőçłě ĺŋâěàćăńă àěèěŋĺï ŕàĺćőďĺâ ł áńěďãîéěňã ãàăćŋěŋĺî ďńï ŋăåőęďěŋĺï áőąáâćěŋŋëå çĺáěń:

J_0 (√ λρ_0 ) = 0.

Őâáîďă ĺňěěň √ λρ_0 = μ^{(0)}_n , λ_n = (_{μ(0)n} ρ_0

)_2

, čďě { μ^{(0)}_n , n = 1, 2, . . . } — áěàĺï ŕőáńěďőćăâěńìŋëå łőàŋěľ äãŋłæĺĺ Ąěááěńï J_0. Śőőâćěâáâćãîéěě àěèěŋĺě ğăďăçĺ (R) ĺňěěâ ćĺď

R_n (ρ) = C_1J_0 (√ λ_nρ ) .

Ŋőàňĺàãěň ěčő ŋăďńěęăéĺň ćëąőàőň ŕőáâőïŋŋőľ C_1:

1 = ‖R_n‖^2 = C^2_1

ρ_0∫ 0 ρJ^2_0 (_{μ(0)n ρ} ρ_0 ) dρ = C^2_1^{ρ20}_2 ( J^′_0 ( μ^{(0)}_n ))_2 , R_n (ρ) =^{√2}_{ρ0J ′0}^(_{μ(0)n}^) J_0 (_{μ(0)n ρ} ρ_0 ) . Śĺáâěňă äãŋłæĺľ {R_n (ρ)} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě CL^{(ρ)}_2 (0, ρ_0).

Ŕőáńě ĺŋâěčàĺàőćăŋĺï ãàăćŋěŋĺï (T) ŋăåőďĺň ćáě àăďĺăńìŋő-áĺňňěâàĺçŋëě àěèěŋĺï őďŋőàőďŋőľ łàăěćőľ ğăďăçĺ á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ^{48}

u_n (ρ, t) = A_nR_n (ρ) exp ( −a^2λ_nt ) . Řěèěŋĺě ĺáåőďŋőľ ğăďăçĺ (11.63) ĺéěň ć ćĺďě àïďă ŕő áĺáâěňě âăłĺå àěèěŋĺľ u (ρ, t) = ∞∑ n=1 A_nR_n (ρ) exp ( −a^2λ_nt ) . Ŕőáâőïŋŋëě A_n őŕàěďěńïîâáï ĺğ ŋăçăńìŋőčő ãáńőćĺï

u (ρ, 0) =^∞ ∑ n=1 A_nR_n (ρ) = φ (ρ) ⇔

⇔ A_n = ⟨R_n (ρ) , φ (ρ)⟩ =^{√2}_{ρ0J ′0}^(_{μ(0)n}^)

ρ_0∫ 0 ρφ (ρ) J_0 (_{μ(0)n ρ} ρ_0 ) dρ.

Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě.

Řăááňőâàĺň ğăďăçã Łőèĺ ďńï őďŋőàőďŋőčő ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ { u^′_t = a^2u^{′′}_{xx}, −∞ < x < +∞, t > 0 u (x, 0) = φ (x) , −∞ < x < +∞. (11.64) Ćŋăçăńě ŋăľďñň ćáě àěèěŋĺï ãàăćŋěŋĺï á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ u (x, t) = y (x) T (t), ãďőćńěâćőàïîéĺě ďőŕőńŋĺâěńìŋőňã ãáńőćĺî lim_{t→+∞} u (x, t) = 0. Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőčő àěèěŋĺï ć ãàăćŋěŋĺě ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå ŕőńãçăěň âőęďěáâćő y^{′′} (x) y (x) ≡ Ṫ (t) a^2T (t) . Ŕőáłőńìłã ŕàăćăï ĺ ńěćăï ěčő çăáâĺ ğăćĺáïâ őâ àăğńĺçŋëå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå, âő őŋĺ ňőčãâ ąëâì ńĺèì ŕőáâőïŋŋë. Őąőğŋăçĺć áőőâćěâáâćãîéãî ŕőáâőïŋŋãî −λ^2, ŕőńãçăěň ãàăćŋěŋĺï

y^{′′} + λ^2y = 0, Ṫ + a2λ^2T = 0,

őâłãďă y_λ (x) = exp (iλx) , T_λ (t) = A (λ) exp ( −a^2λ^2t ) , u_λ (x, t) = A (λ) exp ( iλx − a^2λ^2t ) . 48Śâőïçĺě ćőńŋë ć âěàňĺŋőńőčĺĺ čĺŕěàąőńĺçěáłĺå ğăďăç.

Ğăňěâĺň, çâő ĺáçěğăîéěě ŕàĺ t → +∞ àěèěŋĺě ŕőńãçăěâáï ńĺèì ŕàĺ ćěéěáâćěŋŋőň λ.

Řěèěŋĺě ğăďăçĺ (11.64) ĺéěň âěŕěàì ć ćĺďě ĺŋâěčàăńă

u (x, t) = +∞∫ −∞ A (λ) exp ( iλx − a^2λ^2t ) dλ,

ŕőďąĺàăï łőíääĺæĺěŋâë A (λ) âăł, çâőąë ãďőćńěâćőàĺâì ŋăçăńìŋëň ãáńőćĺïň

u (x, 0) = +∞∫ −∞ A (λ) exp (iλx) dλ = φ (x) . Ĺğ âěőàĺĺ ĺŋâěčàăńă Ťãàìě áńěďãěâ, çâő ŕőďőąŋőě àăğńőęěŋĺě ćőğňőęŋő ŕàĺ ãáńőćĺĺ ŕàĺŋăďńěęŋőáâĺ äãŋłæĺĺ φ (x) łńăááã Φ (áň. àăğďěń 11.1.4). Ŕàĺ íâőň

A (λ) =^1_{2π}^{+∞} ∫ −∞ u (ξ, 0) exp (−iλξ) dξ = =^1_{2π}^{+∞} ∫ −∞ φ (ξ) exp (−iλξ) dξ. Ć ĺâőčě àěèěŋĺě ğăďăçĺ (11.64) ňőęŋő ğăŕĺáăâì ć ĺŋâěčàăńìŋőľ äőàňě

u (x, t) =^1_{2π} +∞∫ −∞ (_{+∞} ∫ −∞ φ (ξ) exp (−iλξ) dξ ) exp ( −a^2λ^2t + iλx ) dλ = = +∞∫ −∞ ( 1 2π +∞∫ −∞ exp ( −iλ (ξ − x) − a^2λ^2t ) dλ ) φ (ξ) dξ ≡ ≡^{+∞} ∫ −∞ G (x |t| ξ) φ (ξ) dξ, čďě G (x |t| ξ) ≡^1_{2π}^{+∞} ∫ −∞ exp ( −iλ (ξ − x) − a^2λ^2t ) dλ = =^{1√}_{4πa2t} exp ( −^{(x−ξ)2}_{4a2t} )

— äãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ (áň. àăğďěń 11.2.3).

11.3 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă

11.3.1 Ŕàĺňěàë äĺğĺçěáłĺå ğăďăç, ŕàĺćőďïéĺå ł ãàăćŋěŋĺïň íńńĺŕâĺçěáłőčő âĺŕă

1. Şàăćŋěŋĺě Ŕãăááőŋă △u = f (x)

ĺ ěčő őďŋőàőďŋëľ ćăàĺăŋâ — ãàăćŋěŋĺě Ńăŕńăáă — △u = 0.

Őŕĺáëćăîâ áâăæĺőŋăàŋëě àăáŕàěďěńěŋĺï ŕőâěŋæĺăńőć ŕőńěľ ć íńěłâàőáâăâĺłě, ňăčŋĺâőáâăâĺłě, âěőàĺĺ čàăćĺâăæĺĺ, âěŕńőŕàőćőďŋőáâĺ, ďĺääãğĺĺ. Ťãŋłæĺï f (x) ŕàěďáâăćńïěâ ŕńőâŋőáâì àăáŕàěďěńěŋĺï áâăæĺőŋăàŋëå ĺáâőçŋĺłőć ŕőńï: ⃗E = −∇u ⇒ 4πρ = ∇ ⃗E = −∇^2u = −△u u^′_t = a^2△u, u^′_t ≡ 0 ⇒ △u = 0

2. Şàăćŋěŋĺě Čěńìňčőńìæă

△u + k^2u = ρ (x) .

Őŕĺáëćăěâ àăáŕàěďěńěŋĺě ăňŕńĺâãďë čăàňőŋĺçěáłőčő ŕàőæěááă, ãďőćńěâćőàïîéěčő ćőńŋőćőňã ãàăćŋěŋĺî: v^{′′}_{tt} = a^2△v + f (⃗r) e^{iωt}, v (⃗r, t) = u (⃗r) e^{iωt} ⇒ △u + k^2u = −^1_{a2} f (⃗r) , k^2 ≡^{ω2}_{a2}

3. Śâăæĺőŋăàŋőě ãàăćŋěŋĺě Ÿàñďĺŋčěàă

ℏ^2 2m △ψ + [E − U (x, y, z)] ψ = 0. Őŕĺáëćăěâ áâăæĺőŋăàŋëě áőáâőïŋĺï łćăŋâőćőňěåăŋĺçěáłĺå áĺáâěň: U (x, y, z) — őŕěàăâőà ŕőâěŋæĺăńìŋőľ íŋěàčĺĺ, E — íŋěàčĺï áĺáâěňë.

11.3.2 Łőààěłâŋőáâì ŕőáâăŋőćłĺ łàăěćëå ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă

Őáŋőćŋëě łàăěćëě ğăďăçĺ ďńï íńńĺŕâĺçěáłĺå ãàăćŋěŋĺľ.

• 1-čő àőďă — ğăďăçă Ďĺàĺåńě — ŋă čàăŋĺæě őąńăáâĺ ğăďăěâáï ğŋăçěŋĺě äãŋłæĺĺ: u|_{∂Ω} = φ.

• 2-čő àőďă — ğăďăçă Ŋěľňăŋă — ŋă čàăŋĺæě őąńăáâĺ ğăďăěâáï ğŋăçěŋĺě ŋőàňăńìŋőľ ŕàőĺğćőďŋőľ äãŋłæĺĺ:^{∂u}_{∂n} | |_{∂Ω} = ψ.

• 3-čő àőďă — ŋă čàăŋĺæě őąńăáâĺ ğăďăěâáï ńĺŋěľŋőě áőőâŋőèěŋĺě, áćïğëćăîéěě ğŋăçěŋĺï àěèěŋĺï ĺ ěčő ŋőàňăńìŋőľ ŕàőĺğćőďŋőľ: αu + β^{∂u}_{∂n} | ∂Ω = χ, α (x) β (x) ≢ 0. Ĺŋâěčàăńìŋëě äőàňãńë Čàĺŋă.

Śőčńăáŋő äőàňãńě Őáâàőčàăďáłőčő-Čăãááă ∫∫ ∫ Ω div ⃗A dΩ = ∫ ∫ ∂Ω ⟨ ⃗A, ⃗n ⟩ dS, (11.65)

čďě ⃗A = ⃗A (⃗r) — ŋěŕàěàëćŋő-ďĺääěàěŋæĺàãěňőě ćěłâőàŋőě ŕőńě ć őčàăŋĺçěŋŋőľ ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ Ω á čńăďłőľ čàăŋĺæěľ ∂Ω, ⃗n — ćŋěèŋïï ŋőàňăńì ł čàăŋĺæě. Ćğïć, ć çăáâŋőáâĺ, ⃗A ≡ u∇v, čďě u (·) , v (·) ∈ C^1 (¯ Ω ) ∩ C^2 (Ω), ĺňěěň ⟨ ⃗A, ⃗n ⟩ = u ⟨∇v, ⃗n⟩ = u^{∂v}_{∂n} , div ⃗A = ∇ (u∇v) = u△v + ⟨∇u, ∇v⟩ .

Ŕőďáâăćĺć íâĺ ćëàăęěŋĺï ć äőàňãńã (11.65), ŕőńãçăěň ŕěàćãî äőàňãńã Čàĺŋă ∫ ∫∫ Ω u△vdΩ = ∫ ∫ ∂Ω u ∂v ∂n dS − ∫∫∫ Ω ⟨∇u, ∇v⟩ dΩ. (11.66) Ňěŋïï ňěáâăňĺ äãŋłæĺĺ u, v ć íâőľ äőàňãńě ĺ ćëçĺâăï ŕőńãçěŋŋãî äőàňãńã ĺğ (11.66), ŕőńãçăěň ćâőàãî äőàňãńã Čàĺŋă ∫ ∫∫ Ω (u△v − v△u) dΩ = ∫∫ ∂Ω ( u ∂v ∂n − v ∂u ∂n ) dS (11.67)

Ĺáŕőńìğãěň äőàňãńë Čàĺŋă ďńï ďőłăğăâěńìáâćă áńěďãîéěčő ćáŕőňőčăâěńìŋőčő ãâćěàęďěŋĺï, ĺčàăîéěčő ćăęŋãî àőńì ć âěőàĺĺ čăàňőŋĺçěáłĺå äãŋłæĺľ.

Ńěňňă. △

(_1 r ) = −4πδ (x), čďě r ≡ |x| ≡ √ x^2_1 + x^2 + x^2_3.

Ďőłăğăâěńìáâćő. Ŕőńőęĺň ďńï ε > 0

Ω_ε ≡ { x : ε < |x| <^1_ε } , S^{(1)}_ε ≡ { x : |x| =^1_ε } , S^{(2)}_ε ≡ {x : |x| = ε} .

Ŕàĺňěŋïï ćâőàãî äőàňãńã Čàĺŋă, ĺňěěň ďńï ŕàőĺğćőńìŋőľ őáŋőćŋőľ (ąěáłőŋěçŋő-ďĺääěàěŋæĺàãěňőľ, äĺŋĺâŋőľ — áň. àăğďěń ??) äãŋłæĺĺ φ (x) ⟨ △ (_1 r ) , φ ⟩ = ⟨_1 r , △φ ⟩ = = ∫∫∫ R^3 1 r △φ dΩ ≡ lim_{ε→+0} ∫∫∫ Ω_ε 1 r △φ dΩ = = lim_{ε→+0} { ∫∫∫ Ω_ε φ △ (_1 r ) dΩ + ∫∫ S_ε ( 1 r ∂φ ∂n − φ^∂(^{1r} )_{∂n} ) dS } =

= lim_{ε→+0} 1 ε ∫∫ S^{(2)}_ε ∂φ ∂n dS + ε ∫∫ S^{(1)}_ε ∂φ ∂n dS−

−^1_{ε2} ∫∫ S^{(2)}_ε φdS + ε^2 ∫∫ S^{(1)}_ε φdS = = −4πφ (0) = ⟨−4πδ (x) , φ (x)⟩ . Ğďěáì ňë ãçńĺ, çâő ∂ ∂n (_1 r ) = −^1_{r2}^{∂r}_{∂n} =

{_1

r^2 = 1 ε^2 , x ∈ S (2) ε −^1_{r2} = −ε^2 x ∈ S^{(1)}ε , ∫∫ S^{(1)}_ε ∂φ ∂n dS = 0, ∫∫ S^{(1)}_ε φdS = 0 ∀ε > ε^∗, | | | | | ∫∫ S^{(2)}_ε ∂φ ∂n dS | | | | | ≤ Kε^2, ∫∫ S^{(2)}_ε

φdS = 4πε^2φ (η_ε) , η_ε →_{ε→+0} 0.

Ńěňňă ďőłăğăŋă.^{49}

49Ťăłâĺçěáłĺ ć ńěňňě ďőłăğăŋő, çâő äãŋłæĺï −^1_{4πr} ïćńïěâáï äãŋďăňěŋâăńìŋëň àěèěŋĺěň ãàăćŋěŋĺï Ńăŕńăáă.

Čăàňőŋĺçěáłĺě äãŋłæĺĺ.

Őŕàěďěńěŋĺě. Ťãŋłæĺï u (x) ŋăğëćăěâáï čăàňőŋĺçěáłőľ ć őąńăáâĺ x ∈Ω ⊂ R^n, n ≥ 1, ěáńĺ őŋă ďćăęďë ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ć Ω ĺ ãďőćńěâćőàïěâ ć íâőľ őąńăáâĺ ãàăćŋěŋĺî Ńăŕńăáă △u ≡ ∂^2u ∂x^2_1 + ∂^2u ∂x^2 + . . . + ∂^2u ∂x^2_n = 0.

Ŕàĺňěàë:

ă) Ńĺŋěľŋăï äãŋłæĺï ćő ćáñň ŕàőáâàăŋáâćě ńîąőľ àăğňěàŋőáâĺ;

ą) u (x) =^1_{|x|} ć ńîąőľ őąńăáâĺ âàñåňěàŋőčő ŕàőáâàăŋáâćă, ŋě áőďěàęăéěľ âőçłĺ 0;

ć) u (x) = ln^1_{|x|} ć ńîąőľ őąńăáâĺ ďćãňěàŋőčő ŕàőáâàăŋáâćă, ŋě áőďěàęăéěľ âőçłĺ 0;

Śćőľáâćă čăàňőŋĺçěáłĺå äãŋłæĺľ.

1. Ĺŋâěčàăńìŋőě ŕàěďáâăćńěŋĺě čăàňőŋĺçěáłőľ äãŋłæĺĺ çěàěğ ěñ ğŋăçěŋĺï ŋă čàăŋĺæě őąńăáâĺ (ďńï n = 3). Ŕőńăčăï ćő ćâőàőľ äőàňãńě Čàĺŋă (11.67)

v (ξ) = 1 |ξ − x| ≡ 1 r_{ξx} , čďě x — äĺłáĺàőćăŋŋăï, ξ — âěłãéăï âőçłă őąńăáâĺ, ĺ ãçĺâëćăï (áň. ćëèěŕàĺćěďñŋŋãî ńěňňã), çâő △v (ξ) = −4πδ (x − ξ) , ŕőńãçăěň ĺğ íâőľ äőàňãńë ďńï ŕàőĺğćőńìŋőľ čăàňőŋĺçěáłőľ ć őąńăáâĺ äãŋłæĺĺ u (x)

u (x) = 1 4π ∫∫ ∂Ω [ 1 r_{ξx} ∂u ∂n (ξ) − u (ξ) ∂ ∂n_ξ ( 1 r_{ξx} )] dS_ξ . (11.68)

2. Ŕőâőł čàăďĺěŋâă čăàňőŋĺçěáłőľ äãŋłæĺĺ çěàěğ čàăŋĺæã ŕàőĺğćőńìŋőľ ğăňłŋãâőľ őąńăáâĺ čăàňőŋĺçŋőáâĺ ∫ ∫ ∂Ω ⟨∇u, ⃗n⟩ dS_ξ = ∫∫ ∂Ω ∂u ∂n (ξ) dS_ξ = 0. (11.69)

Ďńï ďőłăğăâěńìáâćă íâőčő áćőľáâćă čăàňőŋĺçěáłőľ äãŋłæĺĺ ďőáâăâőçŋő ŕőńőęĺâì ćő ćâőàőľ äőàňãńě Čàĺŋă v (x) ≡ 1.

3. Ćáïłăï čăàňőŋĺçěáłăï äãŋłæĺï ďćãå ŕěàěňěŋŋëå (x, y) ïćńïěâáï àěăńìŋőľ (ňŋĺňőľ) çăáâìî ŋěłőâőàőľ ăŋăńĺâĺçěáłőľ äãŋłæĺĺ łőňŕńěłáŋőčő ŕěàěňěŋŋőčő z ≡ x + iy : u (x, y) ≡ Real f (z) .

Őâáîďă, ć çăáâŋőáâĺ, ćëâěłăěâ, çâő ńîąăï čăàňőŋĺçěáłăï äãŋłæĺï ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňă ć őąńăáâĺ čăàňőŋĺçŋőáâĺ. Ĺ ŋăőąőàőâ, àěăńìŋăï u ĺ ňŋĺňăï v çăáâĺ ńîąőľ ăŋăńĺâĺçěáłőľ äãŋłæĺĺ ïćńïîâáï áőŕàïęñŋŋëňĺ ňěęďã áőąőľ čăàňőŋĺçěáłĺňĺ äãŋłæĺïňĺ. Ŕőáńěďŋěě őğŋăçăěâ ćëŕőńŋěŋĺě ćáîďã ć őąńăáâĺ čăàňőŋĺçŋőáâĺ ãáńőćĺľ Łőèĺ-Řĺňăŋă ďńï íâĺå äãŋłæĺd́: { u^′_x = v^′_y, u_y = −v_x. 4. Šěőàěňă (ő áàěďŋěň ďńï čăàňőŋĺçěáłĺå äãŋłæĺľ).

Ďńï ćáïłőľ âőçłĺ x ĺğ őąńăáâĺ čăàňőŋĺçŋőáâĺ ĺ ńîąőľ áäěàë S ≡ {ξ : |x − ξ| = a} ⊂ R^3, æěńĺłőň ŕàĺŋăďńěęăéěľ íâőľ őąńăáâĺ,

u (x) = 1 4πa^2 ∫∫ S u (ξ) dS_ξ.

Ďńï ďőłăğăâěńìáâćă ďăŋŋőčő ãâćěàęďěŋĺï ďőáâăâőçŋő ŕàĺňěŋĺâì äőàňãńã (11.68) ł őąńăáâĺ Ω ≡ {ξ : |x − ξ| < a}. Šőčďă á ãçñâőň äőàňãńë (11.69) ŕőńãçăěň

u (x) = 1 4πa ∫∫ S ∂u ∂n dS =0 − 1 4π ∫ ∫ S u ∂ ∂n ( 1 r )

≡−1/a^2 dS = 1 4πa^2 ∫ ∫ S u dS,

çâő ĺ âàěąőćăńőáì ďőłăğăâì.

5. Šěőàěňă (ő ňăłáĺňãňě ĺ ňĺŋĺňãňě čăàňőŋĺçěáłőľ äãŋłæĺĺ). Ňăłáĺňăńìŋőě ĺ ňĺŋĺňăńìŋőě ğŋăçěŋĺï čăàňőŋĺçěáłőľ äãŋłæĺĺ, ŋěŕàěàëćŋőľ ć ğăňëłăŋĺĺ őąńăáâĺ, ďőáâĺčăěâáï ŋă čàăŋĺæě íâőľ őąńăáâĺ.

Ďőłăğăâěńìáâćő. Ŕãáâì ňăłáĺňãň čăàňőŋĺçěáłőľ äãŋłæĺĺ ďőáâĺčăěâáï ć ŋěłőâőàőľ âőçłě M. Ěáńĺ ďăŋŋăï âőçłă ŕàĺŋăďńěęĺâ čàăŋĺæě, âő âěőàěňă ďőłăğăŋă. Ć ŕàőâĺćŋőň áńãçăě ňăłáĺňăńìŋőě ğŋăçěŋĺě ďőáâĺčăěâáï âăłęě ĺ ć ńîąőľ âőçłě áäěàë á æěŋâàőň ć M, æěńĺłőň ńěęăéěľ ć őąńăáâĺ čăàňőŋĺçŋőáâĺ (ĺŋăçě áàěďŋěě ğŋăçěŋĺě äãŋłæĺĺ ŕő ŕőćěàåŋőáâĺ íâőľ áäěàë ąãďěâ ňěŋìèě ğŋăçěŋĺï ć æěŋâàě). Şćěńĺçĺć àăďĺãá áäěàë ďő ěñ áőŕàĺłőáŋőćěŋĺï á čàăŋĺæěľ őąńăáâĺ, ďőłăęěň âěőàěňã.

Śńěďáâćĺï (ł łőààěłâŋőáâĺ ŕőáâăŋőćłĺ ğăďăçĺ Ďĺàĺåńě):

(a) Ěáńĺ ŋă čàăŋĺæě őąńăáâĺ čăàňőŋĺçŋőáâĺ u (x) ≡ 0, âő ĺ ćŋãâàĺ ŋěñ äãŋłæĺï âőęďěáâćěŋŋő àăćŋă ŋãńî.

(b) Ěáńĺ ďćě čăàňőŋĺçěáłĺě äãŋłæĺĺ âőęďěáâćěŋŋő áőćŕăďăîâ ŋă čàăŋĺæě őąńăáâĺ, âő őŋĺ áőćŕăďăîâ ĺ ćŋãâàĺ ŋěñ.

(c) Ěáńĺ ŋă čàăŋĺæě őąńăáâĺ čăàňőŋĺçěáłĺě äãŋłæĺĺ àăğńĺçăîâáï ŋě ąőńěě çěň ŋă ε, âő ĺ ćŋãâàĺ őąńăáâĺ őŋĺ ãďőćńěâćőàïîâ âőňã ęě ãáńőćĺî.

(d) Řěèěŋĺě ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ŕãăááőŋă ěďĺŋáâćěŋŋő ĺ ŋěŕàěàëćŋő ć àăćŋőňěàŋőľ ňěâàĺłě ğăćĺáĺâ őâ čàăŋĺçŋőčő ãáńőćĺï — łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăçĺ Ďĺàĺåńě.

11.3.3 Ňěâőďë àěèěŋĺï ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă

Ŕěàěçĺáńĺň őáŋőćŋëě ňěâőďë, łőâőàëě ŕàĺňěŋïîâáï ďńï àěèěŋĺï łàăěćëå ğăďăç ďńï ãàăćŋěŋĺľ íńńĺŕâĺçěáłőčő âĺŕă:

• ňěâőď äãŋłæĺľ Čàĺŋă;

• ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě;

• ňěâőď ŕőâěŋæĺăńőć;

• ňěâőď ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺľ;

• ňěâőď łőŋäőàňŋëå ŕàěőąàăğőćăŋĺľ;

• áŕěæĺăńìŋëě ňěâőďë.

11.3.4 Ňěâőď äãŋłæĺľ Čàĺŋă

Ŕàĺňěŋĺň ňěâőď äãŋłæĺľ Čàĺŋă ďńï àěèěŋĺï łàăěćőľ ğăďăçĺ őąéěčő ćĺďă { △u = f (x) , x ∈ Ω ⊂ R^3 αu + β^{∂u}_{∂n} | ∂Ω = φ (x) (11.70)

ďńï ãàăćŋěŋĺï Ŕãăááőŋă.

Őŕàěďěńěŋĺě. Ťãŋłæĺěľ Čàĺŋă ğăďăçĺ (11.70) ŋăğëćăěâáï őąőąéñŋŋăï äãŋłæĺï G (x, ξ), ãďőćńěâćőàïîéăï łàăěćőľ ğăďăçě { △_ξG = −δ (x − ξ) , x ∈ Ω αG + β^{∂G}_{∂n} | ξ∈∂Ω = 0. (11.71)

Ğďěáì △_ξ ≡^{∂2}_{∂ξ21} +^{∂2}_{∂ξ2} +^{∂2}_{∂ξ23} , ξ — âěłãéăï, x — äĺłáĺàőćăŋŋăï âőçłă őąńăáâĺ Ω. Ĺŋâěčàăńìŋőě ŕàěďáâăćńěŋĺě àěèěŋĺľ łàăěćőľ ğăďăçĺ.

Ćğïć ćő ćâőàőľ äőàňãńě Čàĺŋă ć łăçěáâćě äãŋłæĺĺ u (ξ) àěèěŋĺě łàăěćőľ ğăďăçĺ (11.70), ă ć łăçěáâćě äãŋłæĺĺ v (ξ) — äãŋłæĺî Čàĺŋă G (x, ξ), ŕőńãçĺň á ãçñâőň (11.71) ĺŋâěčàăńìŋőě ŕàěďáâăćńěŋĺě àěèěŋĺï ğăďăçĺ çěàěğ čàăŋĺçŋëě ğŋăçěŋĺï àěèěŋĺï ĺ ŕàőĺğćőďŋëå:

u (x) = ∫∫ ∂Ω ( G (x, ξ)^{∂u}_{∂n} (ξ) − u (ξ)^{∂G(x,ξ)}_{∂nξ} ) dS_ξ− − ∫∫∫ Ω G (x, ξ) △u (ξ) dΩ_ξ. (11.72)

Řăááňőâàĺň őâďěńìŋő áńěďãîéĺě áńãçăĺ.

1. Ğăďăçă Ďĺàĺåńě

u (x) = − ∫∫ ∂Ω φ (ξ) ∂G (x, ξ) ∂n_ξ dS_ξ − ∫ ∫∫ Ω G (x, ξ) f (ξ) dΩ_ξ . (11.73)

2. Ğăďăçă Ŋěľňăŋă { △u = f ∂u ∂n | |_{∂Ω} = φ { △G = −δ ∂G ∂n | |_{∂Ω} = 0

u (x) = ∫∫ ∂Ω G (x, ξ) φ (ξ) dS_ξ − ∫∫ ∫ Ω G (x, ξ) f (ξ) dΩ_ξ.

3. Šàěâìï łàăěćăï ğăďăçă (β (x) ≠ 0) { △u = f αu + β^{∂u}_{∂n} | |_{∂Ω} = φ { △G = −δ αG + β^{∂G}_{∂n} | |_{∂Ω} = 0

u (x) = ∫∫ ∂Ω 1 β (ξ) G (x, ξ) φ (ξ) dS_ξ − ∫∫ ∫ Ω G (x, ξ) f (ξ) dΩ_ξ .

Ğďěáì ňë ĺáŕőńìğőćăńĺ âőęďěáâćő G ∂u ∂n − u ∂G ∂n = G ( φ β − αu β ) + u αG β = 1 β Gφ Šăłĺň őąàăğőň, ğŋăï äãŋłæĺî Čàĺŋă łàăěćőľ ğăďăçĺ, ňőęŋő áàăğã ćëŕĺáăâì àěèěŋĺě ńîąőľ ĺğ łàăěćëå ğăďăç ć ćĺďě ĺŋâěčàăńă, ćłńîçăîéěčő ć áěąï äãŋłæĺî Čàĺŋă, ěñ ŕàőĺğćőďŋëě ĺ ďăŋŋëě ğăďăçĺ — ŋěőďŋőàőďŋëľ çńěŋ ãàăćŋěŋĺï ĺ čàăŋĺçŋëě ãáńőćĺï. Ŕőíâőňã ćăęŋő ãňěâì ŋăåőďĺâì áăňã äãŋłæĺî Čàĺŋă.

Ňěâőď ňŋĺňëå ĺáâőçŋĺłőć ŕőáâàőěŋĺï äãŋłæĺĺ Čàĺŋă.

Őďŋĺň ĺğ ňěâőďőć ŋăåőęďěŋĺï äãŋłæĺĺ Čàĺŋă (11.71) ïćńïěâáï ňěâőď ĺğőąàăęěŋĺľ (ňŋĺňëå ĺáâőçŋĺłőć), őáŋőćăŋŋëľ ŋă áńěďãîéěň ćëďěńěŋĺĺ őáőąěŋŋőáâĺ ć äãŋłæĺĺ Čàĺŋă.

Şçĺâëćăï ďőłăğăŋŋãî ćëèě ńěňňã, ąãďěň ĺáłăâì äãŋłæĺî G (x, ξ) ć ćĺďě G (x, ξ) = 1 4πr_{xξ} + v (ξ) , (11.74)

čďě x — äĺłáĺàőćăŋŋăï âőçłă őąńăáâĺ Ω ⊂ R^3, v (ξ) — čăàňőŋĺçěáłăï ć őąńăáâĺ äãŋłæĺï, áńãęăéăï àěèěŋĺěň łàăěćőľ ğăďăçĺ { △v = 0, ξ ∈ Ω, αv + β^{∂v}_{∂n} | ξ∈∂Ω = − 1 4π ( α^1_{rxξ} + β^∂_{∂n} (_1 r_{xξ} )) . Ĺŋőčďă ãďăěâáï ŋăľâĺ àěèěŋĺě íâőľ ŕőáńěďŋěľ ğăďăçĺ ĺğ ŋěłőâőàëå áőőąàăęěŋĺľ áĺňňěâàĺĺ, őáŋőćăŋŋëå, ŕő áãéěáâćã, ŋă äĺğĺçěáłőľ ĺŋâěàŕàěâăæĺĺ ěñ àěèěŋĺï. Ŕőáńěďŋïï ğăłńîçăěâáï ć áńěďãîéěň. Řăááňőâàĺň ŕőńŋőě íńěłâàőáâăâĺçěáłőě ŕőńě ć őąńăáâĺ Ω, čàăŋĺæă łőâőàőľ “ğăğěňńěŋă” , âő ěáâì őłàãęěŋă ŕàőćőďïéěľ ŕőćěàåŋőáâìî, ŕőďďěàęĺćăěňőľ ŕàĺ ŋãńěćőň ŕőâěŋæĺăńě, ŕàĺ ãáńőćĺĺ, çâő ć âőçłã x őąńăáâĺ ŕőňěéñŋ ğăàïď q = −^1_{4π} . Ŕőâěŋæĺăń íâőčő ŕőńï ěáâì ŋě çâő ĺŋőě łăł äãŋłæĺï Čàĺŋă G (x, ξ). Ś ďàãčőľ áâőàőŋë, ŕěàćëľ çńěŋ ć ŕàěďáâăćńěŋĺĺ äãŋłæĺĺ Čàĺŋă (11.74) íâő ŕőâěŋæĺăń, áőğďăćăěňëľ áăňĺň ğăàïďőň q. Śńěďőćăâěńìŋő, äãŋłæĺï v (ξ) ïćńïěâáï ŋě çěň ĺŋëň łăł ŕőâěŋæĺăńőň, ŋăćőďĺňëň ć őąńăáâĺ ğăàïďăňĺ, ĺŋďãæĺàőćăŋŋëňĺ ŋă ŕőćěàåŋőáâĺ čàăŋĺæë őąńăáâĺ ğăàïďőň q. Ĺďěï ňěâőďă ĺğőąàăęěŋĺľ ğăłńîçăěâáï ć âőň, çâőąë ğăňěŋĺâì íâĺ ĺŋďãæĺàőćăŋŋëě ğăàïďë ďàãčĺňĺ “ňŋĺňëňĺ” ğăàïďăňĺ, àăáŕőńőęěŋŋëňĺ ćŋě ğăňëłăŋĺï őąńăáâĺ Ω̄, łőâőàëě áőğďăćăńĺ ąë ŋă ŕőćěàåŋőáâĺ őąńăáâĺ ŕőâěŋæĺăń àăćŋëľ − 1 4π ( α 1 r_{xξ} + β ∂ ∂n ( 1 r_{xξ} )) . Ŕőâěŋæĺăń ćŋãâàĺ őąńăáâĺ, łőâőàëľ ąãďãâ áőğďăćăâì íâĺ ňŋĺňëě ğăàïďë, áőćŕăďăěâ á äãŋłæĺěľ v (ξ), âăł łăł ã íâĺå čăàňőŋĺçěáłĺå ćŋãâàĺ őąńăáâĺ äãŋłæĺľ áőćŕăďăîâ ĺå čàăŋĺçŋëě ğŋăçěŋĺï. Ŕőďąőà âăłĺå ňŋĺňëå ğăàïďőć ãďăñâáï ć àïďě áńãçăěć ŕàőĺğćěáâĺ, ĺáåőďï ĺğ ŕàĺáãéěľ ğăďăçě čěőňěâàĺçěáłőľ áĺňňěâàĺĺ.

Ŕàĺćěďěň ŕàĺňěàë ŕőďőąŋőčő ŕőďąőàă.

Ŕàĺňěà 1.Řěèěŋĺě ğăďăçĺ Ďĺàĺåńě ć ćěàåŋěň ŕőńãŕàőáâàăŋáâćě. Ŕãáâì Ω ≡ {(x_1, x_2, x_3) : x_3 > 0}. Řăááňőâàĺň áńěďãîéãî łàăěćãî ğăďăçã ŕěàćőčő àőďă ďńï ãàăćŋěŋĺï Ńăŕńăáă { △u = 0, x_3 > 0 u|_{x3=0} = φ. Ĺéěň äãŋłæĺî Čàĺŋă ć ćĺďě (11.74). Ďńï ŕőâěŋæĺăńă ĺŋďãæĺàőćăŋŋëå ğăàïďőć v ŕàĺ íâőň ĺňěěň ğăďăçã { △v = 0, ξ_3 > 0 v|_{ξ3=0} = −^1_{4πrxξ} .

Ćőğìňñň ć łăçěáâćě ňŋĺňőčő ĺáâőçŋĺłă ğăàïď q = −^1_{4π} , àăáŕőńőęěŋŋëľ ć âőçłě, áĺňňěâàĺçŋőľ âőçłě x ≡ (x_1, x_2, x_3) őâŋőáĺâěńìŋő ŕńőáłőáâĺ ξ_3 = 0, âő ěáâì ć âőçłě x^∗ ≡ (x_1, x_2, −x_3). Šăł łăł ŋă čàăŋĺæě őąńăáâĺ ěčő ŕőâěŋæĺăń àăćěŋ − 1 4πr_{x∗ξ} = − 1 4πr_{xξ} , âő ć áăňőľ őąńăáâĺ őŋ áőćŕăďăěâ á ĺáłőňőľ äãŋłæĺěľ v. Ć ĺâőčě

G (x, ξ) = 1 4π ( 1 r_{xξ} − 1 r_x∗_ξ ) , ă ĺğ äőàňãńë (11.73) ŕőńãçăěň àěèěŋĺě ğăďăçĺ

u (x) = − ∫∫ Ω φ ∂G ∂n dS_ξ = x_3 2π ∫∫ R^2

φ (ξ_1, ξ_2) dξ_1dξ_2 [ (x_1 − ξ_1)^2 + (x_2 − ξ_2)^2 + x^2_3

]_{3/2} .

Ŕàĺňěà 2. Řěèěŋĺě ğăďăçĺ Ďĺàĺåńě ćŋãâàĺ èăàă ( n = 3). Ć ďăŋŋőľ ğăďăçě Ω ≡ {x : |x| < a}. Řăááňőâàĺň łàăěćãî ğăďăçã ŕěàćőčő àőďă { △u = 0, x ∈ Ω, u|_{x∈∂Ω} = α (x) .

Őŕàěďěńěŋĺě. Šőçłĺ x ∈ Ω ĺ x^∗ ∈ R^3 \ Ω ŋăğëćăîâáï ćğăĺňŋő áĺňňěâàĺçŋëňĺ őâŋőáĺâěńìŋő áäěàë ∂Ω ≡ {x : |x| = a}, ěáńĺ őŋĺ ńěęăâ ŋă őďŋőň ńãçě, ćëåőďïéěň ĺğ æěŋâàă áäěàë O ĺ r_{ox}r_{ox}∗ = a^2. Ğďěáì, łăł őąëçŋő, r_{xy} ≡ |x − y|.

Ćŋőćì ĺéěň äãŋłæĺî Čàĺŋă ć ćĺďě (11.74). Ďńï ŕőâěŋæĺăńă ĺŋďãæĺàőćăŋŋëå ğăàïďőć v ŕàĺ íâőň ĺňěěň ğăďăçã { △v = 0, ξ ∈ Ω v|_{ξ∈∂Ω} = −^1_{4πrxξ} . Şąěďĺňáï ć âőň, çâő àěèěŋĺěň ŕőáńěďŋěľ ğăďăçĺ áńãęĺâ äãŋłæĺï

v (ξ) = q r_x∗_ξ , čďě q = − a 4π |x| — ŕőáâőïŋŋăï ćěńĺçĺŋă — ňŋĺňëľ ğăàïď, ă âőçłă x^∗ áĺňňěâàĺçŋă âőçłě x őâŋőáĺâěńìŋő áäěàë.

Ć áăňőň ďěńě, íâă äãŋłæĺï ãďőćńěâćőàïěâ ćáîďã ć ŕàőáâàăŋáâćě ğă ĺáłńîçěŋĺěň âőçłĺ x^∗ (ĺ áńěďőćăâěńìŋő — ćáîďã ćŋãâàĺ áäěàë) ãàăćŋěŋĺî Ńăŕńăáă, ă ŋă áăňőľ áäěàě v (ξ)|_{ξ∈∂Ω} =^q_{rx∗ξ} | | ξ∈∂Ω = (−^a_{|x|} ) 4π(^a_{|x|} rxξ) = = −^1_{4πrxξ} . Ğăňěâĺň, çâő âőęďěáâćő r_x∗_ξ ≡^a_{|x|} r_{xξ} , ξ ∈ ∂Ω ćëâěłăěâ ĺğ ŕőďőąĺï âàěãčőńìŋĺłőć OXξ ĺ OX^∗ξ (áň. àĺáãŋőł).

Ŕőáńěďŋĺě ŕőďőąŋë ŕő őąéěňã ãčńã ∠XOξ ĺ ŕàőŕőàæĺőŋăńìŋőáâĺ ŕàĺńěčăîéĺå ł ŋěňã áâőàőŋ: OX Oξ = Oξ OX^∗ . Šăłĺň őąàăğőň,

G (x, ξ) = 1 4π ( 1 r_{xξ} + q r_x∗_ξ )

ĺ àěèěŋĺě, łăł äãŋłæĺï áäěàĺçěáłĺå łőőàďĺŋăâ, ĺňěěâ ćĺď u (r, ϑ, φ) = − ∫∫ ∂Ω α^{∂G}_{∂n} dS = =^a_{4π} 2π∫ 0 dφ^′ π∫ 0 dϑ^′ α ( ϑ^′, φ^′ ) (_a^2_{−r}^2)_{sin ϑ}^′

[a^2−2ar cos γ+r^2]^{3/2} ,

cos γ ≡ cos ϑ cos ϑ^′ + sin ϑ sin ϑ^′ cos (φ − φ^′) .

İâő ĺğćěáâŋăï äőàňãńă Ŕãăááőŋă.

11.3.5 Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå Ťãàìě

Ďăŋŋëľ ňěâőď ňë ĺğńőęĺň ŋă ŕàĺňěàě àěèěŋĺï ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ńăŕńăáă ćŋãâàĺ èăàă Ω ≡ {x : |x| < a} ⊂ R^3 (ćŋãâàěŋŋïï ğăďăçă) ĺ ćŋě ŋěčő (ćŋěèŋïï ğăďăçă): { △u = 0, x ∈ Ω u|_{x∈∂Ω} = f (x) , ĺńĺ — ć áäěàĺçěáłőľ áĺáâěňě łőőàďĺŋăâ —

△u =^1_{r2}^∂_{∂r} ( r^{2 ∂u}_{∂r} ) +^1_{r2 sin θ}^∂_{∂θ} ( sin θ^{∂u}_{∂θ} ) + +^1_{r2 sin2 θ}^{∂2u}_{∂φ2} = 0, r < a (r > a) u|_{r=a} = f (θ, φ) . (11.75)

Ŕàěęďě çěň ŕàĺáâãŕăâì ł àěèěŋĺî áńěďãěâ őğŋăłőňĺâìáï á âěőàĺěľ ãàăćŋěŋĺľ ĺ äãŋłæĺľ Ńěęăŋďàă, łőâőàëě âěáŋő áćïğăŋë á ďăŋŋőľ ğăďăçěľ ňăâěňăâĺçěáłőľ äĺğĺłĺ.

Şàăćŋěŋĺï ĺ äãŋłæĺĺ Ńěęăŋďàă (áŕàăćłă ĺğ âěőàĺĺ őąëłŋőćěŋŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ).

Şàăćŋěŋĺěň Ńěęăŋďàă ŋăğëćăěâáï ńĺŋěľŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă d dx [( 1 − x^2 ) y^′ ] + λy = 0, −1 ≤ x ≤ 1. (11.76)

Őŋő ĺňěěâ őčàăŋĺçěŋŋëě ŋă őâàěğłě [−1, 1] àěèěŋĺï ńĺèì ŕàĺ λ = n (n + 1) , n = 0, 1, 2, . . .. Őďŋő ĺğ íâĺå àěèěŋĺľ őąőğŋăçăěâáï P_n (x) ĺ ŋăğëćăěâáï ňŋőčőçńěŋőň Ńěęăŋďàă ŕőàïďłă n. Łăł ĺ áńěďãěâ ĺğ ěčő ŋăğćăŋĺï, P_n (x) ïćńïěâáï ňŋőčőçńěŋőň őâ x ŕőàïďłă n. Ćâőàőě, ńĺŋěľŋő ŋěğăćĺáĺňőě á ŋĺň àěèěŋĺě ãàăćŋěŋĺï (11.76) őąőğŋăçăěâáï őąëçŋő Q_n (x) ĺ (ĺňěï ńőčăàĺäňĺçěáłĺě őáőąěŋŋőáâĺ ć âőçłăå x = ±1) ňŋőčőçńěŋőň ŋě ïćńïěâáï. Śćőľáâćă ćáěå íâĺå äãŋłæĺľ åőàőèő ĺğãçěŋë. Ŕěàěçĺáńĺň ŋěłőâőàëě ĺğ ŋĺå.

1. Ťőàňãńă Řőďàĺčő:

P_n (x) = 1 2^nn! d^n dx^n [( x^2 − 1 )_n] . Ć çăáâŋőáâĺ, ĺğ íâőčő ćëàăęěŋĺï ŕőńãçăěň

P_0 (x) ≡ 1, P_1 (x) ≡ x, P_2 (x) ≡^3_2 x^2 −^1_2 , . . . 2. Řěłãààěŋâŋëě áőőâŋőèěŋĺï ďńï ňŋőčőçńěŋőć Ńěęăŋďàă:

(n + 1) P_{n+1} − (2n + 1) xP_n + nP_{n−1} ≡ 0, P_n (x) ≡^1_{2n+1} [ P^′_{n+1} (x) − P^′_{n−1} (x) ] .

3. Ćğăĺňŋăï őàâőčőŋăńìŋőáâì ňŋőčőçńěŋőć Ńěęăŋďàă:

⟨P_n, P_k⟩ = 1∫ −1 P_n (x) P_k (x) dx = δ_{nk} 2 2n + 1 ,

čďě δ_{nk} — áĺňćőń Łàőŋěłěàă.

4. Ŕőńŋőâă áĺáâěňë ňŋőčőçńěŋőć Ńěęăŋďàă: ŋăąőà {√_{2n+1} 2 P_n (x) , n = 1, 2, . . . } őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě L_2 [−1, 1].

5. Őčàăŋĺçěŋŋőáâì: |P_n (x)| ≤ 1 ∀x ∈ [−1, 1] . Ŕàĺáőěďĺŋñŋŋëň ãàăćŋěŋĺěň Ńěęăŋďàă ŋăğëćăěâáï ńĺŋěľŋőě ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă ćĺďă d dx [ ( 1 − x^2 ) dy dx ] + ( λ − m^2 1 − x^2 ) y = 0, −1 ≤ x ≤ 1. (11.77)

Ğďěáì m — ğăďăŋŋőě æěńőě çĺáńő.

Ŋěŋãńěćőě őčàăŋĺçěŋŋőě ŋă őâàěğłě [−1, 1] àěèěŋĺě íâőčő ãàăćŋěŋĺï áãéěáâćãěâ ńĺèì ŕàĺ λ = n (n + 1), n = 0, 1, . . .; 0 ≤ m ≤ n. İâő àěèěŋĺě — ŕàĺáőěďĺŋñŋŋãî äãŋłæĺî Ńěęăŋďàă — P^{(m)}_n ňőęŋő ćëàăğĺâì çěàěğ ňŋőčőçńěŋ Ńěęăŋďàă áâěŕěŋĺ n ŕő äőàňãńě:

P^{(m)}_n (x) ≡ ( 1 − x^2

)_{m/2} d^mP_n (x) dx^m , ĺğ çěčő áńěďãěâ, çâő őŋő ć őąéěň áńãçăě ňŋőčőçńěŋőň ŋě ïćńïěâáï.

Őâňěâĺň âăłęě ŋěłőâőàëě áćőľáâćă ŕàĺáőěďĺŋñŋŋëå äãŋłæĺľ:

1. P^{(0)}n (x) ≡ P_n (x), P^{(m)}n (x) ≡ 0 ŕàĺ m > n, 2. ‖ ‖ ‖P^{(m)}n ‖ ‖ ‖^2 =^2_{2n+1}^{(n+m)!}_{(n−m)!} , 3. { P^{(m)}_n }_∞ n=m — őàâőčőŋăńìŋăï ğăňłŋãâăï áĺáâěňă (őàâőčőŋăńìŋëľ ąăğĺá) ć ěćłńĺďőćőň ŕàőáâàăŋáâćě L_2 [−1, 1] .

Ŕàĺáâãŕĺň âěŕěàì ł àěèěŋĺî ğăďăçĺ (11.75) ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå. Ŋă ŕěàćőň èăčě íâőčő ňěâőďă ĺéěň àěèěŋĺï ãàăćŋěŋĺï Ńăŕńăáă á àăğďěńñŋŋëňĺ ŕěàěňěŋŋëňĺ ćĺďă u (r, θ, φ) = w (r) Y (θ, φ) . Ŕőáńě ěčő ŕőďáâăŋőćłĺ ć ãàăćŋěŋĺě ŕőńãçăěň âőęďěáâćő d dr ( r^2 dw dr ) Y + 1 sin θ ∂ ∂θ ( sin θ ∂Y ∂θ ) w + 1 sin^2 θ

∂^2Y ∂φ^2 w ≡ 0, ĺńĺ — ŕőáńě àăğďěńěŋĺï ŕěàěňěŋŋëå — d dr ( r^{2 dw}_{dr} ) w ≡ − 1 sin θ ∂ ∂θ ( sin θ^{∂Y}_{∂θ} ) +^1_{sin2 θ}^{∂2Y}_{∂φ2} Y ≡ λ, čďě λ — ć áĺńã ŋěğăćĺáĺňőáâĺ ŕěàěňěŋŋëå — ňőęěâ ąëâì ńĺèì ŕőáâőïŋŋőľ. Őâáîďă ŕőńãçăěň ãàăćŋěŋĺï d dr ( r^2 dw dr ) − λw = 0, (11.78) 1 sin^2 θ

∂^2Y ∂φ^2 + 1 sin θ ∂ ∂θ ( sin θ ∂Y ∂θ ) + λY = 0. (11.79)

Őŕàěďěńěŋĺě. Őčàăŋĺçěŋŋőě àěèěŋĺě ãàăćŋěŋĺï (11.79), ãďőćńěâćőàïîéěě ãáńőćĺî ŕěàĺőďĺçŋőáâĺ Y (θ, φ) ≡ Y (θ, φ + 2π), ŋăğëćăěâáï áäěàĺçěáłőľ äãŋłæĺěľ.

Śäěàĺçěáłĺě äãŋłæĺĺ âăłęě ąãďěň ĺáłăâì ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå: Y (θ, φ) ≡ Θ (θ) Φ (φ) . Ŕőáńě ŕőďáâăŋőćłĺ ŕőďőąŋőľ äãŋłæĺĺ ć (11.79) ĺ àăğďěńěŋĺï ŕěàěňěŋŋëå ŕőńãçĺň ãàăćŋěŋĺï { Φ^{′′} + μΦ = 0, Φ (φ + 2π) ≡ Φ (φ) , (11.80) 1 sin θ d dθ ( sin θ dΘ dθ ) + ( λ − μ sin^2 θ ) Θ = 0, (11.81)

čďě μ — ŕőáâőïŋŋőě çĺáńő. Řěèěŋĺï ãàăćŋěŋĺï (11.80), ãďőćńěâćőàïîéĺě ãáńőćĺî ŕěàĺőďĺçŋőáâĺ á ŕěàĺőďőň 2π, áãéěáâćãîâ âőńìłő ŕàĺ μ = m^2, m = 0, ±1, . . ., ĺ ĺňěîâ ćĺď

Φ (φ) = A_m cos mφ + B_m sin mφ.

Ŕőďáâăćńïï ďăŋŋőě ğŋăçěŋĺě ć ãàăćŋěŋĺě (11.81) ĺ ŕàőĺğćőďï ć ŋñň ğăňěŋë ŕěàěňěŋŋëå ćĺďă

t = cos θ, X (t) = Θ (θ) ,

ŕőńãçăěň ŕàĺáőěďĺŋñŋŋőě ãàăćŋěŋĺě Ńěęăŋďàă ďńï äãŋłæĺĺ X (t): d dt [ ( 1 − t^2 ) dX dt ] + ( λ − m^2 1 − t^2 ) X = 0. Ěčő ŋěâàĺćĺăńìŋëě őčàăŋĺçěŋŋëě àěèěŋĺï áãéěáâćãîâ ńĺèì ŕàĺ λ = n (n + 1) : X^{(m)}_n (t) = P^{(|m|)}_n (t) , n = 0, 1, . . . ; 0 ≤ |m| ≤ n, ĺ ŕőâőňã ŋěâàĺćĺăńìŋëě àěèěŋĺï ãàăćŋěŋĺï (11.81) ĺňěîâ ćĺď

Θ^{(m)}_n (θ) = P^{(m)}_n (cos θ) ,

ă ŋěâàĺćĺăńìŋëě àěèěŋĺï ãàăćŋěŋĺï (11.79) —

Y^{(m)}_n (θ, φ) = { P^{(m)}_n (cos θ) cos mφ, m = 0, 1, . . . , n P^{(|m|)}_n (cos θ) sin mφ, m = −1, . . . , −n. Ĺáŕőńìğãï áćőľáâćă äãŋłæĺľ Ńěęăŋďàă, ňőęŋő ďőłăğăâì, çâő ňŋőęěáâćő äãŋłæĺľ { Y^{(m)}_n (θ, φ) } n=0,1,...; |m|≤n őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć ěćłńĺďőćőň ŕàőáâàăŋáâćě L_2 (S) ŋěŕàěàëćŋëå ŋă ěďĺŋĺçŋőľ áäěàě äãŋłæĺľ χ (θ, φ), 0 ≤ θ ≤ π, −∞ < φ < +∞, χ (θ, φ) ≡ χ (θ, φ + 2π) áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň

⟨χ_1, χ_2⟩ = π∫ 0 sin θ dθ 2π∫ 0 dφ χ_1 (θ, φ) χ_2 (θ, φ) .

Ŕàĺ íâőň ‖ ‖ ‖Y^{(m)}_n ‖ ‖^2_{L2(S)} = 2π

(1 + δ_{0m}) (2n + 1) · (n + |m|)! (n − |m|)! . Ŕőďáâăćńïï λ = n (n + 1) ć ãàăćŋěŋĺě (11.78), ŕőńãçăěň ãàăćŋěŋĺě İľńěàă: r^2 d^2w dr^2 + 2r dw dr − n (n + 1) w = 0.

Ěčő őąéěě àěèěŋĺě

w (r) = C_1r^n + C_2r^{−n−1}.

Şáńőćĺě őčàăŋĺçěŋŋőáâĺ ğăáâăćńïěâ ŕőńőęĺâì ğďěáì C_2 = 0 ć áńãçăě ćŋãâàěŋŋěľ ğăďăçĺ Ďĺàĺåńě ĺ, ŋăőąőàőâ, C_1 = 0 ć áńãçăě ćŋěèŋěľ ğăďăçĺ.

Ć ĺâőčě ŕőńãçăěň áńěďãîéĺľ ąěáłőŋěçŋëľ ŋăąőà őčàăŋĺçěŋŋëå ŋěâàĺćĺăńìŋëå àěèěŋĺľ ãàăćŋěŋĺï Ńăŕńăáă u_{mn} (r, θ, φ) = { r^nY^{(m)}_n (θ, φ) , r < a, r^{−n−1}Y^{(m)}n (θ, φ) , r > a, |m| ≤ n, n = 0, 1, . . .. Ďăŋŋëě čăàňőŋĺçěáłĺě äãŋłæĺĺ ŋăğëćăîâáï èăàőćëňĺ äãŋłæĺïňĺ. Ňőęŋő ŕőłăğăâì, çâő őŋĺ ć ďěľáâćĺâěńìŋőáâĺ ŕàěďáâăćńïîâ áőąőľ ŕőńĺŋőňë őâ ďěłăàâőćëå ŕěàěňěŋŋëå x, y. (čăàňőŋĺçěáłĺě ŕőńĺŋőňë).

Ŋă ćâőàőň èăčě ąãďěň ĺáłăâì àěèěŋĺě ğăďăçĺ (11.75) ć ćĺďě àïďă ŕő èăàőćëň äãŋłæĺïň u (r, θ, φ) = ∞∑ n=0 n∑ m=−n A_{mn}u_{mn} (r, θ, φ) . Ŋěőŕàěďěńñŋŋëě łőíääĺæĺěŋâë A_{mn} ŋăåőďïâáï ĺğ čàăŋĺçŋëå ãáńőćĺľ:

• ďńï ćŋãâàěŋŋěľ ğăďăçĺ u (a, θ, φ) = ∑ n,m A_{mn}a^nY^{(m)}_n (θ, φ) = f (θ, φ) ⇔ ⇔ A_{mn} = ⟨^{f,Y (m)n} ⟩ a^n ‖ ‖Y (m)_n ‖ ‖^2 ;

• ďńï ćŋěèŋěľ ğăďăçĺ u (a, θ, φ) = ∑ n,m A_{mn}a^{−n−1}Y^{(m)}_n (θ, φ) = f (θ, φ) ⇔ ⇔ A_{mn} =^{an+1}⟨^{f,Y (m)n} ⟩ ‖ ‖Y (m)_n ‖ ‖^2 .

11.3.6 Ňěâőď ŕőâěŋæĺăńőć

Ć őáŋőćě ďăŋŋőčő ňěâőďă ńěęĺâ ŕőŋïâĺě ŕőâěŋæĺăńă, łőâőàëľ ŕàěďáâăćńïěâ áőąőľ ŋěáőąáâćěŋŋëľ łàăâŋëľ ĺŋâěčàăń áŕěæĺăńìŋőčő ćĺďă. Ŋăŕőňŋĺň őáŋőćŋëě ŕőńőęěŋĺï âěőàĺĺ ŋěáőąáâćěŋŋëå łàăâŋëå ĺŋâěčàăńőć ć ŕàőáâàăŋáâćě äãŋłæĺľ őâ âàñå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå^{50}.

Ŋěáőąáâćěŋŋëě łàăâŋëě ĺŋâěčàăńë (áŕàăćłă ĺğ łãàáă ňăâěňăâĺçěáłőčő ăŋăńĺğă).

Řăááňőâàĺň äãŋłæĺî F (ξ), őŕàěďěńñŋŋãî ĺ ŋěŕàěàëćŋãî ćő ćáěå âőçłăå őčàăŋĺçěŋŋőľ őąńăáâĺ Ω ⊂ R^3 ğă ĺáłńîçěŋĺěň, ňőęěâ ąëâì, âőçłĺ x_0, łőâőàãî ąãďěň ŋăğëćăâì őáőąőľ âőçłőľ ďăŋŋőľ äãŋłæĺĺ. Ŕàěďŕőńőęĺň âăłęě, çâő ďńï ńîąőľ őłàěáâŋőáâĺ O őáőąőľ âőçłĺ áãéěáâćãěâ ĺŋâěčàăń ∫∫ ∫ Ω\O F (ξ) dξ.

Őŕàěďěńěŋĺě. Ŕãáâì {O_ε} — ŕàőĺğćőńìŋőě áěňěľáâćő őłàěáâŋőáâěľ âőçłĺ x_0, ďńï łőâőàőčő diam O_ε → 0 ŕàĺ ε → +0. Ěáńĺ ŕàěďěń

lim_{ε→+0} ∫∫∫ Ω\O_ε F (ξ) dξ = J (11.82)

áãéěáâćãěâ ĺ ŋě ğăćĺáĺâ őâ ćëąőàă áěňěľáâćă {O_ε}, âő čőćőàïâ, çâő ŋěáőąáâćěŋŋëľ ĺŋâěčàăń ∫ ∫∫ Ω F (ξ) dξ (11.83)

áåőďĺâáï ĺ àăćěŋ J.

Ć łãàáě ňăâěňăâĺçěáłőčő ăŋăńĺğă ďőłăğëćăěâáï, çâő ć áńãçăě ŋěőâàĺæăâěńìŋőľ (ĺńĺ ŋěŕőńőęĺâěńìŋőľ) äãŋłæĺĺ F ďńï áåőďĺňőáâĺ ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă (11.83) ďőáâăâőçŋő áãéěáâćőćăŋĺï łăłőčő-ńĺąő őďŋőčő áěňěľáâćă őłàěáâŋőáâěľ, ďńï łőâőàőčő áãéěáâćãěâ ŕàěďěń (11.82). İâő ãâćěàęďěŋĺě ğŋăçĺâěńìŋő ãŕàőéăěâ ĺááńěďőćăŋĺě áåőďĺňőáâĺ ŋěáőąáâćěŋŋëå ĺŋâěčàăńőć ďńï ğŋăłőŕőáâőïŋŋëå äãŋłæĺľ. Ďőáâăâőçŋő ŕőďőąàăâì ãďăçŋőě áěňěľáâćő őłàěáâŋőáâěľ, ďńï łőâőàőčő ŕàěďěń (11.82) áãéěáâćãěâ, ĺ áåőďĺňőáâì ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă ďőłăğăŋă. Ś ďàãčőľ áâőàőŋë, âő çâő ŕàěďěń ŋě áãéěáâćãěâ, čăàăŋâĺàãěâ àăáåőďĺňőáâì ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă.

Ŕàĺňěà: ∫∫∫ |ξ|<1 dξ |ξ|^α = limε→+0 ∫∫∫ ε≤|ξ|<1 dξ |ξ|^α = = lim_{ε→+0}^{2π} ∫ 0 dφ^π ∫ 0 sin θ dθ^1 ∫ ε r^2 dr r^α =

= 4π lim_{ε→+0}^1 ∫ ε r^{2−α} dr = { ∞, α ≥ 3, 4π 3−α , α < 3. 50Ďńï áńãçăï őčàăŋĺçěŋŋőľ őąńăáâĺ ĺŋâěčàĺàőćăŋĺï.

Śńěďőćăâěńìŋő, ďăŋŋëľ ŋěáőąáâćěŋŋëľ ĺŋâěčàăń áåőďĺâáï ŕàĺ α < 3 ĺ àăáåőďĺâáï ŕàĺ α ≥ 3.

Ďńï ŋěáőąáâćěŋŋëå łàăâŋëå ĺŋâěčàăńőć ćěàŋă âěőàěňă ő ňăęőàăŋâě: ĺğ âőčő, çâő ∫∫∫ φ dξ áåőďĺâáï ĺ áŕàăćěďńĺćă őæěŋłă |F (ξ)| ≤ φ (ξ) ∀ξ áńěďãěâ áåőďĺňőáâì ĺŋâěčàăńă ∫∫∫ F dξ. Őâáîďă ĺ ĺğ ŕàĺćěďñŋŋőčő ćëèě ŕàĺňěàă ŕőńãçăěâáï áńěďãîéĺľ łőŋłàěâŋëľ ŕàĺğŋăł áåőďĺňőáâĺ: ěáńĺ ćŋãâàĺ ěďĺŋĺçŋőčő èăàă |F (ξ)| ≤ C/r^α, α < 3, âő ĺŋâěčàăń ∫∫ ∫

|ξ|<1 F (ξ) dξ áåőďĺâáï.

Ŋěáőąáâćěŋŋëě łàăâŋëě ĺŋâěčàăńë, ğăćĺáïéĺě őâ ŕăàăňěâàőć. Řăááňőâàĺň äãŋłæĺî F (x, ξ), x ∈ R^3, ξ ∈ Ω ⊂ R^3 , łőâőàăï ŋěŕàěàëćŋă ŕő ξ ćáîďã ć őčàăŋĺçěŋŋőľ őąńăáâĺ Ω, ğă ĺáłńîçěŋĺěň, ňőęěâ ąëâì, âőçłĺ x, łőâőàăï (ć áńãçăě ěñ ŕőŕăďăŋĺï ć őąńăáâì Ω) ïćńïěâáï őáőąőľ âőçłőľ äãŋłæĺĺ. Řăááňőâàĺň ŋěáőąáâćěŋŋëľ ĺŋâěčàăń

J (x) ≡ ∫∫ ∫ Ω F (x, ξ) dξ (11.84)

łăł äãŋłæĺî âőçłĺ x, ŕàěďŕőńăčăï çâő őŋ áåőďĺâáï ∀x ∈ Ω ĺ áãéěáâćãěâ łăł őąëçŋëľ łàăâŋëľ ĺŋâěčàăń Řĺňăŋă ŕàĺ x /∈ Ω.

Ććěďěň ŕőŋïâĺě àăćŋőňěàŋőľ áåőďĺňőáâĺ ĺŋâěčàăńă (11.84), ďńï ŋăčńïďŋőáâĺ áàăćŋĺćăï ěčő á ŕőŋïâĺěň őąëçŋőľ áåőďĺňőáâĺ ĺŋâěčàăńă.

Őŕàěďěńěŋĺě. 1) Ĺŋâěčàăń (11.84) áåőďĺâáï ć âőçłě x = x_0, ěáńĺ ďńï ńîąőčő ε > 0 ŋăľďěâáï δ = δ (ε) > 0 âăłőě, çâő ďńï ćáïłőľ őłàěáâŋőáâĺ O âőçłĺ x_0, ďĺăňěâà łőâőàőľ ŋě ŕàěćőáåőďĺâ δ, | | | | | ∫ ∫∫ O F (x_0, ξ) dξ | | | | | < ε;

2) Ĺŋâěčàăń (11.84) àăćŋőňěàŋő áåőďĺâáï ć âőçłě x = x_0, ěáńĺ ďńï ńîąőčő ε > 0 ŋăľďěâáï δ = δ (ε) > 0 âăłőě, çâő ďńï ćáïłőľ őłàěáâŋőáâĺ O âőçłĺ x_0, ďĺăňěâà łőâőàőľ ŋě ŕàěćőáåőďĺâ δ, ĺ ďńï ćáïłőčő x, |x − x_0| < δ áŕàăćěďńĺćő ŋěàăćěŋáâćő | | | | | ∫∫ ∫ O F (x, ξ) dξ | | | | | < ε.

Őçěćĺďŋő, çâő ĺğ àăćŋőňěàŋőľ áåőďĺňőáâĺ ĺŋâěčàăńă áńěďãěâ ěčő (őąëçŋăï) áåőďĺňőáâì ć ďăŋŋőľ âőçłě. Őąàăâŋőě, łăł ňőęŋő ŕőłăğăâì ŋă ŕàĺňěàăå, ŋěćěàŋő. Ňőęŋő ďőłăğăâì âăłęě, çâő ěáńĺ äãŋłæĺï F (x, ξ) ŋěŕàěàëćŋă ŕő x ć âőçłě x_0 ŕàĺ ńîąőň äĺłáĺàőćăŋŋőň ξ ≠ x_0 ĺ ĺŋâěčàăń (11.84) àăćŋőňěàŋő áåőďĺâáï ć íâőľ âőçłě, âő äãŋłæĺï J (x) ŋěŕàěàëćŋă ć x_0. Ďăńěě, ďńï ćőğňőęŋőáâĺ ďĺääěàěŋæĺàőćăŋĺï ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă ŕő x ć âőçłě x_0 ŕőď ěčő ğŋăłőň ďőáâăâőçŋő, çâőąë áăň ĺŋâěčàăń ć íâőľ âőçłě áåőďĺńáï, ă ĺŋâěčàăń őâ ŕàőĺğćőďŋőľ áåőďĺńáï àăćŋőňěàŋő.

Őąêěňŋëľ ŕőâěŋæĺăń.

Őŕàěďěńěŋĺě. Ŕãáâì ρ (ξ) ŋěŕàěàëćŋăï, őčàăŋĺçěŋŋăï ć őčàăŋĺçěŋŋőľ őąńăáâĺ Ω ⊂ R^3 äãŋłæĺï. Ĺŋâěčàăń

u (x) ≡ ∫∫ ∫ Ω ρ (ξ) dξ r_{xξ} (11.85)

ŋăğëćăěâáï őąêñňŋëň ŕőâěŋæĺăńőň (ŕő őąńăáâĺ Ω á ŕńőâŋőáâìî ğăàïďă ρ). Śćőľáâćă őąêñňŋőčő ŕőâěŋæĺăńă (ő.ŕ.).

1. Ťãŋłæĺï u (x) őŕàěďěńěŋă ĺ ŋěŕàěàëćŋă ćáîďã ć ŕàőáâàăŋáâćě R^3.

Ďőłăğăâěńìáâćő. Ŕàĺ x_0 /∈ Ω ĺŋâěčàăń (11.85) ïćńïěâáï áőąáâćěŋŋëň; ěčő ŋěŕàěàëćŋőáâì ŕő ŕăàăňěâàã ćëâěłăěâ ĺğ áőőâćěâáâćãîéěčő áćőľáâćă àĺňăŋőćëå ĺŋâěčàăńőć. Ŕãáâì x_0 ∈ Ω̄. Ďőłăęěň, çâő ć íâőň áńãçăě ĺŋâěčàăń (11.85) àăćŋőňěàŋő áåőďĺâáï ć ďăŋŋőľ âőçłě.

Ĺňěěň őçěćĺďŋãî őæěŋłã | | | ρ (ξ) r_{x0ξ} | | | ≤ C r^1_{x0ξ} őâłãďă ć áĺńã ćëèěŕàĺćěďñŋŋőčő ŕàĺğŋăłă áåőďĺňőáâĺ ŋěáőąáâćěŋŋëå łàăâŋëå ĺŋâěčàăńőć (ďńï α = 1) áńěďãěâ áåőďĺňőáâì ĺŋâěčàăńă (11.85). Ŕãáâì ďăńěě |x − x_0| < δ, O - őłàěáâŋőáâì âőçłĺ x_0, diam O < δ. Šőčďă | | | | ∫∫∫ O ρdξ r_{xξ} | | | | ≤ C ∫∫∫ O dξ r_{xξ} ≤ ≤ ∫∫∫ K_{2δ} (x) dξ r_{xξ} = 4πC r^2 2 | |^{2δ}_0 = 8πCδ^2 < ε

ŕàĺ δ < √_ε 8πC . Ğďěáì K_{2δ} (x) ⊃ O — èăà àăďĺãáă 2δ á æěŋâàőň ć âőçłě x.

2. Ťãŋłæĺï u (x) ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ćáîďã ć R^3.

Ďőłăğăâěńìáâćő. Ěáńĺ âőçłă x ŋě ŕàĺŋăďńěęĺâ ğăňëłăŋĺî őąńăáâĺ Ω, âő ć áőőâćěâáâćĺĺ á ŕàăćĺńăňĺ ďĺääěàěŋæĺàőćăŋĺï àĺňăŋőćëå ĺŋâěčàăńőć ∂u ∂x_i = ∂ ∂x_i ∫∫∫ Ω ρ(ξ)dξ r_{xξ} = ∫∫∫ Ω ρ (ξ)^∂_{∂xi}^1_{rxξ} dξ = = ∫∫∫ Ω ρ (ξ)^{(ξi−xi)}_{r3xξ} dξ ≡ J_1 (x) .

Ěáńĺ ęě âőçłă x ńěęĺâ ć Ω̄, âő ăŋăńőčĺçŋő ŕàěďëďãéěňã ŕãŋłâã ãąěęďăěňáï ć àăćŋőňěàŋőľ áåőďĺňőáâĺ ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă J_1 (x), çâő ïćńïěâáï ďőáâăâőçŋëň ãáńőćĺěň ďĺääěàěŋæĺàőćăŋĺï ŕőď ğŋăłőň ŋěáőąáâćěŋŋőčő ĺŋâěčàăńă.

3. Ťãŋłæĺï u (x) ïćńïěâáï čăàňőŋĺçěáłőľ ćŋě ğăňëłăŋĺï őąńăáâĺ Ω, âő ěáâì ćŋě őąńăáâĺ àăáŕőńőęěŋĺï őąêñňŋëå ğăàïďőć.

Ďőłăğăâěńìáâćő. Ďőáâăâőçŋő ďćăęďë ŕàőďĺääěàěŋæĺàőćăâì łàăâŋëľ àĺňăŋőć ĺŋâěčàăń:

△u (x) = ∫∫∫ Ω ρ (ξ) △ ( 1 r_{xξ} )

≡0 dξ ≡ 0.

4. Ćŋãâàĺ őąńăáâĺ Ω äãŋłæĺï u (x) ãďőćńěâćőàïěâ ãàăćŋěŋĺî Ŕãăááőŋă △u = −4πρ (x) (ąěğ ďőłăğăâěńìáâćă)^{51}.

Śńěďáâćĺě. Ůăáâŋëň àěèěŋĺěň ãàăćŋěŋĺï Ŕãăááőŋă

△u = f (x)

ïćńïěâáï

u (x) = − 1 4π ∫∫ ∫ Ω f (ξ) r_{xξ} dξ

5. Őąêñňŋëľ ŕőâěŋæĺăń “ĺáçěğăěâ” ć ąěáłőŋěçŋőáâĺ: u (x) → 0 ŕàĺ |x| → ∞ . Ďőłăğăâěńìáâćő. Ĺňěěň ŕő âěőàěňě ő áàěďŋěň ďńï ĺŋâěčàăńőć |u (x)| = | | | | ∫∫∫ Ω ρ r_{xξ} dξ | | | | ≤ ∫∫∫ Ω |ρ(ξ)| r_{xξ} dξ = =^1_{rξ∗x} ∫∫∫ Ω |ρ (ξ)| dξ =^C_{rξ∗x} →_{|x|→∞} 0.

Ŕőćěàåŋőáâŋëě ŕőâěŋæĺăńë

Őŕàěďěńěŋĺě. Ŕőćěàåŋőáâì S ⊂ R^3 ŋăğëćăěâáï ŕőćěàåŋőáâìî Ńïŕãŋőćă, ěáńĺ

1. ć łăęďőľ ěñ âőçłě ξ áãéěáâćãěâ łăáăâěńìŋăï ŕńőáłőáâì á ćěłâőàőň ŋőàňăńĺ ⃗n_ξ;

2. ďńï łăęďőľ ěñ âőçłĺ ξ ŋăľďěâáï âăłăï őłàěáâŋőáâì, çâő ŕàïňăï, ŕàőåőďïéăï ŕăàăńńěńìŋő ćěłâőàã ŋőàňăńĺ ⃗n_ξ çěàěğ ŕàőĺğćőńìŋãî âőçłã íâőľ őłàěáâŋőáâĺ, ŕěàěáěłăěâ ŕőćěàåŋőáâì ńĺèì ć ďăŋŋőľ âőçłě^{52};

51Ŕàĺćěďěň, ćŕàőçěň, äőàňăńìŋőě ďőłăğăâěńìáâćő íâőčő äăłâă á ŕőňőéìî őąőąéñŋŋëå äãŋłæĺľ: △u = △ ( ρ ∗^1_r ) = ρ ∗ △ (_1 ρ ) = ρ ∗ (−4πδ) = −4πρ. 52İâő ŕőğćőńïěâ ńőłăńìŋő őŕĺáëćăâì ŕőćěàåŋőáâì ć ćĺďě čàăäĺłă äãŋłæĺĺ z = f (x, y).

3. ďńï ãčńă γ ňěęďã ćěłâőàăňĺ ŋőàňăńĺ ć âőçłăå ξ ĺ ξ_1 áŕàăćěďńĺćă őæěŋłă γ ≤ Cr^δ_{ξξ1} , čďě r_{ξξ1} — àăááâőïŋĺě ňěęďã âőçłăňĺ, C, δ — ŕőáâőïŋŋëě, 0 < δ ≤ 1, C > 0. Ć ďăńìŋěľèěň őąńăáâì ŕàőáâàăŋáâćă, ŕàĺňëłăîéăï ł ŕőćěàåŋőáâĺ áő áâőàőŋë ŕőńőęĺâěńìŋőčő ŋăŕàăćńěŋĺï ŋőàňăńĺ, ŋăğćăěâáï exterior (e), ă ăŋăńőčĺçŋăï őąńăáâì á őąàăâŋőľ áâőàőŋë ŕőćěàåŋőáâĺ — interior (i).

Őŕàěďěńěŋĺě. Ŕãáâì S — őčàăŋĺçěŋŋăï ŕőćěàåŋőáâì Ńïŕãŋőćă ć R^3, μ (ξ) — őčàăŋĺçěŋŋăï ŋěŕàěàëćŋăï ŋă S äãŋłæĺï.

Ĺŋâěčàăń

v (x) = ∫ ∫ S μ (ξ) dS_ξ r_{xξ} ŋăğëćăěâáï ŕőâěŋæĺăńőň ŕàőáâőčő áńőï á ŕőćěàåŋőáâŋőľ ŕńőâŋőáâìî ğăàïďă μ (ξ).

Śćőľáâćă ŕőâěŋæĺăńă ŕàőáâőčő áńőï (ŕ.ŕ.á.).

1. Ŕ.ŕ.á. ćáîďã őŕàěďěńñŋ ć R^3;

2. Ŕ.ŕ.á. ćáîďã ŋěŕàěàëćěŋ ć R^3;

3. Čàăďĺěŋâ ŕ.ŕ.á. ćěğďě áãéěáâćãěâ ĺ ŋěŕàěàëćěŋ ćŋě ŕőćěàåŋőáâĺ; ŋă áăňőľ ŕőćěàåŋőáâĺ ŋőàňăńìŋăï ŕàőĺğćőďŋăï^{∂v}_{∂n} ĺňěěâ áłăçőł 4πμ (x): (_{∂v} ∂n ) e ≡ lim_{ξ→x} ξ∈e ∂v ∂n =^{∂v}_{∂n} − 2πμ (x) , (_{∂v} ∂n ) i ≡ lim_{ξ→x} ξ∈i ∂v ∂n =^{∂v}_{∂n} + 2πμ (x) .

4. Ćáîďã ćŋě ŕőćěàåŋőáâĺ ŕ.ŕ.á. ïćńïěâáï čăàňőŋĺçěáłőľ äãŋłæĺěľ;

5. Ŕ.ŕ.á. ĺáçěğăěâ ŋă ąěáłőŋěçŋőáâĺ: lim |x|→∞ v (x) = 0.

Őŕàěďěńěŋĺě. Ŕãáâì S — ďćãáâőàőŋŋïï őčàăŋĺçěŋŋăï ŕőćěàåŋőáâì Ńïŕãŋőćă, ν (ξ) — ŋěŕàěàëćŋăï őčàăŋĺçěŋŋăï ŋă S äãŋłæĺï. Ĺŋâěčàăń^{53}

w (x) ≡ ∫ ∫ S ν (ξ) ∂ ∂n ( 1 r_{xξ} ) dS_ξ (11.86)

ŋăğëćăěâáï ŕőâěŋæĺăńőň ďćőľŋőčő áńőï á ŕőćěàåŋőáâŋőľ ŕńőâŋőáâìî ν (ξ).

53Ďĺääěàěŋæĺàőćăŋĺě ŕőď ğŋăłőň ĺŋâěčàăńă ŕàőĺğćőďĺâáï ŕő ŕěàěňěŋŋőľ ξ ć ŋăŕàăćńěŋĺĺ ŋőàňăńĺ ł čàăŋĺæě ć íâőľ âőçłě.

Śćőľáâćă ŕőâěŋæĺăńă ďćőľŋőčő áńőï (ŕ.ď.á.).

1. Ťĺğĺçěáłĺľ áňëáń ŕ.ď.á.

Řăááňőâàĺň ŕőâěŋæĺăń, áőğďăćăěňëľ ć ŕàőáâàăŋáâćě łőŋěçŋëň ďĺŕőńěň, áőáâőïéĺň ĺğ ğăàïďőć ±e, ŋăåőďïéĺåáï ć âőçłăå ξ_2 ĺ ξ_1, áőőâćěâáâćěŋŋő:

x −e e

ξ_1 ξ_2 −→n

Ć âőçłě x ŕàőáâàăŋáâćă áãňňăàŋëľ ŕőâěŋæĺăń àăćěŋ

W_h (x) = e r_{xξ2} − e r_{xξ1} . (11.87)

Ŕãáâì àăááâőïŋĺě h ňěęďã ğăàïďăňĺ ŋěőčàăŋĺçěŋŋő ãňěŋìèăěâáï, ă áăňĺ ğăàïďë àăáâãâ âăł, çâőąë ďĺŕőńìŋëľ ňőňěŋâ ν ≡ eh őáâăćăńáï ŕőáâőïŋŋëň. Ć ŕàěďěńě (11.87) ŕěàěåőďĺâ ć â.ŋ. ŕőâěŋæĺăń âőçěçŋőčő ďĺŕőńï:

W (x) = lim_{h→0} e

(_1 r_{xξ2} − 1 r_{xξ1} ) = = lim_{h→0} eh^∂_{∂n}

(_1 r_{xξ} )| |_{ξ=ξ∗} = ν^∂_{∂n} (_1 r_{xξ} ) , (11.88)

čďě ⃗n — ŋăŕàăćńěŋĺě ďĺŕőńìŋőčő ňőňěŋâă (őâ őâàĺæăâěńìŋőčő ł ŕőńőęĺâěńìŋőňã ğăàïďã). Śàăćŋĺćăï (11.88) ĺ (11.86), ňőęŋő ŕàĺľâĺ ł áńěďãîéěľ ĺŋâěàŕàěâăæĺĺ ŕőâěŋæĺăńă ďćőľŋőčő áńőï: íâő ŕőâěŋæĺăń, áőğďăćăěňëľ ć ŕàőáâàăŋáâćě áńőěň ďĺŕőńěľ, őàĺěŋâĺàőćăŋŋëå ŕő ŋőàňăńĺ ł ŕőćěàåŋőáâĺ ĺ “àăğňăğăŋŋëå” ŕő ŋěľ á ŕőćěàåŋőáâŋőľ ŕńőâŋőáâìî ν (ξ). Ŕőáńěďŋěě őğŋăçăěâ, çâő áãňňăàŋëľ ďĺŕőńìŋëľ ňőňěŋâ ąěáłőŋěçŋő ňăńőľ ŕńőéăďłĺ ŕőćěàåŋőáâĺ dS_ξ àăćěŋ ν (ξ) dS_ξ.

2. Ćâőàăï äőàňă ŕàěďáâăćńěŋĺï ŕ.ď.á.

Ŕãáâì x — äĺłáĺàőćăŋŋăï âőçłă ŕàőáâàăŋáâćă, ńěęăéăï ćŋě ŕőćěàåŋőáâĺ, ξ — âěłãéăï âőçłă ŕőćěàåŋőáâĺ, ⃗r — àăďĺãá-ćěłâőà, ŋăŕàăćńěŋŋëľ ĺğ âőçłĺ x ć âőçłã ξ. Ĺňěěň_{∂⃗r} ∂n = ⃗n, r^2 = ⟨⃗r,⃗r⟩ ⇒ r^{∂r}_{∂n} = ⟨ ⃗r,^{∂⃗r}_{∂n} ⟩ ⇒ ∂r ∂n = ⟨_{⃗r} r , ⃗n ⟩ = − cos φ,

čďě φ — ãčőń ňěęďã ćěłâőàőň ŋőàňăńĺ ł ŕőćěàåŋőáâĺ ć âőçłě ξ ĺ ćěłâőàőň −⃗r. Őâáîďă ∂ ∂n (_1 r ) = −^1_{r2}^{∂r}_{∂n} =^{cos φ}_{r2} , ∂ ∂n (_1 r ) dS_ξ =^{cos φ dSξ}_{r2} ≡ dω_{xξ} = ± |dω_{xξ}| . Ćěńĺçĺŋă |dω_{xξ}| ĺňěěâ ŕàőáâőľ čěőňěâàĺçěáłĺľ áňëáń — íâő âěńěáŋëľ ãčőń, ŕőď łőâőàëň íńěňěŋâ ŕőćěàåŋőáâĺ dS_ξ ćĺďěŋ ĺğ âőçłĺ x.

Ďĺääěàěŋæĺăń dω_{xξ} = |dω_{xξ}|, ěáńĺ ĺğ âőçłĺ x ćĺďŋă ćŋěèŋïï áâőàőŋă ŕőćěàåŋőáâĺ, ĺ dω_{xξ} = − |dω_{xξ}| ć ŕàőâĺćŋőň áńãçăě.

Ć ĺâőčě ŕőńãçăěň ěéñ őďŋő ŕàěďáâăćńěŋĺě ďńï ŕőâěŋæĺăńă ďćőľŋőčő áńőï:

w (x) = ∫ ∫ S ν (ξ) dω_{xξ}.

3. Ŕ.ď.á. őŕàěďěńñŋ ćáîďã ć R^3.

4. Ŕ.ď.á. ŋěŕàěàëćěŋ ćáîďã ć ŕàőáâàăŋáâćě, ğă ĺáłńîçěŋĺěň âőçěł ŕőćěàåŋőáâĺ, čďě őŋ âěàŕĺâ àăğàëć ŕěàćőčő àőďă:

w_i (x) ≡ lim_{ξ→x} ξ∈i w (ξ) = w (x) − 2πν (x) ,

w_e (x) ≡ lim_{ξ→x} ξ∈e w (ξ) = w (x) + 2πν (x) ,

w_e − w_i = 4πν (x) .

5. Ćŋě ŕőćěàåŋőáâĺ ŕ.ď.á. ïćńïěâáï čăàňőŋĺçěáłőľ äãŋłæĺěľ.

6. Ŕ.ď.á. ĺáçěğăěâ ŋă ąěáłőŋěçŋőáâĺ.

Čăãááőć ŕőâěŋæĺăń.

Ć âőň çăáâŋőň áńãçăě, łőčďă ν (ξ) ≡ ν_0 = const ŕőâěŋæĺăń ďćőľŋőčő áńőï ŋăğëćăěâáï čăãááőćëň: w (x) = ν_0 ∫∫ S dω_{xξ}. Ďńï ğăňłŋãâőľ őčàăŋĺçěŋŋőľ ŕőćěàåŋőáâĺ, őąńăďăîéěľ âěň áćőľáâćőň, çâő ńîąőľ ńãç ŕěàěáěłăěâ ěñ łőŋěçŋőě çĺáńő àăğ, čăãááőć ŕőâěŋæĺăń ńěčłő ćëçĺáńïěâáï:

w (x) = −4πν_0, x ∈ Ω, −2πν_0, x ∈ ∂Ω, 0, x /∈ Ω̄. Ďńï áäěàĺçěáłőľ ŕőćěàåŋőáâĺ íâő ńěčłő ćëâěłăěâ ĺğ ćâőàőčő ŕàěďáâăćńěŋĺï ŕ.ď.á.. Ďńï ŕàőĺğćőńìŋőľ ŕőćěàåŋőáâĺ ďőáâăâőçŋő ğăňěâĺâì, çâő âěńěáŋëľ ãčőń |dω_{xξ}|, ŕőď łőâőàëň ćĺďěŋ íńěňěŋâ ŕőćěàåŋőáâĺ ŋě ğăćĺáĺâ őâ áăňőľ ŕőćěàåŋőáâĺ, ă ćěńĺçĺŋă dω_{xξ} ŕőď ğŋăłőň ĺŋâěčàăńă ŕőŕěàěňěŋŋő ŋă àăğŋëå łãáłăå ŕőćěàåŋőáâĺ, łőâőàãî ŕěàěáěłăěâ áőőâćěâáâćãîéĺľ ńãç, àăćŋă ± |dω_{xξ}|, âăł çâő ć ĺâőčě ć áãňňě őáâăñâáï − |dω_{xξ}|.

Ğăňěçăŋĺě. Ć áńãçăě ŕńőáłőľ őąńăáâĺ Ω ⊂ R^2 ŕőâěŋæĺăńë ććőďïâáï áőőâćěâáâćěŋŋő ŕő äőàňãńăň:

u (x) = ∫∫ Ω ρ (ξ) ln 1 r_{xξ} dξ,

v (ξ) = ∫ C μ (ξ) ln 1 r_{xξ} dl_ξ, w (x) = ∫ C ν (ξ)^∂_{∂n} (_1 r_{xξ} ) dl_ξ = = ∫ C ν (ξ)^{cos φ}_{rxξ} dl_ξ = ∫ C ν (ξ) dω_{xξ}. Ğďěáì |dω_{xξ}| — ńĺŋěľŋëľ ãčőń, ŕőď łőâőàëň íńěňěŋâ ďãčĺ dl_ξ ćĺďěŋ ĺğ âőçłĺ x. Śćőľáâćă ŕőâěŋæĺăńőć ć ŕńőáłőľ őąńăáâĺ ćŕőńŋě ăŋăńőčĺçŋë áćőľáâćăň áőőâćěâáâćãîéĺå ŕőâěŋæĺăńőć ć âàñåňěàŋëå őąńăáâïå. Şłăęěň őâńĺçĺï:

1. ŕőâěŋæĺăńë ŋě ĺáçěğăîâ ŋă ąěáłőŋěçŋőáâĺ;

2. áłăçłĺ ŕàőĺğćőďŋőľ ŕ.ŕ.á. ĺ ŕ.ď.á. ŋă ďãčě C ćďćőě ňěŋìèě, çěň ć ŕàőáâàăŋáâćěŋŋőň áńãçăě ŋă ŕőćěàåŋőáâĺ S, ĺ àăćŋë áőőâćěâáâćěŋŋő −2πμ (x) ĺ 2πν (x).

Ŕàĺňěŋěŋĺě ŕőâěŋæĺăńőć ďńï àěèěŋĺï łàăěćëå ğăďăç.

Ĺáŕőńìğőćăŋĺě ŕőâěŋæĺăńőć ďńï àěèěŋĺï łàăěćëå ğăďăç őáŋőćăŋő ŋă ĺå áćőľáâćăå, ĺ ğăłńîçăěâáï ć ŕàěďáâăćńěŋĺĺ àěèěŋĺï àăááňăâàĺćăěňőľ ğăďăçĺ ć äőàňě ŋěłőâőàőčő ŕőâěŋæĺăńă á ğăàăŋěě ŋěĺğćěáâŋőľ ŕńőâŋőáâìî ğăàïďă. Ŕőáńě ŕőďáâăŋőćłĺ íâőčő ŕőâěŋæĺăńă ć ãàăćŋěŋĺě ŕőńãçăěň á ãçñâőň čàăŋĺçŋëå ãáńőćĺľ ĺŋâěčàăńìŋőě ãàăćŋěŋĺě ďńï ŕńőâŋőáâĺ ğăàïďă. Ć àïďě áńãçăěć àěèĺâì ĺŋâěčàăńìŋőě ãàăćŋěŋĺě őłăğëćăěâáï ŕàőéě, çěň ĺáåőďŋãî łàăěćãî ğăďăçã.

Řăááňőâàĺň àïď ŕàĺňěàőć.

Ŕàĺňěà 1. Ğăďăçă Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ŕãăááőŋă ć ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ: { △u = f (x) , x ∈ Ω ⊂ R^3 u|_{∂Ω} = α (x) .

Ĺéěň àěèěŋĺě ğăďăçĺ u (·) ∈ C^2 (Ω) ∩ C (¯ Ω ) ć ćĺďě áãňňë äãŋłæĺľ u = u_1 + u_2, čďě △u_1 = f, ă { △u_2 = 0, u_2|_{∂Ω} = α (x) − u_1 (x) ≡ α̃ (x) .

Ć łăçěáâćě u_1 ňőęŋő ćğïâì, ŋăŕàĺňěà, őąêñňŋëľ ŕőâěŋæĺăń

u_1 (x) = − 1 4π ∫∫ ∫ Ω f (ξ) r_{xξ} dξ

(áň. áćőľáâćő 4 őąêñňŋëå ŕőâěŋæĺăńőć).

Ťãŋłæĺî u_2 ćŋãâàĺ őąńăáâĺ Ω ĺéěň ć ćĺďě ŕőâěŋæĺăńă ďćőľŋőčő áńőï, àăáŕőńőęěŋŋőčő ŕő čàăŋĺæě őąńăáâĺ

u_2 (x) = w (x) ≡ ∫∫ ∂Ω ν (ξ) ∂ ∂n ( 1 r_{xξ} ) dS_ξ .

Čàăŋĺçŋőě ãáńőćĺě ďńï äãŋłæĺĺ u_2 ć áĺńã ěñ ŋěŕàěàëćŋőáâĺ ć ğăňëłăŋĺĺ őąńăáâĺ ďăñâ:

u_2 (x) = lim_{ξ→x} ξ∈i u_2 (ξ) = m ξ→x_{ξ∈i} w (ξ) ≡ ≡ w_i (x) = w (x) − 2πν (x) = α̃ (x) ∀x ∈ ∂Ω

(áň. áćőľáâćő 4 ŕőâěŋæĺăńă ďćőľŋőčő áńőï). Őâáîďă ŕőńãçăěň ĺŋâěčàăńìŋőě ãàăćŋěŋĺě ∫∫ ∂Ω ν (ξ) dω_{xξ} − 2πν (x) = α̃ (x)

ďńï őŕàěďěńěŋĺï ŋěĺğćěáâŋőľ ŕńőâŋőáâĺ ďĺŕőńìŋőčő áńőï.

Ŕàĺňěà 2. Ğăďăçă Ŋěľňăŋă ďńï ãàăćŋěŋĺï Ńăŕńăáă ć ŕàőáâàăŋáâćěŋŋőľ őąńăáâĺ: { △u = 0, x ∈ Ω ∂u ∂n | |_{∂Ω} = β. Řěèěŋĺě ğăďăçĺ u (·) ∈ C^2 (Ω) ∩ C^1 (¯ Ω ) ćŋãâàĺ őąńăáâĺ ĺéěň ć ćĺďě ŕőâěŋæĺăńă ŕàőáâőčő áńőï, áőáàěďőâőçěŋŋőčő ŋă ŕőćěàåŋőáâĺ:

u (x) = v (x) ≡ ∫ ∫ ∂Ω μ (ξ) 1 r_{xξ} dS_ξ.

Ĺğ čàăŋĺçŋőčő ãáńőćĺï ŕőńãçăěň: ∀x ∈ ∂Ω ∂u ∂n (x) = lim_{ξ→x} ξ∈i ∂u ∂n (ξ) = lim_{ξ→x} ξ∈i ∂v ∂n (ξ) ≡ ≡ (_{∂v} ∂n ) i (x) =^{∂v}_{∂n} (x) + 2πμ (x) = β (x) .

Őâáîďă ĺňěěň ĺŋâěčàăńìŋőě ãàăćŋěŋĺě ∫∫ ∂Ω μ (ξ) ∂ ∂n_x ( 1 r_{xξ} ) dS_ξ + 2πμ (x) = β (x)

ďńï őŕàěďěńěŋĺï ŋěĺğćěáâŋőľ ŕńőâŋőáâĺ ğăàïďă μ. Őâňěâĺň, çâő ďĺääěàěŋæĺàőćăŋĺě ŕőď ğŋăłőň ĺŋâěčàăńă ŕàőĺğćőďĺâáï ŕő ŋőàňăńĺ ł ŕőćěàåŋőáâĺ ć âőçłě x.

Ŕàĺňěà 3. Ğăďăçă Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ńăŕńăáă ć łàãčě: { △u (x) = 0, x ∈ R^2, |x| < R, u|_{|x|=R} = α (x) . Łăł ĺ ć ŕěàćőň ŕàĺňěàě, ĺéěň àěèěŋĺě ć ćĺďě ŕőâěŋæĺăńă ďćőľŋőčő áńőï

u (x) = w (x) ≡ ∫ C ν (ξ) dω_{xξ}.

Ďńï ŕńőâŋőáâĺ ďĺŕőńìŋőčő áńőï ŕőńãçăěň ĺğ čàăŋĺçŋëå ãáńőćĺľ ĺŋâěčàăńìŋőě ãàăćŋěŋĺě (áň. áďěńăŋŋëě ćëèě ğăňěçăŋĺï ő áćőľáâćăå ŕőâěŋæĺăńőć ć ŕńőáłőň áńãçăě): ∫ C ν (ξ) dω_{xξ} − πν (x) = α (x) .

Ďńï íńěňěŋâă ŕńőáłőčő ãčńă dω_{xξ} ńěčłő (ãçĺâëćăï, çâő âőçłă x ńěęĺâ ŋă őłàãęŋőáâĺ) ŕőńãçĺâì ŕő âěőàěňě áĺŋãáőć dω_{xξ} = cos φ dl_ξ r_{xξ} = − dl_ξ 2R , áńěďőćăâěńìŋő, ĺŋâěčàăńìŋőě ãàăćŋěŋĺě ŕàĺŋĺňăěâ ćĺď 1 2R ∫ C ν (ξ) dl_ξ + πν (x) = −α (x) . (11.89)

Ąãďěň ĺáłăâì àěèěŋĺě íâőčő ćëàőęďěŋŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï Ťàěďčőńìňă 2-čő àőďă (áň. àăğďěń 13.1) ć ćĺďě áãňňë

ν (x) = A − α (x) π , čďě A — ŕőáâőïŋŋăï. Ŕőáńě ŕőďáâăŋőćłĺ ďăŋŋőľ äãŋłæĺĺ ć (11.89) ŕőńãçăěň 1 2πR ∫ C α (ξ) dl_ξ − πA + α (x) − πA = α (x) ,

őâłãďă A =^1_{4π2 R} ∫ C α (ξ) dl_ξ , ν (x) =^1_π [ 1 4πR ∫ C α (ξ) dl_ξ − α (x) ] ,

u (x) = ∫ C ν (ξ) dω_{xξ} =^1_π ∫ C [ 1 4πR ∫ C α (ξ) dl_ξ − α (ξ) ] dω_{xξ} = =^1_{4π2 R} ∫ C α (ξ) dl_ξ ∫ C dω_{xξ} −2π −^1_π ∫ C α (ξ) dω_{xξ} =

= −^1_π ∫ C (_{cos φ} r_{xξ} + 1 2R ) α (ξ) dl_ξ = −^1_π ∫ C (_{2rxξ R cos φ+r2xξ} 2Rr^2_{xξ} ) α (ξ) dl_ξ. Ŕěàěåőďï ć ŕőáńěďŋěň ĺŋâěčàăńě ł ŕőńïàŋőľ áĺáâěňě łőőàďĺŋăâ (ρ, θ), ŕőńãçĺň őłőŋçăâěńìŋőě ŕàěďáâăćńěŋĺě ďńï àěèěŋĺï ğăďăçĺ

u (ρ, ψ) = 1 2π 2π∫ 0 ( R^2 − ρ^2 ) α (Rθ) dθ R^2 + ρ^2 − 2Rρ cos (θ − ψ)

(äőàňãńă Ŕãăááőŋă).

Ŕàĺňěà 4. Ğăďăçă Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ńăŕńăáă ć ćěàåŋěň ŕőńãŕàőáâàăŋáâćě: { △u (x) = 0, x ∈ Ω ≡ {x_3 > 0} , u |_{x3=0}= α (x) .

Řěèěŋĺě ğăďăçĺ ĺéěň ć ćĺďě ŕőâěŋæĺăńă ďćőľŋőčő áńőï

u (x) = ∫ ∫ ∂Ω ν (ξ) dω_{xξ} = ∫∫ R^2

ν (ξ_1, ξ_2) cos φ r^2_{xξ} dξ_1dξ_2.

Ĺňěěň cos φ = ξ_3 − x_3 r_{xξ} | | | |_{ξ3=0} = − x_3 r_{xξ} , ŕőíâőňã cos φ = 0 ŕàĺ x_3 = 0, ă áőőâćěâáâćãîéěě ĺŋâěčàăńìŋőě ãàăćŋěŋĺě ćëàőęďăěâáï: ∫∫ R^2

ν (ξ_1, ξ_2) cos φ r^2_{xξ} ≡_0 dξ_1dξ_2 − 2πν (x) = α (x) ⇔

⇔ ν (x) = −^{α(x)}_{2π} , x ∈ ∂Ω.

Ŕőíâőňã

u (x) = ∫∫ ∂Ω ν (ξ) dω_{xξ} = x_3 2π ∫∫ R^2

α (ξ_1, ξ_2) dξ_1dξ_2 [ (x_1 − ξ_1)^2 + (x_2 − ξ_2)^2 + x^2_3

]_{3/2} .

Ůăáâì III

ĹŊŠĚČŘĂŃŽŊŻĚ ŞŘĂĆŊĚŊĹ§

Čńăćă 12

Łńăááĺäĺłăæĺï ńĺŋěľŋëå ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ

Ŕàĺŋïâő ďěńĺâì ĺŋâěčàăńìŋëě ãàăćŋěŋĺï ŋă ńĺŋěľŋëě ĺ ŋěńĺŋěľŋëě. Śàěďĺ ŕőáńěďŋĺå ćëďěńïîâ őâďěńìŋëě ãàăćŋěŋĺï, ŋăğëćăěňëě őąëçŋő ŕő ĺňěŋĺ ăćâőàă: ãàăćŋěŋĺě Şàëáőŋă^1, ãàăćŋěŋĺě Čăňňěàèâěľŋă^2 ĺ â.ď. Ńĺŋěľŋëě ãàăćŋěŋĺï ďěńïâáï ŕő àőďăň.

Őąéĺľ ćĺď ńĺŋěľŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï (ãàăćŋěŋĺï Ťàěďčőńìňă^3 ) ďńï áłăńïàŋőľ äãŋłæĺĺ áłăńïàŋőčő ăàčãňěŋâă

D (x) y (x) + b∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] , (12.1)

čďě y : [a, b] → R — ŋěĺğćěáâŋăï äãŋłæĺï, f (x) — ğăďăŋŋăï äãŋłæĺï (ŋěőďŋőàőďŋëľ çńěŋ ãàăćŋěŋĺï), K (x, s) — ğăďăŋŋăï äãŋłæĺï — ïďàő ãàăćŋěŋĺï. Ć áńãçăě f (x) ≡ 0 ãàăćŋěŋĺě ŋăğëćăěâáï őďŋőàőďŋëň, ć ŕàőâĺćŋőň áńãçăě — ŋěőďŋőàőďŋëň. Ůăáâŋëľ áńãçăľ ãàăćŋěŋĺï Ťàěďčőńìňă, łőčďă K (x, s) ≡ 0 ŕàĺ s > x, ŋőáĺâ ŋăğćăŋĺě ãàăćŋěŋĺï Ćőńìâěààắ^4 :

D (x) y (x) + x∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] . (12.2)

Şàăćŋěŋĺě (12.1) ĺňěěâ

• ŕěàćëľ àőď, ěáńĺ D (x) ≡ 0 : b∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] ; (12.3)

1Śőćěâáłĺľ ňăâěňăâĺł (1898-1924). 2Ŋěňěæłĺľ ňăâěňăâĺł (1888-1945). 3Ÿćěďáłĺľ ňăâěňăâĺł (1866-1927).

4Şďăàěŋĺě ŋă ŕőáńěďŋĺľ áńőč - ĺâăńìïŋáłĺľ ňăâěňăâĺł (1860-1940).

• ćâőàőľ àőď, ěáńĺ D (x) ≡ 1 :

y (x) + b∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] ; (12.4)

• âàěâĺľ àőď, ěáńĺ D (x) ≢ 0 ĺ D (x) ≢ 1 :

D (x) y (x) + b∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] . (12.5)

Čńăćă 13

Şàăćŋěŋĺï Ťàěďčőńìňă ćâőàőčő àőďă

Řăááňőâàĺň áńěďãîéěě ĺŋâěčàăńìŋőě ãàăćŋěŋĺě Ťàěďčőńìňă ćâőàőčő àőďă

y (x) − λ b∫ a K (x, s) y (s) ds = f (x) , x ∈ [a, b] . (13.1)

Ğďěáì λ — ğăďăŋŋőě łőňŕńěłáŋőě çĺáńő. §ďàő^1 ďăŋŋőčő ãàăćŋěŋĺï K (x, s) ĺ ŋěőďŋőàőďŋëľ çńěŋ f (x) ŋěŕàěàëćŋë áőőâćěâáâćěŋŋő ŋă ğăňłŋãâëå ňŋőęěáâćăå [a, b] × [a, b] ĺ [a, b].

Řěèěŋĺě ĺéěâáï ć łńăááě ćáěå ŋěŕàěàëćŋëå ŋă őâàěğłě [a, b] äãŋłæĺľ y (x). 13.1 Şàăćŋěŋĺï á ćëàőęďěŋŋëň ïďàőň

Šăł ŋăğëćăîâáï ãàăćŋěŋĺï, ć łőâőàëå ïďàő ïćńïěâáï ćëàőęďěŋŋëň, âő ěáâì ĺňěěâ ćĺď K (x, s) ≡ n∑ i=1 a_i (x) b_i (s) , (13.2)

čďě {a_i (x) , i = 1, n}, {b_i (x) , i = 1, n} — ğăďăŋŋëě ŋăąőàë ŋěŕàěàëćŋëå ŋă őâàěğłě [a, b] äãŋłæĺľ, őďĺŋ ĺğ łőâőàëå, ŕěàćëľ ďńï őŕàěďěńñŋŋőáâĺ, ąãďěň áçĺâăâì ńĺŋěľŋő ŋěğăćĺáĺňëň.

Ŕőďáâăćńïï (13.2) ć (13.1), ãąěęďăěňáï ć âőň, çâő àěèěŋĺï ćëàőęďěŋŋőčő ãàăćŋěŋĺï áńěďãěâ ĺáłăâì ć ćĺďě^2 y (x) = λ n∑ i=1 C_ia_i (x) + f (x) = λ ⟨ ⃗C,⃗a (x) ⟩ + f (x) (13.3)

1Ŋěâőçŋő: ïďàőň ć ďăŋŋőň áńãçăě ïćńïěâáï −λK (x, s).

2Ŕàĺ λ = 0 äőàňãńă (13.3) ďăñâ ěďĺŋáâćěŋŋőě àěèěŋĺě ãàăćŋěŋĺï y = f (x). Ďăńěě áçĺâăěň λ ≠ 0.

čďě ⃗C ≡ Col {C_1, . . . , C_n} — ŋěĺğćěáâŋëľ ćěłâőà. Ŕőďáâăćńïï (13.3) ć (13.1), ŕőńãçăěň λ^n ∑ i=1 C_ia_i (x) + f (x) − λ b∫ a n∑ i=1 a_i (x) b_i (s) · · ( λ^n ∑ j=1 C_j a_j (s) + f (s) ) ds = f (x) ĺńĺ λ n∑ i=1 a_i (x) C_i − b∫ a b_i (s) λ n∑ j=1 C_j a_j (s) + f (s) ds = 0.

Őâáîďă ć áĺńã ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ŋăąőàă äãŋłæĺľ {a_i (x) , i = 1, n} ŕőńãçăěň ãàăćŋěŋĺï C_i = λ^n ∑ j=1 C_j α_{ij} + β_i ⇔ ⇔^n ∑ j=1 (δ_{ij} − λα_{ij} ) C_j = β_i, čďě α_{ij} ≡ b∫ a b_i (s) a_j (s) ds, β_i ≡ b∫ a b_i (s) f (s) ds. Ć ňăâàĺçŋőľ äőàňě íâă ńĺŋěľŋăï áĺáâěňă ĺňěěâ ćĺď A (λ) ⃗C = ⃗β, čďě A (λ) ≡ I−λα = ‖δ_{ij} − λα_{ij} ‖_{i,j=1,n}. Ěáńĺ ďěâěàňĺŋăŋâ D (λ) ≡ det A (λ) ≠ 0, âő áĺáâěňă ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ⃗C = A^{−1} (λ) ⃗β, ă àěèěŋĺě ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï — y (x) = f (x) + λ ⟨ ⃗C,⃗a ⟩ = = f (x) + λ^n ∑ i,j=1 A^{−1}_{ij} (λ) β_j a_i (x) =

= f (x) + λ^b ∫ a ℜ (x, s, λ) f (s) ds, čďě ℜ (x, s, λ) ≡ n∑ i,j=1 A^{−1}_{ij} (λ) a_i (x) b_j (s)

— àěğőńìćěŋâŋăï äãŋłæĺï^3. Ěáńĺ ęě D (λ) = 0, çâő ćőğňőęŋő ńĺèì ďńï łőŋěçŋőčő ňŋőęěáâćă łőňŕńěłáŋëå ğŋăçěŋĺľ λ ∈ S ≡ {λ_1, λ_2, . . . , λ_k, k ≤ n}^4, âő áãéěáâćőćăŋĺě àěèěŋĺï ńĺŋěľŋőľ áĺáâěňë ğăćĺáĺâ őâ ćěłâőàă ⃗β. Ĺáçěàŕëćăîéĺľ őâćěâ ŋă íâőâ ćőŕàőá ďăîâ âěőàěňë Ťàěďčőńìňă, łőâőàëě ąãďãâ ĺğńőęěŋë ďăńěě.

Šăłĺň őąàăğőň, ĺŋâěčàăńìŋëě ãàăćŋěŋĺï á ćëàőęďěŋŋëňĺ ïďàăňĺ áćőďïâáï ł ńĺŋěľŋëň ăńčěąàăĺçěáłĺň áĺáâěňăň ĺ, ć íâőň áňëáńě, ïćńïîâáï

3Ĺńĺ ŕàőáâő àěğőńìćěŋâă - “àăğàěèăîéăï” .

4Śŕěłâà áőąáâćěŋŋëå çĺáěń őďŋőàőďŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï.

ŕàőáâěľèĺňĺ áàěďĺ ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ. Ć âő ęě ćàěňï, ŕőáłőńìłã ńîąőě ŋěŕàěàëćŋőě ïďàő ňőęěâ ąëâì áłőńì ãčőďŋő âőçŋő ć àăćŋőňěàŋőľ ňěâàĺłě ăŕŕàőłáĺňĺàőćăŋő ćëàőęďěŋŋëň ïďàőň, ćëàőęďěŋŋëě ãàăćŋěŋĺï ŕàěďáâăćńïîâ ğŋăçĺâěńìŋëľ ĺŋâěàěá.

13.2 Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺľ ćâőàőčő àőďă

Ććőďï ć àăááňőâàěŋĺě ĺŋâěčàăńìŋëľ őŕěàăâőà A : C [a, b] → C [a, b] ćĺďă

A [y] (x) = λ b∫ a K (x, s) y (s) ds,

ğăŕĺèěň ãàăćŋěŋĺě (13.1) ć őŕěàăâőàŋőľ äőàňě:

y = A [y] + f. (13.4)

Ŕàěęďě çěň áäőàňãńĺàőćăâì ĺ ďőłăğăâì őáŋőćŋëě ãâćěàęďěŋĺï ďăŋŋőčő àăğďěńă ŋăŕőňŋĺň ŋěłőâőàëě èĺàőłő ĺğćěáâŋëě ŕőŋïâĺï ĺ âěőàěňë äãŋłæĺőŋăńìŋőčő ăŋăńĺğă.

Śęĺňăîéĺě őŕěàăâőàë (áŕàăćłă ĺğ äãŋłæĺőŋăńìŋőčő ăŋăńĺğă). Ŕãáâì B — ŕőńŋőě ŋőàňĺàőćăŋŋőě ŕàőáâàăŋáâćő (ŕàőáâàăŋáâćő Ąăŋăåă^5 — ąăŋăåőćő ŕàőáâàăŋáâćő). Őŕěàăâőà A : B → B ŋăğëćăěâáï áęĺňăîéĺň (áęăâĺěň), ěáńĺ áãéěáâćãěâ çĺáńő γ ∈ (0, 1) (ŕőáâőïŋŋăï áęăâĺï) âăłőě, çâő ‖A [x]‖ ≤ γ ‖x‖ ∀x ∈ B. Šěőàěňă. Ěáńĺ őŕěàăâőà A : B → B ŋěŕàěàëćěŋ ĺ ŋěłőâőàăï ěčő áâěŕěŋì A^n ïćńïěâáï áęăâĺěň, âő ãàăćŋěŋĺě y = A [y] + f, čďě f — ğăďăŋŋëľ íńěňěŋâ ŕàőáâàăŋáâćă B, ĺňěěâ ěďĺŋáâćěŋŋőě ć B àěèěŋĺě. İâő àěèěŋĺě ňőęŋő ŕőńãçĺâì ňěâőďőň ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ:

y = lim_{n→∞} y_n, y_{n+1} = A [y_n] + f, n = 0, 1, . . . , ĺáŕőńìğãï ŕàőĺğćőńìŋőě ŋăçăńìŋőě ŕàĺąńĺęěŋĺě y_0 ∈ B.

Ŕàĺňěŋĺň ďăŋŋãî âěőàěňã ł ĺŋâěčàăńìŋőňã ãàăćŋěŋĺî (13.4). Šěőàěňă. Ŕàĺ ńîąőň λ, |λ| < (M (b − a))^{−1}, čďě M ≡ max_{x,s} |K (x, s)| ãàăćŋěŋĺě Ťàěďčőńìňă (13.4) ĺňěěâ ěďĺŋáâćěŋŋőě ŋěŕàěàëćŋőě ŋă őâàěğłě

5Ŕőńìáłĺľ ňăâěňăâĺł (1892-1945).

[a, b] àěèěŋĺě. İâő àěèěŋĺě ňőęěâ ąëâì ŋăľďěŋő ňěâőďőň ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ

y_{n+1} (x) = λ b∫ a K (x, s) y_n (s) ds + f (x) , n = 0, 1, . . . ,

ŋăçĺŋăï á ŕàőĺğćőńìŋőčő ŋăçăńìŋőčő ŕàĺąńĺęěŋĺï y_0 (·) ∈ C [a, b]. Řěèěŋĺě ňőęěâ ąëâì ğăŕĺáăŋő ć àěğőńìćěŋâŋőľ äőàňě:

y (x) = f (x) + λ b∫ a ℜ (x, s, λ) f (s) ds,

čďě ℜ — ăŋăńĺâĺçěáłăï ŕő λ ć łàãčě |λ| < (M (b − a))^{−1} àěğőńìćěŋâŋăï äãŋłæĺï.

Ďőłăğăâěńìáâćő. Ĺňěěň őçěćĺďŋãî őæěŋłã

‖A [y]‖ = max_{x∈[a,b]} |A [y] (x)| = max_{x∈[a,b]} | | | | | λ b∫ a K (x, s) y (s) ds | | | | | ≤ |λ| M (b − a) max_{x∈[a,b]} |y (x)| ≡ γ ‖y‖ .

Šăł łăł γ < 1, âő őŕěàăâőà A ïćńïěâáï áęĺňăîéĺň, ĺ ŕőâőňã ãàăćŋěŋĺě ĺňěěâ ć C [a, b] ěďĺŋáâćěŋŋőě àěèěŋĺě, łőâőàőě ł âőňã ęě ňőęěâ ąëâì ŕőńãçěŋő ňěâőďőň ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ.

Ĺňěěň

y_{n+1} = A [y_n] + f = A [A [y_{n−1}] + f] + f = . . . =

= A^{n+1} [y_0] +^n ∑ k=0 A^k [f] →_{n→∞}^∞ ∑ k=0 A^k [f]

(áåőďĺňőáâì àïďă ćëâěłăěâ ĺğ őæěŋłĺ ‖ ‖A^{n+1} [y_0] ‖ ‖ ≤ γ^n ‖y_0‖). Ďăńěě,

A [f] (x) = λ b∫ a K (x, s) f (s) ds, A^2 [f] (x) = λ^b ∫ a K (x, s) λ (_b ∫ a K (s, t) f (t) dt ) ds = = λ^{2 b} ∫ a K_2 (x, t) f (t) dt, K_2 (x, t) ≡ b∫ a K (x, s) K (s, t) ds.

Ăŋăńőčĺçŋő

A^n [f] (x) = λ^n b∫ a K_n (x, t) f (t) dt, K_n (x, t) =^b ∫ a K (x, s) K_{n−1} (s, t) ds.

Śńěďőćăâěńìŋő, ∞∑ k=0 A^k [f] (x) = f (x) +^∞ ∑ k=1 A^k [f] (x) =

= f (x) + λ b∫ a (_∞ ∑ k=1 λ^{n−1}K_n (x, t) ) f (t) dt ≡ ≡ f (x) + λ^b ∫ a ℜ (x, t, λ) f (t) dt. Řěğőńìćěŋâă ℜ (x, t, λ) ïćńïěâáï ăŋăńĺâĺçěáłőľ äãŋłæĺěľ ć łàãčě |λ| < (M (b − a))^{−1} ĺ ňőęěâ ąëâì ăŋăńĺâĺçěáłĺ ŕàőďőńęěŋă ŋă ćáî łőňŕńěłáŋãî ŕńőáłőáâì ğă ĺáłńîçěŋĺěň őâďěńìŋëå λ_i, łőâőàëě ïćńïîâáï áőąáâćěŋŋëňĺ çĺáńăňĺ őďŋőàőďŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï.

13.3 Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺï Ćőńìâěààă

Šěőàěňă. Ŕàĺ ńîąőň λ ãàăćŋěŋĺě Ćőńìâěààă y (x) = λ x∫ a K (x, s) y (s) ds + f (x) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě. İâő àěèěŋĺě ćáěčďă ňőęěâ ąëâì ŋăľďěŋő ňěâőďőň ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ

y_{n+1} (x) = λ x∫ a K (x, s) y_n (s) ds + f (x) , n = 0, 1, . . . , (13.5) ĺáåőďï ĺğ ŕàőĺğćőńìŋőčő ŋăçăńìŋőčő ŕàĺąńĺęěŋĺï y_0 (x), ĺ ğăŕĺáăŋő ć àěğőńìćěŋâŋőľ äőàňě

y (x) = f (x) + λ x∫ a ℜ (x, s, λ) f (s) ds, čďě àěğőńìćěŋâŋăï äãŋłæĺï ℜ (x, t, λ) ïćńïěâáï ăŋăńĺâĺçěáłőľ ŋă ćáěľ łőňŕńěłáŋőľ ŕńőáłőáâĺ.

Ďőłăğăâěńìáâćő. Ŕőłăęěň, çâő ŋěłőâőàăï áâěŕěŋì őŕěàăâőàă A [y] ≡ λ x∫ a K (x, s) y (s) ds ïćńïěâáï áęăâĺěň. Ĺňěěň |A [y]| (x) = | | | |λ x∫ a K (x, s) y (s) ds | | | | ≤ |λ| M (x − a) ‖y‖ , | |A^2 [y] | | (x) = |A [A [y]]| (x) ≤ |λ| | | |^x∫ a |K (x, s)| |A [y]| (s) ds | | | ≤ ≤ |λ|^2 M^2 ‖y‖ x∫ a (s − a) ds = |λM|^{2 (x−a)2}_{2!} , , . . . , ‖A^m [y]‖ = max_x |A^m [y]| (x) ≤^{(|λ|(b−a))m}_{m!} ‖y‖ ≡ γ_m ‖y‖ , čďě γ_m = L^m m! →_{m→∞} 0 (L ≡ |λ| M (b − a) , M ≡ max |K|) . Ŕőíâőňã ŋěłőâőàăï ďőáâăâőçŋő ćëáőłăï áâěŕěŋì őŕěàăâőàă A ïćńïěâáï áęăâĺěň, çâő ĺ ďőłăğëćăěâ âěőàěňã.

Ŕàĺňěà. Řěèĺň àăğńĺçŋëňĺ áŕőáőąăňĺ ãàăćŋěŋĺě Ćőńìâěààă

y (x) = x∫ 0 (x − s) y (s) ds + x^2. (13.6)

Śŕőáőą 1. Ďĺääěàěŋæĺàãï (13.6) ďćăęďë, ŕőńãçăěň ďĺääěàěŋæĺăńìŋőě ãàăćŋěŋĺě y^{′′} = y + 2.

Őâáîďă, ãçĺâëćăï, çâő y^′ (0) = y (0) = 0, ŕőńãçăěň y (x) = 2 (ch x − 1) .

Śŕőáőą 2. Ŕàĺňěŋĺň ł ãàăćŋěŋĺî (13.6) ňěâőď ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ (13.5). Ŕãáâì y_0 (x) ≡ 0. Šőčďă

y_1 (x) ≡ x∫ 0 (x − s) y_0 (s) ds + x^2 ≡ x^2,

y_2 (x) ≡ x∫ 0 (x − s) y_1 (s) ds + x^2 ≡ 2 (_{x2} 2! +^{x4}_{4!} ) , , . . . , y_{n+1} (x) ≡ x∫ 0 (x − s) y_n (s) ds + x^2 ≡ 2 (_{x2} 2! +^{x4}_{4!} + . . . +^{x2n}_{(2n)!} ) , , . . . , y (x) = lim_{n→∞} y_n (x) = 2 (ch x − 1) .

Śŕőáőą 3. Ğăŕĺèěň àěèěŋĺě ć àěğőńìćěŋâŋőľ äőàňě y (x) = f (x) + λ^x ∫ 0 ℜ (x, s, λ) f (s) ds = = x^2 + λ^x ∫ 0 ℜ (x, s, λ) s^2 ds, ℜ (x, s, λ) ≡^∞ ∑ n=1 λ^{n−1}K_n (x, s) . Ĺâěàĺàőćăŋŋëě ïďàă K_n ŋăåőďïâáï ŕő äőàňãńăň K_1 (x, s) ≡ x − s, K_2 (x, s) =^b ∫ a K (x, t) K_1 (t, s) dt =^x ∫ s (x − t) (t − s) dt =^{(x−s)3}_{3!} , , . . . , K_n (x, s) =^{(x−s)2n−1} (2n−1)! . Ŕőíâőňã ℜ (x, s, λ) ≡^∞ ∑ n=1 λ^{n−1}K_n (x, s) =^∞ ∑ n=1 (^√λ(x−s))^{2n−1} √ λ(2n−1)! = sh √ λ(x−s) √ λ , y (x) = x^2 +^x ∫ 0 ℜ (x, s, 1) s^2ds = x^2 +^x ∫ 0 sh (x − s) s^2ds = 2 (ch x − 1) .

13.4 Ůĺáńěŋŋëě ňěâőďë àěèěŋĺï ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ

• Ňěâőď ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ:

y_{n+1} (x) = λ x∫ a K (x, s) y_n (s) ds + f (x) , n = 0, 1, . . .

• Ňěâőď áćěďěŋĺï ł ćëàőęďěŋŋőňã ãàăćŋěŋĺî: K (x, s) = n∑ i=1 a_i (x) b_i (s) + R_n (x) ,

čďě őáâăâőł R_n (x) ňőęěâ ąëâì ŕàőĺğćőńìŋő ňăń ć àăćŋőňěàŋőľ ňěâàĺłě ğă áçñâ ŕőćëèěŋĺï ŕőàïďłă n áőőâćěâáâćãîéěľ ńĺŋěľŋőľ áĺáâěňë.

• Ňěâőď áěâőł: ğăňěŋă ĺŋâěčàăńă ć ãàăćŋěŋĺĺ őďŋőľ ĺğ łćăďàăâãàŋëå äőàňãń ďńï ćëąàăŋŋőľ áěâłĺ {x_i}^n_{i=1} ⊂ [a, b] á ŕőáńěďãîéĺň àěèěŋĺěň ńĺŋěľŋőľ áĺáâěňë ďńï ŋăåőęďěŋĺï áěâőçŋőľ äãŋłæĺĺ, áńãęăéěľ ŕàĺąńĺęěŋĺěň àěèěŋĺï ãàăćŋěŋĺï.

13.5 Šěőàěňë Ťàěďčőńìňă ďńï ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ ćâőàőčő àőďă

Řăááňőâàĺň ŕàőĺğćőńìŋőě ŋěőďŋőàőďŋőě ĺŋâěčàăńìŋőě ãàăćŋěŋĺě Ťàěďčőńìňă ćâőàőčő àőďă y (x) − λ b∫ a K (x, s) y (s) ds = f (x) (ŊŞ). Śőőâćěâáâćãîéěě ěňã őďŋőàőďŋőě ãàăćŋěŋĺě ĺňěěâ ćĺď

y (x) − λ b∫ a K (x, s) y (s) ds = 0 (ŐŞ).

Şàăćŋěŋĺě, ŕőńãçěŋŋőě ĺğ (ŐŞ) ŕěàěáâăŋőćłőľ ăàčãňěŋâőć ć ïďàě, ŋăğëćăěâáï áőîğŋëň (ĺńĺ áőŕàïęñŋŋëň) á ŋĺň:

y (x) − λ b∫ a K (s, x) y (s) ds = 0 (ŚŐŞ).

Őŕàěďěńěŋĺě. Ůĺáńő λ ∈ C ŋăğëćăěâáï áőąáâćěŋŋëň çĺáńőň őďŋőàőďŋőčő ãàăćŋěŋĺï (ŐŞ), ěáńĺ ŕàĺ ŋñň íâő ãàăćŋěŋĺě ĺňěěâ ŋěâàĺćĺăńìŋőě àěèěŋĺě — áőąáâćěŋŋãî äãŋłæĺî (ŐŞ).^6

6Ĺğ őŕàěďěńěŋĺï áńěďãěâ, çâő áőąáâćěŋŋőě çĺáńő λ ≠ 0.

Ŕěàćăï âěőàěňă Ťàěďčőńìňă. Ŕàĺ ńîąőň λ, ŋě ïćńïîéĺňáï áőąáâćěŋŋëň çĺáńőň (ŐŞ), ŋěőďŋőàőďŋőě ãàăćŋěŋĺě (ŊŞ) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě.

(ąěğ ďőłăğăâěńìáâćă) Ćâőàăï âěőàěňă Ťàěďčőńìňă. (ŐŞ) ĺ (ŚŐŞ) ĺňěîâ őďŋĺ ĺ âě ęě áőąáâćěŋŋëě çĺáńă. Ěáńĺ λ — áőąáâćěŋŋőě çĺáńő, âő (ŐŞ) ĺ (ŚŐŞ) ĺňěîâ őďĺŋăłőćőě (łőŋěçŋőě) çĺáńő ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ^7.

(ąěğ ďőłăğăâěńìáâćă) Šàěâìï âěőàěňă Ťàěďčőńìňă. Ěáńĺ λ — áőąáâćěŋŋőě çĺáńő (ŐŞ), âő (ŊŞ) ĺňěěâ àěèěŋĺě âőčďă ĺ âőńìłő âőčďă, łőčďă ŋěőďŋőàőďŋëľ çńěŋ íâőčő ãàăćŋěŋĺï f (x) őàâőčőŋăńěŋ ćáěň áőąáâćěŋŋëň äãŋłæĺïň (ŚŐŞ), őâćěçăîéĺň íâőňã λ:

⟨φ_k, f⟩ = b∫ a φ_k (x) f (x) dx = 0 ∀k = 1, N.

Ďőłăğăâěńìáâćő (âőńìłő ŋěőąåőďĺňőáâĺ). Ĺňěěň y (x) = λ b∫ a K (x, s) y (s) ds + f (x) , φ_k (x) = λ^b ∫ a K (s, x) φ_k (s) ds. Ŕőíâőňã ⟨y, φ_k⟩ = b∫ a y (x) φ_k (x) ds = b∫ a f (x) φ_k (x) dx+ +λ b∫ a φ_k (x) b∫ a K (s, x) y (s) dsdx = ⟨f, φ_k⟩ + +λ^b ∫ a y (s)^b ∫ a K (s, x) φ_k (x) dxds = ⟨f, φ_k⟩ + ⟨y, φ_k⟩ ⇒ ⟨f, φ_k⟩ = 0. Ğăňěçăŋĺě. Őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ĺňěěâ ćĺď

y (x) = y_0 (x) + N∑ k=1 C_kψ_k (x) , čďě y_0 (x) — (çăáâŋőě) àěèěŋĺě (ŊŞ), {ψ_k (x)}_{k=1,N} — ńĺŋěľŋő ŋěğăćĺáĺňëľ ŋăąőà àěèěŋĺľ (ŐŞ), N — ňăłáĺňăńìŋőě çĺáńő ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ (ŐŞ).

7Ć őâńĺçĺě őâ áőąáâćěŋŋëå çĺáěń áőąáâćěŋŋëě äãŋłæĺĺ ŐŞ ĺ ŚŐŞ ć őąéěň áńãçăě àăğńĺçŋë.

Čńăćă 14

Śŕěłâàăńìŋăï âěőàĺï ãàăćŋěŋĺľ Ťàěďčőńìňă á áĺňňěâàĺçŋëňĺ ïďàăňĺ

Őŕàěďěńěŋĺě. §ďàő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï ŋăğëćăěâáï áĺňňěâàĺçŋëň, ěáńĺ őŋő ãďőćńěâćőàïěâ âőęďěáâćã K (x, s) ≡ K (s, x) . Šěőàěňă. Őďŋőàőďŋőě ĺŋâěčàăńìŋőě ãàăćŋěŋĺě á áĺňňěâàĺçŋëň ïďàőň ĺňěěâ åőâï ąë őďŋő áőąáâćěŋŋőě çĺáńő

(ąěğ ďőłăğăâěńìáâćă).

14.0.1 Śćőľáâćă áőąáâćěŋŋëå çĺáěń ĺ áőąáâćěŋŋëå äãŋłæĺľ ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ á áĺňňěâàĺçŋëňĺ ïďàăňĺ

1. Ěáńĺ y_k, k = 1, N — áőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě őďŋőňã ĺ âőňã ęě áőąáâćěŋŋőňã çĺáńã λ, âő ŕàőĺğćőńìŋăï ĺå ńĺŋěľŋăï łőňąĺŋăæĺï ńĺąő âőęďěáâćěŋŋő àăćŋă ŋãńî, ńĺąő ïćńïěâáï áőąáâćěŋŋőľ äãŋłæĺěľ, őâćěçăîéěľ âőňã ęě áőąáâćěŋŋőňã çĺáńã λ.

2. Śőąáâćěŋŋëě äãŋłæĺĺ, őâćěçăîéĺě àăğńĺçŋëň áőąáâćěŋŋëň çĺáńăň, ćğăĺňŋő őàâőčőŋăńìŋë.

Ďőłăğăâěńìáâćő. Ŕãáâì λ_1 ↔ y_1, λ_2 ↔ y_2,

y_{1,2} (x) = λ_{1,2} b∫ a K (x, s) y_{1,2} (s) ds

Ŕőáńě ãňŋőęěŋĺï íâĺå ãàăćŋěŋĺľ ŋă y_{2,1} (x) /λ_{1,2} ĺ ĺŋâěčàĺàőćăŋĺï ŕő x, ŕőńãçăěň ć áĺńã áĺňňěâàĺĺ ïďàă

(_1

λ_2 − 1 λ_1 ) ⟨y_1, y_2⟩ = b∫ a y_2 (x) dx b∫ a K (x, s) y_1 (s) ds− −^b ∫ a y_1 (x) dx^b ∫ a K (x, s) ≡K(s,x) y_2 (s) ds = 0.

Őâáîďă, âăł łăł λ_1 ≠ λ_2, ŕőńãçăěň ⟨y_1, y_2⟩ = 0, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

3. Ćáě áőąáâćěŋŋëě çĺáńă ćěéěáâćěŋŋë.

Ďőłăğăâěńìáâćő. Ďőŕãáâĺň, çâő λ — łőňŕńěłáŋőě áőąáâćěŋŋőě çĺáńő, λ ≠ λ̄. Ŕàĺňěŋïï őŕěàăæĺî łőňŕńěłáŋőčő áőŕàïęěŋĺï ł őąěĺň çăáâïň őďŋőàőďŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï, ŕőńãçăěň, çâő áőőâćěâáâćãîéăï áőąáâćěŋŋăï äãŋłæĺï őâćěçăěâ áàăğã ďćãň àăğńĺçŋëň áőąáâćěŋŋëň çĺáńăň. Ŋő âőčďă ŕő ŕàěďëďãéěňã ŕãŋłâã őŋă őàâőčőŋăńìŋă áăňă áěąě: ⟨y, y⟩ = b∫ a |y (x)|^2 dx = 0 ⇒ y (x) ≡ 0, çâő ŕàőâĺćőàěçĺâ ãáńőćĺî ŋěâàĺćĺăńìŋőáâĺ áőąáâćěŋŋőľ äãŋłæĺĺ. Śńěďőćăâěńìŋő, ćáě áőąáâćěŋŋëě çĺáńă ćěéěáâćěŋŋë.

4. Ńîąőľ őčàăŋĺçěŋŋëľ ŕàőňěęãâőł ŕàïňőľ áőďěàęĺâ łőŋěçŋőě (ćőğňőęŋő ŕãáâőě) ňŋőęěáâćő áőąáâćěŋŋëå çĺáěń.

Ďőłăğăâěńìáâćő. Ŕãáâì ć ŋěłőâőàőň őčàăŋĺçěŋŋőň ŕàőňěęãâłě [A, B] áőďěàęĺâáï ąěáłőŋěçŋëľ ŋăąőà áőąáâćěŋŋëå çĺáěń {λ_n}. Śőőâćěâáâćãîéĺľ ŋăąőà áőąáâćěŋŋëå äãŋłæĺľ {φ_n} ňőęŋő áçĺâăâì őàâőŋőàňĺàőćăŋŋëň. Řăğńőęĺň ïďàő ãàăćŋěŋĺï K (x, s) ŕàĺ äĺłáĺàőćăŋŋőň x ć őąőąéñŋŋëľ àïď Ťãàìě ŕő őàâőŋőàňĺàőćăŋŋőľ áĺáâěňě {φ_n (x)}: K (x, s) ∼^∞ ∑ n=1 c_n (x) φ_n (s) , c_n (x) = ⟨K (x, s) , φ_n (s)⟩ = b∫ a K (x, s) φ_n (s) ds =^{φn(x)}_{λn} . Ŕő ŋěàăćěŋáâćã Ąěááěńï^1 ∞∑ n=1 c^2_n (x) = ∞∑ n=1 φ^2_n (x) λ^2_n ≤ b∫ a K^2 (x, s) ds.

Ĺŋâěčàĺàãï ŕőáńěďŋěě ŋěàăćěŋáâćő ŕő x ĺ ãçĺâëćăï ŋőàňĺàőćłã áőąáâćěŋŋëå äãŋłæĺľ, ŋăåőďĺň ∞∑ n=1 1 λ^2_n ≤ b∫ a b∫ a K^2 (x, s) dsdx. 1Ŋěňěæłĺľ ăáâàőŋőň (1784-1846).

ČŃĂĆĂ 14. ŚŔĚŁŠŘĂŃĲŊĂ§ ŠĚŐŘĹ§ 189

Šăłĺň őąàăğőň, àïď ć ńěćőľ çăáâĺ ŋěàăćěŋáâćă áåőďĺâáï, ĺ ŕőâőňã ěčő őąéĺľ çńěŋ 1 λ^2_n → 0 ⇒ λ_n → ∞, çâő ŕàőâĺćőàěçĺâ ĺáåőďŋőňã ŕàěďŕőńőęěŋĺî.

Śńěďáâćĺě. Śőąáâćěŋŋëě çĺáńă ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï ňőęŋő ŕàőŋãňěàőćăâì ć ŕőàïďłě àőáâă ĺå ăąáőńîâŋëå ğŋăçěŋĺd́: |λ_1| ≤ |λ_2| ≤ . . . ≤ |λ_n| ≤ . . . Ěáńĺ áŕěłâà ąěáłőŋěçěŋ, âő |λ_n| →_{n→∞} ∞.

5. Ńîąőňã áőąáâćěŋŋőňã çĺáńã őâćěçăěâ łőŋěçŋőě çĺáńő ńĺŋěľŋő ŋěğăćĺáĺňëå áőąáâćěŋŋëå äãŋłæĺľ^2.

Ďőłăğăâěńìáâćő. Ŕãáâì áőąáâćěŋŋőňã çĺáńã λ őâćěçăěâ ąěáłőŋěçŋăï áĺáâěňă ńĺŋěľŋő ŋěğăćĺáĺňëå áőąáâćěŋŋëå äãŋłæĺľ. Śçĺâăï ěñ őàâőŋőàňĺàőćăŋŋőľ^3, àăğńőęĺň ïďàő ãàăćŋěŋĺï K (x, s) ŕàĺ äĺłáĺàőćăŋŋőň x ć őąőąéñŋŋëľ àïď Ťãàìě ŕő őàâőŋőàňĺàőćăŋŋőľ áĺáâěňě {φ_n (s)}: K (x, s) ∼^∞ ∑ n=1 c_n (x) φ_n (s) , c_n (x) = ⟨K (x, s) , φ_n (s)⟩ =^{φn(x)}_λ . Ŕő ŋěàăćěŋáâćã Ąěááěńï ∞∑ n=1 c^2_n (x) =^∞ ∑ n=1 (_{φn(x)} λ )_2 = =^1_{λ2}^∞ ∑ n=1 φ^2_n (x) ≤^b ∫ a K^2 (x, s) ds. Őâáîďă ∀p p λ^2 = 1 λ^2 b∫ a p∑ n=1 φ^2_n (x) dx ≤ b∫ a b∫ a K^2 (x, s) dxds,

çâő, őçěćĺďŋő, ŋěćőğňőęŋő. Śńěďőćăâěńìŋő, ĺáåőďŋőě ŕàěďŕőńőęěŋĺě ŋěćěàŋő.

6. Śŕěłâà ãàăćŋěŋĺï łőŋěçěŋ âőčďă ĺ âőńìłő âőčďă, łőčďă ïďàő ćëàőęďěŋő.

Ďőáâăâőçŋőáâì ãâćěàęďěŋĺï őçěćĺďŋă. Ďőłăğăâěńìáâćő ŋěőąåőďĺňőáâĺ őŕãáłăěň.

Śńěďáâćĺě. Śŕěłâà ãàăćŋěŋĺï á ŋěćëàőęďěŋŋëň ïďàőň ąěáłőŋěçěŋ, ŕàĺçñň |λ_n| →_{n→∞} ∞. 2Ĺŋëňĺ áńőćăňĺ, ńĺŋěľŋăï őąőńőçłă ňŋőęěáâćă áőąáâćěŋŋëå äãŋłæĺľ, őâćěçăîéĺå ńîąőňã áőąáâćěŋŋőňã çĺáńã - áőąáâćěŋŋőě ŕőďŕàőáâàăŋáâćő - łőŋěçŋőňěàŋă.

3Ńîąãî ńĺŋěľŋő ŋěğăćĺáĺňãî áĺáâěňã ňőęŋő ŕőďćěàčŋãâì ŕàőæěďãàě őàâőčőŋăńĺğăæĺĺ ĺ ŕőńãçĺâì ĺğ ŋěñ őàâőčőŋăńìŋãî áĺáâěňã äãŋłæĺľ, ïćńïîéĺåáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ ĺáåőďŋëå äãŋłæĺľ.

7. Šěőàěňă Čĺńìąěàâă-Ÿňĺďâă^4. Ěáńĺ äãŋłæĺï F (x) ĺáâőłőŕàěďáâăćĺňă,

F (x) = b∫ a K (x, s) h (s) ds, čďě K (x, s) — ŋěćëàőęďěŋŋőě áĺňňěâàĺçŋőě ïďàő, h (x) — łãáőçŋőŋěŕàěàëćŋăï äãŋłæĺï ĺáâőçŋĺłă, âő őŋă àăğńăčăěâáï ć àăćŋőňěàŋő ĺ ăąáőńîâŋő áåőďïéĺľáï àïď Ťãàìě ŕő őàâőŋőàňĺàőćăŋŋőľ áĺáâěňě áőąáâćěŋŋëå äãŋłæĺľ őďŋőàőďŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï (ŐŞ):

F (x) =^∞ ∑ n=1 F_nφ_n (x) , F_n ≡ ⟨F, φ_n⟩ =^b ∫ a F (x) φ_n (x) dx. (ąěğ ďőłăğăâěńìáâćă).

Ć łăçěáâćě ŕàĺňěàă ŕàĺňěŋěŋĺï ďăŋŋőľ âěőàěňë ŕàĺćěďñň ŕàěďáâăćńěŋĺě àěèěŋĺï ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï Ťàěďčőńìňă ć ćĺďě àïďă ŕő áőąáâćěŋŋëň äãŋłæĺïň őďŋőàőďŋőčő ãàăćŋěŋĺï. Ŕãáâì ć ãàăćŋěŋĺĺ y (x) = λ b∫ a K (x, s) y (s) ds + f (x) çĺáńő λ ŋě ŕàĺŋăďńěęĺâ áŕěłâàã őďŋőàőďŋőčő ãàăćŋěŋĺï. Šőčďă ŕő âěőàěňě Čĺńìąěàâă-Ÿňĺďâă ĺáâőłőŕàěďáâăćĺňăï äãŋłæĺï b∫ a K (x, s) y (s) ds = ∞∑ k=1 C_ky_k (x) . Ŕőíâőňã y (x) = f (x) + λ ∞∑ k=1 C_ky_k (x)

ĺ ŕőáńě ŕőďáâăŋőćłĺ ďăŋŋőčő ćëàăęěŋĺï ć ãàăćŋěŋĺě ĺňěěň

f (x) + λ^∞ ∑ k=1 C_ky_k (x) = f (x) + λ b∫ a K (x, s) [ f (s) + λ^∞ ∑ k=1 C_k y_k (s) ] ds = = f (x) + λ^∞ ∑ k=1 f_k^{yk (x)}_{λk} + λ^{2 ∞} ∑ k=1 C_k^{yk (x)}_{λk} , C_k =^{fk}_{λk} + λ^{Ck}_{λk} ⇒ C_k =^{fk}_{λk −λ} ⇒ y (x) = f (x) + λ^∞ ∑ k=1 f_k y_k (x) λ_k −λ . Ğďěáì f_k = λ_kB_k, B_k - łőíääĺæĺěŋâë ć àăğńőęěŋĺĺ ĺáâőłőŕàěďáâăćĺňőľ äãŋłæĺĺ_b ∫ a K (x, s) f (s) ds = ∞∑ n=1 B_ny_n (x) .

4Čĺńìąěàâ Ďăćĺď (1862-1943), Ÿňĺďâ İàåăàď (1876-1959)- ŋěňěæłĺě ňăâěňăâĺłĺ.

Čńăćă 15

Ğăďăçă Ÿâãàňă-Ńĺãćĺńńï ĺ ĺŋâěčàăńìŋëě ãàăćŋěŋĺï

15.1 Ťãŋłæĺï Čàĺŋă łàăěćőľ ğăďăçĺ

Śŕěłâàăńìŋăï âěőàĺï ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ ïćńïěâáï ć őŕàěďěńñŋŋőň áňëáńě ąőńěě őąéěľ âěőàĺěľ ŕő áàăćŋěŋĺî áő áŕěłâàăńìŋőľ âěőàĺěľ ďĺääěàěŋæĺăńìŋëå őŕěàăâőàőć. Ć çăáâŋőáâĺ, ćáě őáŋőćŋëě àěğãńìâăâë, ŕőńãçěŋŋëě ŋăňĺ ďńï ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ć àăğďěńě 11.1.5 ňőčãâ ąëâì ćëćěďěŋë ĺğ àěğãńìâăâőć ŋăáâőïéěľ čńăćë.

Řăááňőâàĺň łàăěćãî ğăďăçã { L (y) = f (x) , x ∈ (0, l) y (0) = y (l) = 0, (15.1) čďě L (y) ≡ q (x) y − d dx ( p (x) dy dx )

— ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà ĺğ àăğďěńă 11.1.5.

Őŕàěďěńěŋĺě. Ťãŋłæĺěľ Čàĺŋă^1 ğăďăçĺ (15.1) ŋăğëćăěâáï àěèěŋĺě łàăěćőľ ğăďăçĺ { L (G) = δ (x − z) , x ∈ (0, l) G (0, z) = G (l, z) = 0, čďě z — äĺłáĺàőćăŋŋăï âőçłă ĺŋâěàćăńă (0, l).

15.1.1 Śćőľáâćă äãŋłæĺĺ Čàĺŋă

1. G (x, z) áĺňňěâàĺçŋă őâŋőáĺâěńìŋő ŕěàěáâăŋőćłĺ ăàčãňěŋâőć:

G (z_1, z_2) ≡ G (z_2, z_1) ∀z_1, z_2

Ďőłăğăâěńìáâćő. Ćőáŕőńìğãěňáï áăňőáőŕàïęñŋŋőáâìî őŕěàăâőàă L. Ŕãáâì y_1 (x) ≡ G (x, z_1), y_2 (x) ≡ G (x, z_2), čďě z_{1,2} ∈ (0, l).

1Čàĺŋ Ďęőàďę (1793-1841) - ăŋčńĺľáłĺľ ňăâěňăâĺł ĺ äĺğĺł.

Šőčďă ⟨L (y_1) , y_2⟩ = ⟨L (y_2) , y_1⟩ ⇔ ⟨δ (x − z_1) , G (x, z_2)⟩ = ⟨δ (x − z_2) , G (x, z_1)⟩ ⇔ G (z_1, z_2) = G (z_2, z_1) .

2. G (x, z) ŋěŕàěàëćŋă ŕő (x, z), ă G^′_x (x, z) ŋěŕàěàëćŋă ŕàĺ x ≠ z ĺ ĺňěěâ àăğàëć ŕěàćőčő àőďă ŕàĺ x = z. (ąěğ ďőłăğăâěńìáâćă)

3. Šěőàěňë Čĺńìąěàâă (1-ăï ĺ 2-ăï): äãŋłæĺï y (x) ïćńïěâáï àěèěŋĺěň łàăěćőľ ğăďăçĺ (15.1) âőčďă ĺ âőńìłő âőčďă, łőčďă ěñ ňőęŋő ŕàěďáâăćĺâì ć ćĺďě ĺŋâěčàăńă

y (x) = l∫ 0 G (x, ξ) f (ξ) dξ

(ąěğ ďőłăğăâěńìáâćă) Śńěďáâćĺě. Ťãŋłæĺï y (x) ïćńïěâáï áőąáâćěŋŋőľ äãŋłæĺěľ ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï^2, őâćěçăîéěľ áőąáâćěŋŋőňã çĺáńã λ, { L (y) = λy, y (0) = y (l) = 0,

âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă ïćńïěâáï áőąáâćěŋŋőľ äãŋłæĺěľ ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï

y (x) = λ l∫ 0 G (x, ξ) y (ξ) dξ.

Ĺğ ŕőáńěďŋěčő ğăňěçăŋĺï ćëâěłăěâ ćőğňőęŋőáâì ćëćőďă áćőľáâć áŕěłâàă ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ĺğ áőőâćěâáâćãîéĺå áćőľáâć áŕěłâàă ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï á áĺňňěâàĺçŋëň ïďàőň. Ć łăçěáâćě ŕàĺňěàă íâőčő ŕőńãçĺň âěőàěňã Śâěłńőćă, ďőłăğăŋŋãî ŋăňĺ ć àăğďěńě 11.1.5 łăł áńěďáâćĺě âěőàěňë Čĺńìąěàâă-Ÿňĺďâă.

Ŕãáâì f (·) ∈ C^2 (0, l), f (0) = f (l) = 0. Őąőğŋăçĺň h ≡ L (f). Šőčďă ŕő ŕěàćőľ âěőàěňě Čĺńìąěàâă

f (x) = l∫ 0 G (x, ξ) h (ξ) dξ,

ă ŕő âěőàěňě Čĺńìąěàâă-Ÿňĺďâă (ŕàĺňěŋěŋŋőľ ł ĺáâőłőŕàěďáâăćĺňőľ äãŋłæĺĺ f (·)) ďăŋŋăï äãŋłæĺï àăğńăčăěâáï ć àïď

f (x) = ∞∑ k=1 C_ky_k (x)

2Ÿâãàň Ęăŋ Ÿăàńì Ťàăŋáãă (1803-1855), Ńĺãćĺńńì Ęőğěä (1809-1882) - äàăŋæãğáłĺě ňăâěňăâĺłĺ.

ČŃĂĆĂ 15. ... Ĺ ĞĂĎĂŮĂ ŸŠŞŘŇĂ-ŃĹŞĆĹŃŃ§ 193

ŕő áőąáâćěŋŋëň äãŋłæĺïň ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï

y (x) = λ l∫ 0 G (x, ξ) y (ξ) dξ,

łőâőàëľ áåőďĺâáï ăąáőńîâŋő ĺ àăćŋőňěàŋő. Şçĺâëćăï áďěńăŋŋőě ćëèě ğăňěçăŋĺě ő áćïğĺ ďăŋŋőčő ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï á ğăďăçěľ Ÿâãàňă- Ńĺãćĺńńï, ŕőńãçăěň őâáîďă âěőàěňã Śâěłńőćă^3: ńîąăï äãŋłæĺï f (·) ∈ C^2 (0, l), f (0) = f (l) = 0 àăğńăčăěâáï ć àăćŋőňěàŋő ĺ ăąáőńîâŋő áåőďïéĺľáï àïď ŕő áőąáâćěŋŋëň äãŋłæĺïň ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï.

ŁŐŊĚŰ ŁŞŘŚĂ^4 (őłőńő 30 ńěłæĺľ)

3Śâěłńőć Ćńăďĺňĺà Ăŋďàěěćĺç (1864-1926) - àãááłĺľ ňăâěňăâĺł. 4Şàă!!

194 ŮĂŚŠĲ III. ĹŊŠĚČŘĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§

Ůăáâì IV

ŔŘĹŃŐĘĚŊĹ§

Ćőŕàőáë ł íłğăňěŋăň

.1 Ćőŕàőáë ł łőńńőłćĺãňã ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî

1. Ŕàőáâěľèăï ğăďăçă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï (A). Ćëćőď ŋěőąåőďĺňëå ãáńőćĺľ íáâàěňãňă (łàăěćăï ğăďăçă İľńěàă, ãáńőćĺï Ńěęăŋďàă). Ĺŋâěčàăńë ãàăćŋěŋĺï İľńěàă.

2. Őáŋőćŋăï ńěňňă ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï.

3. Ŕàĺŋæĺŕ Ťěàňă, ğăďăçă ő ąàăåĺáâőåàőŋě.

4. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ (B).

5. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ (C).

6. Ćăàĺăæĺőŋŋăï ğăďăçă ŋă łńăááě äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå (E). Ćëćőď ãàăćŋěŋĺľ łőńěąăŋĺľ őâàěğłă áâàãŋë.

7. Ĺğőŕěàĺňěâàĺçěáłăï ćăàĺăæĺőŋŋăï ğăďăçă (F ). Ďćőľáâćěŋŋëě ćăàĺăæĺőŋŋëě ğăďăçĺ.

8. Ğăďăçă Ńăčàăŋęă (G). Ćëćőď ãàăćŋěŋĺľ čěőďěğĺçěáłĺå ńĺŋĺľ ŋă ŕőćěàåŋőáâĺ.

9. Ğăďăçă Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě (G_1). Ťãŋłæĺï Ŕőŋâàïčĺŋă.

10. Ğăďăçă Ŕőŋâàïčĺŋă (őŕâĺňăńìŋőčő ãŕàăćńěŋĺï) (H). Ŕàĺŋæĺŕ ňăłáĺňãňă Ŕőŋâàïčĺŋă. Ğăďăçă ąëáâàőďěľáâćĺï (ŋă ŕàĺňěàě).

11. Ćăàĺăæĺőŋŋëě ğăďăçĺ ŋă łńăááăå łàĺćëå á ŕőďćĺęŋëňĺ čàăŋĺæăňĺ (I_1,I_2,I_3). Şáńőćĺï âàăŋáćěàáăńìŋőáâĺ.

12. Ďőáâăâőçŋëě ãáńőćĺï C^1-ńőłăńìŋőčő íłáâàěňãňă. Ćâőàĺçŋăï íłáâàěňăńìŋăï ğăďăçă. Şàăćŋěŋĺě §łőąĺ. Śőŕàïęñŋŋëě âőçłĺ. Ăŋăńĺâĺçěáłăï ĺ čěőňěâàĺçěáłăï äőàňãńĺàőćłĺ ďőáâăâőçŋëå ãáńőćĺľ íłáâàěňãňă.

.2 Ćőŕàőáë ł íłğăňěŋã ŕő ňěâőďăň ňăâěňăâĺçěáłőľ äĺğĺłĺ

.2.1 Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï

( [10], Čń. 2 §3, čń. 3 §1-3, čń. 4 § 1-5)

1. Łăŋőŋĺçěáłăï äőàňă ğăŕĺáĺ ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ ć çăáâŋëå ŕàőĺğćőďŋëå 2-čő ŕőàïďłă á ďćãňï ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ. Ţăàăłâěàĺáâĺçěáłĺě ńĺŋĺĺ.

2. Łńăááĺäĺłăæĺï ãàăćŋěŋĺľ 2-čő ŕőàïďłă á n ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ.

3. Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăçĺ ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ŕàĺňěà Ăďăňăàă.

4. Şàăćŋěŋĺï Ţěćĺáăľďă. Ćëćőď, ŕàěőąàăğőćăŋĺï, àăğńĺçŋëě âĺŕë čàăŋĺçŋëå ãáńőćĺľ.

5. Ňěâőď ąěčãéĺå ćőńŋ àěèěŋĺï ãàăćŋěŋĺľ čĺŕěàąőńĺçěáłőčő âĺŕă. Ťőàňãńă Ďăńăňąěàă. Řěèěŋĺě ŋěőďŋőàőďŋőľ ğăďăçĺ. İăďăçă ő àăáŕàőáâàăŋěŋĺĺ łàăěćőčő àěęĺňă. Łőńěąăŋĺï őâàěğłă áâàãŋë.

6. Őąőąéñŋŋëě äãŋłæĺĺ: őŕàěďěńěŋĺï ĺ őáŋőćŋëě áćőľáâćă. Ŕàĺňěŋěŋĺě őąőąéñŋŋëå äãŋłæĺľ ć ğăďăçăå čĺŕěàąőńĺçěáłőčő âĺŕă. Ťãŋďăňěŋâăńìŋőě àěèěŋĺě ćőńŋőćőčő ãàăćŋěŋĺï, őąőąéñŋŋăï ğăďăçă Łőèĺ, ćëćőď äőàňãńë Ďăńăňąěàă ňěâőďăňĺ âěőàĺĺ őąőąéñŋŋëå äãŋłæĺľ

7. Ŕàěőąàăğőćăŋĺě Ťãàìě: őŕàěďěńěŋĺï ĺ őáŋőćŋëě áćőľáâćă. Ŕàĺňěŋěŋĺě ŕàěőąàăğőćăŋĺï Ťãàìě ďńï àěèěŋĺï ğăďăçĺ Łőèĺ ďńï ćőńŋőćőčő ãàăćŋěŋĺï.

8. Ňěâőď áâőïçĺå ćőńŋ àěèěŋĺï áňěèăŋŋëå ğăďăç ďńï ãàăćŋěŋĺľ čĺŕěàąőńĺçěáłőčő âĺŕă.

9. Ğăďăçă Ÿâãàňă-Ńĺãćĺńńï: őŕàěďěńěŋĺï ĺ őáŋőćŋëě áćőľáâćă, âěőàěňë ő áőąáâćěŋŋëå çĺáńăå ĺ äãŋłæĺïå, íłáâàěňăńìŋëě áćőľáâćă áőąáâćěŋŋëå çĺáěń. Šěőàěňă Śâěłńőćă.

10. Ňěâőď Ťãàìě ć ňŋőčőňěàŋëå ğăďăçăå čĺŕěàąőńĺçěáłőčő âĺŕă. Łőńěąăŋĺï ŕàïňőãčőńìŋőľ ĺ łàãčńőľ ňěňąàăŋ.

11. Šěőàěňă ő ňăłáĺňãňě ĺ ňĺŋĺňãňě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ. Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ.

12. Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ňěâőďőň ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě.

13. Řěèěŋĺě áňěèăŋŋőľ ğăďăçĺ ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ňěâőďőň ŕàěőąàăğőćăŋĺï Ńăŕńăáă.

14. Řěèěŋĺě áňěèăŋŋőľ ğăďăçĺ ő ŋăčàěćě áâěàęŋï ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå. Ťãŋłæĺï Čàĺŋă łàăěćőľ ğăďăçĺ.

15. Ğăďăçă őą őáâëćăŋĺĺ łàãčńőčő æĺńĺŋďàă. Şàăćŋěŋĺï ĺ äãŋłæĺĺ Ąěááěńï: őŕàěďěńěŋĺï ĺ ňĺŋĺňãň áćőľáâć.

16. Řěèěŋĺě ğăďăçĺ Łőèĺ ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ ňěâőďőň àăğďěńěŋĺï ŕěàěňěŋŋëå.

17. Ŕàěďáâăćńěŋĺě àěèěŋĺľ őáŋőćŋëå łàăěćëå ğăďăç ďńï ãàăćŋěŋĺï Ŕãăááőŋă á ŕőňőéìî äãŋłæĺĺ Čàĺŋă.

18. Ňěâőď ňŋĺňëå ĺáâőçŋĺłőć ŕőáâàőěŋĺï äãŋłæĺľ Čàĺŋă ć íńńĺŕâĺçěáłĺå ğăďăçăå — ğăďăçĺ Ďĺàĺåńě ć ćěàåŋěň ŕ/ŕ ĺ ćŋãâàĺ èăàă.

19. Őŕàěďěńěŋĺě ĺ áćőľáâćă čăàňőŋĺçěáłĺå äãŋłæĺľ. Šěőàěňă ő ňăłáĺňãňě ĺ ňĺŋĺňãňě čăàňőŋĺçěáłőľ ć őąńăáâĺ äãŋłæĺĺ. Łőààěłâŋőáâì ŕőáâăŋőćłĺ ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ŕãăááőŋă.

20. Ňěâőď àăğďěńěŋĺï ŕěàěňěŋŋëå ć íńńĺŕâĺçěáłĺå ğăďăçăå (ŋă ŕàĺňěàě ğăďăçĺ Ďĺàĺåńě ďńï ãàăćŋěŋĺï Ńăŕńăáă ć ŕàőáâàăŋáâćě). Şàăćŋěŋĺï ĺ äãŋłæĺĺ Ńěęăŋďàă: őŕàěďěńěŋĺï ĺ őáŋőćŋëě áćőľáâćă. Śäěàĺçěáłĺě ĺ èăàőćëě äãŋłæĺĺ.

21. Ŕőâěŋæĺăńë ć íńńĺŕâĺçěáłĺå ğăďăçăå: őąêñňŋëľ, ŕàőáâőčő ĺ ďćőľŋőčő áńőěć. Čăãááőć ŕőâěŋæĺăń.

22. Ŕàĺňěŋěŋĺě ŕőâěŋæĺăńőć ďńï áćěďěŋĺï łàăěćëå ğăďăç ł ĺŋâěčàăńìŋëň ãàăćŋěŋĺïň (ğăďăçă Ďĺàĺåńě ć ćěàåŋěň ŕőńãŕàőáâàăŋáâćě).

.2.2 Ĺŋâěčàăńìŋëě ãàăćŋěŋĺï

([11],Čń. 4,6-9).

1. Łńăááĺäĺłăæĺï ńĺŋěľŋëå ĺŋâěčàăńìŋëå ãàăćŋěŋĺľ. 2. Ĺŋâěčàăńìŋëě ãàăćŋěŋĺï á ćëàőęďěŋŋëň ïďàőň. 3. Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺï Ťàěďčőńìňă á ňăńëň ïďàőň. 4. Śãéěáâćőćăŋĺě àěèěŋĺï ãàăćŋěŋĺï Ćőńìâěààă. 5. Šěőàěňë Ťàěďčőńìňă.

6. Şàăćŋěŋĺï á áĺňňěâàĺçŋëňĺ ïďàăňĺ. Śćőľáâćă áŕěłâàă. Šěőàěňă Čĺńìąěàâă-Ÿňĺďâă.

7. Śćěďěŋĺě ğăďăçĺ Ÿâãàňă-Ńĺãćĺńńï ł ĺŋâěčàăńìŋőňã ãàăćŋěŋĺî á áĺňňěâàĺçŋëň ïďàőň. Šěőàěňë Čĺńìąěàâă. Ćëćőď âěőàěňë Śâěłńőćă ĺğ âěőàěňë Čĺńìąěàâă-Ÿňĺďâă.

200

Ąĺąńĺőčàăäĺï

[1] İńìáčőńìæ Ń.İ. Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ĺ ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě. Ň.: Ŋăãłă, 1969.

[2] İńìáčőńìæ Ń.İ. Ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě. Ň.:

Ďőŕőńŋĺâěńìŋăï ńĺâěàăâãàă ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî [3] Ăńěłáěěć Ć.Ň., Šĺåőňĺàőć Ć.Ň., Ťőňĺŋ Ś.Ć. Őŕâĺňăńìŋőě ãŕàăćńěŋĺě.

Ň.: Ŋăãłă, 1974.

[4] Čěńìäăŋď Ĺ.Ň., Ťőňĺŋ Ś.Ć. Ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě. Ň.: Ŋăãłă, 1961.

[5] Ąãáńăěć Ć.Ś. Ćăàĺăæĺőŋŋőě ĺáçĺáńěŋĺě. Ń.: ŃČŞ, 1980. [6] §ŋč Ń. Ńěłæĺĺ ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï. Ň.: Ŋăãłă, 1974.

[7] Ŕőŋâàïčĺŋ Ń.Ś. ĺ ďà. Ňăâěňăâĺçěáłăï âěőàĺï őŕâĺňăńìŋëå ŕàőæěááőć.

Ň.: Ŋăãłă, 1976.

[8] Šĺåőňĺàőć Ć.Ň. Řăááłăğë ő ňăłáĺňãňăå ĺ ňĺŋĺňãňăå. Ň.: Ŋăãłă, 1986 (ą-łă “Łćăŋâ” ).

[9] Ńăćàěŋâìěć Ň.Ă., Ńîáâěàŋĺł Ń.Ă. Őáŋőćë ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï.

Ň.-Ń.: ŐŊŠĹ, 1935. ŠŠ.1,2.

Őáŋőćŋăï ńĺâěàăâãàă ŕő ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ ĺ ĺŋâěčàăńìŋëň ãàăćŋěŋĺïň [10] Šĺåőŋőć Ă.Ŋ., Śăňăàáłĺľ Ă.Ă. Şàăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.:

Ŋăãłă, 1966.

[11] Ăàáěŋĺŋ Ć.§. Ňěâőďë ňăâěňăâĺçěáłőľ äĺğĺłĺ ĺ áŕěæĺăńìŋëě äãŋłæĺĺ. Ň.: Ŋăãłă, 1984.

Ďőŕőńŋĺâěńìŋăï ńĺâěàăâãàă ŕő ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ [12] Śőąőńěć Ś.Ń. Şàăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1966. [13] Ćńăďĺňĺàőć Ć.Ś. Şàăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1976. [14] Ćńăďĺňĺàőć Ć.Ś. Őąőąéěŋŋëě äãŋłæĺĺ ć ňăâěňăâĺçěáłőľ äĺğĺłě. Ň.:

Ŋăãłă, 1979.

[15] Ąĺæăďğě Ă.Ć. Şàăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1976. [16] Čőďãŋőć Ś.Ł. Şàăćŋěŋĺï ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1979. [17] Řĺåâňăľěà Ř. Ŕàĺŋæĺŕë áőćàěňěŋŋőľ ňăâěňăâĺçěáłőľ äĺğĺłĺ, â.1. Ň.:

Ňĺà, 1982.

[18] Ÿĺńőć Č.Ě. Ňăâěňăâĺçěáłĺľ ăŋăńĺğ. Ćâőàőľ áŕěæĺăńìŋëľ łãàá. Ň.:

ŇČŞ, 1984.

[19] Ňăŋďěńìèâăň Ń.Ĺ. Ńěłæĺĺ ŕő âěőàĺĺ łőńěąăŋĺľ. Ň.: Ŋăãłă, 1972. [20] Ďĺâłĺŋ Ć.Ă., Ŕàãďŋĺłőć Ă.Ŕ. Ĺŋâěčàăńìŋëě ŕàěőąàăğőćăŋĺï ĺ őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě. Ň.: Ŋăãłă, 1974. Ğăďăçŋĺłĺ [21] Ąãďăł Ą.Ň., Śăňăàáłĺľ Ă.Ă., Šĺåőŋőć Ă.Ŋ. Śąőàŋĺł ğăďăç ŕő ňăâěňăâĺçěáłőľ äĺğĺłě. Ň.: Ŋăãłă, 1980.

[22] Ąĺæăďğě Ă.Ć., Łăńĺŋĺçěŋłő Ď.Ť. Śąőàŋĺł ğăďăç ŕő ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1985.

[23] Šĺåőŋőć Ă.Ŋ., Ăàáěŋĺŋ Ć.§. Ňěâőďë àěèěŋĺï ŋěłőààěłâŋëå ğăďăç. Ň.:

Ŋăãłă, 1979.

[24] Ćńăďĺňĺàőć Ć.Ś. ĺ ďà. Śąőàŋĺł ğăďăç ŕő ãàăćŋěŋĺïň ňăâěňăâĺçěáłőľ äĺğĺłĺ. Ň.: Ŋăãłă, 1974. Ňěâőďĺçěáłĺě àăğàăąőâłĺ [25] Śňĺàŋőć Ĺ.Ŕ., Śňĺàŋőćă Ĺ.Ř. Ğăďăçĺ ŕő ćăàĺăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ âěőàĺĺ őŕâĺňăńìŋőčő ãŕàăćńěŋĺï. Ŋĺęŋĺľ Ŋőćčőàőď: ŊŊČŞ, 1994.

[26] Łőèěńěć Ć.Ŋ., Śăĺçěć Ă.Ĺ. Ňěâőď äãŋłæĺľ Čàĺŋă ďńï ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ. Čőàìłĺľ: ČČŞ, 1984.

[27] Łőèěńěć Ć.Ŋ., Śăĺçěć Ă.Ĺ. Šěńěčàăäŋőě ãàăćŋěŋĺě. Čőàìłĺľ: ČČŞ, 1984.

Ăńäăćĺâŋëľ ãłăğăâěńì

Ăńäăćĺâŋëľ ãłăğăâěńì

Ąàăåĺáâőåàőŋă, 13 Ąěááěńï

ŋěàăćěŋáâćő, 111 Ąàăåĺáâőåàőŋă, 45, 50, 58

Ćăàĺăæĺőŋŋăï ğăďăçă Ďĺďőŋë, 24 Ćăàĺăæĺőŋŋăï ğăďăçă ćâőàĺçŋăï, 54 ďćőľáâćěŋŋăï, 26 Ďĺďőŋë, 26 ďńï äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå, 21 - ďőáâăâőçŋëě ãáńőćĺï íłáâàěňãňă, 53 ĺğőŕěàĺňěâàĺçěáłăï, 24 Ńăčàăŋęă, 28 Ńăčàăŋęă ć ŕőŋâàïčĺŋáłőľ äőàňě, 29 ŋă łńăááě ćěłâőàŋëå äãŋłæĺľ, 14 Ŕőŋâàïčĺŋă áő áćőąőďŋëňĺ čàăŋĺæăňĺ, 43, 46, 48 áő áâăàèĺňĺ ŕàőĺğćőďŋëňĺ, 20 áő Ćőńŋă

ąěčãéăï, 84 ŕàïňăï, őâàăęěŋŋăï, ĺŋćěàâĺàőćăŋŋăï, 91 áâőïçăï, 94, 113

Čàĺŋă

äőàňãńă, 21 Ğăď Ďĺàĺåńě, 138 Ŋěľňăŋă, 138 Ğăďăçă

ąëáâàőďěľáâćĺï, 35 ąëáâàőďěľáâćĺï ćâőàĺçŋăï íłáâàěňăńìŋăï, 54 Ďĺàĺåńě, 156 łőààěłâŋő Łőèĺ, 77, 138 Łőèĺ ďńï ćőńŋőćőčő ãàăćŋěŋĺï, 85 Łőèĺ őąőąéěŋŋăï, 101 łàăěćăï, 77 łàăěćăï âàěâìěčő àőďă, 138 âàěâìï łàăěćăï, 157 ňăâěňăâĺçěáłőľ äĺğĺłĺ, 77 Ŋěľňăŋă, 157 ő ňïčłőľ ŕőáăďłě łőáňĺçěáłőčő ăŕŕăàăâă, 30 ő łőńěąăŋĺïå őâàěğłă áâàãŋë, 93 ő ő àăáŕàőáâàăŋěŋĺĺ áňěèăŋŋăï, 78 Ÿâãàňă-Ńĺãćĺńńï, 113, 115, 127, 191 Ğăďăçă Łőèĺ

ďńï ćőńŋőćőčő ãàăćŋěŋĺï, 107 Ğăłőŋ

Ŋěàŋáâă, 137 Ŋìîâőŋă 1-ëľ, 16 Ŋìîâőŋă 2-őľ, 17 Śŋěńńĺãáă, 13, 18 Ťãàìě, 137

Ĺŋâěčàăń

ĺňŕãńìáă, 12 łàăâŋëľ ŋěáőąáâćěŋŋëľ, 164 Ŕãăááőŋă, 143 íŋěàčĺĺ, 12 Ĺŋâěčàăńìŋőě ŕàěőąàăğőćăŋĺě, 105 Ąěááěńï, 105 Ńăŕńăáă, 105, 109, 144 Ňěńńĺŋă, 105 Ťãàìě, 105, 142

Ĺŋâěčàăńìŋőě ŕàěőąàăğőćăŋĺě Ťãàìě, 106 Ĺŋâěčàăńìŋőě ŕàěőąàăğőćăŋĺě áĺŋãá, łőáĺŋãá, 105

Łńăáá

łőààěłâŋőáâĺ, 78 őàĺčĺŋăńőć, ĺğőąàăęěŋĺľ, 104 Łőńěąăŋĺï

łàãčńőľ ňěňąàăŋë, 130 ŕàïňőãčőńìŋőľ ňěňąàăŋë, 128 Łőőàďĺŋăâë

äăğőćëě ãŕàăćńïěňőčő őąêěłâă, 30 Ńăčàăŋęă

ãàăćŋěŋĺě, 16, 26, 28 äãŋłæĺï, 25 Ńěňňă

őáŋőćŋăï ćăàĺăæĺőŋŋőčő ĺáçĺáńěŋĺï, 9 Ńĺŋĺï

čěőďěğĺçěáłăï, 28 čěőďěğĺçěáłăï ŋă áäěàě, 29 ŕěàěłńîçěŋĺï, 36 âěńěčàăäŋăï, ąěğ ĺáłăęěŋĺľ, 83 åăàăłâěàĺáâĺçěáłăï, 66, 70 æěŕŋăï, 19 æĺłńőĺďă, 14

Ňěâőď

ąěčãéĺå ćőńŋ, 83 čěőňěâàĺçěáłőľ őŕâĺłĺ, 17 ŕőáńěďőćăâěńìŋëå ŕàĺąńĺęěŋĺľ, 182 ŕőâěŋæĺăńőć, 164 áŕãáłă, 88 äãŋłæĺľ Čàĺŋă, 157 äãŋłæĺľ Čàĺŋă, 156 àăğďěńěŋĺï àăğďěńěŋĺï ŕěàěňěŋŋëå (Ťãàìě), 145 àăğďěńěŋĺï ŕěàěňěŋŋëå (Ťãàìě), 160

Ŋěàăćěŋáâćő

Ąěááěńï, 111, 188 ĺğőŕěàĺňěâàĺçěáłőě, 24 Ŋőáĺâěńì äãŋłæĺĺ, 95

Ŋìîâőŋă

1-ëľ ğăłőŋ, 16 2-őľ ğăłőŋ, 17

Őąőąéěŋŋăï

łőőàďĺŋăâă, 16 äãŋłæĺï, 31 Őčàăŋĺçěŋĺě

ŕőŋâàïčĺŋáłőě, 33 Őŕěàăâőà

Ďăńăňąěàă, 101 ĺŋâěčàăńìŋëľ, 105, 181 áęĺňăîéĺľ, 181 Őŕàěďěńěŋĺě

ćâőàĺçŋőľ ńőłăńìŋőčő íłáâàěňãňă, 53 áőŕàïęěŋŋőľ âőçłĺ, 55 äãŋłæĺőŋăńă, 3

Ŕăàăňěâàë

ãŕàăćńïîéĺě, 30 Ŕńőáłőáâì

äăğőćăï, 86 Ŕőćěàåŋőáâì

ĺŋâěčàăńìŋăï, 66 Ńïŕãŋőćă, 167 Ŕőłăğăâěńì

ŕàěńőňńěŋĺï áàěďë, 17 Ŕőńě íłáâàěňăńěľ, 57 Ŕőŋâàïčĺŋă

ŕàĺŋæĺŕ ňăłáĺňãňă, 34 äãŋłæĺï, 30, 34 Ŕőâěŋæĺăń

čăãááőć, 170 ďćőľŋőčő áńőï, 170 ďĺŕőńï, 169 őąêěňŋëľ, 166 ŕàőáâőčő áńőï, 168 Ŕàĺňěà

Ăďăňăàă, 78 Ŕàĺŋæĺŕ

Čăňĺńìâőŋă, 16 ňăłáĺňãňă Ń.Ś.Ŕőŋâàïčĺŋă, 34 Ŕàőáâàăŋáâćő

Ąăŋăåă, 181 ěćłńĺďőćő, 110 ŋőàňĺàőćăŋŋőě, 111 őáŋőćŋëå ĺ őąőąéěŋŋëå äãŋłæĺľ, 95

Řăćěŋáâćő

Ŕăàáěćăńï-Śâěłńőćă, 112 Řěğőŋăŋá, 126 Řěèěŋĺě

őąőąéěŋŋőě, 86 äãŋďăňěŋâăńìŋőě, 102 Řïď Ťãàìě, 94

Őąőąéěŋŋăï äãŋłæĺï, 100 Śćěàâłă, 100, 103 Śćïğì

čőńőŋőňŋăï, 28 ďĺääěàěŋæĺăńìŋăï, 28 ŋěčőńőŋőňŋăï, 28 Śĺáâěňă

åăàăłâěàĺáâĺçěáłăï, 66 Śĺáâěňă íńěňěŋâőć

őàâőčőŋăńìŋăï, ŋőàňĺàőćăŋŋăï, ŕőńŋăï, 111 Śőąáâćěŋŋăï äãŋłæĺï, 115 Śőąáâćěŋŋőě çĺáńő, 115 Śőŕàïęěŋŋăï

áĺáâěňă ãàăćŋěŋĺľ, 35 âőçłă, 55 äãŋłæĺï, 34 Śŕěłâà

áőąáâćěŋŋëå çĺáěń, 188 Śàěďă

őďŋőàőďŋăï, 17 áâàăâĺäĺæĺàőćăŋŋăï, 18

Šěőàěňă

ćğăĺňŋőáâĺ (ć âěŕńőŕàőćőďŋőáâĺ), 148 ćğăĺňŋőáâĺ Čĺńìąěàâă (1-ăï ĺ 2-ăï), 192 Čĺńìąěàâă-Ÿňĺďâă, 190 ő ő Śâěłńőćă, 120 Šěőàěňă ćğăĺňŋőáâĺ

ć âěőàĺĺ łőńěąăŋĺľ, 126 Šěőàěňë

Ťàěďčőńìňă, 186 Šĺŕ čĺŕěàąőńĺçěáłĺľ, 76 ãàăćŋěŋĺï ŕăàăąőńĺçěáłĺľ, 75 íńńĺŕâĺłő- (čĺŕěàąőńő-) ŕăàăąőńĺçěáłĺľ, 75 ãàăćŋěŋĺï áňěèăŋŋëľ , 73 ãńìâàăčĺŕěàąőńĺçěáłĺľ, 76 íńńĺŕâĺçěáłĺľ, 75 Šőçłă

ŕěàěłńîçěŋĺï, 36 Šőçłĺ

áĺňňěâàĺçŋëě

Şàăćŋěŋĺě Ąěááěńï, 122, 132 ć çăáâŋëå ŕàőĺğćőďŋëå, 63 ćőńŋőćőě, 23 Ćőńìâěààă, 177, 183 ćâőàőčő ŕőàïďłă, 69 Čăňĺńìâőŋă-§łőąĺ, 60 Čěńìňčőńìæă, 152 čěőďěğĺçěáłőľ ńĺŋĺĺ, 29 čĺŕěàąőńĺçěáłőě, 70, 76 čĺŕěàąőńő-ŕăàăąőńĺçěáłőě, 75 ďćĺęěŋĺï, 16, 30 ďĺääãğĺĺ, 137 łćăğĺńĺŋěľŋőě, 65, 74 łćăğĺńĺŋěľŋőě, 69 łőńěąăŋĺľ őâàěğłă áâàãŋë, 22 łőńěąăŋĺľ Łőńňőčőàőćă, 138 Ńăčàăŋęă, 28 Ńăčàăŋęă, 26 Ńăčàăŋęă-Ŕãăááőŋă, 27 Ńăŕńăáă, 151 Ńěęăŋďàă, 160 Ńěęăŋďàă, ŕàĺáőěďĺŋěŋŋőě, 122 ńĺŋěľŋőě, 65 ńãçěćőě, 17 ňăâěňăâĺçěáłőľ äĺğĺłĺ, 64 őďŋőàőďŋőě, 185 ŕăàăąőńĺçěáłőě, 71, 75 ŕěàćőčő ŕőàïďłă, 65 ŕőńãńĺŋěľŋőě, 65 Ŕãăááőŋă, 151, 167 á ćëàőęďěŋŋëň ïďàőň, 179 áőŕàïęěŋŋőě, 185 áőŕàïęěŋŋőě, 35 âěńěčàăäŋőě, 89 Šàĺłőňĺ, 73 ãńìâàăčĺŕěàąőńĺçěáłőě, 76 ŋěőďŋőàőďŋőě, 185 ćâőàőčő àőďă, 178 ŕěàćőčő àőďă, 177 âàěâìěčő àőďă, 178 åăàăłâěàĺáâĺçěáłőě, 66, 70

Ÿàěďĺŋčěàă, 152 İľńěàă, 44 İľńěàă ćěłâőàŋőě, 15 íńńĺŕâĺłő-ŕăàăąőńĺçěáłőě, 75 íńńĺŕâĺçěáłőě, 72, 75 §łőąĺ, 55 Şàăćŋěŋĺě ĺŋâěčàăńìŋőě Ťàěďčőńìňă, 177 Şàăćŋěŋĺï

łńăááĺçěáłőě àěèěŋĺě, 63 ŕőàïďőł, 63 âěńěčàăäŋëě (Ţěćĺáăľďă), 82 Şáńőćĺě

ďőáâăâőçŋőě íłáâàěňãňă, 56, 57 ěáâěáâćěŋŋőě čàăŋĺçŋőě, 45 łàăěćőě (čàăŋĺçŋőě), 77 Ńěęăŋďàă ãáĺńěŋŋőě, 55 ŋăçăńìŋőě, 77 őàâőčőŋăńìŋőáâĺ, 50 âàăŋáćěàáăńìŋőáâĺ, 44, 46, 48, 49 §łőąĺ, ãáĺńěŋŋőě, 55

Ťőàňă

łćăďàăâĺçŋăï, 75 ãàăćŋěŋĺï łăŋőŋĺçěáłăï, 70 Ťőàňãńă

Őáâàőčàăďáłőčő-Čăãááă, 152 Ťőàňãńă

Čàĺŋă, 21, 153 Ďăńăňąěàă, 85, 103, 107 Ďăńăňąěàă àăáèĺàěŋŋăï, 87 Łĺàåčőäă, 88 Ŕãăááőŋă, 88, 159 Řőďàĺčő, 160 áňěéěŋĺï, 106 Ťãŋłæĺï

Ţěćĺáăľďă, 103 Ťãŋďăňěŋâăńìŋőě àěèěŋĺě ãàăćŋěŋĺï âěŕńőŕàőćőďŋőáâĺ, 143 Ťãŋłæĺőŋăń

Ąőńìæă, 43 ďěľáâćĺï, 16 Őąőąéěŋŋăï äãŋłæĺï

ďěńìâă-äãŋłæĺï, 96 àěčãńïàŋăï, Ťãŋłæĺ

Ŕőŋâàïčĺŋă, 30

Ťãŋłæĺï

Ąěááěńï, 122, 132 Ąěááěńï Čăňĺńìâőŋă, 59 čăàňőŋĺçěáłăï, 154 Čàĺŋă, 124, 147, 156, 191 ĺáâőłőŕàěďáâăćĺňăï, 190 Ńăčàăŋęă, 25 Ńěęăŋďàă, 122 Ńěęăŋďàă ŕàĺáőěďĺŋěŋŋăï, 160 őąőąéěŋŋăï, 31, 95 Ŕőŋâàïčĺŋă, 34 ŕàőďőńęěŋŋăï, 91 àěğőńìćěŋâŋăï, 180 àěńěľŋăï, 36 áĺŋâěğă, áĺŋâěğĺàãîéăï, 36 áőąáâćěŋŋăï, 115 áőŕàïęěŋŋăï, 34 áäěàĺçěáłăï, 162 ãŕàăćńïîéăï (ãŕàăćńěŋĺě), 30 äĺŋĺâŋăï, 95 Ţăŋłěńï, 134 Ţěćĺáăľďă, 92 æĺńĺŋďàĺçěáłăï, 132 èăàőćăï, 163

Ţăàăłâěàĺáâĺłă, 66

ćőńŋőćőčő ãàăćŋěŋĺï, 86 Ţăàăłâěàĺáâĺçěáłĺľ âàěãčőńìŋĺł, 86 Ůĺáńő

áőąáâćěŋŋőě, 187

İľńěàă

łàăěćăï ğăďăçă, 53 ãàăćŋěŋĺě, 11, 44 ãàăćŋěŋĺě ćěłâőàŋőě, 15 ãàăćŋěŋĺľ áĺáâěňă , 15 áĺáâěňë ãàăćŋěŋĺľ ĺŋâěčàăńë, 16 §ďàő, 105

ćëàőęďěŋŋőě, 179 ĺŋâěčàăńìŋőčő ãàăćŋěŋĺï, 177 áĺňňěâàĺçŋőě, 187