Solution of ODE’s
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Introduction

In order to understand how numerical methods can be used to find the solutions of ordinary differential equations (ODE’s), the Modified Euler (MEul) and 4th order Runge Kutta (RK) techniques were applied to a problem with a known solution.  A second order differential equation was given as the function that MEul and RK had to approximate.  Before these methods could approximate the function, however, a reduction of order had to be performed on the equation to create two first order differential equations.  A program was created that used the RK and Meul methods so that their outputs could be compared to the exact solution.  The deviations are plotted and explained in this report.  

Numerical Nonlinear Solver

Reduction of order 

Before Runge Kutta and Modified Euler could be used, the given function, (Eq. 1), had to be reduced into two separate first order ODE’s in a process called reduction of order.  
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First, to reduce the order, another variable z1 was defined and set equal to the derivative of y (Eq. 4).  
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With this variable defined, Eq. 1 was converted into:
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Rearranging Eq. 5 yielded the second first order ODE needed for use in the RK and Meul solutions.   
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Both Equations 4 and 6 were used in the Runge Kutta and Modified Euler programs.  These programs can be found in Appendix B. 

Runge Kutta


A common method that is used for solving ODE’s is the Runge Kutta Method.  To solve a problem using RK, it is necessary to have an initial condition y(xn)= value. The algorithm for RK is as follows:
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The general concept behind this method has to do with taking the slope kx/h at a given point on the function and then performing a weighted average on their solution.  For example, the first slope k1/h is computed at the point (xn,yn) and has a weight of 1/6.  The second slope k2/h is computed at the point (xn+h/2, yn+k1/2) and has a weight of 2/6.  This is repeated for the final two slopes k3/h and k4/h.  Using the weighted average, the step in Eq. 11 takes the answer from (xn,yn) to (xn+1,yn+1).  The process is iterated to a desired limit.  
Modified Euler
Another way to approximate a function is known as the Modified Euler method.  This method also needs to have the initial condition of y(xn)= value. The algorithm for this method is as follows. 
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The Meul method the slope at the points (xn,yn) and at (xn+h,yn+1+k1), then uses the average to find the new point.  The average is done by Eq. 14.  
Results 

Runge Kutta and Modified Euler were used to approximate the exact solution of a function in the form:
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The constants for this function can be found in the appendix.

[image: image17.png]Fle Edt View Insert Toos Window Help

Ded& NA2/ (B0

50 T
— exact
----- Runge Kutta
—— Modified Euler
0

-100

-150

-200 I I I I I I I





Figure 1a: Comparison of responses.

Figure 1a plots the exact (blue), Runge Kutta (dotted red) and Modified Euler (green) solutions.  Both RK and MEul follow the exact solution with very good accuracy.  By zooming into a smaller interval range as shown in Fig. 2b, it is notable that the RK method is much closer to the actual solution than MEul.  While the RK solution appears to approximate the analytical answer almost exactly, the MEul answer differs by about .5.  
[image: image18.png]Fle Edt View Insert Toos Window Help

Ded& NA2/ (B0

-27.6 — exact
----- Runge Kutta
—— Modified Euler

-27.65

-27.7

-27.75

-27.8

| | | | | | | |
20.41 20.42 20.43 20.44 20.45 20.46 20.47 20.48





Figure 1b: Zoom in of exact, Runge Kutta and Modified Euler. 

To better grasp the error between both methods, their deviation from the exact solution was plotted in Fig. 2.  As can be seen by the graph, the error of RK is very small in comparison to MEul. 
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Figure 2: Deviation from exact answer to Runga Kutta (red) and Modified Euler (green).
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Figure 3: Runge Kutta deviation from exact.
Observing both Fig. 2 and Fig. 3, it can be seen that the deviation by RK and MEul both grow with time until they reach a peak error.  RK has a deviation of .9x10-4 while MEul .45 from the zero to the peak.  
Discussion

By observation of the graphs, it can be said that the Runge Kutta solution will provide a better response than the Modified Euler.  The error of RK is 103 times smaller than Meul.  It is important to note that the error of both the RK and Meul methods depend on their step intervals.  To understand deviations when comparing RK and MEul to the exact solution, one should know their error terms.  RK has an error term proportional to O(h5) while MEul has an error term of O(h3).  

Though the deviation when using RK is easily determined when one knows the exact solution, the algorithm alone cannot determine its own error.  A version of RK known as Runge Kutta Fehlberg, however, can be used to guarantee the accuracy of the solution.  This method works by choosing the proper step size h at each iteration.  At each step, two solutions are compared and the interval is accepted, increased or decreased depending on how close the two solutions agree.
Appendix A
Analytical Solution
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Appendix B MATLAB Code
function [y] = rungekutta(dt);

n=400;   c=0.1;   k=0.3;   m=3;   g=9.8;   y0=0.5;   f0=0;

z(1,1)=f0;

zdot(1,1)=-c/m*z(1,1)-k/m*y0-g;

y(1,1)=y0;

for i=1:n

    k11(1,i) = z(1,i)*dt;    

    k12(1,i) = (-c/m*z(1,i) - k/m*y(1,i) - g)*dt;    

    k21(1,i) = dt*(z(1,i) + 1/2*k12(1,i));    

    k22(1,i) = dt*(-c/m*(z(1,i)) - k/m*(y(1,i) + 1/2*k11(1,i)) - g);    

    k31(1,i) = dt*(z(1,i) + 1/2*(k22(1,i)));    

    k32(1,i) = dt*(-c/m*(z(1,i)) - k/m*(y(1,i) + 1/2*(k21(1,i))) - g);    

    k41(1,i) = dt*(z(1,i) + (k32(1,i)));    

    k42(1,i) = dt*(-c/m*(z(1,i)) - k/m*(y(1,i) + (k31(1,i))) - g);    

    y(1,i+1) = y(1,i) + 1/6*(k11(1,i) + 2*k21(1,i) + 2*k31(1,i) + k41(1,i));    

    z(1,i+1) = z(1,i) + 1/6*(k12(1,i) + 2*k22(1,i) + 2*k32(1,i) + k42(1,i));

    ydev1(1,1)=0;

    ydev1(1,i+1) = ydev1(1,i) + (-y(1,i) + yexact(1,i));

    ydev(1,i) = yexact(1,i) - y(1,i);

    norm(1,i) = (yexact(1,i) - y(1,i))^2/yexact(1,i)^2;

end

yavg = ydev1(1,n)/n

yeuler = modeuler(dt);

t=0:0.2:80;

figure(1);

plot(t,y,'-',t,yexact)

figure(2);

plot(ydev)

figure(3)

plot(norm)

title('L2 norm')

ylabel('Normalized error')

xlabel('Iteration number')
function [a] = f1(x,y)

%declaring necessary variables   

c=.1; m=3; k=.3; g=9.8;

a= -(c/m)*x-(k/m)*y-g;

function [b] = f2(x,y)

b=x;
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