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An Application of Simplex Linear Programming

Introduction

The use of linear programming in the petroleum industry has many applications primarily to
optimize the profitability of a particular project or projects and/or to enhance a company’s
bottom line. Some typical applications are:

1. To determine the optimal crude oil and/or gas production from various producing
fields each of which produce different grades of petroleum and have differing
operating cost structures.

2. To determine the amount of fuel supplies that a particular refinery should make
available to its various marketing areas in order to minimize the overall costs of
refinery runs and the distribution costs of the fuel.

3. To determine an optimal plan for exchanging petroleum producing properties
4. To determine the optimal schedule for refinery’s operations and product blending
subject to numerous constraints.
The application presented here is a product-blending problem. Appendix One is a brief synopsis

of the basic principles and methodology of Simplex Linear Programming and should be
referenced.

Fuel Blending - Statement of Problem

A refinery blends five different raw feedstocks to produce two grades of motor gasoline,
Premium (a.k.a. Fuel A) and Regular (a.k.a. Fuel B). It also produces Aviation Gas (a.k.a. Fuel
C) and Fuel Oil (a.k.a. Fuel D). The available quantity of each raw feedstock and its respective
Octane number is given in Table. *

Table 1 -
Available Raw Feedstock and Octane Numbers

Feedstock # | Octane Number | Quantity (Bbl/d)
1 70 2000
2 80 4000
3 85 4000
4 90 5000
5 99 3000

Premium is required to have an Octane of at least 95 and Regular at least 85. The current
contract requires at least 8,000 Bbl/d , Qg, of Regular. However, the refinery can sell its entire
output of Premium and Regular. All raw feedstock not blended into motor gasoline with and

Fortran and Computer Mathematics

Carlile, R. E. & Gillett, B. E.

Petroleum Publishing Co. Tulsa, OK, 1973
Chapter 21: Operations Research Techniques
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Octane number of 90 or greater is sold as Aviation Gasoline. Raw feedstock with an Octane

An Application of Simplex Linear Programming

number of 85 or less not used to blend motor gasoline is sold as Fuel Oil.

The profit margin, $/Bbl, price symbols, fuel symbols, octane relationships and octane symbols

for each of the four grades is as follows:

Table 2 - Profit Margins & Equation Symbols
Fuel $/ Bbl Price Symbol Fuel Symbol Octane # Octane Symbol
Premium 3.75 Pa >95 )
Regular 2.85 Pg B > 85
Aviation 2.75 Pc C >90
Fuel OIl 1.25 Po D <85 o

The objective of the refinery then becomes that of maximizing the profit margin given the
conditions and contract requirements as stated above. The Octane Symbol given in Table 2 is
the limiting value of the octane requirement for each fuel type. It will be convenient to re-state
these known variable and conditions in a tabular form so has to better understand the application
of Simplex Linear Programming in its solution.

Problem Data - Relationships

The following table is used to visualize the relationships of minimum and maximum Octane
numbers used to blend each fuel type:

Table 3 - Feedstock Octanes Used to Blend Each Fuel Type
Fuel A Fuel B Fuel C Fuel D Octane o]
> > N/A < 70 1
> > N/A < 80 o
> > N/A < 85 o3
> < > N/A 90 o
< < > N/A 99 s
> 95 > 85 >90 <85

Feedstock Octane numbers, o; , marked “N/A” are not used to blend that particular fuel, e.g. Fuel
C and Fuel D. The other inequality signs designate that that fuel may be used to blend the Fuel
and the relationship with respect to the desired final Octane number for the blend. The bottom
row in the table shows the relationship between the final blended fuel and it’s Octane number.

The available quantity of each feedstock is designated as Q;. The quantity of each feedstock
used to blend each fuel type is designated as X, where Z=A, B, C or D and i=1,5. Feedstocks 1
through 3 are not used to blend Fuel C and feedstocks 4 and 5 are not used to blend Fuel D in
order to satisfy the Octane requirements. Alternatively stated:

Xc1 = Xcz = Xcs =0

March 1999

Harold L. Irby Page 2 / 12



An Application of Simplex Linear Programming

XD4 :Xos =0

Table 4 designates the quantity of each raw feedstock used to blend each of the fuel type along
with the Octane numbers and available quantity of each feed stock:

Table 4 - Feedstock Quantities Available for Each Fuel Type
o, Octane Fuel A Fuel B Fuel C Fuel D Quantity Qi
o1 0 Xa1 Xg1 Xe1 Xp1 2000 Qs
®2 8 Xaz Xg2 Xc2 Xp2 4000 Q2
03 85 Xa3 XB3 Xcs Xp3 4000 Qs
4 9% Xas Xg4 Xca Xba 5000 Q4
s 99 Xas Xgs Xcs Xps 3000 Qs

Objective Function

The objective function, i.e. the total profit to eventually realize, can now be formulated as:
Equation ( 0-1) Obijective Function
5 5 5 5
Z=P, x> X, +Py > X P # > X +Py* > X,
i=1 i=1 j=1 i1
It is intuitive that we need to maximize the profitability as computed in the objective function.

Constraint Rationales

The Constraints are listed to fit on one page below. Constraints 1 through 5 are all related to the
available quantity of each raw feedstock. The numerical O coefficients are displayed for clarity.
For example, Constraint 1 implies that the quantity of raw feedstock #1 eventually used to blend
Fuel A and/or Fuel B and/or Fuel C and/or Fuel D cannot be greater than the available quantity
of feedstock # 1.

Constraints 6 through 9 are derived from the Octane requirements for Fuels A through D. Since
we must combine raw feedstocks 1 thru 5 to achieve the Octane requirement for Fuel A thru D:

O Xy 0, Xy + 03 X 3 + @0, X py + 05 X
X+ X+ X+ X+ X s

A >5 Fuel A

O Xg +@0,X gy + 03X gy + @0, X, + 0 X
XBl+XB2 +XB3+XB4+XBS

B>y Fuel B

O, X ) + @, Xy + @3 X3+ @0, Xy + 05X 5
Xer+ Xep + Xeg + Xy + Xes

> f Fuel C

@0, Xy + @0, Xy + 03X 5 + 0, Xy + 05 X 55
Xpp + Xpa + Xpg + Xpy + Xps

<a Fuel D
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The numerical 0 factors shown in Constraints 8 and 9 are again displayed for clarity.

Constraint 10 results from the fact that the minimum contract quantity of Fuel B is 8000 Bbl/d,
i.e. Qr.

Constraint 11 results from the sum of the quantity of Fuel B and the sum of the quantity of Fuels
A, B, and C must not exceed the total available feedstock.

5
Qs =>.Q, —~Qg =10,000 Bbl/d
j=L

Constraint 12 is a non-negativity constrain since. feed stocks 1 thru 3 are not used to blend Fuel
C and feed stocks 4 and 5 are not used to blend Fuel D because of the Octane requirements.

Modified Objective Function

In order to solve the linear programming problem using the Simplex Method we must change the
constraint inequalities to equalities using slack and surplus variables as noted in Appendix One.
We must also be able to define an identity matrix within the constrain coefficients. In doing so
we may need to arrive at a modified objective function:

Equation ( 0-2) Modified Objective Function

5 5 5 5
Z=P, *ZXM +P, *ZXB,J. +P, =x<2xc,j +P, *ZXD,,. ~ My * Xy — My, * X,
=t =1 j=1 j=1

Modified Constraint Rationales

The Modified Constraints are listed on one page below. See Appendix One for a description of
slack, surplus and artificial variables. Figure A-2 has been constructed to help visualize how
these variables have been added to arrive at the modified constraints. Figure A-3 has been
constructed to the existence of an identity matrix.

In the modified constrains, Xso and Xog are slack variables; X33 and Xs,4 are artificial variables

and Xj; through Xog and X3; and X3, are surplus variables. —Ms3 and — Mg, are arbitrarily large
negative coefficients of the artificial variables in the modified objective function.

Harold L. Irby Page 4 / 12 March 1999
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Constraints Equations

Equation ( 1-1) Constraint 1
XAl + XBl +O*XC1 + XDl SQl

Equation ( 2-1) Constraint 2
XA2 + XBZ +O*XCZ + XD2 < QZ

Equation ( 3-1) Constraint 3
Xpg+ Xgg +0* X3+ X3 Qg

Equation ( 4-1) Constraint 4
Xpa+ Xy + Xy +0% X, <Q,

Equation ( 5-1) Constraint 5
Xps+ Xgs + Xeg +0* X o <Qg

Equation ( 6-1) Constraint 6
(5_501)XA1 +(5_a’2)XA2 +(5_a)3)XA3 +(5_a’4)xA4 +(5_a’5)XA5 <0

Equation ( 7-1) Constraint 7
(7_501)x51 "’(7_602))(52 +(7_a)3)XBs +(}/—a)4)XB4 "’(7_605))(55 <0

Equation ( 8-1) Constraint 8
O*(ﬂ_a)l)XC1 +O*(ﬁ_a’2)xcz "’0*(:3_@3))(03 +(ﬂ_a’4)xc4 "’(ﬂ_a)s)xcs <0

Equation ( 9-1) Constraint 9
(a_a)l)xDl +(a_a)2)xD2 +(a_a)3)XD3 +0*(0‘_a’4)XD4 +0*(a_a)5)xD5 20

Equation (10-1) Constraint 10
XBl-i_XBZ +XBS +XB4 +XBS 2QR

Equation (11-1) Constraint 11

XA1+XA2 +XA3+XA4 +XA5 +XC4 +XC5 +XD1+XD2 +XD3 SQS
Equation (12-1) Constraint 12
Xeg F Xy + Xz + X, + X5 <0

Harold L. Irby Page 5/ 12 March 1999
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Modified Constraints Equations

Equation ( 1-2) Modified Constraint 1
XAl +>(Bl—+_0*><(:1 + XDl SQl_XZl

Equation ( 2-2) Modified Constraint 2
XA2 + XBZ +O*XCZ + XDZ SQZ - X22

Equation ( 3-2) Modified Constraint 3
XA3 + XBS +O*Xcs + XD3 SQS o Xzs

Equation ( 4-2) Modified Constraint 4
XA4 + XBA + XC4 +0*XD4 SQA - ><24

Equation ( 5-2) Modified Constraint 5
XAs + XBS + Xcs +O*XD5 SQS o Xzs

Equation ( 6-2) Modified Constraint 6
(6 —@,)X (6 =@,)X gy +(6 = @3)X pg + (6 =@, )X pg +(6 = @5)X o5 < 0= X

Equation ( 7-2) Modified Constraint 7
(7/_@1)X51 +(7/—a)2)xsz +(7/—a)3)xss +(}/—a)4)X54 +(7_a)5)xss <0-Xy

Equation ( 8-2) Modified Constraint 8
O*(ﬂ_a)l)xCI +0*(ﬂ_a)2)xcz +O*(ﬁ_a’3)xca +(ﬁ_a)4)xc4 +(ﬁ_a’5)xcs S0- Xy

Equation ( 9-2) Modified Constraint 9
(a_a)l)XDl +(a—a)2)XD2 +(a_a)3)XD3 +0*(0‘_a’4)XD4 +0*(a_a)5)XD5 20+ Xy — Xy

Equation (10-2) Modified Constraint 10
X31+X32 +X53 +XB4 +X35 ZQR +X30 _X34

Equation (11-2) Modified Constraint 11
XAl-i_XAZ +XA3 +XA4 +XA5 +XC4 + XCS + XD1+ XD2 +XD3 SQS _X31

Equation (12-2) Modified Constraint 12
Xeog F Xy + Xz + X + Xps £0-X,,

Harold L. Irby Page 6 / 12 March 1999
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Solution Using Simplex Linear Program

The coefficients for the modified objective function, Z, the A-matrix and b-matrix are all

displayed in the resulting output of the FORTRAN run:

FORTRAN program inputs the b-matrix has been incorporated as A(x, 35).

Note that for incorporation into the

Z= 3.75*X( 1)+ 3.75*X( 2)+ 3.75*X( 3)+ 3.75*X( 4)+ 3.75*X( 5)+
2.85*X( 6)+ 2.85*X( 7)+ 2.85*X( 8)+ 2.85*X( 9)+ 2.85*X(10)+
2_.75*X(11)+ 2.75*X(12)+ 2_.75*X(13)+ 2_.75*X(14)+ 2_75*X(15)+
1.25*X(16)+ 1.25*X(17)+ 1.25*X(18)+ 1.25*X(19)+ 1.25*X(20)+

-00*X(21)+ -00*X(22)+ .00*X(23)+ -00*X(24)+ .00*X(25)+
-00*X(26)+ -00*X(27)+ .00*X(28)+ -00*X(29)+ .00*X(30)+
-00*X(31)+ -00*X(32)+ -999.00*X(33)+ -999.00*X(34)+
Total Number Variables Objective Function = 34
AC1 1) AC1T 2) AC1 3 AC1 4 AC1 5 A(C1 8 ACLI D
AC1 8) AC1 9 AC110) AC111) AC112) AC113) AC118
AC115) AC116) AC117) AC118) AC119 AC120) AC12D
AC122) AC123) AC1248) AC125) AC1268) AC127) AC128)
AC129) AC130) AC131) AC132) AC133) A(C134) A(C135
1.000 -000 -000 -000 -000 1.000 -000
-000 -000 -000 1.000 -000 -000 -000
-000 1.000 -000 -000 -000 -000 1.000
-000 -000 -000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 2000.000
AC2 1) AC2 2) AC2 3 AC2 4 AC2 5 AC2 B8 AC2 D
AC2 8) AC2 9 A(210) AC211) AC212) AC213) AC21%
AC215) AC216) AC217) AC218) AC219 AC220) AC22D
AC222) AC223) A(224) A(C225) A(C226) AC227) A(C228)
AC229) A(C230) AC231) AC232) AC233) A(234) A(CZ2 35
-000 1.000 -000 -000 -000 -000 1.000
-000 -000 -000 -000 1.000 -000 -000
-000 -000 1.000 -000 -000 -000 -000
1.000 -000 -000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 4000.000
AC3 1) ACS3 2) A(S3 3 A(S3 4 A(3 5 A3 B AC33 D
AC3 8) A(3 9 A(310) A(S311) A(312) A(C313)) A(C318
AC315) A(C316) A(C317) A(C318) A(C319 A(C320) AC32D
A(C322) A(323) A(324) A(325) A(32) A(327) A(C323
AC329) A(C330) A(331) A(332) A(333) A(334) A(C335
-000 -000 1.000 -000 -000 -000 -000
1.000 -000 -000 -000 -000 1.000 -000
-000 -000 -000 1.000 -000 -000 -000
-000 1.000 -000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 4000.000
AC4 1) AC4 2) AC4 3) AC4 4 AC4 B AC4 6 AC4 D
AC4 8) AC4 9 A(C410) AC411) AC412) AC413) AC4 18
AC 4 15) AC416) AC417) AC418) AC419 AC420) AC4 2D
AC422) AC423) AC424) AC425) AC42) AC427) AC 4 28)
AC429) A(C430) AC431) AC432) AC433) A(C434) A(C4 35
-000 -000 -000 1.000 -000 -000 -000
-000 1.000 -000 -000 -000 -000 1.000
-000 -000 -000 -000 1.000 -000 -000
-000 -000 1.000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 5000.000
Harold L. Irby Page 7 / 12 March 1999
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AC5 1) A(5 2) A(5 3) A(5 4) A(5 5) A(5 6) A(5 7)
A(C5 8) A(5 9) A(510) A(511) A(512) A(5 13) A( 5 14)
A(5 15) A( 5 16) A(5 17) A(5 18) A(5 19) A(5 20) A( 5 21)
A(522) A(523) A(524) A(525) A(526) A(5 27) A(5 28)
A(529) A(530) A(531) A(532) A(533) A(5 34) A(5 35)

.000 .000 .000 -000 1.000 -000 -000
-000 -000 1.000 -000 -000 -000 -000
1.000 -000 -000 -000 -000 1.000 -000
-000 -000 -000 1.000 -000 -000 -000
-000 -000 -000 -000 -000 -000 3000.000

AC6 1) A(6 2) A(6 3) A(6 4) A(6 5 A(6 6) A(6 7)
AC6 8) A(6 9) A(610) A( 6 11) A( 6 12) A( 6 13) A( 6 14)
AC( 6 15) A( 6 16) A( 6 17) A( 6 18) A( 6 19) A( 6 20) A( 6 21)
AC( 6 22) A(623) A(624) A(625) A(6 26) A( 6 27) A( 6 28)
AC 6 29) A(630) A(631) A( 6 32) A(633) A( 6 34) A( 6 35)

25.000 15.000 10.000 5.000 -4.000 .000 .000
.000 .000 -000 -000 -000 -000 -000
.000 .000 .000 .000 .000 -000 .000
-000 -000 -000 -000 1.000 -000 -000
.000 .000 .000 -000 -000 -000 -000

AC7 1) AC7 2) AC7 3 AC7 4 AC7 5 AC7 6 AC7T D
AC7 8) AC7 9 A(C710) AC711) AC712) AC713) AC7 148
AC7 15) AC7168) AC717) AC718) AC719 AC720) AC72D
AC722) AC723) ACT724) ACT725) A(C726) ACT27) AC7 28)
AC729) AC730) AC731) AC732) AC733) A(C734) A(C7 35
.000 .000 -000 -000 -000 15.000 5.000
.000 -5.000 -14.000 .000 -000 -000 .000
.000 .000 -000 -000 -000 -000 -000
.000 .000 -000 -000 .000 1.000 .000
.000 .000 -000 -000 -000 -000 -000

ACS8 1) AC(8 2) A(8 3) AC(8 4) A(8 5) A(8 6) A(8 7)
AC8 8) A(8 9) A(810) A( 8 11) A( 8 12) A( 8 13) A( 8 14)
A( 8 15) A( 8 16) A( 8 17) A( 8 18) A( 8 19) A( 8 20) A( 8 21)
A( 8 22) A(823) A(824) A(825) A( 8 26) A( 8 27) A( 8 28)
AC 8 29) A(830) A(831) A( 8 32) A( 8 33) A( 8 34) A( 8 35)

.000 .000 .000 .000 -000 -000 -000
.000 .000 -000 -000 -000 -000 -000
-9.000 .000 .000 .000 -000 .000 .000
.000 .000 -000 -000 -000 -000 1.000
.000 .000 .000 .000 .000 -000 .000

AC9 1) AC9 2) AC9 3) AC9 4) A(9 5 AC(9 6) AC9 7)
AC9 8) AC9 9) A(910) AC 9 11) A( 9 12) A( 9 13) A( 9 14)
AC 9 15) AC 9 16) A( 9 17) AC 9 18) A( 9 19) A( 9 20) A( 9 21)
AC922) AC923) A(924) AC925) A(9 26) A( 9 27) A( 9 28)
AC9 29 AC930) AC931) AC932) A(933) A(934) A(9 35)

.000 .000 -000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 -000
.000 15.000 5.000 -000 -000 -000 -000
-000 -000 -000 -000 -000 -000 -000
-1.000 .000 -000 -000 1.000 -000 -000

AC1I0 1) A(10 2) A(I0 3) A(1I0 4) A0 5) A0 6) A(l0 7)
A(10 8) A(10 9) A(10 10) A(10 11) A(10 12) A(10 13) A(10 14)
A(10 15) A(10 16) A(10 17) A(10 18) A(10 19) A(10 20) A(10 21)
A(10 22) A(10 23) A(10 24) A(10 25) A(10 26) A(10 27) A(10 28)
A(10 29) A(10 30) A(10 31) A(10 32) A(10 33) A(10 34) A(10 35)

.000 .000 -000 .000 -000 1.000 1.000
1.000 1.000 1.000 -000 -000 -000 -000
.000 .000 .000 .000 -000 .000 .000
.000 .000 -000 -000 -000 -000 -000
.000 -1.000 .000 .000 .000 1.000 8000.000

Harold L. Irby Page 8 / 12 March 1999



A(11
A(11
A(11
A(11
A(11

iy
8)
15)
22)
29)

A(11
A(11
A(11
A(11
A(11

2)
9)
16)
23)
30)

An Application of Simplex Linear Programming

A(11
A(11
A(11
A(11
A(11

3)
10)
17)
24)
31)

A(11
A(11
A(11
A(11
A(11

4)
11)
18)
25)
32)

A(11
A(11
A(11
A(11
A(11

5)
12)
19)
26)
33)

A(11
A(11
A(11
A(11
A(11

6)
13)
20)
27)
34)

A(11
A(11
A(11
A(11
A(11

7
14)
21)
28)
35)

A(12
A(12
A(12
A(12
A(12

.000
-000
-000
-000
-000

1)
8)
15)
22)
29)

A(12
A(12
A(12
A(12
A(12

.000
-000
-000
-000
-000

2)
9)
16)
23)
30)

1.
-000
1.
-000
1.

A(12
A(12
A(12
A(12
A(12

000
000

000

3)
10)
17)
24)
31)

1.

1.

A(12
A(12
A(12
A(12
A(12

000
-000
000
-000
-000

4)
11)
18)
25)
32)

1.

A(12
A(12
A(12
A(12
A(12

000
-000
-000
-000
-000

5)
12)
19)
26)
33)

A(12
A(12
A(12
A(12
A(12

-000
-000
-000
-000
-000

6)
13)
20)
27)
34)

1.

10000.

A(12
A(12
A(12
A(12
A(12

-000
000
-000
-000
000

7)
14)
21)
28)
35)

.000
.000
.000
-000
.000

.000
.000
.000
-000
.000

.000
-000
.000
-000
.000

12 x 35 A-Matrix & B-Vector
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Variable
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of Z =

52829.900
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Figure A-1 - FORTRAN Output / Solution

Equating the optimal solution’s variable and values to the original linear programming problem
we have a solution that suggest that we only produce Fuel A and B and no Fuel C or D:

.000
-000
.000
-000
-000

Table 5 - Feedstock Quantities Solution for Each Fuel Type
Fuel A Bbl/d Fuel B Bbl/d Fuel C Bbl/d Fuel D Bbl/d
X1 0.000 X1 2000.000 Xe1 0.000 Xp1 0.000
Xz 0.000 X2 4000.000 Xco 0.000 Xp2 0.000
X3 0.000 X3 4000.00 Xcs 0.000 Xp3 0.000
Xz 755.556 Xg4 4244.444 Xca 0.000 Xpa 0.000
Xas 944.444 Xgs 2055.556 Xcs 0.000 Xps 0.000

The maximum (optimized) profit is $52,830 per day for the refinery runs under these conditions.
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APPENDIX ONE

Basic Principles — Methodology — Simplex Linear Programming

A linear programming model is composed of a linear function with several variables that can be
optimized (maximized or minimized) subject to a number of linear constraints involving the
variables in the linear function. The linear function is refereed to as the objective function. The
coefficients of the variables in the objective function are referred to as cost coefficients. For a
typical linear function with constraints, numerous feasible solutions exists such that every
feasible solution will satisfy all of the constraints. The maximum value for the objective
function will be satisfied by at least one of the feasible solutions. 2

A set of algorithms incorporated into a FORTRAN program called the Simplex Method solves
linear programming problems with any number of constraints and variables within reason. The
most difficult job in applying linear programming is the formulation of the problem into a format
that can be solved by the FORTRAN program. This involves essentially a reformulation of the
original problem. The optimal solution for the reformulated problem will also be the optimal
solution to the original problem.

One or more basic solutions can be ascertained which are subsets of the feasible solutions and
are essentially solutions that can be thought of in a graphical sense as solutions at the “corners of
the region of feasible solutions”. The Simplex Method optimizes the objective function by
examining a subset of the basic feasible solutions by moving from an initial basic feasible
solution to an optimal basic feasible solution that does not decrease the value of the objective
function.

In matrix notation, this concept can be expressed as: maximize the objective function, Z=C*X
subject to the constraints, A*X=Db. The constraints are analogous to a matrix of m equations and
n unknowns. In matrix notation this notation may be expressed for a 2x4 matrix for example as
follows:

A= l:all a; Qi3 Ay ] b= |:bl}
Ay 8y Ayz Ay b2
X1 G,
X3 Cs
X, C,

2 For a more detailed explanation, the reader is refereed to the mathematical literature on the subject matter.
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For this analogy the linear programming problem is to optimize (i.e. maximize or minimize) the
objective function:

Z=C *X, +C,*X,+Cy*X;+C,*X,
Subject to the constraints:

a'1l*xl+a'12*XZ—I—a13*><(<)—|—a14*)(4=b1
a'Zl*xl—l—aZZ’kXZ+a23*x3+a24*Xll :bZ

(It should be noted that maximizing a linear function is equivalent to minimizing the negative of
the linear function.)

To apply the Simplex Method we must have b; > 0 for all i=1,m , i.e. non-negativity restrictions
and we must have an m x m identity sub matrix within matrix A.

The constraints are most often expressed in terms of inequalities, hence it is judicious to convert
the inequalities with respect to the b-matrix to equalities by adding slack variables to a less than
inequality and subtracting surplus variables to a greater than inequality. Correspondingly, zero
cost coefficients are assigned for each slack and surplus variable in the objective function.

Should an m x m identity sub matrix not be realized, then additionally, artificial variables can be
added to one or more constraints involving inequalities and each artificial variable added to the
objective function with an arbitrarily large negative cost coefficient, e.g. —M;; to facilitate the
optimal solution.

This appendix is a very brief description but serves to illustrate they methodology and other

considerations that must be taken into account when applying the Simplex Method of Linear
Programming.
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APPENDIX TWO 3

Matrix Subscripts & Values & ldentity Matrix

Al B1 c1 D1 21
A2 B2 c2 D2 22
A3 B3 c3 D3 23
A4 B4 c4 D4 24
A5 B5 c5 D5 25
Al A2 A3 A4 A5 26
Bl B2 B3 B4 B5 27
C4 C5 28
D1 D2 D3 +29 -33
Bl B2 B3 B4 B5 +30 -34
A1 A2 A3 A4 A5 C4 C5 D1 D2 D3 31 QS|A(1L,Y)
Cl C2 C3 D4 D5 32 0 |A(12,Y)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34| B()

Figure A-2 — Matrix Subscripts

Q1| A(LY)
Q2| AQ)Y)
Q3| A@B,Y)
Q4| A@4,Y)
Q5| AG.Y)
0 | A(6,Y)
A(7.Y)
0 [AB.Y)
0 [AQ,Y)
QR |A(10,Y)

NNV V ANNNNANNNNNA
o

25 15 10 5 -4 1 0

1 1 1 1 1 1 1 1 1 1 1 10000
1 1 1 1 1 1 0
1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34

Figure A-3 — Identity Matrix

3 The subscripts are a mixture of letters and numbers that may appear confusing save the fact that the numbers are used to designate the addition of slack, surplus and

artificial variables.
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