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One of the most important managerial applications of random processes is the prediction of congestion is
a system, as measured by delays caused by waiting in line for aservice. Customers arriving at a bank, a
checkout counter in a clothing store, a theater ticket office, afast food drive-through, a supermarket
checkout, etc. may perceive that they are wasting their time when they have to wait in line for service.
Repeated and excessive delays may ultimately influence the customers  shopping preferences.

The customers do not have to be physicaly present at a place of business to be waiting in line. Waiting
lines (also called queues) can form when people use the telephone to call a business to place a catalogue
order or request customer support for problems they are having with computer equipment or software. It
doesn’t matter to the customers whether “elevator music” is played while waiting on hold, with frequent
interruptions to assure them that their cdl isimportant. If the wait istoo long, the customer may “balk,”
which means leave the system entirely, in this case by hanging up the telephone.

Many people today do business online over the Internet. Here, along waiting line is apparent when the
computer responds slowly because the server is overloaded. The order may be lost during checkout, or
the customer may choose to log off and try again later. Sometimes the customer may decide that the
shopping mall is better, after al, and this results in lost business for the electronic retailer.

Sometimes the “customers’ come from within the organization itself. Computers or other equipment that
break down must wait for a technician to finish repairing other items that are aready queued up for
service. Delivery vehicles may have to wait to use aloading dock. Products on an assembly line may be
delayed while they are in a bin waiting for the next manufacturing operation.

Organizations design their waiting line systems by considering the consequences of having a customer
wait in line or balk, versus the costs of providing more service capacity. Queuing theory, which was first
developed in the early part of the last century, provides awide variety of anaytica models that can be
implemented in a spreadsheet to facilitate decision making in this context. The experience of LL.Bean”
in applying queuing theory to their catalogue order operations is described in the reference at the end of
this chapter™.

Foundations of Waiting Line Models

Even if a service system has the capacity to provide service at afaster rate than the rate at which
customers arrive, waiting lines can gtill form if the arrival and service processes are random. Open the
file Qam.xls or QingText.xlsin Excel to demonstrate this. As shown below, there are cellswhere you
can enter the average arrival rate, | , and the average servicerate, m Y ou can also change the time that
the clock will run in the smulation. Imagine that thisis a small airport with a single runway during a
period of time when aircraft arrive at an average rate of 6 per hour and can land at an average rate of 8 per
hour. If we could depend on the aircraft arriving exactly on schedule every 10 minutes (1/6 of an hour)
and that each aircraft would land in exactly 7.5 minutes (1/8 of an hour), there would be no waiting lines.
Indeed, there would be a 2.5-minute dack period between successive landings when the runway was not
being used at al. However, in redlity, these aircraft do not arrive on a precise schedule of evenly spaced
10-minute intervals, even though they arrive at an average rate of 6 per hour. Some aircraft take longer to
land than others, even though the average time for al of them is 7.5 minutes. Click the “Run the Clock”
button repestedly to see what happens when the arrival and service processes are random. The box below



the values of | and mwill announce what happened each 5-minute period, and the graph will show an
instantaneous "snapshot” of the number of aircraft either landing or waiting to land. If your left mouse
finger getstired, run the clock for, say, 1200 minutes instead of 5 minutes and observe how the waiting
line grows and shrinks at random. Sometimes there are no aircraft in sight, while at other timesthere are
severa waiting to land.
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Some queuing models assume that customer arrivals and service completions follow the Poisson process.
Thisis arandom process in which events occur a random along a continuum of time or distance. Itis
assumed that the events are independent of each other, and that only one can occur at atime. | (or nj is
the parameter of the Poisson process, and describes the average rate at which these events occur, which is
assumed to be constant. Thus, customers arriving independently and randomly at afast food drive-
through at an average rate of 20 per hour could be described as a Poisson processwith | =20. Or, from
the service point of view, repairs completed on broken-down copy machines at an average rate of 2 per
hour could be described as a Poisson process with m= 2, assuming that there are always copy machines
waiting to be repaired.

A Poisson process for atime interval of 1 hour is smulated in the graph below. Each bar represents an

occurrence. You can view this demongtration in Excel using Poisson.xls or QingText.xls. Initialy, | is
set at 5, but you may experiment by typing in different values. Press the F9 key to see a new simulation.
Notice how the events occur at random and independently aong the time scale.
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A Poisson probability is the probability that, say, 4 customers will arrive in the next hour if the average
arriva rateis 5 (as shown in the graph above). It iseasy and straightforward to calculate such



probabilities using Excel’s =POISSON function, but it turns out that we never have to actudly do this
when applying queuing models.

Thetime between events that follow a P_0|sson Exponentially distributed repair times with an
process with rate| is distributed according to the average of 30 minutes
exponential distribution, and the average time
between events will be 1/1 . If copying machines
can be repaired at the average rate of 2 per hour,
then the average repair time is ¥z hour, or 30
minutes. But some copy machines may just have a
paper jam, and can be repaired in 3 minutes. 0 60 90 120 150
Others will have broken mechanical components Time, minuites

and may require 3 hours for the repair.

Exponentia probabilities can be calculated easily with Excel’s =EXPONDIST function, athough it won't
be necessary to do this when we are applying queuing models. However, it isimportant to be familiar
with the shape of an exponential distribution, because it is usually assumed by the simplest waiting line
models that time between arrivals and service time follow this distribution. This is because we assume
that both the arrival process and the service process are Poisson, and, if they are, the times between events
will be exponentidl.

Many service time distributions encountered in
practice are not distributed exponentially, however. Exponentially distributed ﬁ:TI'u'I times with an
Consider the time it takes to withdraw cash from an average of 2 minutes

ATM. The averageis probably about 2 minutes,
which would give avalue of mof ¥z per minute. The
corresponding exponential distribution would appear
as shown to theright.

This exponentia distribution implies that shorter

Time, minutes

times are aways more likely than longer times. But
think back to all of the timesthat you have used an ATM. How often did it take 10 seconds, 1 second, 1
nanosecond, etc.? All of those times would be more likely than two minutes if the service timeis

exponentidly distributed.

The distribution shown to the right (a gamma Gamma distributed ATM times
distribution) is probably closer to the truth. Note that e =
thereisalot less variability in this distribution than

there is with the exponential, and therefore less of a
tendency for waiting lines to form. The amount of

this variability can be adjusted by changing a second
parameter”. o 1 3 a4 5 6 7T 8 8w

Time, minutes

Animportant characteristic of the exponentia
digtribution is that the mean is equa to the standard deviation.

Kendall Notation

Queuing models are classified using a system called Kendall notation. The genera format is */*/s, where
the first character denotes the assumptions made about the arrival process. M means Poisson, D means



deterministic (no randomness), and G means genera—no assumptions are necessary about the arrival
process. The second character denotes assumptions made about the service process. The last character, s,
is the number of channels, or serversin the queuing system. Note that if a queuing system has severa
channels, it is still assumed that there is only one waiting line, smilar to a post office.

An M/G/2 queuing model for example, would have Poisson arrivals, no assumptions about the service
process, and 2 channels.

The Simple M/M/1 M odel

Consider asingle server that can process customers at the rate of 10 per hour (m= 10), facing an arrival
rate of 6 customers per hour (I = 6). Arrivals and services are both Poisson. Thisis an example of the
simplest queuing model, M/M/1. Most of the calculations are fairly intuitive.

First, the utilization of the server is the proportion of time that the server will be busy. Arrivals at the
rate of 6 per hour to a server that can handle 10 per hour resultsin a utilization of 6/10 or 0.6 or 60%.

The average dwell time (W) inthe systemis1/(m—1). Thisformulais not intuitive. Dwell time
includes time spent waiting in line and time spent being served. For this example, it would be

(m-1) = 1(10 — 6) = Y hours. :
M/M/1 Queuing

This is often called waiting time, even though it includes time being served. | | Formulas

prefer to call it dwell time.

| =arrival rate

Since the average service time is /m(1/10 hour in this example), the average
time in the queue (Waq) would be

M= service rate

W—1Um= .25-.1 = .15hours Utilization = | /m

W =1/(m-=1)
Once W and Wq are known, it is easy to calculate the average number of

customers in the system (L) and the average number of customersin the We=W -1/m

queue (Lq). L=1w
L =1W=6*Y%=15 Lqg =1 Wq
Lg=1 Wg = 6* .15 = 09

Thus, on the average there are 1.5 customers in the system and .9 customers in the waiting line.

One might expect that if there are 1.5 customers in the system on the average, then one of them is being
served which would leave an average of 0.5 customersin the queue, instead of the 0.9 that was just
caculated. However, the average number of customers being served isnot 1; it is only 0.6 since the
server is busy only 60% of the time.

ThisrelationshipL =1 W isreferred to as Little' sflow equation. To seewhy it hasto be true, consider
a customer who has just entered the system. The average amount of time that it takes for this customer to
finish his business is W, which is % hour in this example. When that customer leaves, the number of



customers in the system will be the number that arrived during that quarter hour. Since customers are
arriving at the averagerate, | , of 6 per hour, an average of 6 * ¥4 = 1.5 customers will have arrived.

These formulas only apply when the arrival rate is less than the service rate (I < M), because otherwise the
waiting line would increase without limit.

Other Waiting Line Models

When there is more than one server, the computations of the waiting line characteristics become tedious
and are no longer intuitive. Y ou have two options for performing these calculations. Oneisthe
workbook called Q.xls, which is available at http://www.sunflower.com/~dashley/XLAP.htm. Also, an
Excel add-in called Queuing ToolPak is available at http://www.bus.ua berta.ca/aingol fsson/QTP/.
Queuing ToolPak provides new Excel functions to compute waiting line characteristics.

Queuing models available in Q.xIsinclude M/M/s and three others:

M/M/swith finite queue. This model should be used if there is alimit to the number of
customers that can be waiting, or if customers will balk if the waiting line is too long.

M/M/swith finite (calling) population. Use this model if there are arelatively small number of
potential customers who will ever try to use the system. This produces different results than the
standard M/M/s model because if several customers are aready tied up in the system, the overdll
rate at which customers arrive for service will be smaller.

M/G/1. Thismode provides results for a one-channel system with no assumptions necessary
about the service process. However, it will be necessary to supply the average service time and
the standard deviation of the service time.

To use Q.xIs, select the model and then type in the parameters that are needed. The first sheet in the
workbook provides instructions. The Queuing ToolPak functions are used like any Excel function. If
you install version 2, there are some very informative help files as well. Queuing ToolPak can be used
only for the M/M/s and M/M/s with finite queue models.

M/M/s only works when the arrival rate is less than the overall servicerate (I < sm), where sisthe
number of servers. The M/G/1 model can only be applied when | <m The finite queue and finite
population models, on the other hand, can be applied when the system is overwhelmed (I 3 sn).

Many of the cellsin this workbook are protected so that you will not inadvertently type over a formula.
This protection will prevent you from doing some operations such as changing column widths. If you
wish, you can unprotect each sheet (click Tools, Protection, Unprotect Shest).

Example 1. The G. Clue Company

The G. Clue Company sdlls top-of-the-line men’s and women'’s clothing through a printed catalogue and
at their website. Recently, there has been some concern that the company is losing market share to its
major competitor, BBLean. Most customers place their orders by cadling a1 800 number, which is



staffed ona24/ 7 basis. During the midnight to 4 am shift, calls arrive randomly at an average rate of 14
per hour, and the single sales representative on duty at that time requires an average of four minutesto
processacall. Thus, he can process cdlls at the average rate of 15 per hour. Callsthat occur while the rep
is busy are automatically placed on hold, and the caller hears a message to the effect that he or she will be
served shortly. Find the utilization of the sales rep, the average time that a customer waits before talking
to the rep, the average number of customers waiting on hold, and the probability that a customer must
wait. Assume that servicetimeis distributed exponentially.

Solution

| =14

m= 15

s=1

Using the M/M/1 queuing model,

Utilization=1 /m= 14/15 = .933

W=1/(m-1I) = 1/(15-14) = 1 hour
Wq=W-1/m=1-12/15=1 -.0666 = 0.933 hours = 56 minutes
Lg =1 Wq = 14* 933 = 13.067 customers

The customer must wait if the server is busy, so P(wait) = utilization = .933.

These results can aso be obtained by typing the M/M/s

vaues of | , mand sinto the MMs sheet in Q.xls. o LUl id

The resulting worksheet would appear as shown ﬁzx';:rr::esewers 1?

to theright. The graph at the bottom shows the

probability distribution of the number of Utilization 93.33%

customersin the system. Even though L, the P{0), probability that the system is empty 0.0667

average number of customersin the systemiis 14, La. expected queue length 13.0667

the graph shows that the most likely number is t\f){peded nlumber in system 14.0000
, . q, expected time in queue 0.9333

zero and that we shouldn’t be too terribly Wy, expected total ime in systern 1.0000

surprised to see 30 or more. Probability that a customer waits 0.9333

003

Itis easy to convert the values of W and Wq to g0 i"""

minutes by using appropriate formulasin the g oo .

cellsto the right of the results. 003 6 9 121518 21 24 27 30 33 36 39 42 45 45 51 54 57 60 &
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We can aso obtain these results by using the following Queuing ToolPak functions:
Utilization: =Util(14,15,1) = .933 Waq: =Wq(14,15,1) = 0.933 hours

Lg =Lq(14151) = 13.067 P(wait): =PrWait(14,15,1) = .9333



These results indicate that 93% of catalogue customers have to wait before speaking to a sales
representative, and that the average customer waits .933 hours or 56 minutes. On the face of it, thisis
very poor customer service and it’s not surprising that we are losing market share.

We can use the M/M/s queuing model to predict the effect of adding another sales rep during this period.
In Qxls, dl that’s necessary is to change the number of serversentry to 2. In the Queuing Tool Pak
functions, the third argument should be changed from 1 to 2. The results are:

Utilization = .4667 Wq = .0186 hours = 111 minutes
Lg = .26 customers P(wait) = .297

Thisis abig improvement, but it's still questionable that 29.7% of our customers have to wait, and that
the average customer waits 1.11 minutes before speaking to one of the reps. Note that the price we pay for
this improvement is that the two reps are now busy only about 47% of the time.

A third server would produce the following performance that is quite acceptable:

Utilization = ..311 Wq = .0025 hours = 9 seconds

Example 2: Economic Analysis of the G. Clue Company

Thomas J. Hilfiger, anewly hired MBA, is the graveyard shift manager in Order and Fulfillment
Operations at G. Clue. He has reviewed the results of Example 1 for the midnight to 4 am. shift, and is
preparing to recommend to his boss that two more sales representatives be added to thistime dot. He
realizes that his boss will want some economic justification for his proposal, so he checks with the
Human Resources department and finds that the average hourly cost to employ a salesrep is $11 per hour.
Although there is no direct cost to G. Clue when a customer’ s time is wasted while on hold, Tommy
believes that if customers aren’t treated as if their time is worth at least $40 per hour, they may elect to do
their shopping ekewhere. He then modifies the MM 1 sheet of Q.xIs as shown below.

M/M/s
Arrival rate 14 ServerCost  $ 11.00 per hour
Service rate 15 Value of a Customer's Time
Number of servers 2 $ 40.00 perhour
) Total Cost of Al Servers
IUtilization 46 .67% $ 2200 perhour
F{0}, probability that the system is empty 0.3636 Total Cost of All VWaiting Customers
Lg, expected queus length 0.2598 $ 1039 perhour
L, expected number in system 1.1932 TOTAL COST
W, expected time in quele 0.0186 $ 3239 perhour
W expected total time in system 0.0852
Probability that a customer waits 0.2970

Prabability
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This worksheet uses the following range names:



ServerCost 12 CustCost 14 Mu E3
S E4 Lambda E2

The formulato calculate hourly total cost of all serversin cell 16 is =ServerCost* s, the cost of a server
times the number of servers. The formulato calculate hourly total cost of al waiting customersin cell 18
is =CustCost* F8, value of a customer’s time times the average number of customers waiting in the queue.
Tota cost per hour in cell 110 is then the sum of 16 +18. Thetota cost per hour could aso be calculated
using Queuing ToolPak with the formula

=ServerCost* s+CustCost* L q(lambda,mu,s)

where Lq() is the Queuing Tool Pak function to calculate expected queue length.

It is then straightforward to construct the following data table and graph, showing that two sales reps
would minimize total cost. Thiswill be Tommy’s recommendation.

Number| Total 5140 |
of Reps| Cost M/Mis Economic Analysis
F120 4

1 |$533.67 10

2 $32.39 $a0 |
3 $34.39 I 801
© 40 4
4 $44.20
F20
5 | $55.03 B
1 2 3 4 . 5 ;
6 $66.00 Humber of Servers

Example 3: Economic Analysiswith the Finite Queue Model

About two hours before Tommy was to present his recommendation to his boss, he thought back to the
display in Q.xls showing the probability distribution of the number in the system when thereis 1 server,
and wondered whether there really would ever be 30 or more customers on hold waiting to place an order.
After a couple of phone calls, he found out that in fact the telephone system could only accommodate 4
customers on hold—any others that called would receive abusy signal.

Miklis with Finite Queue : The M/M/s with Finite Queue model can be used to address
i - this situation. Tommy switched to the “finite Q length”
iy e 3 sheet in Q.xls, typed in a_4_f_or maximum queue length, and
Maximum queue length 4 saw that all of the probabilities for more than 5 customersin

SupEAlOn: _ 8033% | the system (one being served, four waiting in line) had

e mmzemen e | disappeared. The probabilities that remained had become

L. espected numbser in system 22984 | much larger: for example, P(0) was now .197, instead of

SLRPoERH L ) s 1212 | 0667. Therewasnow anew result: Probability that a

W, espactad tofal Ime in Sysam 0.1908 : : el . :

Probability thet a customer waits pso3a | customer balks. In this situation, that would be a customer

Probabilicy that 3 customer baks 0133 | recelving abusy signa, which would very probably result

A2 inalost sale. That means that about 13.9% of saleswere
g'”c- h—uw—u—wm—mw—wuu being lost because the customer was prevented from
prEammEnmmamaae et 2% entering the order system. Since customers were arriving at




the average rate of 14 per hour, that meant that the company was losing 14 * .139 = 1.95 sales each hour.

A few telephone calls later, Tommy had found that the average margin on a sae was $60. The vaue of

lost sales was therefore $117 per hour, and Tommy felt that this should be included in his analysis. He

prepared the following worksheet and found that 3 servers produced alower average hourly cost than 2

servers. There are two new range names in this worksheet: Marginis|6, and K isE5. The tota cost of
lost salesis then =Margin* Lambda* F13.

| A B I O & F €] H ! J
T M/M/s with Finite Queue
2 Arrival rate 14 Server Cost  $ 11.00 per hour
3 Service rate 15 Yalue of a Customer's Time
4 Number of servers 3 $ 40,00 per hour
b Maximum queue length 4 Average Sale Margin
& Utilization 31.10% $ 60.00
7 F10), probability that the system is empty 0.3899 Total Cost of All Servers
g Lq, expected queus length 0.0334 $ 33.00 per hour
g L, expected number in system 0.9663 Total Cost of All Waiting Customers
10 W, expected time in gqueue 0.0024 $ 134 perhour
11 W expected total time in system 0.0691 Total Cost of Lost Sales
12 Frobability that a customer waits 0.0765 $ 042 perhour
13 Probability that a customer balks 0.0005 TOTAL COST
14 | zos $ 34.75
16 &, h.
16| £ 1 e
17 0123456788 1011121314151617181920
18 MUMEER IM S¥STEM

Using Queuing ToolPak, the total cost formula would be
=ServerCost* s+CustCost* L g(lambda,mu,s,K)+Margin* lambda* PrBa k(lambda,mu,s,K)
where PrBalk() is the Queueing ToolPak function to calculate the probability of a balk.

The following table and chart were prepared to support the recommendation of 3 sales reps.

Number of Total 0
Reps cost 0 Economic Analysis with
$187.85 0 M/M/s, Finite Queue
$140 4
2 $37.26 $120
3 $34.75 g =
$80
4 $44.23 560
5 $55.03 401
$20 4
6 $66.00 - . . .
! NumBer of Servers °




Example 4. A Finite Calling Population Model

The Package Delivery Service operates adepot in asmall city. There are nine ddlivery trucks that are
loaded at one of two loading docks at the depot. On the average, each truck requires 1%2 hours to make
the deliveries, whereupon it returns to be loaded again. Thus, the arrival rate for each truck is 1/1.5 = 2/3
arrivals per hour. All nine trucks together have an overdl arrival rate of 9 * 2/3 = 6 per hour. It takesan
average of 15 minutes to load each truck, so each loading dock has a service rate of 4 per hour. The
hourly cost of an idle truck is $20, and the capitaized hourly cost of aloading dock is $15. That is, the
fixed cost of constructing a loading dock is financially equivaent to an hourly cost of $15.

The manager of the depot is studying the capacity of the depot, especialy in view of anticipated increases
in traffic due to online shopping. He used the MMs sheet in Q.xIs to produce the following analysis:

M/IM/s

Arrival rate 6

Service rate 4 Hourly cost of dock

Number of servers 2 $ 15.00 per hour

Total cost of docks

LUtilization 75.00% $ 30.00 per hour
P{0), probability that the systerm is empty 0.1429 Hourly cost of idle truck
Lq, expected queue length 1.9286 $ 20.00 per hour
L, expectad number in system 3.4286 Total cost of idle trucks
Wa, expacted time in queue 0.3214 $ 3857 per hour
W expected total time in system 05714 TOTAL COST
Probability that a customer waits 0.6429 $ 68.57 per hour

& b2

= 013
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Thetotal cost formulain cell 112 is =E4*|14+F8*18. The data table of total cost vs. number of docksis

Number of :
Loading Docks Cost M/M/s an.aIyS|s of .
1 N/A (1 > Package Delivery Service
>
2 $68.57 o ‘\‘/’/‘/‘
3 $49.74 = =
4 $60.90 3 =]
5 $75.17 Lo s e
6 $90.03 Number of Loading Docks

This analysis would seem to justify the construction of athird loading dock. But the manager is troubled
by a couple of things. Firgt, the probability graph shows that there could be more than nine trucks in the
depot, which isimpossible. Second, on the average more than 1/3 of the trucks (3.4) will be in the depot
a any time. But if thisistrue, then the overal arrival rate would be closer to 4 than 6, which would
change al the other numbers in the worksheet.



The manager begins to suspect that the modd he is using does not reflect the essential relationshipsin this
application, and heis correct. The correct model is M/M/s with finite calling population, which is found
on the finite population sheet. Copying the economic analysis cells used on the MMs sheet to this one
produces the following results:

MiMis with Finite Population overall arrival rate
Arrival rate 0.66667 | (per customer) 6
Service rate 4| (perserver) Hourly cost of dock
Number of servers 2 § 15.00 per hour
Population size 9 Total cost of docks
Utilization T 6153% §  30.00 per hour
F{0), probability that the system is empty 0.2198 Hourly cost of idle truck
Lq, expected queue length 0.3858 §  20.00 per hour
L, expected number in system 16164 Total cost of idle trucks
W, expected time in quele 0.0784 § 7.712 per hour
W, expected total time in system 0.3284 TOTAL COST
Frobability that a customer waits 0.4504 § 3772 perhour

Probahility
ooo o
[ RN
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Number of
. M/M/s Finite Population Analysis of
Loadlng Docks Cost Package Delivery Service
1 $65.52
3 $46.14 $80
. %60
4 $60.14 2 $40
5 $75.01 o
6 $90.00 ! 2 8 ¢ ° °
Number of Loading Docks

Note that the arrival rate that is entered in this worksheet is not the overall arrival rate, but rather the
arrival rate per customer (i.e. per truck). For clarity, the overall arrival rate is automatically computed
and displayed in cell H2. Also note that this model is capable of producing results for the case of one
dock, for which | >sm The optimal number of docksis 2, which is the current configuration. We would
not expect to see over athird of the trucks held up at the depot after al, but only an average of 1.6.



Example5: Service Time Does Not Follow an Exponential Distribution

An executive is recruiting a new secretary, and the Human Resources Department has provided two
candidates. On the average, it takes the first candidate (Bob) 15 minutes to complete atask, but thereis
quite a bit of variation. The time follows an exponentia distribution, and the standard deviation of the
task time is also 15 minutes (the exponentia distribution has the property that the standard deviation is
equal to the mean). Midge, the second candidate, isnot asfast. Her average task time is 16 minutes, but
sheisvery consstent. Her standard deviation isonly 2 minutes. The executive generates tasks at the
average rate of 3 per hour, or .05 per minute.

If we enter Bob's performance data into the MMs workshest, and then click over to the MG1 shest, we
see that both produce the same results. Since Bob's standard deviation is equal to his average service
time, thisis equivalent to assuming that Bob's service time is distributed exponentialy. The formula
typed in for service rate on the M/M/s sheet is =1/15, o that the rate is expressed per minute.

M/M/s for Bob MIG/1 for Bob average
Arrival rate 0.05 |per minute service RATE
Service rate 0.06667 |per minute Qr”‘"a' LS TIME D-?: 0.06667

verage service

Ll LU L) L Standard dev. of service time 15

Ltilization 75.00%

P10}, probability that the system is empty 0.2500

Ly, expected queus length 2.2500 Utilization _ 76.00%

L, expected number in system 3.0000 F(0), probability that the system is empty 0.2500

Wy, expected time in guele 45.0000 La. expected queue length 22500

4. exp . q_ ) L, expected number in system 3.0000
WY, expe;ted total time in system 60.0000 Wq, expected time in queue 45.0000
Probability that a customer waits 0.7500 W, expected total ime in system 60.0000

We cannot use M/M/s for Midge, because her service timeis not distributed exponentially. The M/G/1
analysisis.

M/G/1 for Midge average
service RATE

Arrival rate 0.05 0.0625
Average service TIME 16

Standard dev. of service time 2

Litilization 80.00%

Fi0Y, probability that the system is empty 0.2000

Lq, expected queue length 1.6250

L, expected number in system 2.4250

Wy, expected time in guels 32.5000

W, expected total ime in systemn 48.5000

Midge is dower, and she will be busy a higher percentage of the time than Bob with the same workload,
but her turnaround time will be faster (48.5 minutes compared to 60 minutes for Bob). Her in-basket,
with an average of 1.625 items, will also not be as full as Bob's, with 2.25.



Therea point of this exampleis that the queuing moddl s that assume exponentialy distributed service
times will usually overdtate the degree of congestion in the system, because in most applications the
standard deviation of the service time distribution is smaller than the mean of that distribution.

Endnotes

'Quinn, Phil, Bruce Andrews and Henry Parsons, "Allocating Telecommunications Resources at L. L.
Bean, Inc., Interfaces, 21:1, January-February, 1991, pp. 75-91.

2 Theparametersare a and b. If dphaisinteger, thisis an Erlang distribution, which is the sum of alpha
independent exponential variates, each with mean beta. The Excel function =GAMMADIST can be used

to compute probabilities.

Exercises

1

During the hours from 7 to 9 p.m., customers at the Crevice Factory Outlet arrive at the checkout
desk at the rate of one every two minutes. It takes an average of 3 minutes to check out a customer.
Although there is no limit to the length of the waiting line, it is store policy that the waiting line
should not exceed one customer, on the average. The head office sends out representatives
unannounced from time to time to monitor the store’ s operations, and one of the things they observe
is the waiting line.

a.  What isthe average service rate per minute?

b. How many clerks should be on duty at this time?

c.  With this number of clerks, how long does it take the average customer to check out?

Picken & Grinnen, Inc. markets condominium time-shares in Branson, Missouri. The company
sends mailers that announce that the recipient has won a free vacation, and should call atoll-free
number to validate the prize. At the present time, calls are received at the rate of 50 per hour. The
sales pitch given to the caller takes an average of 7 minutes, but the actual time is random and
follows an exponential distribution. Each sales pitch delivered produces one of three results. the
customer declines (Prob. = .5), the customer visits the site but declines to buy (Prob. = .4, Loss=
$250), or the customer visits the site and makes a purchase (Prob. = .1, Profit = $10,000). It costs
the company $15 dollars per hour to employ a salesperson. The telephone system used by the
company can keep up to 10 callers on hold waiting to speak to asaesrep. Calers receive abusy
signa when the system is full, and it is assumed that they will not call back.
a.  What isthe expected value of profit to the company when a customer receives a sales pitch?
b. What isthe average service rate per hour (per salesrep)?
c. If itisassumed that the company loses the amount calculated in part a. whenever a customer
gets a busy signal, how many sales reps should the company employ?

Kahuna Internationa, Inc. markets industrial lubricants through a sales force of 30 salespersons.
They spend most of their timein the field, calling on customers. When asaleis made, it is necessary
for the salesperson to call into the home office to check pricing, availability and delivery. These
cals require an average of 10 minutes, exponentialy distributed. Salesmen call in at the average
rate of once every two hours. It costs the company $15 per hour to employ people in the home
office who have the skills to handle the salespersons enquiries. The salespeople are highly trained,
and their time is worth $50 per hour.

a.  What isthe arrival rate per salesperson per hour?



b. What isthe service rate per hour?
c. How many people should be employed in the home office?

The teller at asingle drive-through window at a branch of Pecuniary BanCorp takes 3 minutes on the
average to handle a customer transaction. The service time varies from customer to customer, and
the standard deviation has been measured as 3 minutes. Customers arrive at the average rate of 12
per hour.
a.  Onthe average, how many cars will be waiting in line? How long must the average customer
wait before being served?
b. If thetdler is provided with a computer link to the bank’ s database, the average time will not
be shortened, but the standard deviation will drop to 45 seconds. How will this change your
answersto part a?
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