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Lecture 32



Shannon EXpansion

Any logical function g on variables {z1,...xn}
can be expressed as

T;9z; +T;9%;, Where gq is the cofactor of g with
respect to the variable/cube a.

The proof is straightforward.



Given a set of cubes C = {c!,...cf} and a
cube p, the cofactor of C with respect to p is
denoted by Cp and is computed by evaluating
the cofactor of each of the cubes in the cover
C with respect to p.

Given p, the cofactor of ¢ w.r.t p is another
cube in which each of its elements are defined

by () =
¢, if dNp=¢

2, if pg Oorl

4, if pp 3

c}’;, otherwise.



Given C =

1 1 0 2 4 4
O 1 2 0 4 4
1 1 1 1 4 3

This corresponds to the two output functions
g1 = T1T2T4 + T1T2T3T4 + T1T2T3
g2 = T1X2T4 + T1T2T3

The cube corresponding to x4 is [222144] and
the cofactor g, of x4 with respect to C is

1 1 0 2 4 4
1 1 1 2 4 3
T his corresponds to x1xzox3+ 212223 Of 91 and

r1x273 Of go



Similarly,

The cube corresponding to xz is [222044] and
the cofactor gz; of Tz with respect to C is

1 0 2 4 4
1 2 2 4 4

1
O

This corresponds to xyxo>x3 + T1x> Of g1 and

r122x3 + T1x2 Of go

Note that g = z49sz, + Tagz;



Some Propositions

(f9)z; = fz;92;- This is proved by Shannon's
expansion.

(f)z; = (fz;). Prove by Shannon’s expansion
and the fact that f;; is independent of z;.

Let C = {c¢'} be a cover of cubes and let p be
a cube. Then, pNC = pC

Given a cube ¢, then the cofactor of ¢ w.r.t ¢
IS a tautology.

A set of cubes C covers a cube p if and only
if Cp is a tautology.

Proof: Clearly, C coverspiffCnp =p. (Cp)p =
Cpopp = pp = 1 implies Cp = 1.

Let f = x;fu; -l—:c—jfx—j be the Shannon expan-
sion of a completely specified logical function
f. f is a tautology iff fz, and fx—j are both
tautologies.



Summary: Operations are Intersection, Com-
plementation and Tautology.

operate(f,g) = merge (p operate(fp, gp).D operate(f;

The algorithm is a recursive process that cre-
ates a binary tree and the results at each node
will be a merging of the results obtained from
the two subtrees below it.



