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History and previous researches.

@ In 1870, S. Lie first introduced Group analysis.

@ In 1960, L.V. Ovsiannikov establishing modern group
analysis

@ In 1996, N.H. lbragimov is editor of Lie Group Analysis of
Differential Equations Vol.1-3

@ In 2002, J. Tanthanuch and S.V. Meleshko,
Application of Group Analysis to Delay Differential
equation.
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Group Analysis / Symmetry Methods.

@ Let us consider ordinary differential equation
F(x.y.y.,y" ,¢)=0. (1)
@ Consider invertible transformation

©*(x,y,0(x,¥),€)
(X, ¥, 0(x,¥),€)
©?(x,y,8(x,y),€)

<l <l X
Il

with real parameter ¢ ,which X = x,y = y, ¢ = ¢, when
e=0.
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Lie group of transformation

@ Suppose that the transformations map a solution of a given
equation to a solution of the equation which has the same
structure.

F(X?y7y/7y//7d)) = 0 :> F()_(Ly?.}_//?.}_/”?QE) = 0

@ We call these transformation

@ The set of these symmetries forms
or
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Infinitesimal Generator.

@ Lie theorem constructs a correspondence
between the Lie group of transformations and the
infinitesimal generator X which is defined as the following:

X = £0x + 10y + (04, (2)
0
where €(X y7¢) 80 ‘6 0,
_ fW
77(Xay7 (Z)) - aed)|e—07
_ 9y
C(Xay> (Z)) - e |E—O
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° , X is defined by

X = (n—y'€)dy +77y/ay’ ‘|‘77y”3y" +(C—dx€) 0y +C¢ya¢y 3)

8 X

where  &(x.y,) = S (X,¥.6:0),
oY

T](X7y’¢): 86 (X7y7¢10)1

@
C(x,y,0) = 8@ (X ¥, $;0),

' = Dy(n—yxé), 0" = Dx(nyf), ¢% = Dy(¢ — ¢x§),
Dy:8y+¢ya¢+¢Xya¢x+”"
Dy = Ox+y' Oy +y" Oy -+ (0x+'0y) 0+ (S +Y by ) 0o,
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Determining equation

@ Both of them are equivalent,

X~ X.
@ A Lie group of transformations is by the equation
if it satisfies
XF(x.y.y, y',9)| =0. (4)
(x.y.y"y" $)=0

@ Equation (4) is called
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Splitting determining equation

@ By existence theory of an initial value problem guarantees
the existence of solution y(x). Therefore, by the
arbitrariness of xp and initial function yg, the determining
equation can be split into a system of several equations
and can be solved analytically.

@ Unknown functions £, n and ¢ can be obtained from this
process.
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Linear Second-Order Delay Differential Equation

@ Consider a linear second-order delay ordinary equation,

Y (x)+a(x)y (x)+b(x)y (x=7)+c(x)y (x)+d(x)y (x=7) = g(x).

Denote Yr=Yy(x—1),
Yr=y'(x-r).
@ The equation is simply written as

y'+a(x)y’ + b(x)y; + c(x)y + d(x)y. = g(x). (5)
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@ Considering the change X = x,y =y — yp, where ypis a
particular solution of equation (5). Equation (5) is reduced
to a homogeneous equation

y" +ax)y’ + b(x)y, + c(x)y + d(x)y- = 0.

@ Coefficient a(x) can be reduced by letting y = v(x)q(x)
with g satisfying 2¢’ + aq = 0,

y" + b(x)y; + c(x)y + d(x)y- = 0. (6)

@ We will consider equivalence symmetries of equation (6)
instead of (5).
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Constructing / Splitting determining equation

@ Let F =y" + b(x)y. + c(x)y + d(x)y:, then the
determining equation is

X (' +b(xX)yr+c(x)y+dx)y) | =0 (7)

F=0
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Determining equation

2npeb ¢ + 2npgb' d’ + 21pxb + 206, by + nppb? + 1pb”
+2n00aC'd" + 2nex € + 21ey €Y' + 11ecC? + 1eC” + 2naxd’
+2n0gyd'y + naad® + nad” + 20k Y + M + My ¥ — my YL
—1ycy — nydy; + npbby +nibcy + ngbdy + nyb + 1 by;
—26pebt ¢y — 26pab 'y’ — 26ty — EppbPy’ + 2¢,bb
+2¢pbiey +2¢pb'dy, — by’ — 26cqC’d’y" — 28k Cy
—&eeC?y 4+ 26cbCyL + 26ccc’y + 2¢cc/dy, — &'y
—2Lgud'y’ — EqgdPy' + 26qbdy, + 2¢4cd’y + 2¢4dd'y,
—8ad"y' — Exxy’ + 28xby; 4 26xcy + 26xdy. — EpbbLy;
—&obery, — Egbdry; — £ by — bb-&ys, + bb &7y, — be:ly-
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Determining equation (continued)

+be:E7yr — bd:&yar + bd & yor + o1+ diy” + dEy;
—d€y; + yCe + ¥rla + ¥7¢o = 0.

@ Splitting this equation with respectto y’, y., y5_,b",c", d”,
b',c,d and later with respect to y, v, one finds

(=& =a,n=0y+7 P=b(-d'+B-5;),
CC = _ﬂ// — 2(‘;al7 Cd = —bﬂ,/,_ —2ddo/ +da— dOéTa

where a(x), 5(x) are arbitrary periodic functions with the
periodic 7, v(x) is an arbitrary solution of (6)
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The equivalence symmetry of second-order delay
ordinary differential equation.

@ Thus the equivalence symmetry is

X = a(x),y = B(x)y +~(x), (8)

where a(x), 3(x) are arbitrary periodic functions with the
periodic 7, v(x) is an arbitrary solution of (6)
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Group Classification of Second-Order Delay ODE

@ Lie group of transformations admitted by equation (6) has
to satisfy the following determining equation

X(y" + b(x)y, + c(x)y + d(x)y;) o= (9)

@ The operator X is defined by
X = (n=y'&)0y+ (- — ¥i&:)dy, +n" 0y +177 0y, + 0" Oy

where 0~ o¢Y
Exy) = S-(x.yi0). n(x.y) = F=(x,y:0),

gT(XLy):g(X_TayT)a nT(va):n(X_ThyT)
0 =Dx(n—y'€), 07 =Dx(n, —yi&:), 7" = Dx(n"),
/!

Dy = Ox +y'0y +y" 0y + -+ ¥;0y, + ¥ Oy
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Split determining equation

@ Splitting this equation with respect to y’, y., y5_ and later
with respect to y, v, one finds

E=&, n=0y+, (10)

fxx = zﬁ/a ﬂ” = _le - 20€X7 (11)
V"= —by; — ¢y —dyr, (12)

b(3 — B-) = b/ + &b, (13)

d(B — B;) = d'€ + bB; + 2&4d. (14)
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@ By integrating (11), one finds § = &x/2 + Cy. Since & = &,
it implies 6 = (.. Hence, integrating equation (13) one has

b¢ = Co. (15)
Equation (14) is written

o€ +26d = 2

5o (16)

@ Solving this equation with respect to £ depends on values
of b and d one gets
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@caseb#0,d#£0
e The obtained infinitesimal generator is

1

X = CW@+Q< QH30+”@' (17)

@ Caseb#0,d=0
e The infinitesimal generator is of admitted Lie group is
X = Cedx + (Coy + 7). (18)
@ Case b=0,d#0

e The obtained infinitesimal generator is

C Cil2d'
x—wﬂ@+< &ﬁ+a+7@ (19)
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Thank you for you attention!
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