PROPERTIES OF LOGARITHMS


Property 1: [image: image1.png]Log, 1




because [image: image2.png]


. 

Example 1: In the equation [image: image3.png]


, the base is 14 and the exponent is 0. Remember that a logarithm is an exponent, and the corresponding logarithmic equation is [image: image4.png]log;, 1




where the 0 is the exponent. 

Example 2: In the equation [image: image5.png]


, the base is [image: image6.png]


and the exponent is 0. Remember that a logarithm is an exponent, and the corresponding logarithmic equation is [image: image7.png]log: 1




. 

Example 3: Use the exponential equation [image: image8.png]


to write a logarithmic equation. The base x is greater than 0 and the exponent is 0. The corresponding logarithmic equation is [image: image9.png]log, 1=10



. 

Property 2: [image: image10.png]log, a =1



because [image: image11.png]


.

Example 4: In the equation [image: image12.png]3L




, the base is 3, the exponent is 1, and the answer is 3. Remember that a logarithm is an exponent, and the corresponding logarithmic equation is [image: image13.png]log; 3 =1



. 

Example 5: In the equation [image: image14.png]


, the base is 87, the exponent is 1, and the answer is 87. Remember that a logarithm is an exponent, and the corresponding logarithmic equation is [image: image15.png]loggr 87 = 1



. 

Example 6: Use the exponential equation [image: image16.png]


to write a logarithmic equation. If the base p is greater than 0, then [image: image17.png]log, p = 1



.

Property 3: [image: image18.png]log, a*



because [image: image19.png]


.

Example 7: Since you know that [image: image20.png]


, you can write the logarithmic equation with base 3 as [image: image21.png]log, 3*




. 

Example 8: Since you know that [image: image22.png]


, you can write the logarithmic equation with base 13 as [image: image23.png]log,, 13*




. 

Example 9: Use the exponential equation [image: image24.png]4%




to write a logarithmic equation with base 4. You can convert the exponential equation 

[image: image25.png]4%




to the logarithmic equation [image: image26.png]log, 16



. Since the 16 can be written as 

[image: image27.png]41



, the equation [image: image28.png]log, 16



can be written [image: image29.png]log, 4°



.

The above rules are the same for all positive bases. The most common bases are the base 10 and the base e. Logarithms with a base 10 are called common logarithms, and logarithms with a base e are natural logarithms. On your calculator, the base 10 logarithm is noted by log, and the base e logarithm is noted by ln. 

GRAPHS OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS
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GRAPHS OF EXPONENTIAL FUNCTIONS 

By Nancy Marcus 

In this section we will illustrate, interpret, and discuss the graphs of exponential and logarithmic functions. We will also illustrate how you can use graphs to HELP you solve exponential and logarithmic problems and check your solutions. 

Graphs of Functions in General:

Recall that graphs are made up of points that are plotted on rectangular coordinate systems. The points consist of two parts: (independent variable, dependent variable). The dependent variable is so named because it's value and behavior depend on the value and behavior of the independent variable. For purposes of discussion, we will refer to the independent variable as x and the dependent variable as y or f(x). In reality, you could label them anything: (p, q), (a, b), (d, c), etc. 

Reminder: Remember that when we talk about the function, the function value, the value of the function, y or f(x), we are talking about the value and behavior of the y part of the point (x, y) in the full set of the points that form the graph.. 

Exponential Graphs: 

Once you know the shape of an exponential graph , you can shift it vertically or horizontally, stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph. 

Example 1: 

The function [image: image31.png]


is always positive. There is simply no value of x that will cause the value of [image: image32.png]


to be negative. What does this mean in terms of a graph? It means that the entire graph of the function [image: image33.png]


is located in quadrants I and II. 

Graph the function [image: image34.png]


. Notice that the graph never crosses the x-axis. Why is that so? It is because there is no value of x that will cause the value of f(x) in the formula [image: image35.png]


to equal 0. 

Notice that the graph crosses the y-axis at 1. Why is that so? The value of x is always zero on the y-axis. Substitute 0 for x in the equation [image: image36.png]


: [image: image37.png]


. This translates to the point (0, 1). 

Notice on the graph that, as the value of x increases, the value of f(x) also increases. This means that the function is an increasing function. Recall that an increasing function is a one-to-one-function, and a one-to-one function has a unique inverse. 

The inverse of an exponential function is a logarithmic function and the inverse of a logarithmic function is an exponential function. 

Notice also on the graph that as x gets larger and larger, the function value of f(x) is increasing more and more dramatically. This is why the function is called an exponential function. 
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Logarithmic Graphs: 

Once you know the shape of a logarithmic graph , you can shift it vertically or horizontally, stretch it, shrink it, reflect it, check answers with it, and most important interpret the graph. 

Example 2: 

Graph the function [image: image39.png]


. Notice that the graph of this function is located entirely in quadrants I and IV. Notice also that the graph never touches the y-axis. 

What does that mean? It means that the value of x (domain of the function f(x) in the equation [image: image40.png]


is always positive. Why is this so? Recall that the equation [image: image41.png]


can be rewritten as the exponential function [image: image42.png]r — eflT)



. There is no value of f(x) that can cause the value of x to be negative or zero. 

The graph of [image: image43.png]


will never cross the y-axis because x can never equal 0. The graph will always cross the x-axis at 1. 

Notice on the graph that, as x increases, the f(x) also increases. This means that the function is an increasing function. Recall that an increasing function is a one-to-one-function, and a one-to-one function has a unique inverse. 

Notice on the graph that the increase in the value of the function is most dramatic between 0 and 1. After x = 1, as x gets larger and larger, the increasing function values begin to slow down (the increase get smaller and smaller as x gets larger and larger). 

Notice on the graph that the function values are positive for x's that are greater than 1 and negative for x's less than 1. 
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CHANGING THE BASE OF A LOGARITHM

[image: image45.png]



Let a, b, and x be positive real numbers such that [image: image46.png]a7 1



and [image: image47.png]0 F 1



(remember x must be greater than 0). Then [image: image48.png]log, x



can be converted to the base b by the formula 

[image: image49.png]8

oz, @





Let's verify this with a few examples.

Example 1: Find [image: image50.png]log, 7



to an accuracy of six decimals. Note that the answer will be between 1 and 2 because [image: image51.png]3L




and [image: image52.png]3




, and 7 is between 3 and 9. According to the change of logarithm rule, [image: image53.png]log, 7



can be written [image: image54.png]log,, 7

log,, 3



. 

When the base is 10, we can leave off the 10 in the notation. Therefore [image: image55.png]log,, 7

log,, 3



can be written [image: image56.png]log 7
log 3



. Using your calculator, 

[image: image57.png]log7  0.845098

= o0 71244
log3 _ 0477121




You will note that the answer is between 1 and 2. 

Let's check the answer. If [image: image58.png]JL.rrlzs



, our answer is correct. [image: image59.png]JL.rrlzs




. Close enough. Why isn't it 7 exactly? Well we rounded [image: image60.png]log 7
log 3



to six places, so our answer won't check exactly. If we rounded to ten places, then when we checked the answer, it would be closer to 7 than this answer. 

Example 2: We could work the same problem by converting to the base e. According to the change of logarithm rule, [image: image61.png]log, 7



can be written [image: image62.png]log, 7

log, 3



. When the base is e, we can leave off the e in the notation and [image: image63.png]log, 7

log, 3



can be written [image: image64.png]


. Using your calculator, 

[image: image65.png]27 L9 rrio4e
03" 1093610





You will note that the answer is between 1 and 2.

Example 3: Find [image: image66.png]log, 18



. We know that [image: image67.png]


and [image: image68.png])




, and that 18 is between 16 and 32; therefore, we know that the exponent we are looking for is between 4 and 5. In fact, it is closer to 4 than to 5 because 18 is closer to 16 than it is to 32. 

Let's solve this problem by changing the base to 10. [image: image69.png]log, 18



can be written [image: image70.png]log 18
log2




. Using your calculator, 

[image: image71.png]log 18 _ 1.255273 — 1169927
log2 0.301030





Let's check the answer. If [image: image72.png]


, our answer is correct. [image: image73.png]


. Close enough. Why isn't it 18 exactly? Since we rounded [image: image74.png]log 18
log2




to six places, our answer won't check exactly. If we rounded to ten places, then when we checked the answer, it would be closer to 18 than this answer.

Example 4: We could work the problem in Example 3 by converting to the base e. According to the logarithmic rule, [image: image75.png]log, 18



can be written [image: image76.png]In 18



. Using your calculator, 

[image: image77.png]In18  2.830372
— = = 4169926 .
In 2 0693147




The answer is the same as the answer you found when you converted the base to 10.

RULES OF LOGARITHMS
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Let a be a positive number such that a does not equal 1, let n be a real number, and let u and v be positive real numbers.

Logarithmic Rule 1: [image: image79.png]Log, (vv) = Log, (v) + Log, (v)




Logarithmic Rule 2: [image: image80.png]Log, (%) = Log, (2) - Loga ()




Logarithmic Rule 3: [image: image81.png]Log, (v)" = nlog, (v)




[image: image82.png]



Since logarithms are nothing more than exponents, these rules come from the rules of exponents. Let a be greater than 0 and not equal to 1, and let n and m be real numbers.

Exponential Rule 1: [image: image83.png]aq™ = ghTm




Example: Let a = 5, n = 2, and m = 6. [image: image84.png]575" = 25 15,625 = 390, 625



and [image: image85.png]588 = 5% = 390, 625




Exponential Rule 2: [image: image86.png]



Example: Let a = 5, n = 2, and m = 6. [image: image87.png]5 2%
55 15,625

=.0016



and [image: image88.png]



Exponential Rule 3: [image: image89.png]



Example: Let a = 5, n = 2, and m = 6. [image: image90.png](57)" = (25)" = 244,140,625



and [image: image91.png]5)" = 244,140,625




SOLVING EXPONENTIAL EQUATIONS

[image: image92.png]



To solve an exponential equation, take the log of both sides, and solve for the variable.
[image: image93.png]



Example 1: Solve for x in the equation [image: image94.png]


.

Solution: 

Step 1: Take the natural log of both sides: 

[image: image95.png]



Step 2: Simplify the left side of the above equation using Logarithmic Rule 3: 

[image: image96.png]xLn(e) = Ln(80)




Step 3: Simplify the left side of the above equation: Since Ln(e)=1, the equation reads 

[image: image97.png]



Ln(80) is the exact answer and x=4.38202663467 is an approximate answer because we have rounded the value of Ln(80)..

Check: Check your answer in the original equation.

[image: image98.png]e ra8zlZnhItn T _ 2q 9999999999 ~ 80




Example 2: Solve for x in the equation [image: image99.png]



Solution: 

Step 1: Isolate the exponential term before you take the common log of both sides. Therefore, add 8 to both sides: [image: image100.png]10%1? — 8




Step 2: Take the common log of both sides: 

[image: image101.png]Log(10°**) = Log(68)




Step 3: Simplify the left side of the above equation using Logarithmic Rule 3: 

[image: image102.png]



Step 4: Simplify the left side of the above equation: Since Log(10) = 1, the above equation can be written 

[image: image103.png]



Step 5: Subtract 5 from both sides of the above equation: 

[image: image104.png]x = Log(68) — 5




is the exact answer. x = -3.16749108729 is an approximate answer.. 

Check: Check your answer in the original equation. 
[image: image105.png]QLo rEALUE T4y o ay?




Example 3: Solve for x in the equation 

[image: image106.png]e _he" +6=10.




Solution: 

Step 1: When you graph the left side of the equation, you will note that the graph crosses the x-axis in two places. This means the equation has two real solutions. 

Step 2: Rewrite the equation in quadratic form: 

[image: image107.png]



Step 3: Factor the left side of the equation: 

[image: image108.png]



can now be written 

[image: image109.png]



Step 4: Solve for x. Note: The product of two terms can only equal zero if one or both of the two terms is zero. 

Step 5: Set the first factor equal to zero and solve for x: If [image: image110.png]


, then [image: image111.png]


and [image: image112.png]


and x=Ln(2) is the exact answer or [image: image113.png]


is an approximate answer. 

Step 6: Set the second factor equal to zero and solve for x: If [image: image114.png]


, then [image: image115.png]


and [image: image116.png]


and x=Ln(3) is the exact answer or [image: image117.png]


is an approximate answer. The exact answers are Ln(3) and Ln(2) and the approximate answers are 0.69314718056 and 1.09861228867. 

