DENDRITES AND SYMMETRIC PRODUCTS
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ABSTRACT. For a given continuum X and a natural number n, we con-
sider the hyperspace F,(X) of all nonempty subsets of X with at most
n points, metrized by the Hausdorff metric. In this paper we show that
if X is a dendrite whose set of end points is closed, n € N and Y is a con-
tinuum such that the hyperspaces F,,(X) and F,,(Y') are homeomorphic,
then Y is a dendrite whose set of end points is closed.

1. INTRODUCTION

A continuum is a nondegenerate, compact, connected metric space. Let N
represent the set of positive integers. For a given continuum X and n € N,
we consider the following hyperspaces of X:

F,(X)={A C X: A is nonempty and has at most n points}
and
Cn(X)={A C X: Ais closed, nonempty and has at most n components}.

We call C,(X) the n-fold hyperspace of X and F,(X) the n-th symmetric
product of X. Both F,,(X) and C),(X) are metrized by the Hausdorff metric
H ([17, Definition 2.1]).

If two continua X and Y are homeomorphic, we write X = Y. Note that if
X and Y are continua, then X =Y if and only if F1(X) = F1(Y). Let G be
a class of continua, n € N and X € G. We say that X has unique hyperspace
Fo.(X) in G if whenever Y € G is such that F,,(X) = F,(Y), it follows that
X =Y. Similarly, X has unique hyperspace Cy,(X) in G if whenever Y € G is
such that C,,(X) = C,(Y), we have X = Y. If G is the class of all continua,
we simply say that X has unique hyperspace F,(X) or unique hyperspace
Cn(X), respectively. Note that each continuum X has unique hyperspace
Fi(X).

A dendrite is a locally connected continuum that contains no simple closed
curves. Throughout this paper we denote by D the class of dendrites whose
set of end points is closed. In [11, Theorem 10] it is shown that if X € D
is not an arc, then X has unique hyperspace C71(X). In [16, Theorem 3]
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that every X € D has unique hyperspace C2(X), and in [12, Theorem 5.7]
that each X € D has also unique hyperspace C,(X), for n > 3. In [2,
Theorem 5.1] it is proved that if the set of end points of the dendrite Y is
not closed, then Y does not have unique hyperspace C1(Y) in the class of
dendrites. This result is not known for n > 2. By [1, Lemma 11] an arc Y
has unique hyperspace C1(Y) in the class of dendrites, but not in the class
of all continua.

In the First Workshop in Hyperspaces and Continuum Theory, celebrated
in the city of Puebla, Mexico, July 2-13, 2007, the problem to determine if
every element X € D has unique hyperspace F,,(X) was asked by A. Illanes.
During the workshop, the three authors of this paper showed that if X € D,
n € Nand Y is a continuum such that F,(X) = F,,(Y), then Y € D. This is
the main result of this paper. In the same workshop, D. Herrera-Carrasco,
M. de J. Lépez and F. Macias-Romero proved that every element X € D
has unique hyperspace F,,(X) in D ([13, Theorem 3.5]). Combining these
results it follows that every element X € D has unique hyperspace F,,(X).
This is a partial positive answer to the following problem, which remains
open.

Question 1.1. Let X be a dendrite and n € N — {1}. Does X have unique
hyperspace Fp,(X)?

2. GENERAL NOTIONS AND FACTS

All spaces considered in this paper are assumed to be metric. For a space
X, a point x € X and a positive number €, we denote by Bx(x,¢) the open
ball in X centered at x and having radius . If A is a subset of the space X,
we use the symbols cly(A),intx(A) and bdx(A) to denote the closure, the
interior and the boundary of A in X, respectively. We denote the diameter
of A by diam (A), and the cardinality of A by |A|. The letter I stands for
the unit interval [0, 1] in the real line R.

A finite graph is a continuum that can be written as the union of finitely
many arcs, each two of which intersect in a finite set. A tree is a finite graph
that contains no simple closed curves.

If X is a continuum, Uy,Us, ..., U, C X and n € N we define:

m
(U1,Usy ..., Upn)p = {A e F(X): AC UUi and ANU; # () for each z}
i=1
It is known that the sets of the form (Uy,Us,...,Up)n, where m € N and
Ui,Us, ..., Uy are open in X, form a basis of the topology of F,(X), i.e.,
a basis for the topology induced by the Hausdorff metric H on F,(X) ([17,
Theorems 1.2 and 3.1)).
If n € N, then an n-cell is a space homeomorphic to the Cartesian product
I,
Theorem 2.1. Let X be a continuum and n € N. Given i € {1,2,...,n}
let J; be an arc in X with end points a; and b;. If the sets Ji,Ja, ...,y are
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pairwise disjoint, then (Jy, Ja, ..., Jn)pn is an n-cell in F,,(X) whose manifold
interior is the set (J1 — {a1,b1},...,Jn — {an, bp})n.

Proof. Given (x1,x2,...,2Zpn) € J1 X Jo X -+ X Jy, let g(x1,29,...,2,) =
{z1,29,...,2,}. It is easy to see that g: Jy x Jox---xXJ, — (J1,J2, ..., Ip)n
is a homeomorphism whose restriction to [ 1", (J; — {ai, b;}) is a homeomor-

phism from H?:l (J@ — {CLZ‘, bl}) onto <J1 — {al, bl}, ey Jn — {an, bn}>n O

From now on, in this section, the letter X represents a dendrite. For
properties of dendrites we refer the reader to [21, Chapter 10]. If p € X then
by the order of p in X, denoted by ord,X, we mean the Menger-Urysohn
order (see [21, Definition 9.3] and [23, (1.1), (iv), p. 88]). We say that p € X
is an end point of X if ord, X = 1. The set of all such points is denoted by
E(X). Let

E.(X) = {pe E(X): thereis a sequence in F(X) — {p}
that converges to p}.

If pe E(X) — Eq(X) we call p an isolated end point of X. If ord, X =2 we
say that p is an ordinary point of X. The set of all such points is denoted
by O(X). By [18, Theorem 8, p. 302], O(X) is dense in X. If ord, X > 3, we
say that p is a ramification point of X. The set of all such points is denoted
by R(X).

The following result is easy to prove.

Theorem 2.2. Let X be a dendrite and n € N. Assume that A € F,(X)
and that U is a neighborhood of A in F,(X). Then, for each k € N with
|A| < k <mn, there is C C O(X) such that |C| =k and C € U.

If p,q € X and p # q, then there is only one arc in X joining p and q. We
denote such arc by [p,q]. We also consider the sets (p,q) = [p,q] — {p, ¢},

[p,q) = [p,q] — {q} and (p,q] = [p,q] — {p}. Let [p,q] be an arc in X such
that (p,q) C O(X). We say that [p, ] is:

a) internal if p,q € R(X);
b) external if one end point of [p, ¢ is an end point of X, and the other
end point of [p, ¢ is a ramification point of X.

Note that if [p, g] is an internal arc in X, then intx ([p, q]) = (p, q). If [p, q]
is an external arc in X and p € E(X), then intx([p,q]) = [p,q).
Given n € N, we consider the following subsets of F,(X):

EAL(X) = {A € Fy(X): AN E,(X) # 0},
Ro(X) = {A € F,(X): AN R(X) # 0}

and
An(X) = Fn(X) - (Rn(X) U EAn(X)) :

Note that A € A,(X) if and only if A € F,(X) and A is contained in
O(X) U(E(X) = Eq(X)).
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3. THE cLAss D

Recall that D is the class of all dendrites whose set of end points is closed.
Let X € D. By [3, Theorem 3.3] the order of every point of X is finite. Let
us assume that s € X is the limit of a sequence (s, )y, of distinct ramification
points of X and that s # s;. By [3, Proposition 3.4] s is both the limit of
a sequence of ramification points of X, all in the arc [s, s1], and the limit
of a sequence of end points, all different than s. Now assume that e € X is
the limit of a sequence (ey), of distinct end points of X and that e # e;.
Then e is also the limit of a sequence of ramification points of X, all in the
arc [e,e1]. Hence e € E,(X) if and only if e is the limit of a sequence of
ramification points of X.

Theorem 3.1. Let X € D andn € N. If A € F,,(X) — EA,(X), then there
exists a tree T in X such that:

(x) ACintx(T) and T N E,(X) = 0.

Proof. Let A € F,(X) — EA,(X). We proceed by induction over |A|. If
|A| = 1, then A = {z}. Let k¥ = ord,X. Since X € D, k is finite, so
X — {z} has exactly k components C,Cy,...,Ck. Since x ¢ E4(X), for
each i = {1,2,...,k}, there is p; € O(X) N C; such that if T = Ule[pi,:r],
then T'— {z} C O(X). Hence T is a tree in X that satisfies (x).

Now suppose that if B € F,,(X) — EA,(X) contains ¢ points, with i < n,
then there is a tree G in X that satisfies (x), replacing A by B and T by G,
respectively. Assume that |[A| =i+ 1 and let A = {x1,x9,...,2;41}. Let T}
be a tree in X such that A—{x;41} C intx(71) and Ty N E,(X) = 0. By the
first part of this proof, there exists a tree Ts in X such that x;11 € intx(73)
and ToNE,(X) = 0. Thus T = Ty UTo U [, zi+1] is a tree in X that satisfies
(). g
Theorem 3.2. Let X € D and m,n € N so that m < n. Let U =
(U1,Ua, ..., Un)n be an open subset of F,(X) such that:

1) U; is an open connected subset of X, for each i € {1,2,...,m};
2) UinU; =01ifi,5 € {1,2,...,m} and i # j.

For each i € {1,2,...,m}, let {J.: a € A;} be the set of components of
UiN[O(X)U(E(X) — Eyu(X))]. Then the components of U N Ay, (X) are the
nonempty sets of the form:

T1 T2 Tk
(Jals Jo2, oI5
— T T T N o
where {r1,72, ..., 1} = {1,2,...,m}, the sets Ji1, J32,..., Jik are pairwise

different and oy € A,,, for every t € {1,2,... k}.

Proof. Tt is easy to see that for each i € {1,2,...,m} and every a € A;, J.

is an open connected subset of X. Let J31,J52,. .., gk be a finite collection

of pairwise different sets such that {ri,re,..., 7.} ={1,2,...,m} and oy €
Ay, for every t € {1,2,...,k}. Since the sets Ji1, Jj2,..., Ji* are open and

bl a2
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connected, by [19, Lemma 1],
(JoL,J22, .. .,Jg’;}n
is an open connected subset of F,(X). Let J, J52 JZ be a finite col-

S S Y
lection of pairwise different sets such that: {s1,s2,...,s} = {1,2,...,m},
€y € As,, for every v € {1,2,...,1}, and

{0, T2, TR AT T2, TS

a1? Yag? YT ag €17 7€) ) Te

It is not difficult to see that:
<JT1 J'2 ..,J;’Z>n N <J§11,J522, .. .,Jfll>n = 0.

(o5 e RAN

Now assume that C is a component of & N A, (X). Note that, for every
A € C, there is a unique finite collection

S SR i
of pairwise different sets such that: {si,s2,...,s,} = {1,2,...,m}, 0; €
As,, for each j € {1,2,...,w}, and
AeVy = <J§1,J;§,...,J§$ -
Hence C = (Jgec V4, which expresses the open connected set C as a

union of nonempty pairwise disjoint open connected sets. Thus C is of
the form <Jr1 Jr2 ,Jg@n where {ry,ro,...,7x} = {1,2,...,m}, the

o1 Y9

sets JoL, J02, ..., Jik are pairwise different and oy € A;,, for every t €
{1,2,...,k}. O

Assume that X € D. It is not difficult to see that A, (X) is an open subset
of F,,(X). As a particular case of Theorem 3.2 we obtain the following result,
which is the equivalent version of [7, Lemma 4.1] for elements of D.

Theorem 3.3. Let X € D such that X is not an arc and n € N. Then the
components of A, (X) are exactly the sets of the form:

<intx(11) ,intx(fg) e ,intx(fm)>n ,
where m < n, I is either an internal or an external arc in X for every
j€{1,2,...,m}, and the setsintx (I1), intx (I2),...,intx (L) are pairwise
disjoint.
The following result is the equivalent version of [7, Lemma 4.3], for ele-
ments of D.

Theorem 3.4. Let X € D andn > 4. If A € F,,_1(X), then no neighborhood
of A in F,,(X) can be embedded in R™.
Proof. We show first that:

() if C € F,_1(X) — EA,(X), then no neighborhood of C in F,(X)
can be embedded in R".
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To show (x) let C' € F,_1(X) — EA,(X) and assume that there is a neigh-
borhood V of C' in F,(X) that can be embedded in R". By Theorem 3.1,
there is a tree T in X such that C' C intx(7T") and T' N E,(X) = 0. Then
VN F,(T) is a neighborhood of C' in F,(T) that can be embedded in R™.
Since this contradicts [7, Lemma 4.3], claim (%) holds.

To show the theorem let A € F,,_1(X). Assume that there is a neighbor-
hood U of A in F,,(X) that can be embedded in R™. By Theorem 2.2, there
is C' C O(X) such that |C| = [A] and C € intp, x)(U) . Since A € F,,_1(X)
it follows that C' € F,,_1(X) — FA,(X). Then, by (*), no neighborhood of
C in F,(X) can be embedded in R™. However, since C € intp, x)(U), the
set U is a neighborhood of C in F,,(X) that can be embedded in R™. This
contradiction completes the proof of the theorem. O

4. THE SET &,(X)

Given a continuum X and a natural number n, we consider the following
set:

En(X) ={A € F,(X): A has a neighborhood in F,,(X) which is an n-cell}.
In this section we prove some properties of &,(X).

Theorem 4.1. Let X andY be continua andn € N. If h: F,(X) — F,(Y)
is a homeomorphism, then h (E,(X)) = E(Y).

A simple triod is a continuum G that can be written as the union of three
arcs I1, Iy and I3 such that: I; NIy N I3 = {p}, p is an end point of each arc
I; and (I; — {p}) N (I; — {p}) =0, if ¢ # j. The point p is called the core of
G.

Given a continuum X let:

T(X)={p € X: pis the core of a simple triod in X}.

Let X be a locally connected continuum and A € &,(X). In [7, Lemma
3.1] it is shown that ANT(X) = 0. A straightforward modification can be
applied to obtain the following result.

Theorem 4.2. Let X be a locally connected continuum and n € N. If A €
En(X), then ANclx (T (X)) = 0.

Theorem 4.3. Let X € D and n € N. Then Ap(X) — Fr—1(X) C E(X).
Proof. Take A € A, (X) — F,—1(X). Then |A| = n, we write
A= {$17$2> s 7xn}‘

Since A € A, (X), we have A C O(X) U (E(X) — E4(X)). Then there exist
n pairwise disjoint arcs Jy, Jo, ..., J, in X such that x; € intx(J;), for each
ie{l,2,...,n}, and

JiUJaU---UJy, COX)U(E(X)— Eq(X)).
Note that (Ji,Ja,. .., Jn)n is a neighborhood of A in F,(X) which is an
n-cell, by Theorem 2.1. Then A € &,(X). O
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Theorem 4.4. Let X € D and n € N. Then &,(X) is dense in Fp(X).

Proof. Let U be a nonempty open subset of F,(X). By Theorem 2.2 there
is D C O(X) such that |[D| = n and D € U. Note that D € A,(X) —
Fn—1(X) so, by Theorem 4.3, D € &£,(X). This shows that &,(X) is dense
in F,(X). O
Theorem 4.5. Let X € D and n € N. Then

a) En(X) C Ap(X);

b) if n € {2,3}, then E,(X) = Ap(X);
c) if n >4, then £,(X) = Ap(X) — Fom1(X).

Proof. To show a) let A € &,(X). By Theorem 4.2, AN clx(T(X)) = 0.
Since X € D, this implies that AN (R(X) U E,(X)) = 0. Thus A € A, (X),
so a) holds. Assertlon b) follows from a) and the proof of [7, Lemma 5.1].
To show c) assume that n > 4. Take A € &,(X). By a), A € A, (X).
Let U be a neighborhood of A in F,,(X) which is an n-cell. Then U can
be embedded in R™ so, by Theorem 3.4, A ¢ F,_1(X). This shows that
En(X) C Ap(X) — F—1(X). The other inclusion holds by Theorem 4.3. O

Theorem 4.6. Let X € D and A € F,(X). If AN E.(X) = 0, then there
exists a basis B of open neighborhoods of A in F,(X) such that for each
V € B, the set VNE,(X) is nonempty and has a finite number of components.

Proof. Since AN E4,(X) = 0, we have A € F,(X) — FA,(X). Thus, by
Theorem 3.1, there is a tree T in X such that A C intx(7') and TNE,(X) =
0. Let A= {z1,22,...,2m} and consider that A has exactly m points. Let
€ > 0. Choose a finite collection Uy, Us,...,U,, of pairwise disjoint open
connected subsets of X with the following properties:

1) x; € U; Cintx(T) N Bx(zi,¢), for each i € {1,2,...,m};

2) Ui —{zi} C O(X), for each i € {1,2,...,m};

Let V. = (U1,Uz,...,Un)n. By 1) we have V. C Bp,(x)(4,¢) and, by

Theorem 4.4, V. N &,(X) # 0. Given i € {1,2,...,m}, since X € D, the
order of z; in X is finite. From this and 2), the set

UiN[O(X) U (E(X) - Eu(X))]

has a finite number of components. Let {Jf, Ji Jl’Z} be the set of com-
ponents of U; N [O(X)U (E(X) — E,(X))]. By Theorem 3.2 the components
of V. N A,(X) are the nonempty sets of the form:

(4.1) (Jir, J2 , Jg,';}

S
where {r1,72,..., 7} = {1,2,...,m}, the sets Ji1, Ji2,..., Ji* are pairwise
different and s; € {1,2,...,1,,}, for every t € {1,2,...,k}. Since we have a
finite number of elements of the form Jgi, the number of nonempty sets of
the form (4.1) is finite.

If n € {2,3} then, by part b) of Theorem 4.5, the nonempty sets of the

form (4.1) are the components of V.NE,(X). Assume then that n > 4. Then,
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by part ¢) of Theorem 4.5, £,(X) = A, (X) — F,—1(X). Given a component
C = (Jn,Jrz ,J§:>n of V. N Ap(X) and (q1,q2, . ..,q) € NF such that

s10Ysg0

g1 +q2+ -+ qr=nlet:
C(ql,q2,...,qk):{CEC: }CHJQ‘ = ¢4 for eacht€{1,2,...,k}}.

Note that C(q1,q2,...,qx) C Ve N E(X). It is not difficult to see that
C(q1,92,---,qk) is homeomorphic to

(FQ1(J§11) (I1 I(Jrl)) e ( (JT) qk 1 (Jrk))’

where we agree that Fy(R) = ) for each continuum R. Since the sets

Fo (J3}) = Fom1 (J3) oo By (J3F) = Foemr (J5F)

are connected, C(q1, o, - - ., q) is a connected subset of V.NE&,(X). Moreover

CﬂEn(X)ZU{C(QL---,CJk): (g1, qr) € N andq1+---+qk=n}-

This implies that C N &,(X) has a finite number of components. Since each
component of C N &, (X) is a component of V. N E,(X) and V. N A, (X) has
a finite number of components, the set V. N &,(X) has a finite number of
components as well.

To finish the proof note that 8 = {V.: € > 0} is a basis of open neigh-
borhoods of A in F,(X). O

In [4] and [20] it is proved that locally connected continua admit a convex
metric d. This means that every two points x,y € X can be joined by an arc
J in X, in such a way that J is isometric to the closed interval [0, d(z,y)].

Theorem 4.7. Let X € D and A € F,(X). Assume that AN E(X) # 0.
Then there exists a basis B of open neighborhoods of A in F,,(X) such that,
for each V € B, the set V — { A} is contractible. Moreover if AN Eq(X) # 0
we can choose B with the additional property that, for each V € B, the set
VN ELX) has infinitely many components.

Proof. Let d be a convex metric on X. Assume that |A| = m. Let A =
{z1,22,..., 2y} and assume that x; € E(X). Let ¢ > 0. Choose a fi-
nite collection Uy, Us,...,U,, of pairwise disjoint open connected subsets
of X such that z; € U; C Bx(z;,¢), for each i € {1,2,...,m}. Let V. =
(U1,Uz, ..., Up)n. Clearly A € V. C B, (x)(4, ). Assume that diam (U;) <
1, for each i € {1,2,...,m}. Fix B = {b1,ba,...,by} so that by € U; — {z1}
and b; € U; for each i € {2,3,...,m}. Note that B € V. — {A}. Given
ie€{1,2,...,m} and (z,t) € U; x I, by [21, Theorem 8.26], [z, b;] C U;. We
also have that [z, b;] is isometric to the closed interval [0, d(z, b;)] . Hence if
d(x,b;) > t there is a unique point y, € [z,b;] such that d(z,y,) = t. We
can then define a function g;: U; x I — U; by:
<t

) . bi, if d(a:, bz) <
gi(w,t) = { ye, it d(z,bi) > t.
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It is not difficult to prove that g¢; is a continuous function. Note that
gi(x,0) = x and g;(z,1) = b;, for all z € U;. If x € Uy — {z1} then
[x,b1] C Uy — {1} so, by the definition of g1, we have g1 (z,t) € Uy — {x1}
for every t € I.

Define G: (V. — {A}) x I — V. —{A} so that if (D,t) € (V. — {A}) x I,
then:

m
G(D,t) = Jg: (DN U:) x {t}) .
i=1
It is not difficult to see that G is well defined and continuous. Since
G(D,0) =2, (DNU;) = D and G(D,1) = B, for each D € V. — {A}, the
set V. — {A} is contractible.

Let us assume now that x; € E,(X). Since X € D, each element of E,(X)
is the limit of a sequence of distinct ramification points of X, all in the same
arc. We also have, since X € D, that R(X) is discrete ([3, Corollary 3.6]).
Then we can find a sequence (ry) in R(X) N U such that:

1) (rg)r converges to xy;

2) (Tk+1,7k) is an internal arc in X, for every k € N;

3) Tkt1 € (Thyo, i) C Uy, for each k € N.
Given i € {2,3,...,m} fix an arc I; in clx(U;) which is either external or
internal in clx (U;). Let J; = inty, (I; NU;) . By Theorems 3.2 and 4.5, for
every k € N, the set:

Wk‘ - <J27 J37 ey Jma (Tk:-‘rla rk:)a (Tk‘-i-Q) Tk’-i—l)? sy (Tk+n—m+1a Tk‘-l—n—m)>n
is a component of V-NE,(X). Since W, NW, = 0, if k # [, the set V-NE,(X)
has infinitely many components.

To finish the proof, note that 8 = {V.: ¢ > 0} is a basis of open neigh-
borhoods of A in F,(X) as required. O

Theorem 4.8. Let X be a locally connected continuum and Z be a non-
degenerate subcontinuum of X such that clx (T(X)NZ) = Z. Assume that
there is a point p € Z such that p € intx(Z). Then there exists a basis B
of open neighborhoods of {p} in F,(X) such that, for each V € B, the set
VNELX) is empty.

Proof. Take € > 0 such that Bx(p,e) C intx(Z). Let
B = {Bp,x)({p},0): 6 <&},
Ve Band A € VN F,(Z). Since clx(T'(X)NZ) = Z, we have AN

clx(T(X)) # 0. Thus, by Theorem 4.2, A ¢ &,(X). This implies that
VNéE(X)=0. O

Let X be a continuum and A be an arc in X with end points p and q. We
say that A is a free arc of X if A— {p,q} is an open subset of X.

Theorem 4.9. Let X be a locally connected continuum and n € N such
that £,(X) is dense in F,(X). Then, for each nonempty open subset U of
X, there is a free arc of X contained in U.
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Proof. Assume, to the contrary, that U contains no free arcs. Let V be
a nonempty open connected subset of X such that clx (V) C U. Define
Z =clx(V). We prove that Z = clx(T(X)N Z). Let y € Z and W be an
open subset of X such that y € W. Let p € W NV and A be an arc such that
pe ACVNW. Since U has no free arcs and open subsets of X are locally
arcwise connected (see [21, Definition 8.24 and Theorem 8.25]) it can be
shown that there is a € ANT(X)NW. Thus WNT(X)NZ # (). This shows
that Z C clx(T'(X) N Z) and, since the other inclusion also holds, we have
cx(T(X)N Z) = Z. Since the interior of Z is nonempty, by Theorem 4.8,
there is an open set V in F,,(X) such that VN &,(X) = (0. This contradicts
the fact that &,(X) is dense in F,,(X). Therefore U contains a free arc. O

5. THE MAIN THEOREM

We start this section by showing the following result, which is a positive
answer to [15, Question 2]. In its proof we will use the fact that a continuum
Z is locally connected if and only if F,,(Z) is locally connected (]9, Theorem
6.3]), and also that if Z is a one-dimensional continuum, then dim(F,(Z)) =
n. This follows from [6, Theorem 3] and [10, Proof of Lemma 3.1].

Theorem 5.1. Let X be a dendrite and n € N. If Y is a continuum such
that F,(X) = F,(Y), then' Y is a dendrite.

Proof. Since X is locally connected, Y is also locally connected. By [8, The-
orem 1.1(19)], dim(X) = 1. Thus dim(F,,(Y)) = dim(F,,(X)) = n. Assume
that dim(Y") > 1. Then there exist ¢ € Y and a compact neighborhood B of
g such that dim(B) > 2. Such B can be chosen so that there is a finite col-
lection Ay, Ao, ..., A,_1 of pairwise disjoint arcs in Y such that BN A; = 0,
for all i € {1,2,...,n — 1}. Then B = (B, Ay, As,...,Ap_1)n is a subset
of F,(Y) which is homeomorphic to B x A; x Ay X --+ x A,_1. Since B is
compact and dim(A4;) = 1 for every i € {1,2,...,n — 1}, by [14, Remark, p.
34], dim(B) = dim(B x A; X Ag X +-+ X Ap—1) =dim(B)+n—-1>n+ 1.
Hence dim(F,(Y')) > n + 1. Since this is a contradiction, dim(Y’) = 1.
Assume that Y contains a simple closed curve S!. Since dim(Y) = 1, by
[22, 18.8, p. 104], there is a retraction r: Y — S'. Consider the function
R: F,(Y) — F, (S') defined, for A € F,(Y), by R(A) = r(A). It is not
difficult to see that R is a well defined retraction. Since X is contractible
([8, Theorem 1.2(21)]), F,(X) is contractible. Thus F, (S') is a retract of
the contractible space F,,(Y'), so F;, (S) is contractible as well ([5, Theorem
13.2]). However, in [24] it is shown that there is no n € N so that F,(S*)
is contractible. This contradiction shows that ¥ does not contain a simple
closed curve. We conclude that Y is a dendrite. ([

Let X be a dendrite and K be a subcontinuum of X. Define r: X — K
as follows: r(z) =z if x € K and, otherwise, r(z) is the unique point in K
such that r(z) is a point of every arc in X from x to any point of K (see
[21, Lemma 10.24]). In [21, Lemma 10.25] it is shown that r is a retraction.
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Such function is called the first point map for K. We use this function in
the proof of the following result.

Theorem 5.2. Let X € D and n € N. If Y is a continuum such that
F.(X)= F,(Y), thenY € D.

Proof. Since X =~ F(X), the result is true for n = 1, so we consider that
n > 2. By Theorem 5.1, Y is a dendrite. Let us assume that the metric d
for Y is convex. If p, ¢ € R?, we denote by [p, q] the straight line segment in
R? joining p and q. We consider that (p,q) = [p,q] — {p, ¢}

Assume, to the contrary, that Y ¢ D. Then, by [3, Theorem 3.3], Y
contains either a copy of

F, = [(~1,0),(1,0)] U (G [(o,o), (711 ni2>]>

m=1

W = [(=1,0), (1,0)] U (G K_Tlno> , (_5”2)]) .

m=1
To simplify notation let us assume that either F,, C Y or W C Y. Note that
(0,0) € cly(E(Y)) — E(Y). Let 1 = (0,0). Since O(Y) is dense in Y, we
can take n — 1 points z2,z3...,2, in O(Y) N ((0,0),(1,0)). Let

or of

B ={z1,x9,...,z,}.

Let h: F,,(X) — F,(Y) be a homeomorphism. We will proceed as follows:
after proving Claim 1, we consider the cases h™}(B) N E,(X) = 0 and
h=Y(B) N E,(X) # 0. In both situations we will find a contradiction. Thus
the assumption Y ¢ D is not correct and, in this way, the proof of the
theorem will be complete.

By Theorems 4.1 and 4.4, h(&,(X)) = £,(Y) and &,(Y) is dense in F,,(Y).
Take ¢ > 0 such that By (z;,d) N By (z;,0) = 0 for each i,j € {1,2,...,n}
with ¢ # j.

Claim 1. For each open neighborhood V of B in F,(Y) with V C
B, vy(B,6), the set VN &,(Y) has infinitely many components.

To show Claim 1, let V be an open neighborhood of B in F,(Y') such
that V C Bp,(v)(B,0). Let 0 < & < § be such that the sets By (z1,¢),
By (z2,¢),..., By (x,,¢) are pairwise disjoint and

<By (331,6) , By (:L‘Q,e) ..., By (CL’n,5)>n c V.

Since x1 € By (z1,¢) and either F,, C Y or W C Y, there exists N € N such
that either

(5.1) U [(0,0), (771“712)] C By (21,2)

m=N
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or

(5.2) mGN K_;Lo) , <—;;>} C By (z1,€).

Also, since Y is a dendrite, z1 € cly(E(Y)) and, according the
case, the sequences ((1 i))m or ((—%,0)), (( L m))m converge

¥)
mr m2
to x1, we can take N so that, for every m > if (5.1) holds then the
i) coincides with the
(5.
1
1

1

component of By (z1,e) — {x1} that contains (E 5
component of Y — {z1} that contains (&, %) and if (5.2) holds, then the

component of By (z1,¢€) — {( O)} that contains (_E %

the component of Y — {(_R )} that contains (—%, -
Given m > N we define Z,, as follows: if (5.1) holds then Z,, is the

component of Y — {1} that contains (L W) and, if (5. 2) holds, then Z,,

m’
is the component of Y — {(—— 0)} that contains (—%, E) Since each Z,,
is open in Y and &,(Y) is dense in F,,(Y'), by Theorem 4.9, there is a free
arc A, of Y contained in Z,,. Note that {inty (A4,,) : m > N} is a sequence
of pairwise disjoint open connected subsets of By (x1,¢).

Giveni € {2,3,...,n}, since By (x;,¢) is open in Y and &,(Y") is dense in
F,(Y'), by Theorem 4.9, there is a free arc J; of Y contained in By (x;,¢).
Note that inty (J2), ..., inty (J,) is a finite sequence of pairwise disjoint open
connected subsets of Y.

For m > N define

A = (inty (Am) . inty (Jo) , .. ., inty (Jn) .

Since inty (A4,,) ,inty (J2),...,inty(J,) are open connected subsets of Y, by
Theorem 2.1, A,, is an open connected subset of F,,(Y). Since inty (A,,) N
inty (Ax) = 0 if m # k, we have A,,, N A = (. Given C € A,,, by Theorem
2.1, the set (A, Jo,..., Jn)pn is an n-cell in F,(Y) that contains C in its
interior. Thus C' € &,(Y), so A, C £,(Y). Moreover, we have

A C <By (1'1,5) , By (.262,8) , ..., By ($n,e€)>n cV,

s0 Am CVYNEL(Y).

Let B, be the component of VN &, (Y) that contains A,,. We claim that
B, N By, = 0 for different m, k > N. Assume, to the contrary, that B,, = By.
Let Dy € A, and Dy € Ay. Since F,(Y) is locally connected and B, is a
component of the open subset VN &,(Y) of F,(Y), the set B, is arcwise
connected. Then there is an arc a: [0,1] — By, such that «(0) = D; and
a(1) = Ds. Let

) coincides with

K = J{a(t): te0,1]}.
Given j € {1,2,...,n}, let K; = K N By(z;,6). Since «([0,1]) is con-
nected in F,(Y"), the subset K of Y has at most n components ([9, Lemma
6.1]). Since D, Dy C K, the sets By (z1,0), By (x2,9),...,By(xy,,0) are
pairwise disjoint and D; N By (x,0) # 0, for each i € {1,2} and every
Jj €41,2,...,n}, it follows that Ki, Ks,..., K, are the components of K.
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Note that K7 N Ay, # 0 and Ky N A # 0 so, if (5.1) holds, then x; € K;
and, if (5.2) holds, then (—%,O) € K. This implies that K N R(Y) # 0,
so one element of B, contains a ramification point of Y. This contradicts
Theorem 4.2. Hence B,, N B, = 0.

Therefore VN &, (Y) has infinitely many components. This completes the
proof of Claim 1.

Let us assume that h=1(B) N E,(X) = (. Then, by Theorem 4.6, there
exists a basis Bx of open neighborhoods of h~!(B) in F,(X) such that,
for each U € Bx, the set U N E,(X) is nonempty and has a finite number
of components. Let By = {h(U): U € Bx}. Then By is a basis of open
neighborhoods of B in F,,(Y') such that, for each V € By, the set VN E,(Y)
is nonempty and has a finite number of components. Let V € By such
that V C Bp, (v)(B,6). By Claim 1) the set ¥V N &,(Y) has infinitely many
components. This is a contradiction.

Let us assume now that h~'(B) N E,(X) # (. Then, by Theorem 4.7,
there is a basis B of open neighborhoods of h~!(B) in F,(X) such that, for
each U € B, the set U — {h~(B)} is contractible. Let € = {h(U): U € B}.
Then € is a basis of open neighborhoods of B in F,,(Y) such that, for each
V € €, the set V — {B} is contractible.

Let A =[(—1,0),(1,0)]. Note that A is an arc in Y such that z; = (0,0) €

((_170)7 (1’0))'

Claim 2. There is a retraction r: Y — A such that r—!(x;) = {z;}, for
each i € {1,2,...,n}.

To show Claim 2, let r1: Y — A be the first point map for A. By [21,
Lemma 10.25], 1 is a retraction. Given i € {2,3,...,n}, since z; € O(X),
we have 1 (x;) = {x;}. I 21 € O(Y), then 7! (21) = {21} and r1 has the re-
quired properties. If z1 ¢ O(Y), thenr; (z1) = {y € Y: [y, x1] N A = {z1}}.
Let Ag = [(_1’O)a(070)] Given y € Tfl(xl)a if d(xlay) < d(xh(_l?O))v
there is a unique z, € A such that d(z1, zy) = d(x1,y). Then we can define
a function ry: rfl(xl) — A so that:

B zy, if d(z1,y) < d(x1,(—1,0));
= L8 o) = don (L)
It is not difficult to see that ry is a well defined continuous function such
that 75, ' (z1) = 21. Now define r: Y — A so that, if y € Y, then:

_ ), ity éri(a);
r(y) = : -1
ra(y), ifyery (z).
Then 7 is a retraction such that r~1(y) = {x;}, for each i € {1,2,...,n}.
This proves Claim 2.

Let r: Y — A as in Claim 2. Define R: F,,(Y) — F,(A), at D € F,(Y),
by R(D) = r(D). Then R is a retraction such that R™'(B) = B. For
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each ¢ > 0 with ¢ < 6, let UF = By(zj,¢) for i € {1,2,...,n} and
us=(U;,Us,...,U;),.

Claim 3. For each ¢ > 0 with ¢ < 4, the set R(U) is a connected open
subset of F},(A) homeomorphic to the Euclidean space R™.

Considering the sets U}, Us, ..., U, are pairwise disjoint, it is not difficult
to prove that R(U®) = (r(Uf),r(US),...,r(Ug)), - Since the metric for ¥’
is convex, by the definition of r, r(Uf), r(US),...,r(US) are open connected
subsets of A. Thus R(U®) is an open connected subset of F},(A). Moreover,
since A is an arc, by Theorem 2.1, R(U®) is homeomorphic to R™. This
proves Claim 3.

Now we are ready to show the final argument. Fix v > 0 with v < § and
take V € € such that B € V C U"7. Now let 0 > 0 such that B € U° C
YV C U7. Since R is a retraction, V — { B} is contractible and R(V — {B}) =
R(V) — {B}, then the set R(V) — {B} is contractible.

Since B € U7 C V C U7, by the definition of R, B € R(U?) C R(V) C
R(U7). Thus, by Claim 3, R(U?) is an open neighborhood of B homeomor-
phic to R" and contained in the set R(V). Then there exists an n-cell G
such that B € G C R(V) and B ¢ 0G, where 0G is the manifold boundary
of G. By Claim 3, R(U") is also homeomorphic to R™ so there is a retrac-
tion S': R(Z/[W) - {B} — 0G. Then S|R(V)7{B}: R(V) - {B} — 0G is also
a retraction. Since R(V) — {B} is contractible, the set G is contractible.
This is a contradiction to [14, p. 37] that came from the assumption that
h=YB) N Ey(X) # 0.

Since both cases h™1(B) N E,(X) = 0 and h™1(B) N E,(X) # () produced
a contradiction, the assumtion that Y ¢ D is not correct. Therefore Y €
D. O
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