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Abstract

This paper introduces an alternative method artificial neural networks (ANN) used to

obtain numerical solutions of mathematical models of dynamic systems, represented by

ordinary differential equations (ODEs) and partial differential equations (PDEs). The

proposed trial solution of differential equations (DEs) consists of two parts: The initial and

boundary conditions (BCs) should be satisfied by the first part. However, the second part is

not affected from initial and BCs, but it only tries to satisfy DE. This part involves a

feedforward ANN containing adjustable parameters (weight and bias). The proposed solution

satisfying boundary and initial condition uses a feedforward ANN with one hidden layer

varying the neuron number in the hidden layer according to complexity of the considered

problem. The ANN having appropriate architecture has been trained with backpropagation

algorithm using an adaptive learning rate to satisfy DE. Moreover, we have, first, developed

the general formula for the numerical solutions of nth-order initial-value problems by using

ANN.

For numerical applications, the ODEs that are the mathematical models of linear and non-

linear mass-damper-spring systems and the second- and fourth-order PDEs that are the

mathematical models of the control of longitudinal vibrations of rods and lateral vibrations of

beams have been considered. Finally, the responses of the controlled and non-controlled

systems have been obtained. The obtained results have been graphically presented and some

conclusion remarks are given.
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1. Introduction

Many problems in science and engineering are represented by a set of differential
equations (DEs) through the process of mathematical modeling. Analytic solutions
of the established mathematical models based on physical laws may not be always
possible. In addition, analytical methods are generally inadequate to obtain closed
form solutions of the considered problems. The most used numerical methods
developed for solving DEs include finite difference method, finite element method
(FEM), finite volume method and boundary element method (BEM) [1–12].
Enormous progress in the field of numerical solutions of ordinary differential
equations (ODEs) has been developed in the last three decades. However, these
methods are still based on some discretization of the domain of analysis into a
number of finite elements. Furthermore, remeshing is additional difficulty for
problems with moving or unknown boundaries. Meshing and automatic discretiza-
tion are always desired, however, it is rarely available. In addition, the mesh
generation may take time and require lot of calculations.

Unlike FEM, neural networks can be considered as approximation schemes where
the input data for the design of a network consist of only a set of unstructured
discrete data points. Different methods were developed for solving ODEs and partial
differential equations (PDEs) using feedforward artificial neural networks (ANNs)
[13–18]. One of the developed methods shows the application of ANN for the first-
and second-order PDEs [13]. Besides, the same study also presents how function
approximation method can be used with non-linear BEM for reducing to need the
discretization of domain. In the other study, He et al. [14] introduce a new method to
solve a class of PDEs using multilayer neural networks for input-to-state linearizable
or approximate linearizable systems. By using this method, the solution of the DE,
together with the Lie derivatives, yields a change of coordinates. Then, a feedback
control law has been suggested to obtain the desired behaviors of the systems.

Karr et al. [15] have proposed another approach to solve inverse initial-value and
boundary value problems transformed into a non-linear optimization problem. Then
genetic algorithm has been used to solve the obtained optimization problem. In the
other study [16], the numerical solutions of linear ODEs and elliptic PDEs have been
obtained by using multiquadric radial basis function networks (RBFNs). This
method has mesh-free procedure. The mentioned methods with different networks
architectures have given good results for specific class of ODEs and PDEs. However,
none of them has produced general closed form solution. For the closed form
solution of DEs, Lagaris et al. [17] have, first, proposed and given comparisons with
solutions obtained from Galerkin FEM to present performance of their method.
Then, the same authors [18] have developed their method using ANNs with RBFNs.
The suggested method has given the accurate results for two- and three-dimensional
PDEs.

Recent developments of linear and non-linear control theory cause the
development of designing powerful non-linear control systems. However, numerical
solutions of non-linear control problems and vibrations of flexible systems have
problems with numerical instability. Hence, we present a method to solve both
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ODEs and PDEs, which are the mathematical model of vibration control of flexible
mechanical systems. The proposed closed form solutions are differentiable and easy
to implement for many scientific areas. This method uses feedforward neural
networks with one hidden layer in which varies the neuron number as a basic
approximation element, whose weights and biases are adjusted to minimize a
relevant error function. Optimization techniques requiring the calculation of the
gradient of the selected error function w.r.t. the network parameter are used to train
the network. The proposed solution consists of the sum of two functions. The first
function should satisfy the initial conditions (ICs) and boundary conditions (BCs)
and it contains no adjustable parameters. The second one contains a feedforward
ANN with one hidden layer, varying the neuron number, to be trained for satisfying
DE. Because of that ANNs with one hidden layer in which varies the neuron number
are universal approximators, considering this type of network architecture as a
candidate model for solving DEs is very useful and productive.

The use of the solution of DEs by using ANNs has many attractive characteristics
as follows [17,18]:

* The main advantage of the solutions of DEs via ANNs unlike the most other
techniques offering discrete solution is differentiable and the closed form easily
used in any subsequent calculation.

* The solution via ANNs presents very good generalization properties.
* Less number of parameters are required than the other solution techniques.

Therefore, it requires very low memory space.
* The proposed solution method is capable of applying both ODEs and PDEs.
* Realizing this method is possible by using neuron processors. Therefore, the

solution of real-time DE problems existing in many engineering applications is
easy to obtain. It can also be implemented on parallel structures.

The remainder of the paper is organized as follows: In Section 2, we describe the
general formulation of the proposed approach. Meanwhile, we introduce the
backpropagation algorithm and the extended backpropagation algorithm. In Section
3, we proposed solutions for considering different ODEs and PDEs. For numerical
applications, we consider linear and non-linear mass-damper-spring system whose
mathematical models are represented by ODEs and the control of longitudinal
vibration of rods and lateral vibration of beams whose mathematical models are
represented by the second- and fourth-order PDEs, respectively, in Section 4. The
obtained results are also graphically presented and some conclusive remarks are
given. All computer programs developed in this study have been performed by using
the Mathworks MATLAB version 5.2. Finally, Section 5 concludes the paper.

2. Introducing the method and extended backpropagation algorithm

The suggested method can be described in terms of the following general DE form:

Gð~xx;cð~xxÞ;rcð~xxÞ;r2cðx
,
Þ;y;rMcð~xxÞÞ ¼ 0; ~xxAD; ð1Þ
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where ~xx ¼ ðx1;y; xnÞARn; DCRn represents the definition domain, M represents
the order of DE, and cðxÞ is the solution to be obtained.

To solve Eq. (1), the method is arranged based on the collocation method
assuming a discretization of domain D and its boundary S into set points #D and #S;
respectively. Then, Eq. (1) can be rewritten as

Gð~xxi;cð~xxiÞ;rcð~xxiÞ;r2cðx
,

iÞ;y;rMcðx
,

iÞÞ ¼ 0; 8 x
,

iA #D ð2Þ

subject to the constrains existed by the BCs and ICs [3]. If cTð~xx;~ccÞ represents a trial
solution with adjustable parameter~cc; the problem is transformed into Eq. (3) having
the constraints imposed by the BCs and ICs

min
~cc

X
xiA #D

ðGð~xxi;cTð~xxi;~ccÞ;rcTð~xxi;~ccÞ;r2cTð~xxi;~ccÞÞ;y;rMcTð~xxi;~ccÞÞ
2: ð3Þ

In this method, the trial solution cT uses a feedforward ANN and the parameters
~cc correspond to the weights and biases of ANN. cTð~xxÞ can be chosen as a sum of two
functions in the form of Eq. (4), which should satisfy the BCs, and ICs [17]

cTð~xxÞ ¼ Að~xxÞ þ F ð~xx;Fðx
,
;~ccÞÞ; ð4Þ

where Fð~xx;~ccÞ is a single-output feedforward neural network with parameters~cc and n

input neurons fed with the input vector ~xx: The first function Að~xxÞ contains no
adjustable parameters and only satisfies the BCs and ICs. However, the second
function F should not satisfy the BCs and ICs because cTð~xxÞ is already constructed
to satisfy them. F uses an ANN whose weights and biases are to be adjusted to solve
the constructed minimization problem. ANN constructed for this problem consists
of one hidden layer whose neuron number varies. After that, the original constrained
optimization problem is transformed into an unconstrained one because the
proposed objective function to be minimized contains both the ICs/BCs and the DE.

In this paper, the backpropagation algorithm that is an optimization technique
designed to minimize an objective function [19] is used for training ANN and
extended. The most commonly used objective function is the squared error, which is
defined as

e2 ¼ ½Tq � Fq	2; ð5Þ

where, Tq is the target output value and Fq is the network output.
To minimize Eq. (3), it is rearranged as Eq. (5). Fig. 1 shows the architecture of the

feedforward ANN which has n input neurons, one hidden layer with m hidden
neurons and one output neuron. Fig. 2 also shows the network syntax for
backpropagation. In this study, we used a feedforward ANN having logistic
activation function in the hidden layer and linear activation function in the output
layer.

For a given input vector, the output of the network is computed as Fq ¼Pm
i¼1 viFpðIpiÞ; where Ipi ¼

Pn
j¼1 wijxj þ ui; wij represents the weight from the input

unit j to the hidden unit i; vi represents the weight from the hidden unit i to the
output, ui represents the bias of hidden unit i; and FpðIpÞ is the logistic activation
function.
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In the network syntax shown in Fig. 2, the neurons in the hidden and the output
layer are indexed as p; and q; respectively. I is the internal activation and Fp is the
hidden neuron output.

The output layer weights are changed in proportion to the negative gradient of the
squared error with respect to the weights

Dv ¼ �Zq

qe2

qv
;

where Z represents the learning rate.
These weight changes can be calculated using the chain rule

Dv ¼ �Zq

qe2

qFq

qFq

qIq

qIq

qv
:

Then, the output layer weight change is given in Eq. (6):

Dv ¼ �Zqð�2Þ Tq � Fq

� �
Fp: ð6Þ

Finally, the weight update formula for the output neurons is

vðN þ 1Þ ¼ vðNÞ � Zpð�2Þ Tq � Fq

� �
Fp: ð7Þ

To update the output layer weights, the error term is, first calculated, then, the
gradient vector of the output weight matrix is obtained, and finally, the weights are
updated by a learning rate Z: Until the desired error goal is obtained, the network
will be trained.

The hidden layer outputs have no target values. To modify the hidden layer
weights for minimizing error, a procedure is used to backpropagate the output layer
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Fig. 1. Feedforward ANN architecture.

Fig. 2. The network syntax for backpropagation.
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outputs to the hidden layer neurons as

Dw ¼ � Zp

qe2

qw

¼ � Zp

qe2q
qFq

qFq

qIq

qIq

qFp

qFp

qIp

qIp

qw
: ð8Þ

After that, the weights between the input layer and the hidden layer are updated as
follows:

wðN þ 1Þ ¼ wðNÞ � Zp2 Tq � Fq

� �
vaFp 1� Fp

� �
: ð9Þ

Similarly, the change of biases and updating them can be obtained by using the
above-defined procedure

Du ¼ � Zp

qe2

qu

¼ � Zp

qe2q
qFq

qFq

qIq

qIq

qFp

qFp

qIp

qIp

qu
; ð10Þ

uðN þ 1Þ ¼ uðNÞ � Zp2 Tq � Fq

� �
vaFp 1� Fp

� �
: ð11Þ

When a neural network is trained by backpropagation algorithm iteratively, it is
more efficient to use an adaptive learning rate. The learning rate can be thought of as
the size of a step down of the error gradient. If very small step size is taken,
minimizing of the error can be guaranteed but training may take a very long time
[19]. On the other hand, larger step size may result in unstable learning. To get both
stability and fast procedure, the appropriate step size is selected according to the
error change.

Different from conventional backpropagation training case of extended back-
propagation one, computation of the error value depends not only on the network
output but also the derivatives of the network output w.r.t. any of its output.
Therefore, we need to calculate both the gradient of the network and the gradient of
the network derivatives w.r.t. its inputs for computing the gradient of error w.r.t. the
network weights. One can easily show that

qsFq

qxs
i

¼
Xm

i¼1

viw
s
ijF

ðsÞ
pi ; ð12Þ

where Fpi ¼ FpiðIpiÞ and FðsÞ
pi denotes the sth-order derivatives of the sigmoid. In

addition, one can verify that

ql1

qxl1
1

ql1

qxl2
2

?
qln

qxln
n

Fq ¼
Xn

i¼1

viOiF
ðGÞ
pi ; ð13Þ

where

Oi ¼
Yn

s¼1

wls

is ð14Þ
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and

G ¼
Xn

i¼1

li: ð15Þ

The derivative of network is the derivative of feedforward ANN with one hidden
layer and denoted with F0

qð~xxÞ: The derivative of network has the same wij and ui with
the original network, however, the activation function of each hidden neuron is
replaced with Gth-order derivative of logistic activation function and each vi is
replaced with viOi:

The gradient of F0
q w.r.t. parameters of the original networks is obtained as

Eqs. (16)–(18), which is used in chain rule as in the classical backpropagation

qF0
q

qvi

¼ OiF
ðGÞ
pi ; ð16Þ

qF0
q

qui

¼ viOiF
ðGþ1Þ
pi ; ð17Þ

qF0
q

qwij

¼ xjviOiF
ðGþ1Þ
pi þ viljw

lj�1
ij

Y
wls

is
s¼1;saj

 !
FðGÞ

pi : ð18Þ

We use the logistic activation function represented by Eq. (19) for the hidden layer

FpðIpÞ ¼
1

1þ e�aIp
: ð19Þ

In this study, we compute nth-order derivatives of logistic activation function and
find the output of derivative networks by assuming the slope constant ða ¼ 1Þ

F0
pðIpÞ ¼ FpðIpÞð1� FpðIpÞÞ; F00

pðIpÞ ¼ F0
pðIpÞ � 2FpðIpÞF0ðIpÞ; ð20aÞ

F000ðIÞ ¼ F0ðIÞ � 6FðIÞF0ðIÞ þ 6FðIÞ2F0ðIÞ: ð20bÞ

3. Solution of differential equations

3.1. Solution of ordinary differential equations (ODEs)

To illustrate the method, we consider the first-order ODE as follows:

dcðtÞ
dt

¼ f ðt;cÞ; ð21Þ

where tA½0; 1	 and IC: cð0Þ ¼ A0:
Trial solution satisfying DE can be written as

cTðtÞ ¼ A0 þ tFðt;~ccÞ; ð22Þ

ARTICLE IN PRESS
H. Alli et al. / Journal of the Franklin Institute 340 (2003) 307–325 313



where Fðt;~ccÞ is the output of a feedforward ANN with one input and weight ~cc: The
error quantity to be minimized can be defined

E½~cc	 ¼
X

i

dcTðtiÞ
dt

� f ðti;cTðtiÞÞ
� 	2

; ð23Þ

where ti’s are points in [0 1]. Since dcTðtÞ=dt ¼ Fðt;~ccÞ þ tdFðt;~ccÞ=dt; the gradient of
the error is computed w.r.t. weights and biases by using formulas given in the
previous section. The same procedure can be applied to all ODEs

For the given second-order ODE,

d2cðtÞ
dt2

¼ f t;c;
dc
dt


 �
ð24Þ

with ICs: cð0Þ ¼ A0 and ðd=dtÞcð0Þ ¼ A1: The following equation can be proposed
as a trial solution:

cTðtÞ ¼ A0 þ A1t þ t2Fðt;~ccÞ: ð25Þ

We can generalize this equation for nth-order ODEs as

cTðtÞ ¼
XM�1

i¼0

Ait
i þ tMFðt;~ccÞ: ð26Þ

For the second-order boundary value problems, if cð0Þ ¼ A and cð1Þ ¼ B; then
next equation can be proposed as a trial solution:

cTðtÞ ¼ Að1� tÞ þ Bt þ tð1� tÞFðt;~ccÞ: ð27Þ

In case of the second-order ODEs, the error function to be minimized can be
defined as

E½~cc	 ¼
X

i

d2cTðtiÞ
dt2

� f ti;cTðtiÞ;
dcTðtiÞ

dt


 �� 	2

: ð28Þ

3.2. Solution of partial differential equations (PDEs)

In this study, we considered the second and the fourth-order PDEs, where xA½0; 1	
and tA½0; 1	: We propose a neural trial solution generated from two parts, cTðx; tÞ ¼
Aðx; tÞ þ F ð~xx;Fðx; t;~ccÞÞ; satisfying ICs and BCs as in the ODEs. If we consider the
wave equation

q2c
qt2

� a2 q
2c
qx2

¼ 0; ð29Þ

which has the following ICs and BCs with tA½0 1	 and xA½0 1	:

cðx; 0Þ ¼ g0ðxÞ;
qc
qt

ðx; 0Þ ¼ g1ðxÞ;

cð0; tÞ ¼ f0ðtÞ; cð1; tÞ ¼ f1ðtÞ:
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A solution for the wave equation can easily be found. The trial neural solution can
be written as follows:

Aðx; tÞ ¼ ð1� t2Þfg0ðxÞ � ½ð1� xÞg0ð0Þ þ xg0ð1Þ	g

þ tfg1ðxÞ � ½ð1� xÞg1ð0Þ þ xg1ð1Þ	g

þ ð1� xÞf0ðtÞ þ xf1ðtÞ ð30Þ

and

cðx; tÞ ¼ Aðx; tÞ þ ðx � x2Þt2Fðx; t;~ccÞ ð31Þ

the same procedure can easily be extended to the other types of PDEs. For example,
the following parabolic fourth-order PDE:

q2c
qt2

þ a2 q
4c
qx4

¼ 0; ð32Þ

which has the following ICs and BCs with tA½0 1	 and xA½0 1	:

cðx; 0Þ ¼ g0ðxÞ; cðx; 1Þ ¼ g1ðxÞ;

cð0; tÞ ¼ f0ðtÞ; cð1; tÞ ¼ f1ðtÞ;
q2c
qx2

ð0; tÞ ¼ f3ðtÞ;
q2c
qx2

ð1; tÞ ¼ f4ðtÞ;

Bðx; tÞ ¼ ð1� xÞf0ðtÞ þ xf1ðtÞ � 1=4xð1� xÞ2ðf3ðtÞ þ 8f4ðtÞÞ þ 1=2x2ð1� xÞ2


 ðf4ðtÞ � 4f3ðtÞÞ þ ð1� t2Þ½g0ðxÞ � ½ð1� xÞg0ð0Þ þ xg0ð1Þ

� 1=4xð1� xÞ2g0ð1Þ þ 1=2x2ð1� xÞ2g0ð0ÞUþ t½g1ðxÞ�

½ð1� xÞg1ð0Þ þ xg1ð1Þ	 � 1=4xð1� xÞ2g1ð1Þ þ 1=2x2ð1� xÞ2g1ð0ÞU;

ð33Þ

cT ¼ Bðx; tÞ þ x3ð�1þ xÞt2 Fðx; t;~ccÞ � Fð1; t;~ccÞ �
1

3

qFð1; t;~ccÞ
qx

� 

: ð34Þ

In the above PDE problems, the errors to be minimized are given by

E½~cc	 ¼
X

i

q2cTðxi; tiÞ
qt2

� a2q
2cTðxi; tiÞ

qx2
� 0

� 	2

;

E½~cc	 ¼
X

i

q2cTðxi; tiÞ
qt2

þ a2q
4cTðxi; tiÞ

qx4
� 0

� 	2

; ð35Þ

where ðxi; tiÞ are points in ½0; 1	 
 ½0; 1	:
Note that the parts satisfying the BCs and ICs of the neural solutions in Eqs. (30)

and (33) should be rearranged for different BCs and ICs.

4. Numerical examples

In this section, we consider the numerical solutions of the vibration control
problems of different lumped-parameter systems and distributed parameter systems
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whose mathematical models are ODEs and PDEs, respectively, to illustrate the
efficiency of the proposed method. Linear and non-linear mass-damper-spring
systems with Lyapunov-based control, the control of longitudinal vibration of rods
and the lateral vibration of beam are chosen as examples. In all cases, we use a
feedforward ANN with three layers, having logistic activation function in the hidden
layer but linear activation function in the output layer. The ANN is trained by
backpropagation method used an adaptive learning rate. To test accuracies of this
method, the above examples are also solved by either Runge–Kutta or analytical
methods. Then, the obtained results are graphically presented and compared with
each other. Furthermore, we test the method for the training point and outside of the
training points to see approximate capability of the method for ODEs. The values of
all physical parameters of the examples given in this paper are assumed to be one.

4.1. Example 1

In this example, we consider mass-damper-spring system shown in Fig. 3, whose
mathematical model is represented by Eq. (36)

m
d2c
dt2

þ c
dc
dt

þ kc ¼ 0: ð36Þ

where the ICs of this system are considered cð0Þ ¼ 1 and dcð0Þ=dt ¼ 0 with tA½0 2	:
The network is trained by using a grid of 10 equidistant points in [0 2]. According to
Eq. (25), the trial neural form of the solution is selected to be cTðtÞ ¼ 1þ t2Fðt;~ccÞ:
ANN with the 1-10-1 architecture is chosen. The network output and the solution
obtained from Runge–Kutta method are shown in Fig. 4a. Although the training of
network is performed using only 10 points, it is clearly seen in Fig. 4b that the
solution outside of interval training even has very high accuracy. The solution curves
obtained from the both methods almost coincide with each other. Moreover, the
extrapolation error remains small for the other points.

4.2. Example 2

Different from example 1, the damper and the spring have non-linear
characteristics. The mathematical model of this system is expressed as

m
d2c
dt2

þ b
dc
dt

dc
dt

����
����þ k0cþ k1c

3 ¼ 0: ð37Þ
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Fig. 3. Mass-damper-spring system.
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where the ICs of this system are cð0Þ ¼ 1; dcð0Þ=dt ¼ 0 with tA½0 2	: The network is
trained using a grid of 51 equidistant points in [0 2]. According to Eq. (25), the trial
neural form of solution is selected to be cTðtÞ ¼ 1þ t2Fðt;~ccÞ: We obtain the
appropriate results when the architecture of the ANN is chosen as 1-51-1. The
network output and the solution obtained from Runge–Kutta method are shown in
the Fig. 5. It is noted that the error gradually tends to zero when the neuron number
in the hidden layer is increased for non-linear systems. Since the system is non-linear,
the neural solution has lower performance outside of interval training if we compare
with example 1. This defect can be eliminated increasing the neuron number in the
hidden layer.

Then, we consider the non-linear mass-damper-spring system shown in Fig. 6 with
a controller based on Lyapunov’s direct method [20]. To obtain a stable controller,
we define Lyapunov function as

V ðcÞ ¼
1

2
m ’c2 þ

Z c

0

ðk0cþ k1c
3Þ dc: ð38Þ

The derivative of the Lyapunov function,

’VðcÞ ¼ ’cðm .cþ k0cþ k1c
3Þ; ð39Þ

if we rearrange Eq. (37) as follows:

m .c ¼ �ðb ’c ’c
�� ��þ k0cþ k1c

3 � uðtÞÞ: ð40Þ

Then, Eq. (39) becomes

’VðcÞ ¼ ’cðuðtÞ � b ’c ’c
�� ��� k0c� k1c

3 þ k0cþ k1c
3Þ: ð41Þ
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(b)

Fig. 4. Numerical solutions of the system given by Eq. (36): (a) interval training, and (b) outside of

interval training.
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If we select the control law as

uðtÞ ¼ �kd
’cþ b ’c ’c

�� �� ð42Þ

and substituting this control law into Eq. (40), we get

’VðcÞ ¼ �kd
’c2: ð43Þ

The last equation implies that the system with the controller represented by
Eq. (42) is asymptotically stable.

Assuming kd ¼ 1; Fig. 7a shows that the solutions of ANN having 1-51-1
architecture and Runge–Kutta method are very close to each other. The high
accuracy of ANN for outside of interval training is illustrated in Fig. 7b.

4.3. Example 3

As the first example of PDEs, we consider the wave equation which is the
mathematical model of the non-controlled-longitudinal vibration of rod shown
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(b)

Fig. 5. Numerical solutions of system given by Eq. (37): (a) interval training, and (b) outside of interval

training.

M

u(t)
c

k
�

Fig. 6. Non-linear mass-damper-spring system.
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in Fig. 8

q2c
qt2

� a2 q
2c
qx2

¼ 0: ð44Þ

This equation has following the ICs and BCs with tA½0 1	 and xA½0 1	:

ðx; 0Þ ¼ sin ðpxÞ;
qcðx; 0Þ

qt
¼ 0; 0pxp1;

cð0; tÞ ¼ cð1; tÞ ¼ 0:

For the numerical solution, we select Eq. (45) as a trial solution, assuming a ¼ 1:
Fig. 9 shows the solution of ANN. In Fig. 10, the error between the solution of ANN
and the analytical solutions represented by Eq. (46) is very small

cT ¼ ð1� t2Þ sin ðpxÞ þ ðx � x2Þt2½Fðx; t;~ccÞ	; ð45Þ

ca ¼ sin ðpxÞ cos ðptÞ: ð46Þ
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(a)

(b)

Fig. 7. The solutions of ANN and Runge–Kutta method for the controlled system represented by

Eq. (37): (a) interval training, and (b) outside of interval training.

Fig. 8. Longitudinal vibrations of rods.
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4.4. Example 4

In this example, we use a boundary controller for the longitudinal vibration
control of rods as shown in Fig. 11. The motion equation of the given system is the
wave equation as

r
q2c
qt2

�
q2c
qx2

¼ 0: ð47Þ

This equation is subject to following the ICs and BCs with tA½0 1	 and xA½0 1	:

cðx; 0Þ ¼ 1� cos
p
2
ð3xÞ

� �
;

qc
qt

ðx; 0Þ ¼ 0; 0pxp1;

cð0; tÞ ¼ 0;
qc
qx

ð1; tÞ þ kcð1; tÞ ¼ 0:

The proposed neural trial solution is

cT ¼ 1� cos
p
2
ð3xÞ

� �
cos t2 þ xð1� xÞt2½Fðx; t;~ccÞ � Fð1; t;~ccÞ	: ð48Þ

As shown in Figs. 12 and 13, the response of the controlled system applied to the
boundary controller is damped, as it is desired.
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Fig. 9. The neural solution of the system represented by Eq. (44).
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4.5. Example 5

The motion equation of the lateral vibration of beam shown in Fig. 14 is

q2c
qt2

þ a2 q
4c
qx4

¼ 0; ð49Þ

where the ICs and BCs are

cðx; 0Þ ¼ sin ðpxÞ; cðx; 1Þ ¼ 0; 0pxp1;

cð0; tÞ ¼ cð1; tÞ ¼ 0;
q2c
qx2

ð0; tÞ ¼
q2c
qx2

ð1; tÞ ¼ 0:

We propose the trial neural solution as follows:

cT ¼ ð1� t2Þ sin ðpxÞ þ x3ð�1þ xÞt2 Fðx; t;~ccÞ � Fð1; t;~ccÞ �
1

3

qFð1; t;~ccÞ
qx

� 

: ð50Þ
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Fig. 10. Accuracy of the computed solution of systems represented by Eq. (44) at training points.

Fig. 11. Longitudinal vibrations of rods.
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Fig. 12. The neural solution of system represented by Eq. (47).
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Fig. 13. The c versus t at x ¼ 0:99:

Fig. 14. Lateral vibration of beam having the fixed boundaries.
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Eq. (51) is the analytical solution of the given system:

ca ¼ sin ðpxÞ cos ðp2tÞ: ð51Þ

Fig. 15 shows the neural solution of system represented by Eq. (49). The error
between the solution obtained from ANN and the analytical solution is shown in
Fig. 16. This figure illustrates that the obtained results from both the methods are in
very close agreement.

5. Conclusion

The dynamics of the vibrations of flexible structure are generally represented by
either ODEs or PDEs. Because of non-linearity and complex BCs, their numerical
solutions always have some trouble such as numerical instability. That is why, we
propose an alternative method using feedforward ANNs. The main advantages of
this method are accuracy and presenting differentiable-closed form solutions.
Moreover, the form of proposed trial solution satisfying BCs and transforming
constrained optimization problem to unconstrained one are the main reasons of the
successful applications of this method.

The architecture of the proposed ANN consists of one hidden layer varying its
neuron number to deal with highly non-linear problems. We have first developed the
general formula for the numerical solutions of nth-order initial-value problems by
using ANN. Moreover, we successfully apply this method to many controlled and
non-controlled vibration problems of flexible structures whose dynamics are
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Fig. 15. The neural solution of system represented by Eq. (49).
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represented by ODEs and PDEs. To test this method, we also obtain the solutions of
the same problems by using analytical and Runge–Kutta method. The obtained
figures show that the results are in very close agreement. Furthermore, we note that
this method also successes outside of the training points when the neuron numbers in
the hidden layer are increased.

Consequently, this method can be used for a wide class of linear and non-linear
ODEs and PDEs with complex BCs. Therefore, it is general and easy to apply for
numerical solutions of dynamic problems.
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