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+DQV 0� $PPDQ DQG +HLQ] 1HXGHFNHU

'DWH ��������

$EVWUDFW�

7KH /LQHDU�4XDGUDWLF FRQWURO PRGHO LV RQH RI WKH PRVW ZLGHO\ XVHG FRQWURO PRGHOV

LQ ERWK HPSLULFDO DQG WKHRUHWLFDO HFRQRPLF PRGHOLQJ� ,Q RUGHU WR REWDLQ WKH HTXLOLE�

ULXP VROXWLRQ RI WKLV FRQWURO PRGHO� WKH VR�FDOOHG DOJHEUDLF PDWUL[ 5LFFDWL HTXDWLRQ�

KDV WR EH VROYHG� ,Q WKLV QRWH ZH SUHVHQW D QXPHULFDO VROXWLRQ PHWKRG IRU VROYLQJ

WKLV HTXDWLRQ� 2XU PHWKRG VROYHV WKH 5LFFDWL HTXDWLRQ DV D PXOWLGLPHQVLRQDO n[HG�

SRLQW SUREOHP� %\ HVWDEOLVKLQJ WKH DQDO\WLFDO GHULYDWLYH RI WKH 5LFFDWL HTXDWLRQ ZH

KDYH EHHQ DEOH WR FRQVWUXFW D YHU\ HpFLHQW 1HZWRQ�W\SH VROXWLRQ PHWKRG ZLWK TXD�

GUDWLF FRQYHUJHQFH SURSHUWLHV� 2XU PHWKRG LV DQ H[WHQVLRQ IRU WKH 1HZWRQ�5DSKVRQ

PHWKRG GHVFULEHG LQ .ZDNHUQDDN DQG 6LYDQ ������ DQG GRHV QRW UHTXLUH DQ\ VSHFLDO

FRQGLWLRQV RQ WKH WUDQVLWLRQ PDWUL[ DV LQ WKH QRQUHFXUVLYH PHWKRG RI 9DXJKDQ �������

,QWURGXFWLRQ

2QH RI WKH PRVW ZLGHO\ XVHG FRQWURO PRGHOV LQ HFRQRPLFV LV WKH /LQHDU�4XDGUDWLF
FRQWURO PRGHO� 5HFHQW H[DPSOHV DUH IRXQG LQ 0F*UDWWHQ ������� $PPDQ DQG
.HQGULFN ������ DQG PDQ\ PRUH� *HQHUDOO\� WKH VROXWLRQ RI WKLV FRQWURO PRGHO
IRU nQLWH�KRUL]RQ SUREOHPV LV REWDLQHG E\ VROYLQJ WKH VR�FDOOHG 5LFFDWL PDWUL[ HTXD�
WLRQ EDFNZDUG LQ WLPH IURP WKH WHUPLQDO GDWH WR DQ LQLWLDO GDWH� 6ROYLQJ WKH 5LFFDWL
HTXDWLRQ UHFXUVLYHO\ LQ WLPH LV D VLPSOH RSHUDWLRQ ZKLFK JHQHUDOO\ GRHV QRW SRVH
DQ\ GLpFXOWLHV� 7KH SURFHGXUH LV GLmHUHQW� KRZHYHU� IRU LQnQLWH�KRUL]RQ SUREOHPV�
,Q WKDW FDVH WKH DOJHEUDLF PDWUL[ 5LFFDWL HTXDWLRQ KDV WR EH VROYHG� 8QIRUWXQDWHO\�
WKHUH VHHPV WR EH QR DQDO\WLFDO VROXWLRQ WR WKLV HTXDWLRQ�
%HUWVHNDV ������ SRLQWHG RXW WKDW XQGHU FHUWDLQ UHVWULFWLRQV WKH DOJHEUDLF PDWUL[

5LFFDWL HTXDWLRQ FRXOG EH VROYHG E\ XVLQJ VXFFHVVLYH VXEVWLWXWLRQV DQG WKDW LW KDV
D XQLTXH VROXWLRQ� 6XFFHVVLYH VXEVWLWXWLRQV DUH TXLWH LQHpFLHQW� KRZHYHU� DQG LW
PD\ WDNH PDQ\ LWHUDWLRQ VWHSV EHIRUH D VROXWLRQ LV UHDFKHG� ,Q WKLV QRWH ZH ZLOO
SUHVHQW D IDVW PHWKRG IRU VROYLQJ WKH DOJHEUDLF 5LFFDWL HTXDWLRQ QXPHULFDOO\� XVLQJ
D 1HZWRQ�W\SH VROXWLRQ PHWKRG� 7KH DGYDQWDJH RI VXFK D PHWKRG� DV JHQHUDOO\
NQRZQ� LV WKDW LW KDV TXDGUDWLF FRQYHUJHQFH SURSHUWLHV HQVXULQJ D UDSLG VROXWLRQ�

.H\ ZRUGV DQG SKUDVHV� $OJHEUDLF 0DWUL[ 5LFFDWL HTXDWLRQ� 1HZWRQ 1XPHULFDO VROXWLRQ

PHWKRG� (TXLOLEULXP 6ROXWLRQ� -(/ FRGH &��� &���

2XU VSHFLDO WKDQNV JR WR .HQ -XGG DQG %HUF 5XVWHP� ZKR JDYH XV YDOXDEOH DGYLFH RQ DQ HDUOLHU

YHUVLRQ RI WKH SDSHU� 7KH FRUUHVSRQGLQJ DXWKRU LV +DQV 0� $PPDQ� 'HSDUWPHQW RI (FRQRP�

LFV� 8QLYHUVLW\ RI $PVWHUGDP� 5RHWHUVVWUDDW ��� ���� :% $PVWHUGDP� WKH 1HWKHUODQGV� (PDLO

DPPDQ#VDUD�QO�

7\SHVHW E\ $06�7(;
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2XU PHWKRG GHYLDWHV IURP WKH QHZHU DSSURDFKHV LQ WKH HQJLQHHULQJ OLWHUDWXUH� VHH
/DLQLRWLV HW DO� ������ DQG 6WRRUYRJHO DQG :HHUHQ �������� 7KHVH DOJRULWKPV DUH
RI D UHFXUVLYH QDWXUH DQG GR QRW H[SORLW GHULYDWLYH LQIRUPDWLRQ�
$ QRQUHFXUVLYH PHWKRG IRU VROYLQJ WKH DOJHEUDLF 5LFFDWL HTXDWLRQ� SRSXODU LQ

HFRQRPLFV� LV WKH PHWKRG RI 9DXJKDQ ������� 8QIRUWXQDWHO\ WKLV PHWKRG LV RQO\
DSSOLFDEOH WR D OLPLWHG VHW RI SUREOHPV DV LW UHTXLUHV WKDW WKH WUDQVLWLRQ PDWUL[
VKRXOG EH QRQVLQJXODU� )RU PRVW DSSOLFDWLRQV LQ HFRQRPLFV WKLV FRQGLWLRQV GRHV
QRW KROG DQG DQ DOWHUQDWLYH PHWKRG VKRXOG EH XVHG� ,Q WKH QH[W SDUDJUDSK ZH
SUHVHQW VXFK D PHWKRG WKDW GRHV QRW UHTXLUH DQ\ DGGLWLRQDO DVVXPSWLRQV RQ WKH
PDWULFHV LQ WKH /LQHDU�4XDGUDWLF FRQWURO PRGHO� 2XU PHWKRG LV DQ H[WHQVLRQ RI WKH
1HZWRQ�5DSKVRQ PHWKRG GHVFULEHG LQ .ZDNHUQDDN DQG 6LYDQ ������ LQ WKH VHQVH
WKDW ZH XVH GHULYDWLYH LQIRUPDWLRQ IRU VROYLQJ WKH 5LFFDWL HTXDWLRQ� $OVR� LW GRHV
QRW UHTXLUH DQ\ VSHFLDO FRQGLWLRQV RQ WKH WUDQVLWLRQ PDWUL[ DV LQ WKH QRQUHFXUVLYH
PHWKRG RI 9DXJKDQ �������

7KH 5LFFDWL HTXDWLRQ

)ROORZLQJ .HQGULFN ������� D FRPPRQO\ XVHG IRUP RI WKH /LQHDU�4XDGUDWLF FRQ�
WURO PRGHO LV WR PLQLPL]H
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VXEMHFW WR WKH FRQVWUDLQWV
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[
�

JLYHQ

ZLWK W � I�� �� ��� 7J� [W � �Q DV WKH VWDWH YHFWRU� XW � �P DV WKH FRQWURO YHFWRU�
FW � �Q WKH YHFWRU RI H[RJHQRXV YDULDEOHV� A[W � �Q DQG AXW � �Q DV WDUJHW YHFWRUV�
$W � ��QdQ� DQG %W � ��QdP� DV V\VWHP PDWULFHV DQG :W � ��QdQ��5W � ��PdP��
)W � ��QdP� DV SHQDOW\ PDWULFHV� 1RUPDOO\ :W DQG 5W DUH DVVXPHG WR EH SRVLWLYH
VHPL�GHnQLWH DQG SRVLWLYH GHnQLWH UHVSHFWLYHO\� ,Q WKLV JHQHUDO IRUP RI WKH /LQHDU�
4XDGUDWLF FRQWURO PRGHO� WKH 5LFFDWL HTXDWLRQ KDV WKH IRUP
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ZLWK WKH n[HG HQG FRQGLWLRQ

;7  :7 ���

�
:H ZRXOG OLNH WR WKDQN RQH RI WKH DQRQ\PRXV UHIHUHHV IRU EULQJLQJ WR RXU DWWHQWLRQ D QXPEHU

RI UHFHQW UHIHUHQFHV LQ WKLV DUHD�
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)ROORZLQJ 6DUJHQW ������ RU /DQFDVWHU DQG 5RGPDQ ������� WKH LQnQLWH�KRUL]RQ
HTXLOLEULXP VROXWLRQ RI WKH 5LFFDWL HTXDWLRQ� LI WKH PDWULFHV DUH WLPH�LQYDULDQW� OHDGV
WR WKH DOJHEUDLF PDWUL[ 5LFFDWL HTXDWLRQ

;  : �$�;$b �$�;% � ) ��5�%�;%�b��%�;$� ) �� ���

/HW XV QRZ GHnQH WKH IROORZLQJ IXQFWLRQ
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7KLV OHDGV WR WKH nUVW GHULYDWLYH

#J

#]�
 '�>, b I�$�;% � ) ��5�%�;%�b�%� b$�Jl

I�$�;% � ) ��5�%�;%�b�%� b$�J@' ���

ZLWK J  '�YHF* DQG ]  '�YHF;� 7KH VHFRQG GHULYDWLYHV KDYH WKH IRUP
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ZKHUH WKH PDWUL[ , LV WKH LGHQWLW\ PDWUL[ DQG l GHQRWHV WKH .URQHFNHU SURGXFW
DQG a(LM  (LM � (ML� L� M � I�� ��� QJ� 7KH PDWULFHV ' DQG '� DUH WKH GXSOLFDWLRQ
PDWUL[ DQG LQYHUVH GXSOLFDWLRQ PDWUL[ �FI� 0DJQXV DQG 1HXGHFNHU �������� 7KHVH
PDWULFHV �UHPRYH DQG UHVWRUH� UHGXQGDQW XSSHU WULDQJXODU SDUWV RI WKH �V\PPHWULF�
SRVLWLYH GHnQLWH 5LFFDWL PDWUL[ ; DQG WKH IXQFWLRQ *�;�� $V D UHVXOW WKH PDWUL[
; LV WUDQVIRUPHG WR D S  �

�

Q�Q��� YHFWRU ]� &RQVHTXHQWO\� +N LV D �SdS� PDWUL[
RI VHFRQG GHULYDWLYHV RI WKH NWK HOHPHQW JN RI WKH YHFWRU J�]� ZLWK UHVSHFW WR WKH
YHFWRU ]� N EHLQJ �M b ��Q� L�
7KH SUREOHP KHUH LV WR VROYH WKH PXOWL�GLPHQVLRQDO n[HG�SRLQW SUREOHP J�]�  ��

7KHUH DUH VHYHUDO W\SHV RI QXPHULFDO PHWKRGV WR VROYH VXFK D SUREOHP� :LWK WKH
KHOS RI HTXDWLRQ ��� LW LV VLPSOH WR FRQVWUXFW DQ LWHUDWLYH VFKHPH WR VROYH RXU n[HG�
SRLQW SUREOHP� YL]
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ZLWK ]���  '�YHF: DV DQ LQLWLDO FRQGLWLRQ� 7KLV XSGDWLQJ VFKHPH LV TXLWH
UREXVW DQG ZLOO JHQHUDOO\ OHDG WR D UDSLG VROXWLRQ XS WR VRPH PDFKLQH SUHFLVLRQ
OHYHO� +RZHYHU� WKLV PHWKRG ZLOO LQ VRPH SDUWLFXODU FDVHV QRW FRQYHUJH� 7KLV FDQ
EH VKRZQ E\ WUDQVIRUPLQJ RXU SUREOHP WR D QRQOLQHDU OHDVW�VTXDUHV SUREOHP RI WKH
IRUP �VHH 3UHVV HW DO� ��������
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ZKLFK KDV WKH nUVW GHULYDWLYH
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DQG WKH VHFRQG GHULYDWLYH
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ZKLFK LV WKH +HVVLDQ PDWUL[ RI ��]� ZLWK UHVSHFW WR ]� N� JN DQG +N DV SUHYLRXVO\
GHnQHG� &OHDUO\� WKH +HVVLDQ PDWUL[ LV SRVLWLYH �VHPL� GHnQLWH LQ WKH QHLJKERXUKRRG
RI WKH RSWLPDO VROXWLRQ J�]�  �� $V VXFK HTXDWLRQ ���� VHUYHV DV D GLDJQRVWLF RQ
FRQYHUJHQFH RI RXU PXOWLGLPHQVLRQDO n[HG�SRLQW DOJRULWKP� )XUWKHUPRUH� LI WKH
LQLWLDO YDOXH RI J�]���� GHYLDWHV VXEVWDQWLDOO\ IURP ]HUR� QRQFRQYHUJHQFH PD\ RFFXU�
7KLV FRQYHUJHQFH LVVXH FDQ EH n[HG WR D ODUJH H[WHQW E\ DGGLQJ D UHOD[DWLRQ IDFWRU
w WR HTXDWLRQ ���� ZKLFK OHDGV WR
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7KH UHOD[DWLRQ IDFWRU w LV FKRVHQ VXFK WKDW HTXDWLRQ ���� LV JOREDOO\ RSWLPL]HG�
7KHUH DUH VHYHUDO VWUDWHJLHV GHVFULEHG LQ 3UHVV HW DO� ������ IRU FKRRVLQJ w HpFLHQWO\�

7ZR H[DPSOHV

/HW
V DVVXPH ZH KDYH WKH IROORZLQJ PDWULFHV WKDW EHORQJ WR D VLPSOH FRQWURO
PRGHO ZLWK Q  � DQG P  �� VHH $PPDQ ��������
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HTXDWLRQ ���
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�
$ *$866 LPSOHPHQWDWLRQ RI WKH DOJRULWKPV FDQ EH REWDLQHG WKURXJK HPDLO IURP WKH FRUUH�

VSRQGLQJ DXWKRU�
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&OHDUO\� WKLV H[DPSOH FRXOG QRW EH VROYHG E\ XVLQJ 9DXJKDQ
V ������ QRQUHFXVU�
VLYH PHWKRG GXH WR WKH IDFW WKDW WKH $ PDWUL[ LV VLQJXODU�

7DEOH �� EHORZ JLYHV WKH QRUP N J�]�M�� N 
S
J�]�M���J�]�M�� DW HDFK LWHUDWLRQ

VWHS IRU WKH DERYH PRGHO ZKHQ ZH XVH WKH 1HZWRQ PHWKRG RI HTXDWLRQ ���� $V
H[SHFWHG WKH 1HZWRQ PHWKRG FRQYHUJHV LQ D VPDOO QXPEHU RI LWHUDWLRQV�

7DEOH �

M N J�]�M�� N
� ������(���
� ������(���
� ������(���
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+RZHYHU� LI WKH PDWUL[ $ KDV WKH IRUP�
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WKH 1HZWRQ PHWKRG RI HTXDWLRQ ��� ZLOO QRW FRQYHUJH� 7KH HLJHQYDOXHV RI WKH
+HVVLDQ PDWUL[ LQ ���� IRU WKH LQLWLDO YDOXH ;  : DUH LQ GHVFHQGLQJ RUGHU I
�������� ��������� �������� ������� ������� ������� ������� ������� ������� �������
�������� �������� ������� ��������� ��������� J� (YLGHQWO\� WKH +HVVLDQ PDWUL[ LV QRW
SRVLWLYH GHnQLWH� ZKLFK FDXVHV WKH QRQFRQYHUJHQFH� ,Q WKLV FDVH ZH ZLOO QHHG WR
DSSO\ WKH UHOD[DWLRQ PHWKRG RI HTXDWLRQV ��������� WR JHW WKH VROXWLRQ
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,Q WKLV QRWH ZH KDYH SUHVHQWHG D IDVW QXPHULFDO PHWKRG IRU VROYLQJ WKH DOJHEUDLF
5LFFDWL PDWUL[ HTXDWLRQ� ,Q WKH H[DPSOH ZH LQYHVWLJDWHG� WKH 1HZWRQ PHWKRG FRQ�
YHUJHG ZLWKLQ D PD[LPXP RI � LWHUDWLRQ VWHSV ZKDWHYHU WKH LQLWLDO FRQGLWLRQV� 7KH
PHULW RI RXU PHWKRG OLHV LQ WKH IDFW WKDW LW GRHV QRW UHTXLUH DGGLWLRQDO DVVXPSWLRQ
IRU WKH XQGHUO\LQJ /LQHDU�4XDGUDWLF FRQWURO PRGHO DQG WKHUHIRUH LV FDSDEOH RI VROY�
LQJ D ZLGH UDQJH RI DSSOLFDWLRQV� )XUWKHUPRUH� WKH GHULYDWLYH LQIRUPDWLRQ XVHG LQ
WKH PHWKRG ZLOO JHQHUDOO\ HQVXUH IDVW FRQYHUHJHQFH�

�
&DOFXODWLRQV ZHUH GRQH LQ *$866 RQ D ��� FRPSXWHU�

�
7KLV PDWUL[ ZDV UDQGRPO\ VHOHFWHG
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5HIHUHQFHV

$PPDQ� +�0�� 1XPHULFDO 0HWKRGV IRU /LQHDU�4XDGUDWLF 0RGHOV� +DQGERRN RI &RPSXWDWLRQDO

(FRQRPLFV �+�0� $PPDQ� '�$� .HQGULFN DQG -� 5XVW� HGV��� 1RUWK�+ROODQG� $PVWHUGDP�

$PVWHUGDP� �����

$PPDQ� +�0� DQG '�$� .HQGULFN� 1RQFRQYH[LWLHV LQ 6WRFKDVWLF &RQWURO 0RGHOV� ,QWHUQDWLRQDO

(FRQRPLF 5HYLHZ �� ������� ��������

%HUWVHNDV� '�3�� '\QDPLF 3URJUDPPLQJ DQG 6WRFKDVWLF &RQWURO� $FDGHPLF 3UHVV� 1HZ <RUN� �����

.HQGULFN� '�$�� 6WRFKDVWLF &RQWURO IRU (FRQRPLF 0RGHOV� 0F*UDZ�+LOO� 1HZ <RUN� �����

.ZDNHUQDDN� +� DQG 5� 6LYDQ� /LQHDU 2SWLPDO &RQWURO 6\VWHPV� -RKQ :LOH\ 	 6RQV� 1HZ <RUN�

�����

/DLQLRWLV� '�*�� 1�'� $VVLPDNLV DQG 6�.� .DWVLNDV� $ 1HZ &RPSXWDWLRQDOO\ (mHFWLYH $OJRULWKP

IRU 6ROYLQJ WKH 'LVFUHWH 5LFFDWL (TXDWLRQ� -RXUQDO RI 0DWKHPDWLFDO $QDO\VLV ��� �������

��������

/DQFDVWHU� 3� DQG /� 5RGPDQ� $OJHEUDLF 5LFFDWL (TXDWLRQV� &ODUHQGRQ 3UHVV� 2[IRUG� �����

0DJQXV� -�5� DQG +� 1HXGHFNHU� 0DWUL[ 'LmHUHQWLDO &DOFXOXV ZLWK $SSOLFDWLRQV LQ 6WDWLVWLFV DQG

(FRQRPHWULFV� -RKQ :LOH\� 1HZ <RUN� �����

0F*UDWWHQ� (�5�� $ QRWH RQ &RPSXWLQJ &RPSHWLWLYH (TXLOLEULD LQ /LQHDU 0RGHOV� -RXUQDO RI

(FRQRPLF '\QDPLFV DQG &RQWURO �� ������� ��������

3UHVV� :�+�� %�3� )ODQQHU\� 6�$� 7HXNROVN\ DQG :�7� 9HWWHUOLQJ� 1XPHULFDO 5HFLSHV �QG HGLWLRQ�

&DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� �����

5DOVWRQ� $� DQG 3� 5DELQRZLW]� $ )LUVW &RXUVH LQ 1XPHULFDO $QDO\VLV� 0F*UDZ�+LOO� 6LQJDSRUH�

�����

6DUJHQW� 7�-�� '\QDPLF 0DFURHFRQRPLF 7KHRU\� +DUYDUG 8QLYHUVLW\ 3UHVV� &DPEULGJH� �����

6WRRUYRJHO� $�$� DQG $�-�7�0� :HHUHQ� 7KH 'LVFUHWH�7LPH 5LFFDWL (TXDWLRQ 5HODWHG WR WKH +�

&RQWURO 3UREOHP� ,((( 7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO �� �������

9DXJKDQ� '�5�� $ 1RQUHFXUVLYH $OJHEUDLF 6ROXWLRQ IRU WKH 5LFFDWL (TXDWLRQ� ,((( 7UDQVDFWLRQV

RQ $XWRPDWLF &RQWURO �� ������� ��������


