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Abstract

Lucas (In: Brunner, K., Meltzer, A.H. (Eds.), The Phillips Curve and the Labor Markets,
Supplementary Series to the Journal of Monetary Economics, 1976, pp. 19—46) pointed out,
that when optimization is performed on a deterministic macro model, the resulting policy may
not reflect the true optimal solution. Private agents may react to announced policies and conse-
quently model parameters will start to drift. The aim of this paper is to develop a methodology
for deriving an optimal policy in the presence of rational expectations and parameter drift. This
drift is captured by a stochastic optimization framework with time-varying parameters. The re-
sulting optimal policy is capable of tracking changes in the parameters due to policy changes.
A numerical example illustrates how the methodology provides a way to mitigate the effects of
the Lucas critique.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the mid-1970s the use of optimal control techniques for deriving a optimal macroe-
conomic policy, e.g. Pindyck (1973) and Chow (1975), came under scrutiny. The cri-
tique by Lucas (1976) argues that it is difficult to determine optimal macroeconomic
policies because the announcement of these policies results in changes in behavior by
economic agents and thus changes in the parameters on which the optimal policy was
based.
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One response to the Lucas critique has been to formulate macroeconomic policy as a
game between policy makers and economic agents.' This is a useful approach and can
provide substantial insights. However, there is another and simpler approach which is
employed in this paper. This second approach does not try to predict the game-theory
response of economic agents. Rather it attempts to observe and estimate the parameters
of the agents behavior in response to policy changes. Thus the decision-maker is always
one step (but only one step) behind the economic agents. In a dynamic setting the
decision-maker announces a policy, the agent responds and the decision-maker observes
the change in behavior and updates the parameters which model that behavior. Those
updated parameters are then used in the next period to determine new policy levels. If
agent behavior changes with some inertia in response to policy announcements, then
the tracking behavior outlined above will yield policies which do well—even relative
to the unattainable policies which knows perfectly how the agents will respond.

The methodology we develop here combines (1) the QZ decomposition approach of
Sims (1996) to treat the rational expectations, (2) updating methods similar to those
recently employed by Sargent (1993, 1999) to update the parameter estimates each
period and (3) stochastic control procedures, viz. Amman (1996). This methodology
is then applied to a small macroeconomic model in order to compare three scenar-
ios which represent the various policy determination methods discussed above. The
model also includes time varying parameters which follow a stochastic process over
time. In addition, as described above, the parameters change in response to changes in
macroeconomic policy.

We are using here a small IS-LM model in the tradition of Mankiw (1992) and Hall
and Taylor (1997). Alternatively, we might have used a dynamic stochastic computable
general equilibrium model and converted it to a stochastic control form following the
procedures outlined in Smith (1993). This would have put us closer to the tradition of
the Lucas critique, viz. Lucas and Sargent (1979); however, it would have involved
the use of a more complex model and modeling technique without adding to the
central point we want to make. We realize that the previous literature has focused
on the ways to develop general equilibrium models that go back to the foundations of
economic behavior sufficiently far that changes in policy do not result in changes in
the parameters of the model.> However, our interest is in the use of simpler and more
aggregated models in which changes in policies do result in changes in the parameters
and in suggestions for how to determine economic policies by tracking the changes in
behavior via estimation updating procedures. Moreover, our focus is not so much on
knowing exactly how changes in policies affect changes in the behavioral parameters
as it is on using updating estimation procedures to track as quickly and closely as
possible the changes in parameters and then using those estimates to determine future
policy settings.

! Another useful approach which we do not discuss in this paper is the use of policy rules, viz. Feldstein
and Stock (1994), Taylor (1993) or Wieland et al. (1999).

2 Recent literature has studied indeterminacy in general equilibrium models, viz. Benhabib and Farmer
(1999); however, we have not encountered indeterminacy in the simple models we have used, so analysis
of such cases in beyond the scope of the present inquiry.
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While our interest is in the process by which the policy makers can learn about
changes in the behavior of the agents, there have been a number of recent papers
which model the reverse procedure in which the agents learn about changes in the
behavior of the policy makers, viz. Andolfatto and Gomme (1999). These procedures
are beyond the scope of the current paper; however, there is no reason why the learning
methodologies used in this paper cannot be extended to also include learning by the
agents about the behaviors of the policy makers.

The first of the three scenarios is called “Known Parameters”. This case is somewhat
unrealistic but serves well to illustrate the ideal. The policy makers are assumed to
know the original values of the behavioral parameters and to know how changes in
policy levels will affect these parameters. However, they are not assumed to know
perfectly the small stochastic changes from one period to the next in the parameters
which are due to causes other than policy changes. Thus the parameters are not known
perfectly except in the original period and parameter estimates are updated each period
to keep track of the small stochastic changes as well as the changes due to policy
shifts. This produces some uncertainty which is reflected in the variance—covariance
matrix of the parameter estimates and this matrix is used in the process of choosing
policy levels.

The second scenario is called “Deterministic”. In this case policy makers do not
know the true values of the parameters in the initial period nor do they know the
effects of policy changes on parameter shifts. However, they act as though they know
these values perfectly and do not update estimate of parameters means and covariances
each period nor do they make use of the parameter covariance matrix in setting policy
levels.

The third scenario is called “Learning”. This case is similar to the deterministic
case above in that policy makers do not know the true values of parameters in the
initial time period nor do they know the effects of policy changes on parameter shifts.
However, in this case the decision-makers take account of the fact of the parameter
uncertainty. They use Kalman filter methods to update and track changes in parameters
over time and in the process to provide updated mean and covariance estimates in each
time period. Moreover, they make use of the covariance matrix of parameter estimates
in deciding on policy levels for the next time period.

We compare the performance of these three approaches in a stochastic environment
which includes not only uncertainty about initial parameter estimates (in two of the
cases), but also additive noise terms and stochastic time-varying parameters. In doing so
we find that the Known Parameters policies perform substantially better than the Deter-
ministic policies. Thus, in this widely used macroeconomic model, if decision-makers
knew the initial values of the behavioral parameters and knew how changes in policy
would affect these parameters, it would be possible to do a good job of policy de-
termination. In fact, this would be substantially better than policies which ignore the
uncertainty in the parameter estimates and ignore the effect of policy changes on shifts
in the parameters.

On the other hand we also find that the performance of Known Parameters policies
and of Learning policies are quiet similar. Thus even if policy makers do not know
exactly the original values of the behavioral parameters and if they do not know how



ARTICLE IN PRESS

4 H.M. Amman, D.A. Kendrick | Journal of Economic Dynamics & Control 111 (1111) 111-111

changes in policies will change these parameters, it is possible to develop very good
policies. This is accomplished by tracking closely the changes in the parameters from
one time period to the next by using a Kalman filter to update parameter estimate
means and covariances. Also, the covariance is used in selecting policy levels for the
next time period.

Thus, we present an argument in this paper that while game theory is a logical
way to address the Lucas critique, an alternative (and simpler) approach may prove to
do almost as well. This approach does not attempt to predict how changes in policy
will affect agent behavior, but rather only tries to track those changes in behavior and
modify policies based on that tracking.

Clearly, the results in this paper are model specific. However, our purpose here is
not to claim that the procedure outlined above will entirely eliminate the effects of the
Lucas critique. Rather we are providing a methodology which combines elements of
the recent thinking of Sims and Sargent within the stochastic control framework in a
way that holds substantial promise as a policy determination methodology, which will
mitigate the effects of the Lucas critique.

2. Problem statement
2.1. Outline of the methodology

Before describing our model and the mathematics we employ, it is useful to provide
a verbal description of the methodology which is used in the Learning scenario. From
this basis it is easy to explain, as we proceed, the differences in this methodology from
that used in the Known Parameters and Deterministic scenarios.

We begin with a basic IS-LM model in five equations. Some of the equations are
substituted out to produce a model with two state variables, two control variables and
with forward variables. Then the QZ method from Sims (1996) is used to convert
the model into a quadratic-linear, two-state and two-control model which has only
backward variables. However, the constant term in this model is a function of the
policies chosen and thus of the forward variables. Therefore, it is necessary to solve
this model repeatedly, modifying the constant term after each new set of policy variable
paths are obtained until convergence is obtained. The policy selection procedure used
at each iteration makes use, not only of information about parameter means and states,
but also of the variance—covariance matrix of the parameter estimates.

Once the iterations have converged the resulting policy is used and the economy
moves one period forward and yields state variables for the next period. These obser-
vations are then used in a Kalman filter to update the behavioral parameters of the
model. The above process is repeated until all the time periods have been covered.

2.2. The model

Consider a closed economy which can be described by the following four equations
Y, =C(Y;—1 — Tax) + 1(r;) + Gy, (1)
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MR = L(i, Y}), (2)
m = + (Y, — Y) + v, (3)
iy =ri+m+ W, 4

where Y is output, ¥ potential output, C consumption, / investment, G government
expenditure, Tax taxation, MR real money supply, L money demand, 7 inflation, n°
expected inflation, 7 nominal interest rate and » the real interest rate. Both v and p are
white noise terms.

The above equations describe a dynamic version of the IS-LM model, augmented
with a Phillips curve, as can be found in textbooks like Mankiw (1992) and Hall
and Taylor (1997). Expectations and random elements enter the model through this
Phillips curve and the Fisher effect in Eq. (4). The dynamics enter the model through
the consumption function and the lag structure of fiscal and monetary policy. We have
assumed that both G and MR have lagged effects in the goods market and the money
market and that decisions made in ¢ — 1 have their effects in the next period.

Policy makers are interested in minimizing the discounted welfare loss connected to
inflation and output loss as measured by the output gap (Y; — ¥)/Y. Hence the loss
function becomes

T Y—i 2
E{JT}=E{ZE{¢< = ) +(1—¢>>n5}}, 5)
t=1

where ¢ € [0, 1] reflects the preference of the policy maker for the reduction in output
loss versus inflation loss, f§ is a discount factor and E is the expectations operator. In
order to simplify our analysis we will assume that the model in Eqgs. (1)—(2) are linear
of the form

Yz:bYt—I*bm+I_*d7%+Gt—la (6)

M} | = kY, — hi,, (7)

where b, k and h are parameters. For convenience we assume that / and Tax are
exogenously determined and time invariant. After some manipulation Egs. (4), (6) and
(7) reduce to the aggregate demand curve

h - d
Y, = (Hdk) (BT, ~ Tax +T+ Gy + M, +dm + dpy) (8)

Combined with the Phillips curve in (3) this leads to the system

MR IHE ] s R
= + +
Y, ad 0| |7 0 abl|| Y, 0 0]y

0 0 G,— —yY 1 0 Vs
e I

+

w1 MR —ob Tax + ol

x5
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with o = h/(h + dk). If we define

T G[
Xy =
Y,

MR
we can write (9) more compactly

9= . and ¢ = (10)
—ob Tax + ol e

t

xp = Hox, + Hix—1 + Hoxy) + Hyu,—y + g + Hily, (11)
where
0 v 0 0 70 0 0
Hy= , Hp= , Hy= , Hz= ,
od 0 0 ob 0 0 v %
(12)
—yY 1 0
= _ _|, Hy= . (13)
—ob Tax + od 0 od

If (I — Hy) is nonsingular, A= — Hy) " 'H,, B=( — Hy)"'H;, D= — Hy)"'H>,
V=(-Hy) 'Hy, c=( — Hy) 'g and we shift (11) one period forward we get

Xt+1 :Axt+But+C+Dxte+1 + V€[+1. (14)

With classical policy design, we need to assume that the parameters of the above model
are known in order to derive the optimal policy. As Lucas (1976) pointed out, this is
generally a difficult task as the uncertain parameters of the model may be influenced
by the computed optimal policy. The private agents will anticipate the actions of the
policy maker and the parameters may start to drift.

To incorporate this element, we allow for parameter drift in the model and include
estimates via parameter updating. Therefore, we define the vector of unknown (true)
parameters at time ¢ as 0;. In that case the true model will be

Xt+1 :A(Ht)xt + B(gt)ut + C(gz) + D(()t)x't:+] + V(Qt)fzﬂa (15)
while the policy maker determines policy based on the equation
xer1 = A0 + BO)u, + ¢(0,) + D0, (16)

where 0, is the estimate of the unknown parameters in the model. In the next section
we will develop a method that derives the optimal solution of Eq. (5) subject to Eq.
(15). This method will take into account that the parameters may change over time
and that the optimal policy has to reflect the stochastic nature of the model. In terms
of the methodology described above we have at this point the two-state—two-control
model which includes forward looking variables.

2.3. Solution method
To put the problem formulated in the pervious section on a more general footing,

we can define our single-agent stochastic optimization problem as follows (Kendrick,
1981):
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Find the set of admissible instruments U = {ug,u;,...,ur—1} that minimizes the
welfare loss function
T—1
E{Jr} =E {/fTLr(er Zﬁ’Lt(x,,ut)} (17)
=0

with

LT = %(XT 7)ZT)/W()CT 7)?7"),

L= %(xz — X)W (x — %)+ %(141 — i) R(uy — i) + (xy — %) F(u; — ;) (18)

subject to the model

k
xip1 =A% + B(O0)u; + c(0) + Y Di(0)Exis; + &, (19)

J=1

where the matrix D;(0,) is a parameter matrix, E.x,;; is the expected state for time
t+j as formed at time #, k is the maximum lead in the expectations formation® and
& =V(0,)S11-

The vector x; € R” is the state of the economy at time ¢ and the vector u, € R”
contains the policy instruments. The initial state of the economy x; € SR” is known. The
vector ¥, € R" and if, € R are target values. W € RO R RO and F € RO
are penalty matrices and f is a discount factor; ¢ € R” is a white noise vector with
g ~iid. N(0,2%). We assume that X% € R("") or a reasonable estimate, is known
to the policy maker.

A case which is of fundamental theoretical importance, is the situation where the
unknown parameter vector is influenced by the choice of the policy instruments. Thus,
discretionary policy may be rendered ineffective due to the fact that the policy instru-
ments influence the parameter vector 6;, or in general terms

Q[ZG(ul"ul‘Fly"'yuT*l)' (20)

Therefore, it is interesting to investigate the extent to which our stochastic optimization
approach is able to learn parameter drift quickly enough to make discretionary policy
effective. Learning is introduced into the stochastic optimization framework by the
unknown parameter vector 6; € R” which is determined through a learning strategy.
We assume that the parameter vector follows a random walk

0t+l =0+ Nt, (21)

where #, ~ iid.N(0,2Z"™). We assume that X" € R(P*P) or a reasonable estimate, is
known to the policy maker. This means that the policy maker will be unaware of the
functional relationship of Eq. (20), but knows that at least some of the parameters in
the model may change over time due to unforseen causes.

3 See also Amman (1996).
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The above model without rational expectations can be solved using the procedures
outlined in Kendrick (1981) and Tucci (1997). In order to compute the admissible set
of instruments, we have to transform the rational expectations model to a model that
only contains backward looking variables. In two earlier paper, Amman and Kendrick
(1999a, b), we described how the control model with rational expectations can be
solved using Sims (1996) approach.* After solving for the rational expectations part
of the model we obtain

iﬂrl :Ji[ + BM[ + 5[ + g[, (22)

where ¢; depends on the value of future controls. Through this term the future controls
have impact on both the current state vector and the expectations of future events. Due
to this forward looking component we need to apply an iterative procedure that gives
us the solution of Eq. (22). This is established by iterating on

=48 + Byt + ¢ + &, (23)

where v is the iteration counter.’ When we have the model in the form of Eq. (23)
we can derive the optimal solution of the model in Egs. (17)—(19).

Next, in the steps of our methodology we describe the procedure used to compute
the optimal control at each iteration while making use of the parameter estimates and
covariance matrix. The optimal solution at period ¢ can be obtained by solving the
Riccati equation® and tracking equation backward in time (using the assumptions that
F=0and u=0)

K; =W + BE{A K; ., A} — [F + PE{A'K,,1B}]

x [R + BE{B'K;11B}] " [BE{B K114} + F1, (24)

Pl =BE{A K; 18} + BE{A } plyy — [F + PE{A'K;11B}]

x [R + PE{B'K; 1 BY ' [BE{B'K.1&} + BE{B} pl 1] (25)

with j={T — 1,...,¢} and the boundary conditions

KT = W,

p} = — W)E T.
Note that the Riccati matrices K; do not change from iteration to iteration, but that the
Riccati vectors pj do change. The penalty matrices /W and F are the penalty matrices
from the objective function adjusted to conformable size. Once we have integrated

these equations backward in time and given that x(‘)'“ is known, we can compute the

4Sims’ method is basically an extention of the well-known method of Blanchard and Kahn (1980).

5 For this iterative procedure we also need the steady state of the model. The procedure to compute this
steady state can be found in Amman and Kendrick (1998) and Amman and Neudecker (1997).

6 See Kendrick (1981), Chapter 6 and Amman and Kendrick (1999c) Appendix A. Please note that the
vector /; in these equations is set to zero.
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set of optimal instruments by forward integration of

wt =GE + g (26)

and the systems equations (22), where now j={t,...,T — 1}. The matrices G; and g;
are equal to

G, = —[R + PE{B'K; 1 BYI"'[F + PE{B'K; 1 4}], 27)

)= —[R + BE{B'K; 1 BY) ' [PE{B'K;1 &} + BE{B'} i1 ). (28)

The above equations allow us to solve for the policy variables. The components like
E{J/K j+1é} capture the effect of the parameter uncertainty on the value of instruments.
For instance, the matrix E{Z:?/K_ 114} can be computed by’

E{vec(B'K;1A)} = (vec(K; 1) @ Lum) Uy @ Koy @ L)
X (K @ Kyun) vec(vec(é) vec(/i)’ + fﬁ’,‘f , (29)

where E{/T} =4, E{E} =B and vec() is the vec operator (cf. Magnus and Neudecker,
1999). The effect of uncertainty in the parameters on the instruments is captured through
the covariance matrix fﬁj’. 8 Hence, the derived optimal policy is stochastic and takes
into account the fact that certain parameters in the model matrices may change over
time. As soon as we have the expected terms of Egs. (24)—~(28), we can solve for
the set of admissible instruments through backward induction. We have to repeat this

procedure until we have convergence on the controls in Eq. (23).

3. Learning the unknown parameters

Next we turn our attention to the use of the Kalman filter to update the parameter
estimates and covariance matrix after the new information on the state variables, the
state of the economy, is observed. As in Eq. (22) the terms 4, B, ¢ may depend on
the unknown parameter vector 0, and we have inserted an estimate OAI of this parameter
vector in order to be able to solve the rational expectations.’ The vector & also depends
on 0;, so we have assumed that E;, = 0.

However, the estimate of 0;, é,, will change over time as new information becomes
available or as a consequence of policy reactions. So, as soon as we have implemented
the control u,, we will get a new realization of the state vector x,,;, which enables us to
re-estimate the parameter vector obtaining é,+1. In the literature a number of procedures
for such learning processes are described. For instance, ordinary least squares learning,

7Eq. (29) is derived in Appendix A.

8 For simulation studies of the effect of parameter uncertainty in macroeconomic models see Fair (1984).

91In this paper we do not discuss how to obtain an initial estimate of the parameters of the rational
expectations model. Some references on this issue are Swamy and Tinsley (1980), Wallace (1980) and
Wickens (1982).
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filtering, or stochastic approximations (Ljung et al., 1992; Sargent, 1993, 1999). Here,
we will apply a Kalman filter to update the estimate 6, and the covariance matrix Zfﬁ.
First, it is necessary to project the covariance matrices to period ¢ + 1 using obser-

vation through period ¢, which produce the priors '°

2 = S (o) + 2% (30)
=20, 31)
=2+ Em, (32)
where
fo= Z exjay + Z eitybly + Z eich. (33)
i=1 i=1 i=1

Here the matrix f%, is the derivative of the system equations'' with respect to the
vector 0, and ¢; is a vector of zeros except for a one in the ith position. In addition
we also need the expected value of the state vector, which is
k
Eritje = A0 %+ BOu + (0 + > Dj(0)% 1 (34)
j=1

Next we update the parameter estimate and the covariance matrix for period ¢+ 1 using
observation through period ¢ 4 1, which produces the posterior

) _ A S Ox $xx —1 "

Orp1 =0, + Z,H\t( t+1|t) (xer1 = Xig1)0)s (35)

$00 _ 00 SOx  ofor \—1 $x0

Zr+1\t+1 - Zz+1\t - Zt+1|t( t+1\t) Zt+1|r= (36)
so 0,1 is the new estimate of the parameter vector and Zfﬁll .11 the estimated covari-

ance matrix. Starting with an initial estimates 00 and fgfo we can update the parameter
vector each time new information on the state of the economy becomes available.
In summary, our proposed methodology is as follows:

Algorithm for computing optimal instruments

Step 0: Set t =0 and compute an estimate of 0, and its corresponding covariance
matrix ZA%

Step 1: Set the iteration counter v =0.

Step 2: Set the instruments u}, j = {,e+1,...,T —1}.

Step 3: Compute A, B and vjé; for j={t,t +1,...,T — 1}.

10 See Kendrick (1981, Chapter 10, p. 102).
1 For more detailed information please refer to Appendices L and M in Kendrick (1981).
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Step 4: Apply stochastic optimization method in Egs. (24)—(28) to compute a new
set of optimal instruments Vjuj‘f“.

Step 5: Set the iteration counter v=v + 1 and go to Step 2 until convergence is
reached on the instruments.

Step 6: Integrate the systems equation (22) one time step forward thereby obtaining
the state variables for the next period.

Step 7: Estimate the parameter values é,H and covariance matrix X
(35)—(30).

Step 8: Sett=t+ 1 and go to Step 1 if t < =T.

Hence, Steps 1-5 outline the method for solving the stochastic policy framework for
the rational expectations part. Steps 6 and 7 contains the learning part. '

00

i+1]r41 USING Egs.

4. A numerical example

Lets return to the example of Section 2 and assume that we have the following set
of parameter and exogenous variables: = 0.002, b= 0.9, d =25, y=0.9, h = 100,
k=1, B=1, ¥ =500, Tax =50, I =100, ¢ =1 and T =12. The matrix F in Eq. (18)
is set to zero and the matrix R from that same equation is set to a diagonal matrix
with small numbers on the diagonals, R = 10~%/. The problem can then be stated as:

Find the set of admissible instruments U={ug, u1,...,u1>} that minimizes the welfare

loss function
2 (1 /7 -500\ 1
E{/n} =E (= —n? 37
{12} {;{2< 500 )+2n,}} (37)
subject to the model
T 0 0.0015 s 0.0017 0.0004 —0.9500
= + +
Yin 0 0.7500 Y; 0.8333  0.2083 25.0000
09375 0 T 1.0417 0.0417 v;
+ + (38)
18.7500 O Yi 20.8333  20.8333 I

with the initial state

L)
Yy 500

which is the numeric version of Eq. (14) with x;, u, and & as defined in Eq. (10).
We will set

.. 00001 0
X (40)
0 0.0001

12 A Matlab implementation is available on request by email from the corresponding author
amman@fee.uva.nl.

G,
M}
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consequently,

(41)

» 1.08681 107* 225694 103
Je = Yy’ = .
225694 1073  8.68056 102

Now lets assume that the impact of the real money supply is uncertain and that the
two coefficient in the second column of B are time varying and unknown to the policy
maker. This means that the coefficients

0.0004
0o = (42)
0.2083

will change over time, possibly due to the Lucas critique, and have to be (re)estimated
by the policy maker. Furthermore, assume that the policy maker has a wrong initial
estimate of this parameter vector which is

A 0.0004
0o = : (43)
0.3000

The vector 0y is chosen in such a fashion that the effect of the real money supply on
output is initially overestimated. Furthermore, lets take as an estimate of the variance

. 1078 0
2 = l ] :

(44)
0 0.0625

Due to Eq. (21) the true parameter 0, will follow a random walk in subsequent periods.
In order to add this feature to the example we will set

1.610753 o0
> — ) (45)
0 0.01

To mimic the Lucas critique in our example we will assume that the random vector
0, is influenced by the real money supply in the following way:

AMRN |10
0t+]:91+<Mt£)[0 —1

0: + 1y, (46)

which means that an increase in the real money has an increasing effect on inflation
and a decreasing effect on output. The policy maker will be unaware of this relationship
and will try to estimate 6, based on the random walk assumption.

There is still one loose end which needs to be taken care of. In order to compute
the stochastic optimal instruments, using the algorithm from the previous section, we
need the expectations of E{E/KHIE) which is Eq. (A.10) from the Appendix A.'3

13 Due to the fact that @ only appears in the B, the other expectation components will be equal to their
mean value. How to compute 4, B and ¢ is described in Amman and Kendrick (1999a).
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For tgis purpose we need to compute fﬁf from fﬁf . Using fflf we get for the initial
perio

0 0 0 0
58 0 0 0 0 “n
o 0 10t o
0 0 0 0.0625
With the help of Eq. (A.10) and (A.12) and knowing that
2 o —0.0444 —0.0160
B(6y) = (48)
0 0
gives us
0 0 0 0
n s 0 0 0 0
=107 (49)
0 0 01778 0
0 0 0 0
and
o . 0.9876 0.1777
E{BK,B} =10 , (50)
0.1777 0.1742

which give us the values required for the optimization as captured in Egs. (22)—(28).

The results: With the model structure above one can address the question of how best
to do macroeconomic policy formulation in an environment in which agents may change
their behavior over time and as well as in response to economic policy pronouncements.

Consider first the unrealistic case in which the policy makers know exactly the
component of the drift in the parameters which is due to policy changes. As discussed
above, we call this scenario Known Parameters. This is accomplished in the model by
correcting the estimation of the parameters each time period when the updating occurs,
that is

. . . R 1 0
011 =0, + Z?i”t(Zﬁll,)*l(x,H = X)) + (%) [ ] 0, (51)

‘ 0 -1
so the policy maker is aware of the parameter shifts described in Eq. (46). Also,
the parameters in this scenario are stochastic and time varying due to #,. In the face
of the fact that parameter drift may be occurring in the economy, policy may be
determined in a deterministic manner treating all parameters as known and constant—
i.e. the Deterministic scenario. In this case the true values of the parameters drift but
the policy maker does not know what these values are and does not modify his or
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Table 1

Comparison of the Known Parameters and Deterministic Scenarios

Scenario E{Jr} Jpin Jpax oJ;
Known Parameters 1.638 1.280 1.808 0.089
Deterministic 1.675 1.386 3.591 0.193

0.00042

0.00041

0.00040

0(1)

0.00039

0.00038

0.00037 L L L L L L L L L L L L L

time period

Fig. 1. Known Parameters (6(1)).

her policy in any way because of the stochastic elements of the model. One can then
compare these two cases to asks whether or not knowing the parameter drift makes a
difference. In order to do this we performed 1000 Monte Carlo runs with the model
above and obtained the results shown in Table 1.

In both of these cases the true parameters are drifting over time and also changing in
response to shifts in policy values; however, in the Known Parameters case the policy
maker knows the effect of policy changes on the drift and in the Deterministic case he
or she uses parameter values which are not correct, but treats those values as though
they are (i) correct and (ii) that there is no uncertainty attached to the parameter
estimate. Not surprisingly the average criterion values is better at 1.638 for the known
parameter case than at 1.675 for the deterministic case. Also from the max and min
comparisons one can see that there is considerably more variability in the deterministic
case than in the known parameter case and this is confirmed in the last column which
shows the standard deviation of the criterion values across the 1000 Monte Carlo runs.

As an example of the nature of these results compare Figs. 1 and 2 which show
the values of parameter 0(1) in the two cases. The actual value of the parameter drifts
down in both cases but changes by different amounts because the use of the policy
variables is not the same in the two cases. In contrast the estimated values tracks the
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0.00042 |
actual
- estimate
0.00040 |
g 0.00038 |
0.00036 |
0.00034 |
0 2 4 6 8 10 12
time period

Fig. 2. Deterministic (6(1)).

Table 2

Comparison of the Deterministic and Learning Scenarios

Scenario E{Jr} Jimin S oJr
Deterministic 1.675 1.386 3.591 0.193
Learning 1.646 1.292 1.817 0.090

actual very closely in the Known Parameter case but does not track and indeed does
not change in the deterministic case.

So for the example at hand the scenario of Known Parameters is better than the
scenario of ignoring the fact of the unknown parameters in the Deterministic case.
Thus the Lucas critique is valid in this case. Ignoring the fact that the parameters
are drifting and changing in response to policy pronouncements results in higher loss
functions for the performance of the economy.

Would it be possible to do better with some other policy formulation method? One
alternative approach would be to use game theory between the policy makers and the
agents. Another, and the one which is examined here, is for the policy makers to (1)
treat seriously the fact that they are using parameter estimates rather than the true
parameter values when making policy and (2) update parameter estimates as the true
values of the parameters drift over time and shift in response to policy announce-
ments. As discussed above, we call this scenario the Learning approach. One can then
asks whether the learning approach is indeed better than the deterministic case. This
comparison is provided in Table 2.

The average value of the criterion function over the 1000 Monte Carlo runs is better
at 1.646 for the Learning case than at 1.675 for the Deterministic case. Also, the
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0.27 |
actual
-~ estimate
N 022}
017 |
012 ! ! ! ! ! ! !
0 2 4 6 8 10 12

time period

Fig. 3. Deterministic (6(2)).

030 | : actual
: . - estimate

02

0.24 |

0.20 |

time period

Fig. 4. Learning (0(2)).

variability is lower for the learning case than the deterministic case as is shown in the
remaining three columns of Table 2. Thus, for the case at hand, it is better to take
account of the uncertainty in the parameters when determining policy in an environment
where parameters are changing. Figs. 3 and 4 show the true and estimated parameter
estimates for the deterministic and learning scenarios—this time for parameter 6(2).
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Table 3
Comparison of the Known Parameters and Learning Scenarios
Scenario E{Jr} J;‘i“ Jpax oJ;
1: Learning 1.646 1.292 1.817 0.090
2: Known Parameters 1.638 1.280 1.808 0.089
0.00042
0.00041
. 0.00040
0.00039
0.00038
0.00037 . . . . . . . . . . . . .
0o 2 3 4 5 6 7 8 9 10 11 12
time period

Fig. 5. Known Paramters (6(1)).

As before, in the deterministic case there is no change in the parameter estimate in
Fig. 3. In contrast Fig. 4 shows that there is a very rapid learning of the 0(2) parameter
in the learning scenario and that this parameter estimate then tracks closely the drift
in the actual parameter over time.

Finally, one can ask whether the Lucas critique still carries heavy weight when
policy makers treat seriously the uncertainty of parameter estimates in determining
policy levels. Table 3 provides an indication of how this question may be answered
by providing a comparison of the Known Parameters and the Learning scenarios.

There is little difference between these two cases in either the means in the first
column or in the indicators of variance in the remaining three columns. Thus for
this commonly used small macroeconomic model, the effects of the Lucas critique
are substantially mitigated if one uses policy determination methods which treat the
uncertainty in parameter estimates seriously and track the drifting parameters over time
by using Kalman filter estimators.

A comparison of Figs. 5 and 6 show that the Known Parameters scenario provides
a better tracking of 0(1) than does the Learning scenario. However, a comparison of
Figs. 7 and 8 shows that the Learning method does almost as well at tracking 0(2) as
does the Known Parameters method.
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0.00042 |
actual
estimate
0.00041 |
= 0.00040
0.00039 |
0.00038 |
0 2 4 6 8 10 12
time period
Fig. 6. Learning (0(1)).
0.245 -
0.235
& g205f
<
0.215 |
0205 1 1 1 1 1 L 1 1 1 1 1 L 1
0 1 2 3 4 5 6 7 8 9 10 11 12
time period
Fig. 7. Known Parameters (6(2)).
5. Summary

Our purpose in this article is to provide a simpler methodology than game theory as
a vehicle to mitigate the effects of the “Lucas critique”. To do this we bring together
ideas from Sims on solving rational expectations models and from Sargent on updating
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0.30 |
actual

e estimate

0.28 |

0.26 |

02

0.22 |

0.20 |-

time period

Fig. 8. Learning (0(2)).

parameters and insert these into a comprehensive stochastic control framework. We
then apply this methodology to a widely used form of the IS-LM model to which we
add an effect of policy changes on the behavioral parameters of the model.

Using this basis we compare three macroeconomic policy scenarios. In the first of
these three scenarios we adopt the unlikely proposition that policy makers know the
exact effect of policy changes on behavioral parameters. We then compare the results
of this policy to one in which the policy makers do not know these effects but act
as though they know the behavioral parameters perfectly. In this setting, the Lucas
critique is confirmed and the second policy is substantially worse than the first.

Then we introduce a Learning scenario in which policy makers update the behavioral
parameters each period and thus attempt to track the drifts in behavior which are caused
by the changes in policy. When we compare this Learning scenario to the first scenario
in which policy makers know the effects of policy changes on parameter drift, we find
that there is not much difference in performance. Thus this methodology offers the
promise that it may substantially mitigate the effects of the Lucas critique.
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Appendix A

In this appendix we will derive an alternative form for E{EIKHIJ} as required
in Eqs. (24)—<(28). 4 and B are random matrices as they may contain time varying
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parameters. K, is a known matrix. For convenience we drop the projection subscript
j of the matrix K. For three conformable matrices X, ¥ and Z the following holds:

vec(XYZ) = (Z' @ X)vec(Y) (A1)
vec being the vec operator.'* Given (A.1) the following holds:

E{vec(B'KA)} = E{(d ® B Yvec(K)} (A.2)
reapplying the rule in (A.1)—(A.2) we get

E{vec(B'KA)} = B{(vec(K) @ L) vec(d @ B}, (A.3)

where 1, is an identity matrix of order (nm x nm). The last term on the right-hand
side can be written as

vec(d @ B') = (I, ® Kup @ L, )(vec(d ) @ vec(B')), (A4)
where K, is the commutation matrix. Knowing that
vec(A~/) ® Uec(ﬁl) = vec(vec(él) vec(/fl)’)
we have (Magnus and Neudecker, 1999, p. 30)
vec(d @ B') = (I, @ Kpn ® L )(vec(vec(B ) vec(4)))
(I, @ Ky @ Iy )(vec(Kyp vec(B) (K vec(4))))
(I, @ Ky @ Iy )(vec(Kypp vec(B) vec(A) Kpp)) (A.5)
because K,,, = K. Inserting (A.5) into (A.3) results in
E{vec(J/Ké)} =E{(vec(K) @ L)Ly @ Ky @ Iy)
x (vec(Kpmvec(B)vec(A) Kup))} (A.6)
carrying through the expectation operator gives us
E{vec(A KB)} = (vec(KY & L)y @ Kun @ L)
(vec(KpnE{vec(B) vec(A) YKum)).- (A7)

If we have two random matrices X and Y with E(vec(X)) = vec(X) and E(vec(Y))=
vec(Y) we know that their covariance is equal to

SXY = E(vec(X) — vee(X ))(vec(Y) — vee(Y))
E(vec(X)vec(Y)) — vec(X ) vec(Y . (A.8)

14 See Magnus and Neudecker (1999, p. 30).
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Applied to (A.7) leads to
E{vec(J/KE)} = (vec(K) & Lim )1 @ Kup @ L)
% vec(Km(vec(B) vec(A) + 3P0)K,.,)
= (vec(K) @ L)L, @ Ky @ 1)
X vec((Kun @ Kon) vec(vec(é) vec(Ac)' + 3BAy)
= (vec(K) @ L)L, @ Ky @ 1)

X (Kon © Ko ) vec(vec(B) vec(A) + £54), (A.9)

where E{vec(d)} = vec(A:) and E{vec(B)} = vec(é). In the example in Section 5 we
need to evaluate the term E{E’KHIE} at time ¢ for j={T,...,¢}. Based on the above
equation we get

E{vec(B'K;41B)} = (vec(K;41) @ Lum )y @ Ko @ L)

X (K ® Ko ) vec(vec(B) vee(BY + 555), (A.10)

Hence, we need vec(fﬁf ) to be able to compute (A.11). The matrix é is computed
from

B=7A"'0.8 (A.11)

of which we know its numerical value from Eq. (48). From (A.11) it is easy to see
that

vec(B) = (I, ® ZA™' Q1) vee(B)
= 38 = (1, 9 ZA7' 0SB (1, © ZA7' 0 Y
= vec(38B) = (I, ® ZA'0)) ® (I, ® ZA~'0y) vec(EB? (A.12)

t|t t|t

the matrices Z, A and Q, originate from the QZ decomposition to remove the rational
expectations variables from the model, see Amman and Kendrick (1999b). Knowing
that in this example

D I (A.13)
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BB
t|t

due to the fact that the first two elements of B are deterministic.

we can compute the expected terms of (A.10). The matrix 33 is semi positive definite
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