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ABSTRACT

In this paper, the quasi-stationary response of an infinite
elastic plate acted upon by moving line and point loads is
obtained using neural network. Initially, analytical solution is
found by applying continuum mechanics governing equations
to the elastic plate assuming its steady-state response, i.e.
values to appear as independent of time in a moving
coordinate system. Homogenous solution of the differential
equation for the deflection in the moving coordinate system is
in terms of Bessel functions, which is used to calculate the
nonhomegenous solution in integral form. Because of the
boundary conditions, the analytical solution has an infinite
integral form in terms of Hankel function.

Using asymptotic expansions of Hankel function, the nature of
deflected middle surface is explored. However, there exists no
general closed-form solution for the other points of the plate.
Therefore numerical integration is required which would be
extremely time-consuming because of the Hankel function’s
oscillatory  behavior.  Consequently, a  feedforward
backpropagation neural network, consists of two nonlinear
hidden layers, is designed. The net is trained by the response
in a finite set of points on the plate to estimate the deflection
of the plate using Levenberg-Marquardt backpropagation
method. The final results show that neural network can be
applied as a powerful tool in estimating the response of plates
and spatial structures.

INTRODUCTION

The response of elastic plates to moving loads has been
investigated greatly by recearchers and engineers as a model
of many practical problems. The response of Timoshenko
beam subjected to moving load on an elastic foundation was
studied in [1], [2], [3], [4]. Jahanshahi found the response of
compressed plates to moving load analytically for various
conditions [5]. Generally, the analytical solution exists just for

simple geometries and boundary conditions; that's why
numerical methods such as FEM should be employed in case
of more complex ones. However, the analytical solution for
simple cases would be useful to find the critical speed and also
to verify the results of numerical methods. Moreover, the
response of some more complex problems can be expressed as
a series of the analytical solution for simple geometries.
Furthermore, stresses and strains for every points of the plate
can be evaluated in terms of partial differentiation of the
analytical solution. Green’s method or Fourier integral method
can be used to solve the wave equation analythically;
consequently, the analythical solution is found in integral
form. Generally, the integral form can not be simplified to
simple forms. For that reason, numerical integration methods
should be used to evaluate the infinite integral for which a
considerable amount of computations is required [6]. Up to
now, the integral solution was evaluated for some points, e.g.
on the path of moving load. Nowadays, intelligent methods
such as neural networks can be used as powerful tools for
calculating the response.

HOMOGENOUS SOLUTION

Consider an infinite elastic plate in Cartesian coordinate x|, y; .

h, p and D represents thinkness, density and the flexural
rigidity of the plate. The plate is considered to have no initial
velocity or displacement. At =0, it is subjected to point
moving load P which moves along the x-axis with uniform
speed of v. Using elasticity, the deflection of the plate is
obtained by finding the particular solution of eq. (1):
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The plate is assumed to reach a steady-state response in
moving coordinate, a coordinate system that moves with point
load. Such would be the case with an infinite plate suitably
supported along the edges and subjected to a loading which
has been in uniform motion parallel to the edges for a
sufficiently long time.

X =x+vt, y =y 2)
By transforming the fixed coordinate system x,y to the
uniform moving coordinate systemX, ), we can assume all
variables to be time-invariant and the eq. (1) is simplified to:
phv’ &'w
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Let’s consider the corresponding homogenous eq. (4) to obtain
the solution of eq. (3).
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By factorizing differentiation operator, eq. (4) is transformed
into:
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which itself decomposed into two separate equations (7) and

(8).
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By defining f as:
w= e_mf(x,y) )
in case of (7) and
w=emf(x,y) (10)

in case of (8), both equations are transformed into a same
equation (11):

Vif+2f=0 (11)
If we transform the variables from Cartesian coordinate into
polar coordinate [7], eq. 11 will transform into:
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Consequently, it can be easily shown that in polar coordinate
the homogenous solutions of eq. (12) are:
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w=1x,,x0,5,x°,) (16)
PARTICULAR SOLUTION

Considering the initial and boundary conditions, we obtain the
solution of eq. (3) in integral form:
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, in which Re and H é')( ) stand for real part and first kind,

zero order Hankel function, respectively. The solution is an
even function of y and using the Hankel function expansion

(8]
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it can be approximated on the path of moving load as:
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y=0, x>>0
in which C(') and S( ) denote Fresnel Integrals [9]. Eq. (19)
shows that the plate bends with limited wavelength in front of
the load and the wave amplitude decreases gradually far from
the load and reaches to zero in +oo.
For points behind the load, the response is approximated as
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which means that the deflection of the plate is increased for
the points far from the load. The wavelength and amplitude
become unlimited in -co, but it can be easily shown that the
slope and stress are limited everywhere.
The exact solution, found numerically, of eq. (17) for
y = 0and also egs. (19) and (20) are shown in figure (1).

, y=0, x<<0 (20)
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Figure 1: Exact solution and its approximations

Using method of images, we obtain the response of a strip
plate, shown in figure 2, as a series of the result for the
infinite plate:
i3 wg(x,y—yO —2nl,/l)
W= @1)
p—— (x,y + Y, - 2nl,/1)
Furthermore, we can also evaluate stresses and strains for
every points of the plate in terms of partial differentiation of
the analytical solution.

Figure 2: Strip Plate and its dimensions

ARTIFICIAL NEURAL NETWORKS

ANNs are computational models which replicate the functions
of a biological network composed of neurons. They are used
to solve complex functions in various scientific applications
such as process control, forecasting, optimization,
classification, etc. An ANN can be trained to recognize
patterns, therefore the nonlinear model developed during the
training would allow ANN to generalize its conclusions and to
be applicable to patterns not previously encountered [10-11].
The MLNNs, which have features such as the ability to learn
and generalize, smaller training set requirements, fast
operation, ease of implementation and therefore most
commonly used neural network architectures, have been

adapted for modeling compressor performance map. As shown
in figure 3, a MLNN consists of (i) an input layer with neurons
representing input variables to the problem, (ii) an output layer
with neurons representing the dependent variables (what is
being modeled), and (iii) one or more hidden layers containing
neurons to help capture the nonlinearity in data.
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Figure 3: Multilayer Neural Network Topology

Multilayer Neural Network (MLNN)

The most widely used ANN for engineering applications is
known to be MLNN [12]. The MLNN is a nonparametric
technique for performing a wide variety of detection and
estimation tasks [10,11, 13]. In the MLNN, each neuron j in

the hidden layer sums its input signal x; after multiplying them

by the strengths of the respective connection weights w i and

computes its output y jasa function of the sum:

b= 1 (S, @
where f'is the activation function that is necessary to transform
the weighted sum of all signals impinging onto a neuron. The
activation function f{’) can be a simple threshold function, or a
sigmoidal, hyperbolic tangent, or radial basis function.

The sum of squared differences between the desired and actual
values of the output neurons E is defined as

1 2
E=—2(5-») (23)
Each weight w; is adjusted to reduce E as rapidly as

possible. How W is adjusted depends on the training

algorithm adopted.

Training algorithms are an integral part of ANN model
development. A good training algorithm will shorten the
training time, while achieving a better accuracy. There are a
number of training algorithms used to train a MLNN and a
frequently used one is called the backpropagation training
algorithm. The backpropagation algorithm, which is based on
searching an error surface using gradient descent for points
with minimum error, is relatively easy to implement.
However, backpropagation has some problems for many
applications. It is not guaranteed to find the global minimum
of the error function since gradient descent may get stuck in
local minima, where it may remain indefinitely. Therefore, a
lot of wvariations to improve the convergence of the



backpropagation were proposed. Optimization methods such
as second-order methods (conjugate gradient, quasi-Newton,
Levenberg-Marquardt) have also been used for ANN training
in recent years. The Levenberg-Marquardt algorithm combines
the best features of the Gauss-Newton technique and the
steepest-descent algorithm, but avoids many of their
limitations. In particular, it generally does not suffer from the
problem of slow convergence [14, 15]. Therefore, in this study
the MLNN was trained with the Levenberg-Marquardt
algorithm.

The Levenberg-Marquardt Algorithm

ANN training is usually formulated as a nonlinear least-square
problem. Essentially, the Levenberg-Marquardt algorithm is a
least-squares estimation algorithm based on the maximum
neighborhood idea. Let E(w)be an objective error function

made up of m individual error terms ef (w) as follows:

E(w)=2 (W)=l () @

Where e‘,z(w):(yd‘,—yl)zand y,is the desired value of

output neuron , y, is the actual output of that neuron.

It is assumed that function f(-) and its Jacobian J are known

at point w. The aim of the Levenberg-Marquardt algorithm is
to compute the weight vector w such that E(w) is minimum.

Using the Levenberg-Marquardt algorithm, a new weight
vector w,_ can be obtained from the previous weight vector

w, as follows:

W, =W, +0wW, 25)

k+1

where ow, is defined as

sw, =—(J7 £ (w))(]J, +a1)" (26)

ESTIMATING THE DEFLECTION USING MLNN

To find the deflection of the plate, the infinite integral of (23)
should be evaluated numerically as a function of Ax and Ay.
Because of the periodic nature of Hankel function, the
computational effort would be increased greatly to reach an
acceptable accuracy. Consequently, MLNN can be used as a
powerful tool to estimate the response of the plate.

In order to train the ANN, the deflection of 1000 random
points of the plate has been obtained by calculating the infinite
integral of (27) numerically using adaptive Simpson
integration method.
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It is notable that (17) has been simplified in non-dimensional
form of (27) for simplicity. Basic non-dimensional parameters,

including m and Y, are used as the input layer while the plate
deflection is used as the output-layer components of the
network. In the application, as mentioned above, the
Levenberg-Marquardt algorithm has been used with two
nonlinear hidden-layers. Tangent sigmoid (tansig) transfer
function hase been used and inputs and outputs are normalized
within the range of (0, 1). The network structure is shown in
figure 4.
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Figure 4: Network structure

In the training stage, we finally used 9 neurons in the first
layer and 9 neurons in the second one by trial and error to
obtain an appropriate function approximation. 2000 epochs of
training carried out using 900 patterns and successfully
verified with the test data including 100 patterns as
verification data which have not been used in the training.
Using the results produced by network at the verification
stage, the mean error percentage value was estimated to be
less than 1 percent.

t —o.
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The statistical results prove that the estimated deflection of the
plate provided by the network is close to the numerically
evaluated results. Therefore, reducing the computational
effort, the trained network can be used successfully as a
powerful tool to approximate the plate’s deflection. The
deflected plate, estimated by the network, is shown in figure
(5). For better illustration, the contours of the plate is depicted
in figure (6).

(22)

Figure 5: The deflection of the plate subjected to moving load



Figure 6: The contours of the plate’s deflection

CONCLUSION

The feedforward backpropagation neural network, consists of
two nonlinear hidden layers, successfully estimated the
response of the plate subjected to moving load. It was trained
by the response of the plate in a finite set of points using
Levenberg-Marquardt ~ backpropagation  method.  The
computational effort decreased considerably in comparison
with numerical methods which are extremely time-consuming.
It shows that soft computing method such as neural network
can be used as powerful tools in estimating the response of
plates and spatial structures.
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