Math 101 Sec. 2.9 The derivative as a function Lec.8

We can write the derivative as a function as follows:
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Example (1) Find the derivative of the function f(x) = iz using the definition. State the domain
X

of the function and its derivative.

Solution
1 1
T2 2 _ 2 2 _ .2 2
F(x) = (x+h) X zlimlx : (x+h2) zlimlx (); +2xh2+h )
h -0 f x“(x+h) h=0 fy x (x+h)
1-2xh—h> ..  -2x—h -2x _-2x -2
=lim————— = lim— = ra
=0 b x*(x+h)* -0 xP(x+h) T x (x+0)°  x X

The domain of f and /' is R-{0}.

Example (2) If f(x)=x —z, find f’(x) using the definition of the derivative.
X

Solution

Since f(x)= x—g then f(x+h)= x+h—L

xX+h
f’(x)zliml{xw—%—(x—%)}
—hm {(x+h x)— (———)}
+h x
1 x—x—h .1 —h
—hm A= 2(—}1‘—)}‘—1““1 ZI},E%h(x(x+h) ~2lmy x(x+h)
2
:1+—2.
X

We may write the derivative using other symbols as follows:

Yy or % or D_f(x) or  Df(x),
X

Also,

Prepared by Ahmed Ezzat Mohamed Matouk 1



Math 101 Sec. 2.9 The derivative as a function Lec.8

Definition The function f(x) is said to be differentiable at the point a if

ACR) AN

h—0 h

exists. If the limit doesn’t exist then f(x) is not differentiable.

Corollary The polynomial function is differentiable at any point in its domain.

Theorem Every differentiable function is continuous.

Proof:

exists and

Let the function f(x) be differentiable at a point (a, f(a)), then lhlrrol Slat h}z mAC)

equal a real number, thatis f'(a).

Now,

fw+h»¢nn=fW+2‘wam

By taking the limit in both sides as h approaches to zero, then

fla+h-f(@,
h

tim[ f (a-+ )~ f (@)] = lim
_lim @D =@

h—0 h h—0

= '(@).0
= 0.

This implies that

lim[f(a+h)= f(@)]=lim f(a+h)-lim f(a) =lim f(a+h) - f(a) = 0.
Consequently,

lim f(a+h) = f(a).

By putting x =a+h,then x >a as /& — 0, and the last limit can be rewritten as:
lim /(x) = f (a).

This implies that the function f(x) is continuous at the point a.
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The converse of the above theorem is not true. i.e. not every contiuous function is

differentiable.
The following example shows that not every every contiuous function is differentiable

Example (3) Show that the function f(x) = |x| is not differentiable at x =0

Solution
The function f(x) = |x| is continuous at x = 0 (why?)

_ im f(0+h) [ _ . [0+h=o] (i

f (0) h—0 h -0 h
A {1 at h>0
Since *— =
h -1 ath<0
Then,
limuzl and limu:—l.
0" 0" h

This implies that, %mol P doesn’t exist and consequently f’(a) doesn’t exist. i.e. the function
n—>

f(x)= |x| is not differentiable at x =0.

Example (4) Show that the function f(x)= |x — 6| is not differentiable at x =6

Solution

716) = tim L6 1= f(6)_11 0|6+h j 6 6|_h%1|h|

1»0

doesn’t exist from the last example. This means that f'(6)

We have already proved that %mg P

doesn’t exist. i.e. the function f(x) = |x— 6| is not differentiable at x =6
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