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The derivatives 
  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Consider the point P on the curve of the function f(x) with coordinate (x,y) and the point Q is 

sufficiently small increasement of the point P with coordinates ),( hyhx ++ . 

The slope of the secant line PQ is PQm   and given by: 
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When the point Q moves on the curve of f(x) to reach P, the secant lines (red lines) will move 

to coincide with the tangent line-blue line- of the point P (this only happens as h approaches to 

zero).   

Thus, the limiting behavior of the slope of the secant lines approaches to the slope of the curve 

at the point b as h tends to zero. We summarize our results by writing: 
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where m is the slope of the tangent line to the curve of f(x) at the point P. 

The function which generates all the slopes of the tangent lines to the curve of y = f(x) at a 

point (x,y) is called the derivative of f(x). Now, we have to introduce the following definition:  
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Definition 1 

The derivative of a function f(x) is the function denoted f ′   (read “f prime”) and defined by 
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provided that this limit exists. 

Also, f ′  is the limit of the difference quotient as 0→h . 

Remark, the following symbols of writing the derivative of the function f(x) are equivalent: 
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Remarks: 

• If  )(xf ′  exists then f(x) is said to differentiable at x. 

• The derivative of a function f(x) at a point 1x  is the slope of the tangent line at the point 

1x .  i.e., )( 1xf ′  is the slope of the line tangent to the graph y = f(x) at the point 

))(,( 11 xfx , other writing: 
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Example 1 use the definition of the derivative to find )(xf ′  where .)( 2xxf =  

Solution: 

Since ,)( 2xxf = then 222 2)()( hxhxhxhxf ++=+=+  
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Example 2 use the definition of the derivative to find )( x
dx
d . 

Solution: 

Since ,)( xxf = then hxhxf +=+ )(  
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Example 3 find 
dq
dp  if 132 −+= qqp  

Solution: 

Since 132 −+= qqp then 13321)(3)()( 222 −++++=−+++=+ hqhqhqhqhqhqp  

∴
.32131332

)13()1332()()(

222

222

++=
+−−−++++

=

−+−−++++
=

−+

hq
h

qqhqhqhq
h

qqhqhqhq
h

xfhxf

 

.32302)32(lim)()(lim
00

+=++=++=
−+

=′∴
→→

qqhq
h

xfhxff
hh

 

 

Example 4 find 2)5( +x
dx
d  using the definition  

Solution: 

Since ,)5()( 2+= xxf now  we  need to calculate )()( xf
dx
xdf ′=  

hxxhhxhxhxf 1010225)5()( 222 +++++=++=+  

∴
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Example (5) in the last example find the equation of the tangent line to the curve of  

,)5( 2+= xy   at the point )36,1( . 



Math 121,                            section 11.1     the derivatives                                                        Lec4 
 

Prepared by Ahmed Ezzat Mohamed Matouk,                                                                               4 

Solution  mxy
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 is the slope of the tangent to the curve y = f(x) at the 

point 1x , where 11 =x . 

Since )5(2)( +=′ xxf  
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Thus, the line tangent to the curve of the function 2)5()( += xxf  at the point )36,1(  has 

the slope m = 12. To find the equation of this line , we know that the line passes through 

the point )36,1( . 

Using the formula 
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          Thus, the required equation is .2412 += xy  
 
Home work: solve the book pages 544 and 545, the following problems: 
 
Use the definition of the derivative to find each of the following: 
 

[13]   
dq
dp  if ,152 2 −+= qqp  

[14]  )3( 2 −− xx
dx
d , 

 
[17] )(xf ′   if   2)( += xxf , 
 
[27] find an equation of the tangent line to the curve 2)7( −= xy  at the point (6,1), 
 

[27] find an equation of the tangent line to the curve 
1

3
−

=
x

y  at the point (2,3). 


