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Modified Zakharov equations for plasmas with a quantum correction
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Quantum Zakharov equations are obtained to describe the nonlinear interaction between quantum
Langmuir waves and quantum ion-acoustic waves. These quantum Zakharov equations are applied
to two model cases, namely, the four-wave interaction and the decay instability. In the case of the
four-wave instability, sufficiently large quantum effects tend to suppress the instability. For the
decay instability, the quantum Zakharov equations lead to results similar to those of the classical
decay instability except for quantum correction terms in the dispersion relations. Some
considerations regarding the nonlinear aspects of the quantum Zakharov equations are also
offered. ©2005 American Institute of Physid®Ol: 10.1063/1.1819935

I. INTRODUCTION guantum ion-acoustic waves can have a coherent, periodic
pattern, not present in the classical case. This points to the

The importance of quantum effects in ultrasmall elec_intrinsicall more reversible features of quantum plasmas, as
tronic devices,in dense astrophysical plasma systémsud Y : q P ’
seen, for instance, in quantum echbasd coherent patterns

in laser plasmashave produced an increasing interest on the ; o
P P 9 in the quantum two stream instabiliti®s.

investigation of the quantum counterpart of some of the clas- . . L
9 q P The purpose of the present paper is to continue this in-

sical plasma physics phenomena. For instance, quantum . . . : .
b phy P d vestigation by studying the nonlinear coupling between the

plasma echoebthe expansion of a quantum electron gas into . : )

vacuum® the quantum two and three stream instabilifies, dUaNUM ion-acoustic waves and the quantum Langmuir

and the ’quantum Landau damp?rfgave been the subject of' waves. At the classical level, a set of coupled nonlinear wave
h%quations describing the interaction between high frequency

recent investigations. Also, quantum methods such as t . . X
angmuir waves and low frequency ion-acoustic waves was

Wigner—Moyal transform have been used in the treatment 0#7 : . .
the Landau damping of classical partially incoherent Lang-IrSt derived by Zakharot: Since then, this system has been

muir waves’ Quantum models such as the Schri)'dinger-the subject ofalarge number of stydESn one cﬁmenspn,
Poisson system have also been used, through the correspt%ﬂ§3 Zakharov equations can be writtgn normalized units
dence principle, for the numerical simulation of the Vlasov-
Poisson syster. OE  PE

In this context, a mathematical formulation, based on the 'E + Y =nE, (1)
quantum hydrodynamical model for charged particle
systems®was introduced to study the quantum version of 2 PEP
the low frequency ion-acoustic wav&sin microelectronics, @ _an_ E| ,
the quantum hydrodynamical model descriiergative dif- N S

ferential resistance associated to resonant tunneling d'o.d.es'v!/thereE is the envelope of the high frequency electric field
can also model ultrasmall high-electron-mobility

. 4 . andn is the plasma density measured from its equilibrium
transistors’ The quantum hydrodynamical model for value. The systenil) and(2) can be derived from a hydro-

charg_e d. particle systems was ‘."“SO successfully used for trH:ynamic description of the plast{d®by distinguishing two
description of quantum d|SS|pat|dﬁunder the same closure different time scales, the slow time scale of the ions and the

2;22”;?5'i:ﬁtjzati::_ngfst?g Vh\;l;\;é‘reg:/:rr;? fl—e}i?:r.etzeof fast time scale of the electrons. The low mobility of the ions
d = as compared to that of the electrons justifies this kind of

pure quantum origin were observed for the linear, Weaklytreatment. Since the Landau damping of the Langmuir waves

nonlmgarv\?n\;j fuII;; ngnllntrair;r \c/jve:Jves. ;_ihe “rn?ar: ?ula?itur:nv\'/z?'ﬁ neglected in the fluid description, the mod&)l and(2) is
acoustic waves are described by a dispersion retatio Clestricted by the conditiok<<kp, wherek is the wave num-
tends to the classical dispersion relation as quantum eﬁec%

. . “ber andkp is the Debye wave number. Also, a weak turbu-
goes to zero, in accordance with the correspondence Prifance condition is to be satisfidd

ciple. The weakly nonlinear quantum ion-acoustic waves are In this paper, modified Zakharov equations are obtained

described by a modified Korteweg—de Vries equation de; . o
pending on a scaletd parameter. Finally, the fully nonlinear by use of a quantum fluid approach. Specifically, we assume

a two species, one-dimensional quantum plasma in the elec-
trostatic approximation. Pressure effects are neglected for the
b . o " ions whereas the electrons are described by an isothermal
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9Electronic mail: luna@exatas. unisinos.br equation of state. C_:ontrary to_the quantum Qegenerat ase,
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limit #— 0. We do not include quantum statistical effects in Linearization of the electron equatio), (5), and(7)
the present investigation, and therefore, only quantum difaround the homogeneous equilibriumg=n;=n,, u,=0, and
fraction effects, responsible, e.g., for tunneling, are takere=0 produces the following dispersion relation:
into account. 52

The paper is organized as follows. In Sec. Il we write the  @? = w2 + v2k? + —K*. (8)
quantum hydrodynamic model for a two-species plasma and 4m§
derive the Langmuir mode for quantum plasmas. In Sec. lllj, Eq. (8), w is the wave frequency is the wave number,
we obtain the quantum Zakharov system through a procedurg = (ne2/m.e,)Y/2 is the electron plasma frequency, and
similar to the classical one where a two-time scale formalism- (,..T_/m.)Y/2is the electron thermal velocity. Note that both
is used. In Sec. IV we study the influence of quantum effectg|assical and quantum modes can be obtained from@a.
in two relevant parametric instabilities: the decay instability | fact, the classical limiti — 0 gives the classical Langmuir
and the four-wave instability. Section VI is devoted to a pre-yayve dispersion relatioff. According to Eq.(8), the fre-
liminary discussion of the nonlinear aspects of the problemy,encyw is always real, and instabilitgor damping of this
and some of the remaining open questions. Section V' is reyaye cannot be observed. The main purpose of this paper is
served to the conclusions. to obtain a model describing the exchange of energy between

the quantum Langmuir modes shown above and the recently

found quantum ion-acoustic plasma modes.
Il. QUANTUM LANGMUIR WAVES

Before considering the nonlinear coupling between ion-
acoustic and Langmuir waves, we examine the linear stabill-”' QUANTUM ZAKHAROV EQUATIONS
ity analysis of the Langmuir waves in the quantum regfie.  |n order to obtain the set of equations describing the
For this purpose we consider a one-dimensional quantutfonlinear interaction between Langmuir waves and ion-
system, composed of electrons and singly charged ions. Thecoustic waves, in the quantum regime, we follow the deri-
quantum hydrodynamic equations in this case be¢éme  vation originally made by Zakhard.A general discussion

Mo A(NGU) of t_he validity of the Zakharov equations can be found in the
—+———=0, (3)  review paper by Thornhill and ter HaH.

A x We first separate all fluid variables into high frequency
any . anu) . " (subscripth) and low frequencysubscriptl) components,
ot X S ne(xlt) = nO + n|(X,t) + nh(xlt)l (9)
Mo Uy e 1 P, 423 (a%@a%) ni(%,t) = Ng + n(x,t), (10)
e =~ —E- Yt o\ — |
A M M X M N 0D = U0 + (), (11)
(5
ui(x,t) = u(x,t), (12
MM fe (6)
A ax om E(x,0) = B(x1) + En(x,1). (13
Note that the high frequency portions of the ion quantities
9E = E(ni Ny, (7) [Egs.(10) and(12)] were ignored due to the large ion mass.
2 Also, from the very beginning we assume that departures

whereE is the electric fieldP, is the electron pressure, and T0M the quasineutral regimey~ne and u;~Uue) are pro-
Ne, N, U, Ui, M, andm represent the density, fluid velocity, vided only by the high frequency components of the elec-

and mass of electrorsand ionsi, respectively. In addition, trons motion. The high frequency term of the electric field

g0 and# are the vacuum dielectric and the scaled Planck'€an also be written as

con_stants. S_ince we are interested in high freql_Jency waves, Eq (%) = %E(X,t)e—iwet +cc., (14)

the ion densityn, can be assumed constant, at this stage. The

pressureP, is obtained from an equation of state for the WhereE(x,t) is the slowly varying envelope of the high fre-
electrons, which basically depends on the thermodynamiguency term and c.c. refer to complex conjugate. Using the
properties of the system. In the present investigation, weigh frequency components of Eq&)—7), we obtain, by
consider the isothermal equation of st&g= kgn.Te, Wwhere  the same procedure used in the classical tase,

T. is the electrons’ temperature ang is the Boltzmann’s - _ -

constant. In view of their large mass, ions are treated classi- . 9E + }v_gﬁ _ h? ﬁ _We N~ (15)
cally. Also, in a first approximation, we consider cold, zero A 2weX BmMlwe X' 21y

temperature ions. The Bohm potential term proportional to ~ ~

%2 in Eq. (5) is responsible for negative differential resis- Where the termjo?E| <|wedE| has been neglected. Equation
tance in semiconductor devicéand is associated to tunnel- (15) describes the evolution of the slowly varying amplitude
ling. E, as defined in Eq(14).
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We next proceed with the derivation of the equation forrameters. Note that for dense plasrﬁmith particle density
the low frequency pam, of the departure from the equilib- about 18°-~10*> m™ and temperature about 3010’ K, the
rium densityny. After averaging over the fast time scale, we parameteH is not irrelevant at all. For a completely ionized
get a set of equations describing the low frequency part ohydrogen plasma in these ranges of densities and tempera-
the electron continuity equation, electron force equation, antures,H typically goes from negligible values of order 0

ion force equation, up to values of order unity. The presence of large valud$ of
points to the possible experimental manifestation of quantum
oo : : : . :
+n,— =0, (16) effects in the coupling between Langmuir and ion-acoustic
o X modes in dense plasmas, particularly in astrophysical plas-
mas.
au, e kegTedn _ ) .\ e JE? 0 In the following section, the modéR3) and(24) is used
gt mg ! NoMe X 4m§n0 a3 4m§w§ x> Fo inves_tigate two parametric ins_tabiliti(_-)_s extensively studied
(17 in classical plasmas: the decay instability and the four-wave
interaction.
ou e
—-—=F=0. (18)
g m

IV. PARAMETRIC INSTABILITIES
Convective terms were disregarded in view of a weak Lang-

muir turbulence assumption, as detailed by Thornhill and ter™ Decay instability

Haar’ Eliminating u; and E; from Egs.(16)<18) and as- Following strictly the treatment for the classical decay
sumingm,/m, <1, we obtain instability.*” consider the proposal
Fn L, h? e 32|E|2 E = Ege/*o et + Ey () *ert), (25)
— -+ — =— (19

C i 1
ot S Ammg ox* Am X2
n=n,(t)cogKx - Ot), (26)
where cs=(kgTo/m)*? is the ion-acoustic velocity. We call .
Egs.(15) and (19) the quantum Zakharov equations now for the quantum Zakharov equatio®3) and (24),

For the following analysis, it is most convenient to nor- WhereE;(t) andny(t) are first-order quantities, and

malize Egs.(15) and (19). Normalized quantities are ex- wo=k§+H2k3, 27)
pressed as
— L2 21,4
_ X w1 =Kk + H], (28)
X= 24/ X T= 2 S, (20 s
m e m
02 =K2+H%K*. (29
— imn = oM E (21) Note that Eq.(29) is identical to the quantum dispersion
4mgngy’ 16mynokgTe relation obtained by Haast al? (Sec. V) except for the

here . is the el Debve | h. In addii E value of H which, due to the use of a quantum equation of
where\, Is the electron Debye length. In addition to Egs. state, has a different definition there.

(20) and (21), we introduce the dimensionless quantum pa- Also, there are the usual matching conditions

rameter
ho, ko=ki+K, wp=w; +Q, (30)

1
kgTe

H= (22)

corresponding to momentum and energy conservation re-
spectively. These conditions describe the decay of one quan-
tum Langmuir wave, with dispersion relatiga?), into other

> quantum Langmuir wave, with dispersion relati@8), and a
plicity) guantum ion-acoustic wave, with dispersion relati@g).

JE &PE JE Linearizing the quantum Zakharov equations, we obtain
E+ﬁ—H2%:nE, (23)

where ;= (nye?/mye)¥? is the ion plasma frequency. The
resulting system readsve dropped bars for the sake of sim-

|
. Eon
iEse = %(& +e)e, (31)
#n #n  Ldn_ FEP
+H>— =

#al K ae

(24)

(h_l_.. ) ) (m 2*>_

. ) iQng + KEQE; e, + +1Qn; + KEGE; |e- =0,

The quantum parametet given in Eq.(22) expresses the \ 2 2
ratio between the ion plasmon energy and the electron ther- (32
mal energy. This is to be compared with the dimensionless
parameter charact)‘?_erizing quantum effects in the two-strearwyhere use has been made of the notation
quantum instability, given by the ratio between electron _ ; _ _ ; _
plasmon and thermal energies. Here, the presence of ion- €01 exXHi(ko X~ wo )], € = ex+i(Kx—Qu]. (33
acoustic modes forces the appearance of igimertia) pa-  The resonant pafsatisfying Eq.(30)] of (31) gives
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FIG. 1. Growth rate of the decay instability f&;=0.5 and 6<H<1.5, as
indicated. Notice the quick saturation effect tor>0.

2i

ny= E_OEl’ (34)
while Eq. (32) gives

%1 +iQn, + K?EGE, = 0. (35)
For E1=in1, elimination ofn, leaves us with

0’ +2Q00°+KIE(?=0, (36)

which is formally identical to the dispersion relation for the

classical decay instability. Hence, all conclusions valid for

Phys. Plasmas 12, 012302 (2005)

For dense astrophysical hydrogen plasfnamhere Ny
~10%2m= and T.~10° K, we obtain H~1 and ypax
=|Eg|/ 2. For laser hydrogen plasmas, however, to the best
of our knowledge, such high densities are not yet attainable.
For today’s typical valu€sof ny~1028 m™3 and T~ 10° K,
we obtain a modest value #f~ 1072, The smallness of the
quantum effects fomodulationalinstabilities in laser plas-
mas follows from the fact that, in this respect, the relevant
parameteH is defined as the ratio of the ion plasmon energy
to the electron thermal energy. If the pertinent quantum pa-
rameter were the ratio between tekectronplasmon energy
and the electron thermal energy, as in the quantum two-
stream instabilit)(?, the lower mass of the electrons would
increase significanthH. For laser plasmas with the same
typical values as before, we would haiMe-0.4. Of course,
we are not saying that quantum effects are irrelevant for laser
plasmas: they can show up when the Landau length becomes
comparable to the de Broglie wavelength, in which case
ho.~ kgTe, Wherew. is the cyclotron frequency associated
with the laser field, or when the electrons are degene?ated.

B. Four-wave instability

The general instability involving the interaction between
one single finite-amplitude Langmuir wave, two other Lang-
muir waves and one ion-acoustic wave can be obtained by
choosiné8

E(X,t) = EO eX[X— |w0t + ikoX)

+E, exd - i(wg+ o)t +i(ky + Kk)x]

+E_exf-i(wp— w* )t+i(ky— K)X], (39)

the classical case can be immediately extended to the quan-

tum case. In particular, fd2 > |w|, so that the cubic term can
be neglected in Eq36), and forw=iv, we obtain the growth
rate

KIEo|

V2O

(37)

In all situations, the discriminafftof the cubic equatio36)
is positive and there are one real and two complex conjugal
solutions for this equation, one of which is necessarily un
stable.

To conclude, there is a formal similarity between the
classical and quantum decay instabilities. The only differ
ences remain in the dispersion relatiai2y)—<29), for the

quantum Langmuir and ion-acoustic modes. The quantum
dispersion relations, however, produces a saturation effect

not present in the classical casee Fig. 1. Combining(29)
and(37), we obtain

VKIE

721 + HoKD M 39

for which a maximum valuey,.,=|E,|/V2H is obtained for
K—oo. This is to be compared with the classical cdkk
=0) where y grows with no bound a¥ increases. Even if
the quantum effects do not imply stabilization, they limit the
instability to a fixed maximum growth rate.

n(x,t) = exp(— iwt + ikx) + c.c., (40)

where the amplitudek,, E_, andt are all first order quan-
tities. We choose the equilibrium solutiofE(x,t)=E,
Xexp(—iwgt +ikpx), n(x,t)=0 to satisfy Eqs(23) and (24)
with Eg real. This implies the relation

wo = K5+ H2Kg. (41)

t‘Ia’he last equation can be found also from the dispersion re-

lation for quantum Langmuir modd&qg. (8)] taking w.=0
and the recalling of variables. In faab, is absorbed in the
electric field through Eq14). In conclusion, Eq(41) shows

a quantum Langmuir mode.
The forms(39) and(40) when inserted in Eq.23) yield

(wo+ W)E, = (ko + K)’E, =TEg + H(ko + K)*E,, (42
(wg— w* )E_ = (kg — K)ZE_=Ti* Eq+ H?(ky— K)*E_.
(43

When combined, Eqg24), (41), and(42) and the complex
conjugate of Eq(43) give the following dispersion relation:

DD;D, =k*E3(D; + D,), (44)
in which
D= w?— k? - H?K*, (45)
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Dy = w— k2= 2Kok — H2(K* + 4kok® + 6Kk2K2 + 4K3K),  (46)

D, = — = k? + 2kok — H2(K* — 4kgk® + 6k2K? — 4K3K) .
(47)

Note that the limitH— 0 recovers the classical dispersion
relation for the four-wave interactiof.

The dispersion relatio44) is a fourth-order polynomial
in w that, in general, can only be analyzed numerically. How-
ever, the simplest casey=ky,=0 can be investigated analyti-

cally. For a purely growing instabilityo=ivy the dispersion : +
relation (44) becomes 0 01 02 03 04 05
[7+ K2+ H2C] 2 + (k2 + H2K42] = 2K2E2(K2 + H2KY. i@
(48)

. FIG. 2. y2 as a function ok? for the positive root in the dispersion relation
Solving for 2, there follow two roots, (49) for the four-wave instability. We hav&,=0.5, H=0 (full line), H
=0.5(dashed ling andH=0.9 (dotted line.

== S+ KL+ + HA) £ (K + K (0

showing that quantum effects produce stabilization. The ap-

2 — 2 — H214\2 2E271/2
+ HA)(1 - k2 = HK)? + 8K Eol™ (49) proximations adopted are justified in view of our assump-
one of them necessarily negativetable modg The other  tions of long wavelengths and weak turbulerismall elec-
root is positive(unstable modeprovided tric field amphtude}; For densg_ astrophysical plasmas with
5 H~1, as in the decay instability case, we would ggf,«
E(2)> k_(l +H2A?)2. (50) :E(Z)(O.ls.—E(z)), a significant dizferencz:e in comparison with
2 the classical case wheng,,=Eq(1-Ep).

In order to further assess the role of quantum effects in
the four-wave interaction process, we performed a numerical
study of Eq.(44) for generalky# 0. Figure 4 displays the
real(solid lineg and imaginarydashed linesparts ofw as a

) \EEo—k function of k. Both uncoupled(i.e., E,~0) and coupled
= T (51 cases are considered, for three different valueld.obue to
the symmetry(k, w) < (-k,—w) 0 D4+ D,, of the dispersion
This is in agreement with the overall stabilization that quan-elation (44), we consider only positive values of the wave
tum diffraction effects produce in high density plasnﬁi'éﬂ%n number, around the overlay region of the brancbgsand
fact, for sufficiently largeH there is no transfer of energy D,, where instability occurs. In the uncoupled cdse2k, is
from the original quantum Langmuir mode to the two newa root of D, when w=0, for both classical and quantum
quantum Langmuir modes and to the quantum ion-acousticases. Also, the plots @ andD, branches touch each other
mode. at isolated points while, whek,+# 0, overlay occurs for a

Let us consider in more detail the potentially unstablewhole finite interval ofk, signalizing wave instability. The
mode described by the positive root in E49). In Fig. 2, we  first column of plots shows that, for a fixed), both un-
show y? versusk? for H=0, H=0.5, andH=0.9, with E,
=0.5. The instability regiofiy?>0) in k space becomes nar-
rower for biggerH. Also, the maximumy? becomes smaller — o
the larger the quantum effects. This latter result is analyti- ]
cally supported by an expansion of the positive root of Eq. |
(49). The wave number for maximum growth ratg,,, can
be calculated, in @®(k°% approximation, by expanding Eq.

(49) up to fifth order ink. This perturbation analysis is inter-
esting sincaly/dk=0 is not soluble in closed form if we use
the exact expression for E@9). The result of the expansion
procedure is shown in Fig. 3, where the wave nunibgl

for maximum growth rate wheky=0.5 is shown as a func-
tion of H. (Note the extended domain of the function, beyond
the reasonable limit oH=1.) Using thisk,, We obtain a
somewhat complicated expression which can be used to cal-
culate the associated growth rateUsing a computer alge-

H : —r2 2 2
bra program, we can e46lSI|y .Ob.tam]ax_ EO(:I-_.EO_O-87H )’_ FIG. 3. Wave numbek., for maximum growth rate of the four-wave
a result valid up tdO(Ep). This is an approximate equation instability, as a function oH, calculated toO(k%), andE,=0.5.

This recovers the classical instability condition for the four-
wave interactio when H—0. However, there is a new
quantum effect of instability suppression, provided
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2

an
2 2
10 al) -|E[*+H Pyt (52)

00 /
%
N

Equation(52), inserted in Eq(23), yields
o PE (92n>
+E— /.

0k (53

o

In the classical limitH — 0, the right-hand side of Eq53)
vanishes and we recover the nonlinear Schrodinger equation
with its soliton solutions. In the quantum case, however, Egs.
(52) and(53) form a coupled, nonlinear system. We have not
been able to find localized, analytical solutions for this sys-
tem. In fact, the usual reduction procedure of searching for
solutions in the form

W W
@ 1w % ® M @ E =F(x—- Mt)expli[k(x— ut) + 8]}, n=G(x-Mt), (54)

W= I .

’ for realF, G, k, M, u, and 6 produces a complicated fourth-
10 10 order system of coupled, nonlinear equations. The existence
20k 0w 10 0k 0 1w Wk of soliton solutions for this system remains an open question.

It seems that a numerical analysis could help in this respect

FIG. 4. Real(solid lineg and imaginary(dashed linegscomponents of the  but we believe that this issue should be more appropriately
frequencyw as a function ok for uncoupled[frames(al), (a2), and(a3)] treated in a future work.

and coupled casd$rames(bl) to (c3)]. From top to bottomH=0, H=0.5, . . .
andH=0.9, respectively. From left to righEy=0, Eg=0.5, andE,=0.5. For Another avenue in nonlinear studies of the quantum Za-

the first and second columikg=0.5; for the third columnk,=0.75. In the ~ Kharov equation concerns its simultaneous semiclassical and
first frame,D; (i=s,1,2) indicate the various branches of E44). Asimilar  static limit. Substituting Eq(52) into Eq.(53) and retaining
labeling applies to all the frames. only terms up toO(H?) produces the decoupled equation
JE FPE (a“E &2|E|2)

i—+— +|EPE=H E
a o oxe €l axt Ix?

10
00
-19

0wk 00 10 2k 0 10 2wk

p

W
10
00
-10

N -

=L

00 1

coupled curves raise witH, implying reduction of the inter- (55)

val in k where instability settles down. This can be checked
against the corresponding figures in the second and thlrﬁ
columns, where a contraction of the unstable interval |s'3'Ca
clearly seen.

Denote the unstable interval ik by I,=(k,,k,). For
higher pump energ,, the third column of Fig. 4 shows an
overall contraction of,. This results from the gradual shift
of k, to the right andk, to the left, due to the quantum
effects. For the relevant range of valuesB <1, less se-
vere attenuations occur for the maximum growth rate, co
pared to those found for the unstable intervakiThus, the
numerical results show that the quantum effect inhibits th
spreading of energy among different modes. In fact, assume ap N
that for a specifid, N,=(k,—k,)/k represents a first estima- PPy (56)
tion for the number of active modes at the beginning of the
process. Then, the contraction gfimplies that the Lang- where E(x,t)=A(x,t)exdid(x,t)], with A=A(x,t) and 6
muir fluctuations in quantum plasmas might represent more 6(x,t) real amplitude and phase functions, and
coherent configurations, i.e., having less effective modes

quation(55) can be used to study perturbations of the clas-
I NLS soliton solutions. The terms proportionaHg in

g. (55), will probably modify the dispersion-nonlinearity
equmbrlum, which is the ultimate responsible for the soliton
existence.

More formal aspects of the Zakharov equations have to
do with its variational formulation and the associated Noet-
her current$? In particular the quantum Zakharov equations
mbreserve the number of plasmofiE|°dx of the high fre-
quency electric field, as a consequence of the associated con-
Servation law

— A2

when compared to the corresponding classical situation, an =A% (57)
issue to be checked by a direct numerical simulation and, 20 20 A2 20\2
possibly, by an experiment. J=2A2Z7 _ oy { AL popn Tl T 2A2(—>

X ax3 X IX? X
V. NONLINEAR ANALYSIS AND OPEN QUESTIONS [ 9AV?a8 PAIY

2 +4A— . (58)
oX é’X oX= X

An important regime of the classical Zakharov equations
concerns its static limit. In this case, the classical ZakharoWotice the extra contribution proportional i to the plas-
system do possess soliton solutions described by a nonlinearons current. The conservation lagg6) comes from the
SchradingenNLS) equationl.7 The procedure for the static imaginary part of Eq(23) and hence contains no contribu-
limit of the quantum Zakharov equations considers the aption from n. A proper formulation of the remaining conser-
proximation#’n/ gt>~ 0 in Eq.(24). This gives immediately vation laws(momentum and enerypf the system is an open
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guestion to be tackled, preferably in accordance with symVI. CONCLUSION
metry principles of an associated action functional. Other . .
: . ) We obtained a general model to analyze the coupling
important issues concern the search for coherent solutions %f

. .~ Detween Langmuir waves and ion-acoustic waves in a quan-
the quantum Zakharov equations, namely, quantum solitons . .
. fum setting. The model was shown to be appropriate to the
and guantum cavitons.

. : . . tfour-wave interaction and quantum effects have been shown
Still another issue related to the nonlinear analysis o

o to provide stabilization of a classically unstable mode. In the
Egs. (23) and (24) concerns thermalization and recurrence. ; . o .
o - . ase of the decay instability, a formal similarity with the
For periodic boundary conditions, the classical NLS does no . o oo . .
> o . . classical case is identified, except for small differences in the
exhibit thermalization and, therefore, is generically

223 . dispersion relations, representing quantum corrections. We
recurrent.”“” The classical procedure to address such ques-," " o . : .

. . S . also identified a dimensionless quantum parameter given by
tions is based on estimations for the number of active mode,

. . N t?‘le ratio of the ion plasmon and electron thermal energies.
N4, from the Rayleigh quotient. An upper bound estimation . .
. . . . . i As pointed out before, this quantum parameter may not be
for this number is provided by two invariants: the number of

A : L small, at least for dense plasmas.
plasmons and a momentumlike invariant which, in our case,
The consequences of our results on todays laboratory or

is not yet known. For classical regimes, numerical simula- : .
. . . technological plasmas are not yet fully assessed since, for
tions show that the conclusions can, in general, be extende e . L

. . present conditionsH<1 in these applications. However
to the nonintegrable Zakharov system, when considered as’a

perturbation of the NLS regim7e4.ln fact, it has been shown q“a““.‘m effeqts may 'T“p'y |mp0rtant consequences in the
4 . behavior of high density astrophysical plasmas, whidre

that, at least for some period of time, the constancy of the ~, : ; .

~ 1 is easily found. In this case, as we pointed out, quantum

effects cause an overall reduction in the wave-wave interac-

%ion level. Specifically and in contrast to the classical case,

tion presented in the last section, ilds=N,, can yield quite ) - .
good results when applied to the full Zakharov equations.the decay instability growth rate is bounded for large wave

o . : : numbers. Growth rate reduction also occurs for the four-
Under this viewpoint, the contraction of theunstable inter- wave interaction. Besides, suppression is also verified in the
val due toH+#0, verified in Sec. IV B, suggests that the ' » SUPP

S ) ) . length of the unstable spectral range, implying spectral fo-
distribution of energy is less intense in quantum plasmas_ ~ . o .

. ; cusing, i.e., a restriction on the range of possible unstable
when compared with the classical case. Therefore, quantum

i . X wave numbers. This focusing effect may extend to quite long
effect would favor recurrence in Langmuir modulational re- . : S .
gimes periods of time, indicating that the recurrence properties

. . . verified in the classical Zakharov equations are enhanced by
To finalize, we can derive some exact solutions for the,

quantum Zakharov Eqg23) and (24) if we consider pure the quantum effects. . .

) : : : . A number of open questions remains to be addressed. Of

ion-sound waves obtained by takiig 0. With zero electric . . : ) :

. : . - . ._course, a complete analysis of the linear dispersion relation

field, the density perturbation satisfies the undriven equation )
of the quantum Zakharov system have to be done. This may

require a full three-dimensional treatment, with the inclusion

of electromagnetic coupling between Langmuir and ion-

acoustic modes. An additional important point are the non-

linear effects, some of them briefly discussed in Sec. V,

which may deserve a more careful scrutiny. To conclude, the

Th.is linear fourth—ord<_ar evolutionﬁgequation was in_vestigatedhuge amount of physical and mathematical aspects already
using the method of Lie symmetriesand we found time and assessed in the classical Zakharov equations certainly have

space translation symmetries, as well as a scale Symmeta/uantum counterparts which ask for an equally careful inves-
resulting from the linearity. Thé4? term breaks down the tigation P qually

Lorentz invariance endowed by the classical model for pure
ion-sound waves, so that arbitrary waves traveling at the ion- CKNOWLEDGMENTS
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