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Abstract

The Poisson structures for 3D systems possessing one constant of motion can always be constructed from the solution of

a linear PDE. When two constants of motion are available the problem reduces to a quadrature and the structure functions

include an arbitrary function of them.

1. Introduction

Three-dimensional dynamical systems have re-
ceived much attention both in view of their intrinsic
mathematical relevance and of their wide interest in
domains such as mechanics [1], optics [2,3], dy-
namics of interacting populations [4-7], modeling of
fluid turbulence [8,9], wave interaction models [10-
12], dynamo theory [13], and several other areas of
physicai, chemicai or bioiogical importance. A more
recent related issue concerns the Poisson structures of

these systems. Thig qnpehnn hag been pnptemplafpd

both from the point of view of their existence [14]
and of their explicit determination [15-18]. As a
rule, 3D systems possess a Poisson structure when-
ever a sufficient number (e.g. two) of independent
constants of motion exist [19]. Their explicit con-
struction, however, is a partly open problem which,
as we bllUW lll l.lllb I_JCLLCI can ledyb UC bUlVCU W[lell
two constants of motion are known.

In a recent paper Giimral and Nutku [16] reduced
the problem of finding the Poisson structure of 3D dy-
namical systems to the solution of a quasi-linear par-
tial differential equation (Eq. (70) of their paper) in
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three independent variables. When two independent
constants of motion are known, the problem was there-
IUl'C TCUULCU ioa chaﬁl Cqul.lUl’l IIl llllb L,c‘:tter we
show that in fact the Poisson structures of 3D systems
nosgessm_g one constant of motion can alwavq be ob-
tained from the solutions of a linear partial dlfferentla]
equation. When two independent constants of motion
are known the problem is reduced to a quadrature. In
such cases the resulting structure functions involve an
arbitrary function of the constants of motion. A Pois-

son structure involving such arbitrary functions oc-

curred earlier in the ctnr]v of the Symmetnc tnn I'lﬁl

and was recently shown to be a general feature of bi-
Hamiltonian systems in three dimensions [16].
When only one constant of motion is available, the
problem can frequently be handled in the sense that
a generalized Poisson formalism may still be con-
structed in terms of some particular solution of the per—
taining equations. To illustrate the procedure we shall
consider examples of both types. An interesting sys-
tem with only one known constant of motion is a five-
parameter version of the 3D Lotka—Volterra system.
As we show in Section 4.2, a Hamiltonian formalism
can be constructed for this system in terms of a partic-
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ular solution of the basic equation (13) in our treat-
ment. As far as we could check, no other independent
constant of motion is known for the five-parameter
Lotka-Volterra system and its complete integrability
is therefore an open question. A four-parameter ver-
sion of the same system is known to possess two in-
dependent constants of motion and, consequently, to
admit a bi-Hamiltonian structure [6].

2. Generalized Hamiltonian structures

In this section we consider a generic dynamical sys-
tem in N dimensions,

F=v*(x,t), pm=1,...,N, (1

where v# is a sufficiently smooth vector field (in gen-
eral v* € C®), x = (x',x%,...,x"), and the dot de-
notes the derivative with respect to ¢. In addition we
consider a function H(x,t) satisfying

dH JH

— = 2
dt ot (2)

along any phase trajectory, that is

v 9, H =0, (3)

where d,, indicates the partial derivative with respect
to x* and repeated indices represent the Einstein sum-
mation convention. In specific applications the func-
tion H is typically a time-independent first integral of
(1) valid over a region in phase space. Finally we
consider an antisymmetric matrix J of elements J*¥
which satisfies the Jacobi identities [20],

Jeleg, 87 = 0, (4)

and therefore provides a generalized definition for the
Poisson bracket,

[F, G] = 3,FJ ™”3,G, (5)

of functions F and G in phase space.

Definition. System (1) is said to be Hamiltonian iff
there exists a function H satisfying (2) and an an-
tisymmetric matrix J satisfying the Jacobi identities
such that

vt = J¥9,H. (6)

In such a case, H is called the Hamiltonian of (1) and
J the associated Poisson tensor or matrix of structure
functions.

Let v* be the vector field in (1) and H(x,t) be
its Hamiltonian, that is, a solution of (3). Notice that
the dynamical variables can always be labeled such
that dyH # (. Let us now consider an arbitrary anti-
symmetric matrix of elements J*¥. Under these con-
ditions, the equality

v =J*¥9,H, foru=1,...,N—1 (7)
implies
oV =I5, H. (8)

This simple statement, which can be easily verified,
has a strong implication: if a dynamical system pos-
sesses one constant of motion and N — 1 of its equa-
tions are cast in a Hamiltonian-like form, then the
remaining equation automatically acquires the same
Hamiltonian form. The proof of the proposition fol-
lows from the antisymmetry of J* and from the fact
that H is a nontrivial constant of motion. The impor-
tance of the proposition can be rephrased as follows:
when (7) holds, N — 1 components of the original an-
tisymmetric tensor J#” can be expressed in terms of
the remaining (N — 1) (N — 2) components,

N-1
JEN = _ JNE = (v‘“ - Z J“”é‘,,H)/aNH. {9)

v=1

This result can be obtained by solving (7) for J*.

Thus, any function satisfying (3) recasts the sys-
tem (1) in the “pre-Hamiltonian” form (6). The al-
gorithm consists of taking (N — 1) (N —2) arbitrary
functions J# (u < v =1,...,N — 1) and filling
up the M x N antisymmetric matrix with them, their
antisymmetric counterpart and the JV# given by (9).
The hamiltonization process will be completed by de-
manding that J* be a Poisson tensor, that is, obeys
the Jacobi identities.

To close this section we remark that in general
the Jacobi identities form an overdetermined system
of nonlinear equations in the unknown J**. In fact,
when a constant of motion exists they form a set of
N!/31(N — 3)! equations in (N — 1)(N — 2) un-
knowns {J# : u <v=1,...,N—1}.For N <3
the Jacobi identities are automatically satisfied and the
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hamiltonization process is trivial. For N > 3 the result-
ing system of equations is usually overdetermined. For
N =3 (which is the object of the following sections)
they become a linear partial differential equation. Fi-
nally we remark that the statement involving Egs. (7),
(8) can be used to explore the existence of a Poisson
structure of dynamical systems of dimension higher
than three. In four dimensions, for example, there are
four Jacobi identities and only three unknown compo-
nents J#. Thus, when the system under consideration
involves an additional arbitrary function the problem
will be well posed in terms of the three unknown com-
ponents of the Poisson tensor and the extra arbitrary
function. Some applications on this line are being pre-
pared and the results will be submitted for publication
elsewhere. In this Letter, however, we shall restrict our
attention to three-dimensional systems.

3. Three-dimensional systems
For N =3, Eqgs. (7) read

vl = J"20,H + J5;H, (10)
vl = —J9H + JBaH. (11)

Let us solve Egs. (10), (11) in terms of H, the vector
field v* and some function J to be determined later,

' — Jo,H
=g gt i
HH
2+ I H
/B = %H‘— (12)

Recall that a different labeling of the variables must
be adopted when d;H = 0. In such cases Eqgs. (12)
must undergo a cyclic permutation of the indices (1 —
2 — 3 — 1) in order to exchange d; with either 9, or
;. This permutation must be applied simultaneously
to Eqs. (14), (15) below.

Eqgs. (12) express all the components of the Poisson
tensor in 3D in terms of the symbol J to be determined
by the Jacobi identity. To see this we substitute (12)
into (4) and multiply the result by d3H. The cross
derivative and the quadratic terms cancel out, and, after
using (3) and some simple algebra, we obtain

v*d,J = AJ + B, (13)

where
dvHa, H
— "o [l
A=d,v ol (14)
and
19 2 29 |
— v
B= M (15)

d3H

Eq. (13), which is the Jacobi identity in terms of J,
is the key equation in the solution of the hamiltoniza-
tion problem of 3D systems. As mentioned before, this
last condition is a linear first order PDE. When two
constants of motion are known, one of the character-
istic equations for (13) becomes a linear first order
ODE (two out of the three dynamical variables are
solved in terms of the third one and the constants of
motion). In this case J can be solved by quadratures
and the structure functions may always involve an ar-
bitrary function of the two constants of motion. As
already mentioned, this feature is not novel (Hojman
[15] constructed a Poisson structure for the symmet-
ric top in terms of arbitrary functions of the two inde-
pendent constants of motion in the problem and, more
recently, Giimral and Nutku [ 16] presented a formal-
ism in which this possibility was indicated for 3D sys-
tems in general ). The advantage of the formalism pre-
sented here is the linear character of the fundamental
equation (13). This linear form favors the existence
of general solutions in case of complete integrability.
This is the case, for example, in the ice skate problem
studied in Section 4.1 below.

It is important to remark that the scale invariance
of the Poisson structure of 3D systems [16] is pre-
served by Egs. (13)-(15):if H is a Hamiltonian and
C is a Casimir with associated Poisson tensor (12)
(expressed in terms of J) then F(H,C), for arbi-
trary F, is another possible Hamiltonian but with as-
sociated Poisson tensor J = J/(3F/dH). In fact, as
it can be checked [21], if J satisfies Eq. (13) for A
and B calculated using H, then J satisfies the same
equation with A and B calculated using F(H,C) as
the new Hamiltonian. The multiplicity of solutions for
the hamiltonization process of 3D systems is therefore
twofold: it depends on the overall scale (or confor-
mal) invariance and on the presence of an arbitrary
(in general additive) function that characterizes the
general solutions of the first order partial differential
Eq. (13). This latter possibility will be shown explic-
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itly in Section 4, for the Poisson structure of the ice
skate problem.

As a final remark of practical interest we point that
any particular solution to (13) provides a nontrivial
Poisson structure for the system under consideration.
Interesting particular cases are obtained when the sys-
tem has B = 0, in which case J = 0 is the simplest
possible solution or when B(x) = — f(H,C)A(x) in
which case J = f(H,C) is an equally simple particu-
lar solution. The last example presented in Section 4.2
explores a similar possibility for the Lotka—Volterra
system with five free parameters for which only one
constant of motion is known in the literature [4].

4. Sample applications

To illustrate some of the various possibilities offered
by the procedure proposed above we consider now
two sample problems in detail. Several other systems
can be equally treated by repeating a similar sequence
of steps. A comprehensive and detailed list of appli-
cation examples has recently been presented [22] for
currently studied 3D systems which admit rescalable
time-dependent constants of motion.

4.1. The ice skate problem

As a first example we consider the ice skate problem
studied by Lucey [17]. In the original treatment one
of the equations was %> = 0, which can be solved
for x2 = —a = const. This transforms the 4D system
into a 3D one. We next relabel the variables using the
replacements x* — x* — x2. In this notation the ice
skate system reads

1 2 3

x =-a, Xt =Xx, X'B

=ax*tanx'. (16)
We now verify that H; = x>secx' and Hy = ax? +
x3 tan x! are two independent constants of motion and
therefore good candidates as the Hamiltonian for the
system. Using H; as a source in (14), (15) gives A =
0 and B = —acosx!. We next verify that one of the
characteristic equations of (13),

d_,:‘ =cosx!, (17)

is separated from the others and can be integrated in
the form

J=sinx! + F(H;, H,), (18)

where F is an arbitrary function of the constants of
motion. The following structure functions are now ob-
tained by substitution of (18) in (12)

Jl2 = —J2l =Sinxl +F(H19H2)’
JB =P = _acosx!,
JB =2 = [secx' + F(H,,Hy) tanx'].  (19)

The Casimir of the associated algebra is given by the
solution of

ac ac
3H, 1""(H1,I'12)(;,H2 =0, (20)
and depends on the choice of the arbitrary function
F(Hy, Hy). In particular the choice F = 0, implies
C = H,. Eq. (20) can be alternatively regarded as the
relation to determine F. From this viewpoint one can
take for the Casimir any arbitrary function of H; and
H, and solve (20) for F. A similar possibility applies
for the alternative Poisson structure of the ice skate
system (Eq. (23) below).

The ice skate problem is in fact completely inte-
grable since H; is another constant of motion, func-
tionally independent of H,. We may therefore use H»
as an alternative Hamiltonian in which case A = B =
—acot x! and

J=—1+ F(H,, H,)sinx', 21)

for any arbitrary function F of the constants of motion.
The resemblance between expressions (18) and (21)
(and consequently between the related pairs (19),
(22) and (20), (23)) suggests a more concise rep-
resentation, which unfortunately is not possible. We
proceed with the caiculation and obtain

J12 = —j2] =—14 F(H],H2) Sinxl,

JB = Pl = _gF(H,, Hy)cosx',

JB = P =P ~tanx' + F(H|, Hy) secx'].
(22)

The Casimir of the new associated algebra is now
given by the solution of
acC

_ aC
6—H2+F(H1,H2)£]-—0- (23)
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For F = 0 the new Casimir is C; = H;. Itis worthwhile
to remark that the algebras corresponding to J and
J are independent and not connected by conformal
transformations.

‘We have presented a complete and novel solution to
the hamiltonization of the ice skate system. This prob-
lem illustrates clearly the basic features of the routine
proposed. In the next subsection we analyze another
sample problem and show that a well-known system
may still exhibit some novel and perhaps unexpected
features.

4.2. The 3D Lotka-Volterra system

The 3D Lotka~Volterra system and some of its spe-
cial subsystems play an important role in modeling
many physical, chemical and biological processes.
Their associated vector field is defined (in the most
general form with Verhulst terms b; # 0) by

k

vt = x*(ap + byx*), k=1,...N. (24)

In Eq. (24) and throughout the rest of this Letter sum-
mation over £ is not implied.

Cair6 and Feix [4] found several invariants or first
integrals for N-dimensional Lotka-Volterra systems.
In particular for N = 3 and det(b;;) = 0, one such
invariant is

H = H(x',xz,x3) et = (xl)a(XZ)ﬂ(XB)ye—st’

(25)
where a, 3, v and s are given by
a = bypby — bybzy, B =b11biy — biobs,
¥ =biabyy — biby, s=aja+ ayff+ azy.
Under the constraint s = O, that is, for
ay(bnby — by b3y) + ax(by1biz — biaby)
+ as{bizby — b11b) =0, (26)

the function H becomes a time-independent first in-
tegral. Below we present the derivation of a Poisson
structure for this system under the less restrictive con-
ditions that we can find. This will ultimately imply that
among the initially free coefficients a; and b;; only
five remain arbitrary. Unfortunately no other constant

of motion is known for the same number of free pa-
rameters and complete integrability cannot be sought.
It is, however, interesting to verify that under appro-
priate conditions one can construct a Poisson structure
without being actually able to integrate the equations
completely.

In order to tackle the basic equation (13) we first
calculate A and B in terms of the vector field v# and
of the constant of motion H. For this, Egs. (14), (15)
and (25) yield

A=ay+ay+ bnxl + b22x2 + b33x3
+(b|[l.+b2/l.)x#v (27)

U

B= fy“ﬁ{(ale — axbiz) + (ba3biy — biaby, ) x*],
(28)

where we introduced U = x' x2x? to simplify the nota-

tion. To proceed we write the characteristic equation

associated to (13)

dx* o dJ
xk(ay + byux*) ~ AJ+ B’

(29)

which after some tedious but elementary algebra im-
plies

dUu
ULA+ a3 + (b1 — b)) x! + (b — bxn)x?]
dJ
T AJ+B (30)

We now mulitiply the numerator and the denominator
of the first term in Eq. (30) by €/yH, where € is an
arbitrary constant to be determined later, and rewrite
the characteristic equations in the form

dxt _ d(J - eU/yH)
x*(ag + by x*) ~ A(J — eU/yH) — B'(U/yH)’
(31
with B’ defined by
B = arbyz — a2b13 — €4aj
+ [e(b11 — b31) + bysbiy — bisbyx!
+ [€(byy — b32) + byzbiz — bisbyn]x*. (32)

Eq. (31) is difficult to treat in its general form. One
particular solution, however, can be readily found by
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imposing the additional condition B’ = 0. As can be
easily checked, under this condition

_ﬂ_ﬁ INl—a; 241=8; 3\1—y

JH y(x ) T TR(x) (33)
satisfies Eq. (31) and therefore the fundamental equa-
tion (13). The condition on B’ produces the value
of the arbitrary constant € and (for arbitrary x' and
x2) two additional constraints on the coefficients of
the system. This represents a total of four constraints
(det(b;;) =0, s = 0 and two of the conditions (34)-
(36) below) on the twelve initially free parameters.
This corresponds to a total of eight free parameters,
which in fact reduces to five since three parameters
can always be eliminated by rescaling.

Condition (32) for arbitrary x! and x2, implies three
equations of which one can be solved for € when either
(i) a3 # O or (ii) b3y # by or (iii) b3, # by.
These conditions imply the following relations,

(a1byz — az2b13)(b31 — byy)

= a3(bybii — biaba), (34)
(a1bas — azb13) (b32 — b)

= a3 (bbb — bi3by), (35)
(b23by1 — b13b21) (b3 — b22)

= (bysbi2 — b13b2) (b31 — bi1), (36)

which we interpret as follows:
(1) when a3 # 0 apply (34), (35) and use

1
€ = —(a1b3 — a2b13); (37
as
and/or (ii) when b3, # by apply (34), (36) and use
byshy — bizbn
€= === 38
b3y — by (38)

and finally (iii) when b3, # bay apply (35), (36)
and calculate € from
bbbz — bizbxn
€= - = (39)
b3y — by

To complete the calculation we insert € in (33) and
substitute J into (12). This provides a Poisson struc-
ture for the 3D Lotka-Volterra system, namely

J12=—.12] =‘y_eﬁx1x2x3’ (40)

1,3

B Pl % (bmx" - %f), (41)
23 32 x2x? w €4 3

JP === ’y—H bzﬂx + 7)5 . (42)

In Nutku’s analysis [6] of the Lotka-Volterra system,
one of the first integrals was the logarithm of the func-
tion used above and no Verhulst (diagonal) terms were
included. Like in the present treatment the determinant
of the coefficient of the quadratic terms was set to zero
and an additional constraint was imposed similar to
condition (26). This slightly more constrained system
(four free parameters) has a known second constant
of motion and consequently admits a bi-Hamiltonian
structure. The component J'? of the Poisson tensor in
Nutku’s analysis satisfies condition (13} but is a dif-
ferent particular solution.

5. Conclusions

We have considered a procedure for constructing
the Poisson structure of dynamical systems possess-
ing a constant of motion. In three dimensions the
problem is reduced to the solution of a linear PDE.
When two time-independent first integrals of the sys-
tem are known the procedure can be applied twice and
yields bi-Hamiltonian structures involving arbitrary
functions of the constants of motion. The technique
was applied to a few sample systems to show how it
works. In particular we verified that the ice skate sys-
tem analyzed by Lucey [17] is completely integrable
and that a five free parameter version of the 3D Lotka-
Volterra system can be cast into a generalized Hamil-
tonian form. Other 3D systems for which one or more
time-independent constants of motion are known can
be treated equally.
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