D&D

Summary

D&D Review Notes

Probility of an event.  

Probility of event A:   P(A):  
n(A)
n(A) = # of elements in set of event A

n(S)
n(S) = # of elements in sample space S

Union Rule:  P(A(B) = P(A) + P(B) – P(A(B)

Joint Probability.  P(A(B)

Mutually Exclusive.  When the sets corresponding to two events are disjoint (no intersection) than the two events are mutually exclusive.  For mutually exclusive events, the probability of intersection=0.  


P(A(B) = 0


P(A(B) = P(A) + P(B)

Probability Distribution:  Table that gives the probabilities of all basic outcomes of an experiment.

Joint and Marginal Probabilities (example of probability table)





SURVEY RESULTS

	
	Likely to sell well
	Mixed Indications
	Likely to sell poorly
	

	Sells Well
	A
	B
	C
	A+B+C (prob. will sell well)

	Sells Poorly
	D

(prob. likely to sell well (will sell poorly)


	E
	F
	D+E+F (prob. will sell poorly)

	[image: image1.wmf]2

 

1.7

 

[image: image2.wmf]2

 

1.7

 

A+D 

(prob. likely to sell well)
	B+E 

(prob. mixed indications)
	C+F

(prob. likely to sell poorly)





If Independent Events:


IF two events are independent of each other then P(A(B) = P(A) ( P(B)


Otherwise stated, if two events are independent:  The Joint Probability = Product of the Marginals

Conditional Probability.  Probability that event A occurs given (/) that event B has occurred. 

P(A/B) = 
P(A(B)​








   P(B)





=
Joint Probability







Marginal Probability

Variations of the conditional probability formual:




P(A(B) =
P(A/B)





  P(B)




P(A(B) =
P(B/A) ( P(A)




P(A/B) =
1 – P((/B)

Law of Total Probability.
P(B) =
P(B(A) + P(B(()

Law of Total Probability Using Conditional Probabilities.


P(A) =
P(A/B)(P(B) + P(A/()(P(()

Bayes’ Theorem.


P(B/A) =

P(A/B)(P(B)







P(A/B)(P(B) + P(A/()(P(()

Conditionals of Conditions:
If Given:  
P(C/ B/A) and P(C/ B/()





Then:

P(B(C) =
P(A) ( P(B/A) ( P(C/ A/B) +









P(() ( P(B/() ( P(C/ B/()






P((/C) =
P(()( P(B/()( P (C/ B/()








P(B(C)
Statistical Independence.  Two events are said to be independent of each other if and only if all of the following 3 conditions hold:


P(A/B) =
P(A)




P(B/A) = 
P(B)




P(A(B)=
P(A) ( P(B)

Intuitively:  two events are independent when knowing something about the second event does not change the probability of the first event occurring.




  

Note on when to multiply vs. when to add probabilities:

Add:  
to calculate the probability of at least one of several disjoint events occurring…BUT, events must be disjoint (mutually exclusive)


Multiply to calculate the probability of all of several independent events occurring.

Note on Random Samples and Independent Events.

When we sample randomly from a large population or when we sample randomly with replacement from a population of any size, the elements are independent of one another.

Thus, the probability of several random events occurring is just the product of the probability of the individual random events.

Union Rule (for independent events):


P(A1(A2(A3…An) = 
1 – [P((1)(P((2)(P((3)…P((n)

Permutations.
The possible ordered selections of r objects out of a total of n objects.



NPr = 
   n!




 (n-r)!


(e.g.) Number of ways you can randomly select 4 people out of 10 where the order of selection matters (where 1234 is different from 4321).

Combinations.  
The possible selections of r items from a group of n items regardless of the order of selection (where 1234 is the same as 4321).


nCr 
=
n     =
   n!




r  
r!(n-r)!

Random variable.  An uncertain quantity whose value depends on chance.




Noted as “X”




Probability of a random variable = P(X)

Discrete Random Variables can assume at most a countable number of values (do not have to be interger per se, but they do have to jump from one countable number to another – such as stock prices jumping by 1/8 or 1/16th)

Continuous Random Variables.  Can take on any value.

Mean.  Noted as “(”


The mean of a probability distribution of a random variable is a measure of the centrality of the probability distribution.  – the weighted average of the possible values of the random variable.

Expected Values of Discrete Random Variables.  Also known as the expectation of the random variable.


E(X) = expected value of X.


Can also be referred to as μ since the expected value is the mean (weighted average) value.


(
=
E(X)
= ( [x( P(x)]





  all x

Expected Value of a Function of a Random Variable.

E[h(X)] = 
( h(x) P(x)
=
( (outcome) ( Prob (outcome)





all x

Expected Value of a linear function of a random variable.


E(ax+b) =
aE(x) + b


E(ax+by) = aE(X) + bE(y)


E(a+by) = 
a + bE(y)

Variance.  The variance of a random variable is the expected squared deviation of the random variable from its mean.



Noted as “(2”



(2 = 
V(X) = 
 ((x-()2 (P(X) 
=
Sum of all (Outcomes – EV)2 ( Prob.







all x


**
Variance tells us the amount of dispersion of the possible values of the random variable about the mean.  The variance gives us an idea of the variation or uncertainty associated with the random variable:  the larger the variance, the further away from the mean are possible values of the random variable.

Computational (easier) formula for calculating variance of a random variable:



(2 = 
V(X) = 
E(X2) – [E(X)]2


Example:


x
P(x)
xP(x)

x2(P(x)


0
.1

0

0


1
.2

.2

.2


2
.3

.6

1.2


3
.2

.6

1.8


4
.1

.4

1.6


5
.1

.5

2.5


1

2.3

7.3
















(2 = 
V(X) = 
E(X2) – [E(X)]2










V(X) = 7.3 – (2.3)2 = 2.01

Standard Deviation.  Equals the positive square root of the variance.



( = SD(X) = ( V(X)    = (square root of the variance)

Difference between Variance and Standard Deviation:

1. Variance is the average squared deviation of the random variable from their mean.  It is a measure of the dispersion of the possible values of the random variable around the mean.

2. The variance gives an idea of the variation or uncertainty associated with the random variable: the larger the variance, the further away from the mean are possible values of the random variable.

3. Since the variance is a squared quanitity, it is often more useful to work with the square root – the standard deviation of the random variable.

When comparing two random variables, the one with the larger SD or V is the more variable one  (i.e. the riskier investment, etc.)

Variance of a Linear Function of a Random Variable.
For a linear function of X given by aX + b:



V(aX+b) =
a2 ( V(X) = a2((2


Var(a+bX) = Var(bx) = b2 * Var(x)  if dependent

To calculate variance b/w x and y you must know if they are independent (i.e. if cov = 0)

In Excel: Var() = sample covariance, 

STDEV = sample standard variance



 VarP() = population variance, STDEVP() = population standard deviation

SD (a + bX)
=
|b| ( SD(X)





i.e. ( SD (Total Cash Flow) = (Price) ( SD(Total Demand)

Sum of 2 Random Variables.  If two random variables are independent, then their sum expected value is just the sum of the individual expected values.





(e.g.)  If random variable X has E(X) =300





      and random variable Y has (E(Y) = 200





then the expected value of using both X and Y = 500.
Variance of 2 Random Variables.  If two random variables are independent, then the variance of the sum of two random variables is equal to the sum of the two variances.

Covariance.  
Cov (X,Y) = E [(X-(x)((Y-(y)]




=
(   [value of X outcome – E(x)] ( [value of Y outcome – E(Y)] ( [P(X(Y)]





=
expected value of the product of the deviation of X from its mean and the deviation of Y from its mean.

· If Cov > 0, then X and Y covary  positively (i.e. when x > avg(x), y is more likely to be > avg(y))

· If Cov < 0, then X and Y covary  negatively (i.e. when x > avg(x), y is more likely to be < avg(y))

· If Cov = 0, there is no linear association


Cov(X, Y) = ( (X-EX)((Y-EY)((P(X and Y)) 

Note:


Cov (a+bX, c+dY)
=
b ( d ( Cov (X,Y)




Cov(aX, bY) 
= 
a ( b ( Cov(X,Y)

Computing Variance from Covariance with Multi Variables.

Var (X+Y) 
= 
Var (X) + Var (Y) + 2Cov(X,Y) 

Var (X-Y) 
= 
Var(X) + Var (Y) – 2Cov(X,Y)

Var (X+Y+Z) 
= 
Var (X) + Var (Y) + Var (Z) + 2Cov(X,Y) + 2Cov(X,Z) + 

2Cov(Y,Z)

Var (aX+bY+cZ) = 
a(Var(x) + b(Var(y) + c(Var(z) + 2(a(b(Cov(X,Y) + 

2(a(c(Cov(X,Z) + 2(b(c(Cov(Y,Z)

** 
IMPORTANT FOR STOCK PORTFOLIOS!!!! – where a,b,c, = number of shares of each stock

X,Y independent implies Cov(X,Y) = 0

Correlation Analysis.  study of the relationship between two random variables.

Correlation (X and Y) = 
Cov(X and Y)   
higher correlation means there is a stronger tendency for x to 




SD(X) ( SD(Y)
be above its expected value if y is above its EV.


Noted by “ρ.” 


ρ = 0

no correlation.


ρ = 1

perfect, positive, linear relationship between the two variables.  (whenever one variable increases, the other increases, and vice-versa)


ρ = -1

perfect negative, linear relationship between the two variables.  (whenever one variable increases, the other decreases


p = .9

Strong positive linear relationship.


ρ = -.9

Strong negative linear relationship.


ρ = .3

Weak positive linear relationship.


ρ = -.3

Weak negative linear relationship.

X1, X2, X3, …, Xn are n independent RVs

Fact 1: 
E(X1 + X2 + X3 + . . . Xn) 
= E (X1) + E(X2) + E(X3) + . . . + E(Xn) 

Fact 2: 
(( X1 + X2 + X3 + . . . Xn) = 
SQR(((X1)2 + ((X2) 2 + ((X3) 2 + . . . ((Xn) 2) 

E((X) = (E(X)

(((X) = |(|( (X)  if dependent

If E(X1) = E(X2) = . . . =E(Xn) = m, then E((Xn) = nm and (((Xn) =SQR(n) x ( and ((avgXn) = (                            

SQR(n) 

Binomial Trials are a sequence of n identical trials satisfying the following assumptions:

1. Each trial has only two possible outcomes.  The 2 outcomes are mutually exclusive.

2. The probability of succes (p) remains constant from trial to trail.  q=1-p
3. The n trials are independent – the outcome of 1 does not affect another.

Binomial Random Variable.  A random variable, X, that counts the # of successes in n binomials trials, where p is the probability of success in any given trial.

The Binomial Probability Distribution:


P(X) = 
   n!         ( pxqn-x





x!(n-x)!


Tells you how to calculate the probability for the number of times and “either or” outcome occurs in a fixed number of trials

Mean / Expected Value of a Binomial Distribution.
( = 
E(X) 
=
n(p

Variance of a binomial distribution.


(2 =
V(X)
=
n(p(q

Variance of binomial trials with a payoff 

(i.e. for each time you win/lose you get $b)


(2 =
V(X)
=
b2(n(p(q

Standard Deviation of a binomial distribution.

( =
SD(X)
=
(n(p(q
Solving a simple binomial (Challenger case)


Given:


p = 1/35 error happens in one trial


n = 25


Find:

What is probability of at least 1 error occurring in 25 trials?


Step 1:
Find q -- probability no errors occuring in 1 trial:






1 – 1/35 = 
1-.02857 =
.9714


Step 2:
Find q for 25 trials – probability that no errors occur in 25 trials:






25! / 25! ( .971425 ( 1/350 
=
1 ( .971425 ( 1  =
.4845

Step 3:
Find p for 25 trials:





1-q for 25 trials

=
1-.4845
= .5155


Find:



What is expected value for 87 trials?




= n(p
=87( .02857
=
2.49

Normal Random Variables: The Normal Distribution

Mean = (
Standard deviation = (
Standard normal variate: ( = 0, ( = 1

Formula for normal random variable:   X ~N((, (2)

If X is a Normal RV w/ mean = 0 and squared variance = 4: X~N(0,4)

If X has a Normal distribution w/ mean ( and standard deviation (, then X is a Normal RV and 


Prob (x1<X<x2) = Prob (x1-( < Z < x2-()   where Z is a Standard Normal variable





 (
        (
Prob(Z > z) = Prob (Z< -z)

**
The case of ((=0, (2=1) is called the standard normal distribution.


E(X) = (


Var(X) = (2


SD = (

If Z is a normally distributed RV with (=0, and (=1, then Pr(0<Z<1.65) = .4505 [from Table]

**
Note:  if you are asked “what is prob. that Z is less than 1, then you need to find prob. of 1 (.3413) from the table and then add .5 to get .8413, since you have to account for the fact that Z could be less than 1.

**
Note:  If you are asked “what is prob. that Z is greater than 1, then you need to find prob. of 1 (.3413) from the table and then subtract that from .5 to get .1587, since you have to account for everything above 1.

**
For all standard normal distributions, the pr(-1<Z<1) = 68.26 % -- that is, the prob. that a normal random variable will be within 1 SD of its mean (on either side) is .68.

· For 2 standard deviations, .95

· For 3 SD, .9974

**
Note:  If you are asked to find the value z of the standard normal random variable such that the probability that the random variable will have a value between o and z is .40, you look inside the table for the value closest to 4.0

· If asked to find the value of the standard random variable z that cuts off an area of  .90 on it’s left, you know that you have to subtract .5 from .9, and find the z value for .4.

Transformation of X to Z:


Z = 
X - (


   (

X = 
( + Z(

_____________


P(X<a)
= P(Z< a-()




(

P(X>b) 
= P(Z> b-()




(

P(a<X<b) 
= P(a-() < Z < (b-()




         (

(

Simple Example  given (, (, and % you are looking for:



Given:
mean = 124




SD = 12



Find: amount of x such that 10% of items contain more than this amount.



Step 1:
Identify what we have been given: X~N(124,122)



Step 2:
Identify what we are looking for:  P(X>x) = .10

in order to find it, we look for values of the standard normal random variable Z such that P(Z>z) - .10



Step 3:
Since area to the right of z = .10, we know that the area between 0 and z = .4



Step 4:
Find value on table, TA = .40 --- which gives us Z = 1.28



Step 5:  
Use formula:  x = (+z( to convert z to x = 139.36


Harder Example:  When you are given an equation for X:


Given:



(=5, (=10



Find:
Prob (X-10)2 <=12



Step 1:
Prob( –SQR12 <= X-10 <= SQR12



Step 2:
Prob –3.46 <= X-10 <= 3.46



Step 3:
Prob –3.46 + 10 <= X <= 3.46.+10



Step 4:
Prob 6.54 <= X <= 13.46



Step 5:
Prob X<=13.46 – Prob X <= 6.54



Step 5:
Prob Z <+.846 – Prob Z<= .154



Step 6:
.8013 - .5610



Step 7:
Prob = .2403

Fact 1:
Sums.  The sum of independent normally distributed RVs is also normally distributed.  The product of a normally distributed RV and a constant is a normally distributed RV.  (If X, Y are normally distributed, then W=X+Y is also a Normal RV.

· And the variance of the sum is the sum of the individual variances plus two time the covariance.

Fact 2:
Constants.  You can add or multiply a normal RV by constants and still have a normal RV.

· If Z~N(0,1); then a+bZ~N(a,b2)

Fact 3:
Standardizing:  IF X~N((,(2); then Z = (X-()/( is a standard normal RV.

Portfolio Example Using Variance, Covariance, and Normal RV’s.

Given:
Portfolio 1 =
$25,000

(Return =.07
(=.05

Portfolio 2 =
$10,000

(Return =.10
(=.08

Cov (1,2)  = 
-.005 

Find:  Probility Distribution (EV, VAR, SD, Normal)

Step 1:
EVTotal =
EV(Portfolio 1) + EV (Portfolio 2)



= 25,000((1+.07) + 10,000((1+.10)



= $37,750

Step 2:
VARTotal =
VAR (Port 1) + VAR (Port 2) + 2(COV.(1,2)



=
a2 ( VAR (Port 1) + b2(VAR (Port 2) + 2(a(b(COV (1,2)



=
[25,0002(.052] + [10,0002(.082] + [2(25,000(10,000((-.005)]



=
1,952,500

Step 3:
( Total =
SQR (1,952,500) = 1397.32

Step 4:
Total Return ~ N (37,750, 1,952,500)

Find:  What is probability that the value of portfolio is greater than $35,000 ?

Step 5:
Prob Z> (35,500-37,750)

 


    1397.32



Prob Z> -1.96



= .9755  (From table)

Tough Multi Year Variance Problem Using Averages


Given:   3150 stock funds, each fund has SD=.16, same as S&P500


VAR first year = .04096


Expected value each year = 0


Results each year are independent


Find:

Prob. picking 1 fund with average for 5 years is >= .25


Step 1:
Yaverage  = Y1 + Y2 + Y3 + Y4 + Y5





    5



Step 2:
VAR (Yaverage) = VAR(Y1) + VAR(Y2) + VAR(Y3) + VAR(Y4) + VAR(Y5)  + 2COV----







52







Note: Cov = 0 because independent


Step 3:
5 ( VAR(Y1) / 52
=
.04096/5

=
.008192


Step 4:
SD (Yaverage) = .0905


Step 6:
P (Z>=.25) = P(Z>= 
.25  - 0 

.0905)





=
P(Z>= 2.76)



=
.0029 (from probability table)


Find:  Now assume that all of the funds’ returns are independent – what is the probability that at least 1 fund will have returns greater than .25?

Step 1:
This is now a binomial, based on the answer  in step 6.



P(>=1) = 1-P(0)



1-
3150! ( .00290 ( (1-.0029)3150




         3150!










= .99

Sums of Random Variables.  If X1, . . . . , Xn are independent RVs and each is normally distributed with mean ( and standard deviation (, then X1 + . . . . + Xn is normally distributed with mean ( and standard deviation SQR(n) * (.

Averages of Random Variables (percentages) If X1, . . . . , Xn are independent RVs and each is normally distributed with mean ( and standard deviation (, then the average X1 + . . . . + Xn is normally distributed 









   n

and with mean ( and standard deviation       (    .

    



          SQR(n)

Law of Averages (or Law of large numbers): If X1, X2, X3, . . . are independent RVs and each has the same distribution with mean ( then as n gets large, the sample average (X1 + . . . . + Xn)/n (or X) is sure to get closer to ( because    (         gets smaller as n increases.



          SQR(n)

The Central Limit Theorem, version 1:  Suppose X1, X2, X3, . . . are independent RVs (not necessarily Normal) and each has the same distribution with mean ( and standard deviation (.  Then if n is not too small, the sample average (X1 + . . . . + Xn)/n is approximately normally distributed with mean ( and standard deviation       (   .



  SQR(n)              


The Central Limit Theorem, version 2:  Suppose X1, X2, X3, . . . are independent RVs and each has the same distribution with mean ( and standard deviation (.  Then if n is not too small, the sum X1 + . . . . + Xn is approximately normally distributed with mean n( and standard deviation SQR(n) * (.

The Central Limit Theorem, version 3:  Suppose X1, X2, X3, . . . are independent RVs and each has the same distribution with mean ( and standard deviation (.  Then as n gets large the RV 

SQR(n) * ((X1 + . . . . + Xn)/n - () gets closer and closer to an RV which is normally distributed with a mean 0 and standard deviation (.

The sum and the average of n independent RVs has approximately a Normal distribution even if the individual independent RVs do not.  In other words, the underlying distribution of the RVs can be abNormal and different from each other and if they have a common mean and variance, their sum and average will be Normally distributed and the average (X) will become closer to the mean (() as n becomes large.

CLT says that X = N((,(2), EV(X) = (, Var(X) = (2/n

SAMPLING:

Populations SD =
x - (



  (
Sample SD =

(



(n
Sample is not random b/c it is known and definite

Estimating Population Mean with Sample Mean.

Sample mean = X = (1/n)*((Xi)   can be used to estimate E(X) or ( if n is large enough b/c law of averages

Estimating the Population Variance Using the Sample Variance.

When the data of a sample are to be used to estimate the variance of the populations from which the sample was drawn, you compute the sample variance:

Sample variance = s2 = ((xi-x)2     -- good estimate of unknown variance (2 b/c law of averages.




N-1

Sample covariance = s2x,y = (1/n-1) * ((xi-x)(yi-y)

Sample correlation = r = s2x,y/(sx*sy) = cov(X,Y)/(SD(X) * SD(Y))

Opinion Polls:

% in sample = % in population + chance error

When sampling with replacement from a population that is 46% male and 54% female,

Standard deviation = SQR p(q  =
SQR (.46 x .54)

%SE =           SE number   x 100 = SD x 100                


        n                   SQR(n)  <– SQR of population size

[size of sample (not population)]   %SE depends on size of sample not                                                                                                                                   population

Multiplying the size of a sample by n divides the SE for a percentage by SQR(n)

NORMAL PROBABILITIES – SAMPLE MEANS

Sample:



Expectation

Variance

SD
Sum



n ( E(X)


n( Var (x)

Average



E(X)


Var (x) / n

RV

X~N((, (2)


Sum


n((


n((2


Average


(


(2 / n


( / SQRn

Binomial


Sum


n(p


n(p((1-p)


Average


p


p((1-p) / n

Z Scores Using Samples:

Z  =
Observed – Expected
=
[X – X]  / SQR[SD2 / N]






SQR [(2 / n]


Standard Error of the Mean.

When a variable is known to be normally distributed in the population, and you choose many random samples of the same size from this population, and the means of each sample is computed, the sample means will be normally distributed about their mean, which is also the population mean.
**
Even if the distribution of raw scores in the population is not normal, the sample means will still be approximately normally distributed if the number of cases in each sample is significantly large.

**
Which implies that the normal curve model can be used to represent the sampling distribution of the statistic X.

sx =
     s      


SQR N


where
sx = standard error of the mean

s = standard deviation of the sample raw scores


computed using normal method for samples:



SQR [(X-() / N-1]






N = number of observations in the sample
VAR of sample means = 
s2



N




**
This tells you how trustworthy the single mean of a sample is.


A small value of sx means that were you to draw many random samples of the same size from this population, the various values of X would be relatively close to one another. – which means that the single value of X you have is likely to be a rather accurate estimate of (.



**
This also means that the standard error of the mean:

i. must be less than the SD of the raw scores

ii. becomes smaller as the sample size grows

Finding how likely the sample mean represents the population mean.

Example:
Given:
sample size = 20


independently determined RV’s with common mean (

standard deviation = 10

Question:


How likely is it that ( will be more than 4 units from the sample average of the sample of 20?


Step 1:
Xi ~ N((,102)


Step 2:
X~ N ((, 102)

because Var of Means = s2 / N



 20



X~ N ((, 5)

with sx = 2.2


Step 3:
Compute 4/2.2

because we want to know how many SD from mean 4 is.



= 1.8 SD from mean


Step 4:
p (z<= 1.8) = .0367
Table tells us that p(z=1.8) = .4633.     .5-.4633 = .0367

Step 5:
Multiply by 2

Need probability of greater than 4 on both sides of the normal 






distribution.



2 ( .0367 = 7.4%


Step 6:
Answer = 7.4% probability that ( is more than 4 units from sample average.


For a binomial distribution (survey preference), you use SD = SQR [p(q / n]

Confidence Intervals.

**
To describe how close a sample mean is to an unknown population mean ( when the standard deviation of the sample is known:


Step 1:
Determine the distribution of the sample average

Step 2:
Determine how many standard deviations zα/2 we want to associate with our confidence level (what do we want the margin of error to be?)

Step 3:
Determine the confidence interval as:



X - zα/2 ( SD(x)

,
X + zα/2 ( SD(x)




SQR n



     SQR n




So, for a 95% confidence interval we get:   z value of .025 = 1.96



For just one side:



- infiniti, 
X + zα ( SD(x)






     SQR n




So, for a 95% confidence interval we get: infiniti, z.05 ( SD(x) / SQRn



Simple formula for computing Sample Error:



For 95% Confidence Interval =
2SE’s





SE = Sample SD / SQR n





2 ( SE = 95% confidence measure





X + 2(SE, X - 2(SE



What Happens when you double the sample size?




You cut the SE by a factor of SQR 2 – not by a factor of 2 !!!


For Binomials:




X - ​​ zα/2 ( SQR[(p(q)/N] ,  X + ​​ zα/2 ( SQR(p(q)/N





Sample error = X – Confidence Interval



Simple formula for computing Sample Error of binomials:




For 95% Confidence Interval = 
2 SE’s






SE = SQR [p(q] / SQR n





2 ( SE = 95% confidence measure





p + 2(SE, p - 2(SE




When you are given the confidence interval and you need to find the necessary sample size:

Given:
Need 95% confidence interval that gives at most 2% error.



sample has .05 error


Find:
Necessary sample size.



Step 1:
95% confidence interval means 2SE = .02



Step 2:
2 ( SQR(p(q) / SQR(n)  =
.02




2 ( (.05)(.95) / SQR(n) = .02




n = 475

Important Note:
If you do not have the sample error given to you (the .05) then you know that the largest error possible is p=.5).  So work the problem with p=.5 and q =.5


For Small Sample Size:



X – t(n-1), α/2 ( sx / SQR n , X + t(n-1), α/2 ( sx / SQR n



So, for a 95% confidence interval we get:  t value of n-1, .025

How do you determine the likelihood that a sample was randomly selected? 

Example of Binomial, testing validity of ONE sample


Given:

27% of population is African American


90 jurors are selected


7 jurors are African American.


Find:


Was this a random sample?


Step 1:
Note what you want to find:  Prob <= 7


Step 1:
Find Expected Value:
n(p

.27(90 = 24.3


Step 2:
Find sample Variance:
n(p(1-p

.27(90(.73 = 17.74


Step 3:
Find sample SD

SQR Var
SQR 17.71 = 4.2


Step 4:
Convert to Normal;






Prob <7 = p z<= (7-24.3) 
=
-4.1








 4.21


Step 5:
Find z value for 4.1  
=
.49997


Step 6:
Subtract z value from .5  (because you want prob. that z is less than 7)






.5 - .49997  
=
.00003




Which means that this only has a .003% chance of happening!!!

The Null vs. The Alternative Hypothesis:

P-Value = observed significance value = area under normal curve defined by z (e.g. 1 in 1,000) = chance of getting a test statistic as extreme as, or more extreme than, the observed statistic if the null hypothesis is correct.  The smaller the chance is, the stronger the evidence against the null = chance of getting evidence against the null as strong as strong as the evidence at hand – or stronger – if the null is true.  P is not the chance of the null hypothesis being right.

If P < 5%, the result is statistically significant

If P < 1%, the result is highly significant

Ho = null hypothesis .  Says that an observed difference reflects per chance.  

 (hypothesis you are testing)  (=0

Ha = alternative hypothesis :  says that the observed difference is real.  ( not= 0

Decision rule = (.  Reject Ho if p<(.  A low ( correlates with a low chance of erroneously rejecting Ho.

If we can reject the hypothesis than an observed difference is due to random chance, the difference is called statistically significant.

For Averages:
Z = x - (o




         ________




        s / SQR n



For Binomials:
Z = Observed Fraction – Expected Fraction





SD of observed mean


SE = 
Estimated Standard deviation of the sample average =
s / SQR n


Using the Z Statistic to get P-values & Then using the P-values to test the Hypothesis:

1. The z statistic measures how many SE’s the observed value is from it’s expected value if Ho is true.

2. The p value = table area that you are looking for using z (i.e. outlyers)

3. 2 ( table value  = probability of data occurring.  (If two sided)

4. Test the hypothesis vs. a value of (.  Usually you test vs. a 5% chance of error.

5. So, if 2(table value < .05, then you must reject the Ho
6. If you can reject Ho then the difference is statistically significant.
Note:  For 1 sided test (yes or no test) then you make Ho <= 0 , HA >0


For small samples:  (only if the data are normal):



1.
t=
x-(o






____






s/  SQR [n]






**
but use t table with n-1 degrees of freedom!

**
GENERAL RULE ON P-VALUES:  If p-value .5-(table area) is greater then the % you are looking for (i.e. .05), then you cannot reject the Null Hypothesis.



REJECT IF PVALUE < ​​​​​Hypothesis value (.05)
Example of Testing Hypothesis:  Two Sided; Large Size.
Given:
n=100

Sample Average = $-219 change

Sample SD = $725

Find:
Does the data show that we should expect a change?

Step 1:
Write out Hypotheses:

Ho:
(=0
(Null hypo is that the data is wrong and we should not expect a change)

Hi:
0<(<0
(Alternative hypo is that data is correct – the observed difference is real -- and we should expect a change)


Step 2:
Z = Observed Sample Mean – Null Population Mean




Estimated SD of Sample Mean



Z =
x - (



____




s / SQR(n)



Z = 
-219 - 0





725/ SQR(100)

Z = -3.02


Step 3:

Since you have a null hypothesis of ( = a certain value, you know that you have two tails.


Step 4:

Therefor, you are looking for the P-value = table value <-3.02 and >3.02


Step 5:

P value = (.5-.4982) ( 2

multiply by two to get two sides.

Step 6:

P value = .0026


Step 7:

Since p value < .05, you reject the null hypothesis.




Therefor, you can state with 95% certainty that the data is statistically significant and that there is a change.





If you can reject the hypo that an observed difference is due to just random chance or a fluke sample, then the difference is called statistically significant.
**
One sided is exactly the same, except that you would NOT have multiplied by 2.

Example of Testing Hypothesis:  One Sided Test, Small Sample.

Given:
n = 25

Mean of sample = 12

SD of sample = 5

“Acceptable” level is 10 or below

Find:
Is this sample accurate?  Should the EPA use this sample to base conclusions?

Step 1:
Write Out Hypotheses:



Ho:  (<= 10
(Null hypothesis is that the sample is wrong and that we are at a level of 10 or below).



Hi:  ( > 10
(Alternative hypothesis is that the sample is accurate)

Step 2:
t = Observed Sample Mean – Null Population Mean

           Estimated SD of Sample Mean


t =
x - (


____



s / SQR(n)


t = 
12-10




5/ SQR(25)

t = 2

Step 3:
Table value for T(n-1) =
25-1
at 95% confidence interval on a one sided test (.05) = 1.7

Step 4:
Since 2 > 1.7, we must reject the null hypothesis.  (the outlyer >1.7 is going to be larger than the ourlyer >2)


Rules for Using “Z” vs. “t” :
Size

Pop. SD


Type

Use
Small N

known (


Normal

Z

Small N

known (


Non Normal
Exact Dist. (Binomial)

Small N

s estimator

Normal

t

Small N

s estimator

Not Normal
Cry

Large N

known (


Normal

Z

Large N

known (


Not Normal
Z

Large N

s estimator

Normal

Z

Large N

s estimator

Not Normal
Z

OVERALL Basic Rules to Live By:


1. If you have a series of data, the VAR must include the probability of getting each data point.  


((x-x)2 ( probability =
Variance

2. If you do not have the probability, then you have to divide the variance by n-1 to get an approximation of the sample variance.
((x-x)2
______
=  Sample VAR (when you don’t have probability of each occurance)

  n-1

3. The SQR of #2 gives you the sample SD “s” – which is a very good estimator of the population (


4. The Standard Deviation of a sample mean (which is what you always use when calculating Z values, is the sample SD / SQR n.


5. An exception to rule #4:  If you know the population ( then you can use the population SD for calculating Z values.


6.
For a Hypothesis test, if you have a binomial, with n, p, q:  the SD computed by:  SQR [P(q / n] is used as the sole denominator in the Z formula because the true value po is implied by the null hypothesis.

**
Implications of larger SD =
Implies wider bell curve – which means that more likely to have extraordinary events.  This is important if you are asked to say whether a higher SD would make it more likely to have an event occur.

**
Implications of larger Correlation or Covariance:  Higher correlation or higher covariance means lower SD which means less likely to have extraordinary events (less likely to have one of the outliers).

HYPOTHESIS TESTING:  MANY SAMPLES, LARGE SAMPLE SIZE

If not binary (continuous outcome)


Testing whether the difference between the mean of two samples is by chance or not by chance.


Ho
=
Observed difference is by chance  ((1 - (2 =0 or is greater than 0 if trying to 

prove that there has not been an increase from sample 1 to sample 2)


Ha
=
Observed difference is not by chance ((1 - (2 <>0, or is <0 in case above)


Use z score and p values to test:


z =
Observed Difference ((1 - (2)  – Expected Difference (0)

SD of Difference


SD of Difference = 
SD (x1 – x2)




=
SQR [Var x1 – Var x2]  [if independent]




=
SQR [Var x1 + Var x2]








SQR
n
n

If Binary:


T stat 
=
p1(%) – p2(%)




SQR[  [p1(q1]/n1  + [p2 (q2]/n2

REGRESSION.

Y =
Dependent variable (what we want to explain

X = 
Independent variable (explanatory variable)

SD line is a line drawn at a 45o angle on a graph where the units of measurement on each axis are determined by the SD of that unit (i.e. if one inch on the x-axis = 1 SD of the unit on the x-axis then one inch on the y-axis = 1 SD of the unit on the y-axis).  Each one-SD increase in x is matched by a 1-SD increase in y.

A regression line is a line which goes through the point of averages in a scatter diagram.  The regression line for y on x estimates the average value for y corresponding to each value of x.

r = correlation coefficient

If r = o, there is no association between x and y and a 1-SD increase in x is accompanied by a zero-SD increase in y, on the average.




If r = 1, all average points lie on the SD line (a one-SD increase in x is accompanied by a 1-SD increase in y)

Regression lines should not be used when there is a non-increase association between variables.

Slope of Regression line
=
rise
=
b1





run

= 
r ( x ( SD(y)
=
COV (X,Y)




 SD(x)


Var (X)




=
(corr. between stock & S&P) ( SD(Stock)





SD(S&P)

Regression Interecept:
=
Estimated value of Y when x = 0




=
b0
=
Y – b1(X
Regression Equation:
Y = bo + b1(X + e

Simple Example: Regression Data Mechanics


Avg. Quantity
SD(Q)
Avg Price
SD(P)
COR (Q,P)
N
517.43

74.5
9.05

.62
.0345


L
464.66

61.28
9.02

.63
-.1957

For N:
1.
Determine regression equation


Step 1:
Slope = 

r(SD(y) / SD(x)






.0345 ( 74.5 / .62
=
4.17 = b1


Step 2:
Intercept =
y – b1(x





517.43 – 4.17(9.05 = 
479.69 = b0


Step 3:
Y = 4.17 + 479.69x

2.
Interpret Slope:


Step 4:
A $1 increase in Price means a 4.17 increase in Quantity

3.
Determine Quantity at particular price

Step 5:
Qparticular price = 
Intercept + Slope(p





479.69 + (4.17(p)

4.
Elasticity


Step 6:
∆Q ( P
=
Slope ( Avg. P
=
4.17 ( 9.05 / 517.43 = .073



∆P     Q
Avg. Q

6. Revenues:  What happens to revenues if price change by 1%?
Step 7:
%∆TR = 
1 + elasticity 

Given Excel Output:  Determine T stats, P values, and Confidence Intervals:


Given:
b1 =
-64.03



SEb1 = 
21.79


Find:
T stat, p value, 95% confidence interval


Step 1:
T Stat 
= 
b1 – Ho

( normally, H​o = Coeff. is 0




  
SEb1
=
-64.04 – 0
= 2.94




21.79

Step 2:
Since T stat is greater than 2, we cannot reject the null hypothesis.


This is shown by getting the p-value from the table for 2.94 at n-# coeff. DOF.


The p value is always 2 tailed, so you have to multiply by 2.


In this case, p value = .0004, so you cannot reject the null hypothesis.

Step 3:
95% Conf. Interval
=
b1 + 1.96 SEb1

(if sample is large)
=
-64.03 + 1.96( 21.79





=
-106.74, -21.32


95% Conf. Interval
=
b1 ​+ t(n - # Coeff. DOF)  ( SEb1

(t stat at .025)


(if sample is small)

R2  If X increases by one unit, then y can be expected to increase by b (the slope) units on average.

Correlation and regression are different.  Regression measures the slope of the line.  Correlation measures how well the line fits the data (R2 or goodness of fit statistic) or how tightly the points are clustered about the line.

R2, measures how well the regression line fits the data. R2 is the proportion of variation in the Y values that is explained by the regression line.  If all the data points lie along a single line, R2 is 1 (unless Y is constant in which case R2 is undefined).  If the best regression line is flat, none of the variation in y is explained by the line (i.e. model is lousy) and R2 is 0.  A large R2  suggests that relationship between independent and dependent variables is non-random.

R2 = 
     SQR 
(( residuals)2

   SQR
n - # coeff.


68% of all residuals are + ​Regression SE


95% of all residuals are + 2 Regression SE

If you run two regressions and remove one of the independent variables, the change in the R2  is significant only if (1) it is greater than 0.1 or (2) more than a 1000 data points are included

total variability = variability explained by regression (R2) + variability not explained by regression (residuals)

R2  = 1 – Var (residuals) / Var (dependent variables)

R does not indicate causality just association

With an observational study (instead of a controlled experiment), one can see how the average value of one variable is related to the average value of another variable in the population being observed.  However, this information cannot be used to predict how you would change in response to a change in x due to confounding factors.  If the experiment is controlled for al confounding factors, then such predictions can be made.

Regression and Normal Approximation.  (, (, and (2 are unknown.  The data sample is used to estimate them.  The estimates for ( and ( are a and b (calculated from the equation above to minimize the sum of squared deviations in the sample).  On average, meaning averaging across results from sample to sample, the numbers we compute for a and b are equal to the true, unknown ( and (.  If sample is randomly selected from population and is large enough, it represents the population and the regression analysis of the sample would reflect regression of population.

(  or Se is an estimate of rms error (or the SD of the residuals or the SE of the regression). Se is interpreted as the average prediction error the regression.  In Excel, Se is the number next to Standard Error in the top panel.

Prediction error  =  actual – predicted = vertical distance from regression line

RMS error of the regression line = SQR (((error 1)2 + (error 2)2 + . . . + (error n)2)/n)

RMS error indicates the amount that actual y differs from predicted y

Residuals.  Prediction errors are called residuals.  Each point on a scatter diagram is transferred to a residual plot.  The x-coordinate is unchanged but the y-coordinate is replaced by the residual at that point – the distance above (+) or below (-) the regression line.  The residuals average out to 0 and the regression line of the residual plot is horizontal.





























































































































The above residual plot (or any that shows a pattern) suggests that a regression line should not have been used.

When all the vertical strips in a scatter diagram show similar amounts of spread (i.e. similar histograms or SDs), they are homoscedastic and the scatter diagram is football-shaped.  When this is the case, the prediction error is similar all along the regression line.

Heteroscedastic scatter diagram – non football shaped, variations from regression line differ along different points along the line.  If the diagram is heteroscedastic, RMS error for the vertical strips should not be used.

If a scatter is footballs shaped, then the points in a vertical strip will be distributed normally albeit with a different mean and different SD.  If this the case, the r and the regression line can be used to predict the mean and SD of this strip.

Suppose that a scatter diagram is football-shaped.  The y-values of the points inside a narrow vertical strip represents a new data set.  The new average is estimated by the regression method.  The new SD is = the RMS error for the regression line.  And the normal approximation can be done, based on the new average and new SD.

Using Excel for regressions / Interpretting Excel Output:

T-statistic in excel assumes sampling with replacement

Intercept = 
value of y (cost of using car or cost of electricity in home) if x = o (i.e. car is not driven or temp = 0)

Coefficient of independent variables = 
effect of a change of 1 unit in independent variable on the dependent variable.

Standard Error = 
coefficient + SE = 95% of samples would generate a coefficient in this range

SE(b) = 
chance variation we should expect in the regression coefficient of b from sample to sample.

SE increases as n decreases

Excel gives t-stat that already has n-number of coefficients factored in to it.

Excel gives p-value for a 2-sided t-test.

Ho: coefficient = 0.  If p < .05, reject null hypothesis in favor of coefficient calculated by Excel.

If Ho is correct, then dependent variable is not related to independent variable

Regression models assume  that all other factors not included in regression model are held equal.  If a model is performed and a non-random factor is excluded, then the other factors are not being held equal and the non-random factor is a confounding variable.  This confounding problem is termed an omitted variable bias.

Interaction term 
If a single factor has a different effect depending on its interaction with another factor (i.e. price having different on sales volume of alcohol, depending on the size of the bottle), an interaction term is needed (e.g. price*1.75 L).

Regression models assume independent variables do not interact, that they are additive and not multiplicative.  To see if they do interact, you can create a third variable which is the product of the 2.  If the coefficient of this variable is positive (and significant), there is a positive interaction (raising X1 raises X2).  If the coefficient is negative, the opposite is true.  Another way to distinguish the 2 variables (if one of the variables is a 0/1 dummy variable): partition the data into 2 sets (one with dummy = 1 and one with dummy = 0) and run two regressions.  If the coefficient of the second (non-dummy) variable is significantly different in the 2 regressions, then the 2 variables interact.

If residual histogram is a Normal bell curve then the t-statistics are accurate.

Multiple Regression.  Especially important to do when you have two variables that are confounding (correlate with each other but have inverse impact on Y)

Example: Q = + ( PRICEi + ( Summer + (Winter(Other’s Price + (Advertising + e




Expected Q demanded in Spring or Fall when both prices and advertising = 0



=
Expected change in Q if we increase price by 1 dollar, holding all else constant.

E(X2)








E(X)














= 1





Probability tables are for experiments with multi-attribute outcome spaces.


Attribute: what surveyor asks. 	Events: responses


If some box(i.e. JPs) = MP x MP but others do not, you have independence of events.  If all boxes = MP x MP, you have independence of attributes.





Marginal Probabilities  The sum of the joint probabilities in any row or column must equal the corresponding marginal probability for that row or column.  The probability of any one event occurring.  P(likely to sell well).





Marginal probabilities along bottom  and side must sum to one.








Regression line with r= 0
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