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ABSTRACT. One of the largest tasks in group theory is to classify and describe
all possible groups. Simple groups have only recently been completely classi-
fied. Group extensions is a way to describe for given finite groups K and G all
possible groups H which have a normal subgroup isomorphic to K and whose
factor group is isomorphic to G.

In this paper, I will construct different ways of looking at group extensions.
I will then recreate proofs of theorems to help in computing group extensions.
Next, I plan to discuss a specific type of group extension called central exten-
sions. Finally, I will compute some concrete examples.

The approach taken in this paper is based on the lecture notes [1] from a
graduate level course I took with Robert Boltje on finite groups in Fall 2003.
The section on central extensions is based on researching further into group
extensions and group cohomology [2].

1. GROUP EXTENSIONS

Throughout the paper, let G, K be groups. We do not assume G or K is finite.

1.1 Definition. A group extension of G by K is a short exact sequence
1 —K - H-XLG—1,
such that H is a group, and the image of each incoming map of K, H, G is equal to

the kernel of the outgoing map. This means ¢ is injective, im(g) = ker(v), and v is
surjective.

The above group extension is equivalent to 1 — K S H %G —1ifand only
if there exists an isomorphism ¢ : H — H such that

1 K ——-H —“- @G 1
11{ lw llc
1 K—~*-fg—-".¢qg 1

commutes. This definition of equivalence creates an equivalence relation on ext(G, K),
the set of extensions of G by K. The set of equivalence classes of ext(G, K) is de-
noted by Ext(G, K).

1.2 Remark. By the First Isomorphism Theorem, if 1 — K — H - G — 1
is a group extension of G by K, then H has a normal subgroup ¢(K) with factor
group H/e(K) = H/ker(v) = G.
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The converse is also true. If H is a group with a normal subgroup N such that
N =2 K and H/N = G then there exists a group extension 1 — K — H —

inj

G — 1, withe: K = N — H, the comp051t10n of the isomorphism K = N and

the inclusion N < H, and v : H surs H/N = @G, the composition of the natural
epimorphism H —» H /N and the isomorphism H/N = G.

If1—K - H -G —1andl — K - H -2 G — 1 are equiva-
lent, then by the definition of equivalent extensions, there exists an isomorphism
¢ :H — H,so H= H. The converse is not true. If H 2 H, then there may be
extensions of K by G which are not equivalent.

1.3 Proposition. If there exists a homomorphism ¢ : H — H which makes
the above diagram commute for 1 — K — H 2“5 G — 1 and 1 — K ——

H-L G —1, two group extensions of G by K, then ¢ has to be an isomorphism,
and so the group extensions are equivalent.

Proof.

Let h € H such that ¢(h) = 1. Then o(p(h)) = 1, but since the diagram commutes,
this implies v(h) = 1. Since ker(r) = im(g), then there exists an z € K such that
e(x) = h. So p(e(x)) = p(h) = 1. Again, since the diagram commutes, we have
£(z) = p(e(x)) = 1. Because € is injective, then z = 1, so h = ¢(z) = (1) = 1.
Since h = 1, then ¢ is injective.

Now let i € H. We want to show there exists & € H such that o(h) = h. Consider
7(h) € G. Since both v and 7 are surjective, then there exists some x € H such
that v(z) = (h). Since the diagram commutes, then v(z) = 7(p(z)) = o(h).
Considering 7(h~'p(z)), we have o(h~¢(x)) = o(h)"'o(p(h)) = 1. So h~'p(z) €
ker(77) = im(€). This implies there exists y € K such that &(y) = h~'p(x). Then
h = o(z)(&(y))~". But since the diagram commutes, then £(y) = p(e(y)), so we
have h = @(x)o(e(y)) " = @(z - (y)™"). Set h:=x-e(y)~'. Thus ¢ is surjective
and hence an isomorphism. O

1.4 Proposition. Let 1 — K — H - G — 1 be a group extension of
G by K. For allx € G, let h, € H be v(h,) = x. Then we have:

(a) For any h € H, there exist unique elements x € G, a € K such that h = hye(a).
(b) For any x € G and a € K there exists a unique a,(a) € K such that e(a,(a)) =
hye(a)hyt. Also, a, € Aut(K).

(¢) For any x,y € G, there exists a unique k(x,y) € K such that hyhy = e(k(z,y))hay
In particular, hy = e(k(1,1)). Also, qz 0y = C(g,y) Xy, where c, € Aut(K) is
the conjugation automorphism k — aka™! for a € K.

(4) For any 2,3, 2 € G, K(z,y)(zy, 2) = aa((y, 2))5(2, 47).

(e) Let hl, € H be such that v(h)) = x = v(hy) for all x € G. Then there ea-
ists a unique function g : K — G such that hl, = hze(g(x)) for all x € G. If
o G — Auw(K) and k' : G x G — K are constructed as above from hl,, x € G,
then

O/J; = Cf(x) © Qg and /Q’(J,‘,y) = f(.l?) ' Oé;c(f(y)) : Ki(l‘,y) ' f(]"y)71

for all x,y € G, where f : G — K s defined by f(x) := az(g(x)) for allx € G.
Proof.

(a) Let h € H and z := v(h). Then v(h;'h) = v(h;) 'v(h) = x7 1z = 1. Since
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im(e) = ker(v), then there exists a € K such that e(a) = h;'h. So, h = h,e(a). To
show uniqueness, assume there exists a y € G,b € K such that h = hye(b). Then
v(h) = v(hye(d)) = v(hy)v(e(b)). By definition, v(h,) = y, and since im(e) =
ker(v), then v(e(b)) = 1. So v(hy)v(e(b)) =y -1 =y. So xz = v(h) =y, and thus

v(h,'h) = 1. This implies £(a) = £(b), as above. But by definition, ¢ is injective,
so a = b. Therefore uniqueness is shown, as desired.
(b) Since im(g) = ker(v), then for all z € G,a € K, we have v(hze(a)h;t) =
v(he)v(e(a))v(he) ™t = v(he)v(he)™t = 1, which implies hye(a)hy! € ker(v) =
m(e). By the definition of image, there exists a b € K such that e(b) = h,e(a)h;*,
and since ¢ is injective, b is unique. Let o, (a) := b.
Now we want to show a, is an automorphism of K. Let x € G,a,b € K. Then
ag(a),a.(b) € K, so az(a)a,(b) € K. This implies

e(az(a)ay (b)) = e(aw(a))e(ay (b)) = hoe(a)hy "hee(b)hy
= hge(a)e(b)h, ! = hpe(ab)h, ' = e(ay(ab)).
Since ¢ is injective, then ay(a)ay(b) = a,(ab), so a, is a homomorphism from K
to K. To show injectivity, let a,(a) = 1. Then e(az(a)) = hze(a)h;! = 1. So
hye(a) = hg, which means €(a) = 1. But € is injective, so a = 1, and thus ay is
also injective. Now consider b € K. Then from above, h,e(b)h;! € ker(v) = im(e).
So there exists a € K such that e(a) = hye(b)h;!. Moving h;! and h,, we have
hye(a)h;t = e(b), which by definition implies b = a,(a). So a is surjective and
hence an automorphism.
(c) Let 2,y € G. Consider hyhyhy, € H. Then v(h,hyh,, = zy(zy)~' = 1. Since
ker(v) = im(e), then there ex1sts a € K such that e(a) = hyhyh,, . Since ¢ is
injective, a is unique. Set k(z,y) := a.
For z,y € G,a € K, consider e(ag(ay(a))). Then
e(az(ay(a)) = hoeloy(a)hy’ = hohye(a)hy by
hahyhayhyy (a)hy, hayhy " hy !
e(r(@, ) haye(a)hyy ek (z,y))
= e(klz,y))e(owy(a))e(r(z,y)) ™"
= (il Yoy @z, y) ).

Since ¢ is injective, this implies (a, o ay)(a) = (Cr(z,y) © Qy)(a), as desired.
(d) Let z,y,2z € G. Then by (c),

)
y)
)
(

(e Ry, Dhoye = =(R(x,9)e(k@y, 2)hioy):
= e(5(w ) hayh
(hzhy)h.
and by (b) and (c), we have
e(aa(r(y, 2))r(2, y2))hay. = elew(k(y, 2)))e(r(x,y2))ha(y2)

= hae(s(y, 2))hg  hahys = hae(5(y, 2))hy:

= hy(hyhs).
Since H is associative, then (hyhy)h, = hg(hyh;). Thus, ¢ injective implies
k(@ y)k(zy, 2) = ag(k(y, 2))k(x, y2).
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(e) Let x € G. Since v(h;'h!) = 27tz = 1, and ker(v) = im(g), then there exists
a unique g(x) € K such that e(g(z)) = h;'hl. From (b), for all x € G,a € K we
have

e(ah(a) = He(h;”
= hohy'We(a)h  hah !
= hae(g(@))e(a)e(g(x) " hy!
= hge(g(x)ag(x) " Hh 1,

so o/ (a) = az(g(r)ag(z)™!). Let f(z) := a,(g9(z)). Then o/, = Cay(g(z)) © Mz =
Cf(z) © Q. Finally, for all z,y € G we have

(v (x,y)) = hy by hiy!

z Yy

= hxs(g(w))-h e(g(y)) - lg(zy)) " hay

= hee(g(2)) - hy the - hy - by hay - e(g(y)g(ay) ™ hy,
(hae(g(@))hi ') - (hahyhyy) - (haye(g(y)g(zy) " hs,)
e(az(g(x))) - e(k(z,y)) - e(omy (9()g(zy) ")

= ¢lag(g(z))

Rk, Y) - agy(g(y)) - awy(g(my))il]
) 1

[ (g (
= elf(x) - Kz, y) - amy(9(y)) - w(z,y)  klz,y) - flzy) ']
elf(x) - Kz, y)awy (9(y))rla,y) ! - vz, y) - flzy) ]
= elf(x) axay(9®)) - Kz, y) - fzy) ']
= e[f(z)

( Y
cax(f(y)) - Kz, y) - flay) "'
y)) -

2. PARAMETER SYSTEMS

At first, the o and k functions in Proposition 1.4 seem very arbitrary, but looking
more closely at them can actually give more insight into group extensions. These
functions, together called a parameter system, can construct a group structure that
makes computing group extensions easier.

2.1 Definition. A parameter system of G in K is a pair (a,k) of maps « :
G — Aut(K), v — ag, and k : G x G — K with the following properties:

(1) For all 2,y € G, @z 0 0y = Cg(q,y) © Cay-

(2) For all x,y,z € G, k(z,y)k(zy, 2) = ag(k(y, 2))c(z,yz).

We call « the automorphism system and  the factorsystem of (a, k), and we de-
note the set of parameter systems of G in K by par(G, K).

2.2 Lemma. Let (o,k) € par(G,K). Then ay = cqa,1),k(1,1) = k(1,2), and
k(z,1) = ay(k(1,1)) for all z,z € G.

Proof.

By Proposition 1.4(c), a3 oy = ¢.(1,1y © @1. In particular, a; o ar(art(b) =
Ci(1,1) © a1 (o (b)), which implies a; = Cw(1,1)- For z € G, this and Proposition
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1.4(d) imply
k(1,D)k(l,2) = k(1,1)k(1,1-2)=a1(k(1,2))k(1,1-2)
= w(1,1)k(1,2)k(1,1) " k(1 2).
So k(1,1) = k(1, 2). For 2 € G, Proposition 1.4(d) implies
Kz, 1-Dr(z-1,1) = a,(k(1,1))k(z,1-1).
So k(z,1) = a,(k(1,1)), as desired. O

The set of functions from G — K is a group under the multiplication (fg)(x) :=
f(x)g(z) for f,g: G — K,z € G denoted by F(G, K).

2.3 Lemma. If (a, k) € par(G,K) and f: G — K, set f(a, k) := (o, k") with

1= Cpa) © O, and K (2,y) = f(z)oa(f(y)s(@, y)f(wy) 7,

for xz,y € G. This defines a group action of F(G, K) on par(G, K).

Proof.

To show these properties define a group action, we must show (o, k) = (o, k) for
all (a, k) € par(G, K), and 9(¥(a, k) = @ (a, k) for all f,g € F(G, K), (o, k) €
par(G, K). Set f(a, k) := (¢/, ') and 9(/, k') := (", k"). Then for all z,y € G,
we have

g = Cq(a) © O = Co(a) © Cf(a) © Vo = Co(a) f(x) © Oz = C(gf)(a) © O

and
K'(zy) = g(x)al(g)k (z,y)g(xy) "
= g(@)f(x)axlgW))f() " flx)aa(f(y))r(z, y) f(zy) " g(zy) "
= (9f)(@) - ax(gW)aa(fW)) - Kz, y) - (gf)(xy) ™"
= (9/)(=@) ax((9f)W)) - &z, y) - (gf)(zy) ",
so (& k") = 9 (a,k). If f = 1, then o/, = ¢; 0, = ag, and &' (z,y) =

az(1)k ( y) = k(z,y), for all z,y € G, so (a,k) = (a,k). Now we must ver-
1fy that (o', x’) is again a parameter system. For z,y, z € G, we have

Q, O« = Cf(z) OOz OCf(y) O Qy
= ¢ ° Gz 0 Cry) 00 0z 0y

= Cf(x) © Cax(f(y)) © Cr(z,y) © Qay

-1
Ch(@)aw (F(9)R(z.y) © Cf(zy) © Chlay) © Vay
C(@)aw (F())r(ay) fay)~t © Cf(ay) © Xy

o /
= C,@/(%y) o azy
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and
K (2, y)K' (2y, 2)
= f(@)aw(F)r(, y) f(xy) "' f(xy)ow, (f(2)R(xy, 2) f(xyz) "
= f(@)aw(F(y)R(@, y)awy (f(2)k(2y, 2) f(2y2) "
= f(@)aw (f(W)R(, y) oy (f(2))r(2,y) " w2, y)R(zy, 2) f(ayz) "
= f(@)au(f(y)ax(ay(f(2)r(z, y)r(zy, 2) f(zyz) "
= f(@)aw(f(y))au(ay (f(2)ax(r(y, 2))r(2,y2) f(2yz) "
= f(@)az (f(y)ay (f(2))r(y, 2))ew (f(y2) " aw (f(y2))a(z, y2) fayz)
= f(@)aw(f()ay (f(2))r(y, 2) fy2) " ew(f(y2)r(x, y2) f(zyz) "
= (@) (F(y)ay (f(2)k(y, 2) fyz) ") (@) f(@)an(f(y2)r(z, yz) feyz)
= f(@)ay (&' (y,2)) f(2) 7 f(@)aa(f(y2))r(a, yz) f(zyz) "
= f(x)az (' (y, 2)) [ (2) K (z,y2)
a;(fﬁ’(yw))ﬁ’(x,yﬁ

We call two parameter systems of G in K equivalent if they belong to the same
F(G, K)-orbit. We denote the set of equivalence classes by Par(G, K).

2.4 Proposition. Let (a, k) € par(G,K). Then the set H := K x G together
with multiplication defined by

(a,x)(b, y) = (a : af(b) : H(x,y),xy), fOT aab € K,x,y eG
is a group with the identity element (k(1,1)71,1) and inverse element (a,x)" =
(k(1, 1) (27t )" tag-1(a) "L, 27 L), Furthermore, the functions e : K — K x G,
a— (k(1,1)7ta,1), and v : K x G — G, (a,z) — z, are group homomorphisms
such that 1 — K — H %5 G — 1 is a group extension of G by K.
Proof.
First we show associativity holds. Let a,b,c € K, z,y,z € G. Then

[(a,z)(b,y)](c,2) = (aaz(b)r(z,y),zy)(c,z)
= (aog(b)k(z, y)omy(c)r(zy, 2), 2yz)

and
(a,2)[(b,y)(c, 2)] (a,z)(bay(c)k(y, 2), y2)
= (acq(bay(c)k(y, 2))k(2, y2), 2yz)
= (acg(b)ag(ay(c))ax(k(y, 2))k(z,y2), 1y>2)
= (aag(b)r(x, y)awy, (O)r(z, y) " aw(k(y, 2))r(z, y2), 1y2)
= (aaz(D)r(z,y)aw, (C)k(z,y) " Kz, y)k(zy, 2), 1y2)
= (acg(b)r(z,y)amy(c)k(zy, 2), 2yz).

Now consider (r(1,1)7!,1). Since ay = ¢,4(1,1) and k(1,1) = k(1, 2) for all z € G,
then for a € K,z € G, we have

(k(1, 1)1 D) (a,2) = (s(1, 1) rag(a)s(l,z),1-2)
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So (k(1,1)71,1) is the identity element. Next, for a € K,z € G we see that
(h(1, 1) w(z,2) oy (@)1 ) (0, )
= (61, 1) (2L, 2) Lo (0)Largos (a)(a
= (5(L, 1) s o) TR @), 1)
= (s(1,1)71, 1),

which implies (k(1,1) " k(27! 2) " tay-1(a) !, 271) is the inverse element of (a, ).

Thus, H is a group under the given multiplication.
Now we show ¢ and v are homomorphisms. For a,b € K we have

e(ae(d) = (8(1,1)"a,1)(k(1,1)7'b,1)
= (8(1,1) tacn(k(1,1) 7 0)R(1,1),1-1)
(R(1,1) " ar(1, 1)r(1,1) 7 br(1, 1) w(1,1),1)
= (x(1,1)"'ab, 1) = e(ab),
so € is a homomorphism. If e(a) = &(b), then (x(1,1)"ta,1) = (x(1,1)7tb,1), which
immediately implies a = b, so ¢ is injective. For any a,b € K, and z,y € G we have
v((a,z)(b,y)) = v(aas(b)k(z,y), zy) = zy = v(a, z)v(b,y),

so v is a homomorphism. Since for any a € K,z € G we have v(a,z) = x, then v
is surjective. Lastly, (a,z) € e(K) if and only if x = 1 if and only if (a,x) € ker(v).

-1 1

,:L'),x_ x)

1

Thus 1 — K —— H - G — 1 is a group extension of G by K. O

The following theorem was originally proven by Schreier (1901-1929). The bijec-
tions between Ext(G, K) and Par(G, K) show that given groups G and K, we can
compute group extensions by looking explicitly at the group elements instead of
only abstractly at the groups themselves.

2.5 Theorem. (Schreier) The constructions in Proposition 1.4 and Proposition
2.4 induce mutually inverse bijections between Ext(G, K) and Par(G, K).

Proof. } .

Assume 1 — K - H % G — 1land 1 — K —— H - G — 1 are equiva-
lent group extensions of G by K. Then by definition, there exists an isomorphism
¢ : H — H such that

1 K——-H —“2-aG 1
lkl lw llg
1 K~ —-".qg 1

commutes. For all z € G, let h,, € H such that v(h;) = z and let o : G — Aut(K),
k: G x G — K be constructed as in Proposition 1.4, so

e(az(a)) = hee(a)h, ' and hyhy, = e(k(x,y))hay
for all z,y € G,a € K. Also let hy = @(hy) for every € G. Then we have
v(hy) = v(e(hy)) = v(hy) = x for every . We can therefore use the h, to
construct a parameter system (&, k) associated to the group extension 1 — K =

H %+ G — 1. Since the above diagram commutes, then applying ¢ to the two
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above equations implies
E(ag(a)) = ﬁwé(a)iz;l and Bwizy = 5(/’6(1‘,1(/))?1;;.
So & = a and K = k, which implies that equivalent extensions have equivalent
parameter systems. Thus the construction in Proposition 1.4 induces a map
® : Ext(G, K) — Par(G, K).
Now let (o, k) € Par(G,K),f € F(G,K), and let (a,%) := f(a,x). Also let
1—K-“H-%G—1landl — K —— H - G — 1 be the group

extensions associated to («, k) and (&, k), respectively. (Note: H is defined here as
in Proposition 2.4, i.e. H = K x G with the operation given) Define ¢ : H — H by

o(a, ) := (dacy(d) ™  f(x) ™!, ) with d := k(1,1) 71 £(1) " k(1,1).
For all a,b € K, and z,y € G we have

pla,2)p(byy) = (dacy(d) ™" f(x) ™" ) - (dbay, (d) " f(y) ™, y)

= (dac, ()" f(2) " (dboy, (d) "1 f(y) ™ )R(z,y

= (dac, (d) ™" f(x) ™" f(x)az (dbay, (d) " f(y) 1) f ()
f@)aw(fy)r(z, ) fzy) " ay)

= (daaz(d)_lax(d)aw(bay( )~ )O‘I(f( )" )az(f(y))/i(:ﬁ?y)f(my)_l,:cy)

= (daas (b)az(ay(d) " Kz, y) fzy) ™ ay)

ST

8

<
——

)R,y
J(@, )y (d) " (@, y) " (e, y) fay) ™ ay)
dac, (b)ay (o (d)) " k(z,y) f(zy)~t, zy).

Il
< o~ o~
U
Q
Q
8
Z o~~~

So p(a,z)(b,y) = »((a,z
and x € G we also have

ple(a)) = @(r(1,1)7 e, 1) = (dr(1,1) " aar ()~ F(1) 71, 1)
= (r(LD)THF) R DR(L 1) aar (d) (1) 1)
= (r(L, )7 tas(1, )d (L D) THA(D)THT)
= (®(LDTHFO) as(L,)R(L 1) AR, DAL, D) TH(1) )
= (kLD e, 1) = (fF(Dar(f(1)r(1, 1) f(1-1)" a, 1)
= (kR(1,1)7ta,1) = &(a)

and

v(p(a, ) = v(dacy (d) " f(z) ™ x) = z = v(z).
This implies the diagram from above commutes, so by Proposition 1.3, since ¢
is a homomorphism and the diagram commutes, then the two group extensions

1—>KL>HL>G—>1and1—>KL>I~{L>G—>1areequivalent. Thus
the construction in Proposition 2.4 induces a map
U : Par(G, K) — Ext(G, K).

Finally, we must show that ® and ¥ are mutually inverse bijections. Let 1 —
K =+ H % G — 1 be a group extension and, for every z € G, let h, € H
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be such that v(h,) = x. Also let (o, k) be the parameter system constructed in

Proposition 1.4 from h,, for 2 € G, and let 1 — K — H ., G — 1 be the

group extension constructed from («,x) in Proposition 2.4. Let ¢ : H — H be
defined by

o(a,z) = e(k(1,ar(z,1)"Hhy,,
for all a,b € K and x,y € G. Then
e((a,2)(b,y) = elacg(b)r(z,y), zy)
= e(s(1,

= £

I
m
=)
Q
8
=
Q
8
X
&
~—
|
-
~— —
>
8
>
<

and

pla,2)p(by) = e(r(lDar(z, 1) hee(k(1,1)br(y, 1)~ )b,
= e(r( ar(z,1) " He(ay (k(1, 1)br(y, 1) 1)) hehy,

(k(1, Dar(z, 1) oy (k(L, 1)) az(b)as (k(y, 1) 7)) hahy
= e(k(1,1)aas (b)ag(k(y, 1)™))hahy,

by Lemma 2.2, so ¢ is a homomorphism. Moreover, for a € K and x € G we have

0(E(a) = ok1,1) a, 1) =e(k(1,D)r(1,1) ar(1,1) ")y
= e(a)e(r(1,1)) " hy = €(a),

by Proposition 1.4(c), and

v(p(a,z)) = v(e(k(1l, Dakr(z, 1) " Hh,) = v(he) =z = i(a, 2).

= £

Hence, the group extensions 1 — K — H - G — land 1 — K - H -
G — 1 are equivalent, so ¥ o & = id.

Now let (o, k) € par(G,K) and let 1 — K —— H -“+ G — 1 be the group
extension constructed in Proposition 2.4. Set

hy = (k(1,1) " 'k(x,1),2) € H,
for x € G. Immediately we have v(h;) = x. So for € G and a € K, then
hee(a) = (5(1,1)'k(@,1),2) - (5(1,1)a, 1)

1)
= ( (1 1) ( 71)aw( ( )) Lo (a)m(x,l)w)
= (8(1,1) g (a)k(z, 1), z)

and
glaz(a)he = (k(1, 1) rag(a),1) - (k(1,1)  k(x, 1), 2)
= (s(1,1)rag(a)ar (k(1, 1) k(z, 1))k(1, ), )
= (k(1, D) ag(a)k(1,1)r(1, 1) r(z, 1)k(1,1) " k(1, 2), 2)
= (k(1,1)Yag(a)k(z, 1)k(1,1) " k(1, z), )
= (s(1,1)ag(a)k(z, 1), 2).
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Furthermore, for all z,y € G we have

hohy = (K(1,1) " ez, 1),2) - (k(1,1) " R(y, 1), y)
= (W(L, 1) w(2, Dag(k(1,1) " aw(k(y, 1D))A(z, y), 2y)
= (w(L, ) au(kly, 1))k(z, y), 2y)
= (8(1, 1) k(2. y)r(zy, 1), 2y)
and
(K2, y))hay (k(1, 1) (2, y),1) - (K(1,1) " R(ay, 1), 7y)
= (kL) w(z, y)an (r(1,1) " w(zy, 1))8(1, 2y), 2y)
= (8(1, 1) w(z, y)w(L, (1, 1) a(zy, 1e(1,1) " w(1, 2y), 2y)
= (51, 1) k(@ y)r(ey, Dr(1,1) " w(1, 2y), )
= (s(1,1) 'k(x, y)r(2y, 1), 27).

This shows that the parameter system constructed from 1 — K — H - G —
1 equals (a, k). Therefore ® o ¥ = id, and so the proof is complete. O

The next proposition is helpful in simplifying group extensions. If the conditions
hold for a particular group extension, then the group extension becomes a well
known product of groups that is much easier to work with.

2.6 Proposition. Let 1 — K — H 5 G — 1 be a group extension of
G by K. Then the following are equivalent:

(i) There exists a homomorphism o : G — H such that v oo = idg.
(ii) e(K) has a complement in H.

Proof.

(i)=(ii): Let 0 : G — H be a homomorphism such that v oo = idg. We will
show that o(G) is a complement of e(K) = ker(v) in H. Let h € ker(v) N o(G).
Then h = o(x) for some x € G, so we have z = v(o(x)) = I/(h) = 1 and thus
h = o(x) = 1. So for an arbitrary h € H, then h = ho(v(h))™' - o(v(h )) with
ho(u())~" € ker(v) (since v(ho(w(h)~1) = v(W(o(w(R)") = v(hw(h)~ = 1)
and o(v(h)) € o(G).

(ii)=(i): Let C be a complement of e(K) = ker(v) in H. Then the map v : C —
H/e(K), ¢ — ce(K) is an isomorphism. By the homomorphism theorem, the map
v:H/e(K)— G, he(K) — v(h) is also an isomorphism. So now the map

oG HI(K) S 0 "

with ¢ being the inclusion map.
v(v(c)), so we only need to show
)= (L( )), so we are done. O

satisfies v(o(2)) = (voroy~tov ) (z) = x,
Hence there exists a unique ¢ € C such that x =
=v(c

v(i(c)) = v(7(¢)). But v(y(c)) = v(cker(v))

2.7 Definition. If the conditions in Proposition 2.6 hold, then we say the group
extension 1 — K — H 2 G — 1 splits and o is a splitting map.

2.8 Remark. If 1 — K - H % G — 1 splits and ¢ : G — H satisfies
voo = idg, then we can use the elements h, := o(z), x € G, to construct a
corresponding parameter system. Since o is a homomorphism, then hzhy, = hyy
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for all z,y € G, so k(x,y) =1 for all z,y € G. It follows that o : G — Aut(K) is a
homomorphism.

Conversely, if « : G — Aut(K) is a homomorphism and k(z,y) = 1 for all z,y € G,
then (a, k) is a parameter system of G in K and the corresponding group extension
is given by the semidirect product of G with K under the action defined by «.

2.9 Definition. Let a : G — Aut(K), © — a, be a homomorphism. We can write
the corresponding left action exponentially: «,(k) = *k for z € G and k € K.
Define a multiplication on the set K x G by

(k1,91) - (K2, 92) = (k19" k2, g192).

This defines a group structure with identity element (1g,1g) and (k,g)~' =
—1

(9 (k71),g71). We call this group the (external) semidirect product of G with
K with respect to the action o and denote it K x G (or K x, G).

3. GRoUuP COHOMOLOGY AND GROUP EXTENSIONS WITH ABELIAN KERNEL

Ifl — K - H - G — 1is a group extension, then K 2 im(e) = ker(v), so
we say 1 — K — H % G — 1 is a group extension with abelian kernel if K
is abelian. So in this section, we replace K with A and we assume A is an abelian
group.

Although group cohomology has a complex definition that is difficult to under-
stand at first, cohomology appears everywhere in mathematics. In particular, the
connection to group extensions in Example 3.4 is very interesting to note. The
relationship is clean and gives insight into looking at both group extensions and
group cohomology. When dealing with finite groups of relatively prime orders (if A
abelian), cohomology implies there is only one group extension in each equivalence
class of group extensions.

3.1 Definition. Let a : G — Aut(A4), x — a, be a homomorphism and write
the corresponding action such that «,(a) = *a for z € G and a € A. For n € Ny,
let F(G™, A) denote the abelian group of functions f : G® — A under the mul-
tiplication (fg)(z1,...,2,) = f(x1,...,2n)9(21,...,2p), for f,g € F(G™, A) and
X1y, € G. If n = 0, then set G™ := {1}. For each n € Ny, there exists a
homomorphism

" :=0": F(G™, A) — F(G"™, A)
given by

Oa(N(@os- - azn) = " f(z1,...,20) -
'(Hf(SUOa~~~796¢7196¢,...,:rn)(_1)i).
i=1

'f(xo, Ce ,‘Tn—l)(il)n-ua

for f € F(G™, A) and (zo,...,z,) € G, In particular, if n = 0, then we have
(0°(f))(x) :==f(1)-f(1)~L. In the next subsection, we will show that 9" +1od" = 1,
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for all n € Ny. Assuming this, we have im(9") < ker(9"*!) < F(G"T1, A), for all
n € Ny. We write

B"(G, A) := B"(G, A) := im(9" 1)
and

Z"(G,A) = Z}(G,A) :=ker(9]),
for n € Ny, and we set B%(G, A) := BY(G, A) := 1. The elements of B"(G, A) are
called n-coboundaries and the elements of Z" (G, A) are called n-cocycles of G with
coefficients in A (under the action «). Finally, we set

H"(G,A):=H}(G,A) :=Z3(G,A)/B (G, A).

The group H[ (G, A) is called the n-th cohomology group of G with coefficients
in A (under the action «) and the elements are called cohomology classes. If
f € Z™"(G, A), we denote its cohomology class by [f] € H"(G, A).

3.2 Proposition. For each n € Ny, let 97 be defined as in Definition 3.1. To
simplify notation, denote 9% by
n+1 . )
(8Z(f))(x0,:r1, cee axn) = H(d;,a(f))(il) (x()» s vxn)?
i=0
where df, ., : F(G",A) — F(G"', A) is defined as

_ i=0: Lo f(x1,. .., Zn)
d;7a(f)(x0,...,m,L) = { 1 < ) <n: f(xow..,:ci,lmi,...,xn) .

t=n+1: f(zg,...,Tpn-1)

Then 071 0 97 =1 for all n € Ny.
Proof.
From the notation, we have

n+2n+1
n n j i _1)G+5)
@t o 0m)(f)(@os s wnin) = [T [T (@hira 0 din o) () @os oy ana) 7D
§=0 i=0
Let (i,7) denote the index for the ij-th term

j i _1)G+5)
'T(i»j) = (diL-'rl,O( © dma)(f)(an .. ;xn-&-l)( b !

and let S:={(i,7):0<i<n+1,0<j<n-+2} Then
@5 0 0 (£) (@0, -+ s ng1) = [ ] 2

seS
Let A:={(i,j) € S:i>j} and B :={(i,j) € S :4 < j} be subsets of S. Clearly
ANB=0and AUB=S5.
Define a function f : A — B, (i,7) — (j,i+1). Consider a; = (i1, j1), a2 = (i2, j2),
11 7’5 19 OT J1 75 Jo. So a; 7’5 asz. Then f(al) = (jl,il + 1),f(a2) = (jg,iz + 1) Since
il 7é ig or j1 7é jg, then either il +1 7é ig +1 or jl 7& jQ, SO f(al) 7£ f((lg). This
implies f is injective.
Now let b = (¢/,j') € B. By definition, i < j',s0 ¢ —1 < j/—1 and thus ¢’ < j' —1.
So j'—1 > ¢, which means (j' —1,¢") € A. So we see that for every b = (¢/, ') € B,
there exists (7' — 1,4’) € A such that f(j' — 1,7") = (¢, '), so f is surjective. Thus
we have shown f is bijective.
Consider z,, for a = (i,j) € A. We want to show that z, = (z4(,)) . We have
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four cases:
(1)i=0,j=0:
_1)(04+0)
x(0,0) = (dn-‘rl o © d%,a)(f)(x07 e 7xn+l)( b
T —_1)(0)
= O(d%,a(f)(xlv'--7xn+l)( Q) )
= onlf(.’ﬂg,...7l'n+1)
and
_1)(0+1)
x(O,l) = (d:LJrl,oz o d%,a)(f)(xm R 7x’ﬂ+1)( 2

= d%a(f)(xoxl, .. ,xn+1)(—1)1

= $0171f'(x27“.7xn+1)—1’

SO Z(0,0) = (I(O,l))il

(2)i>0,j=0:
i _1)(+0)
LE,0) = (d(7)L+1,a © diz,a)(f)(x()’ AR 7xn+1)( 2
= xo(dzrlz,a(f)(mh"'7xi7xi+la~-~7mn+1)(_1)l)
= Pof(x1,.. ., 201, - ,xnﬂ)(_ly
with x;x;41 in the i-th position, and
7 _11(0+i41)
x(07i+1) = (dnill a® d?z,a)(f)(x()a s 7xn+1)( b

_qyitl
= d?z,a(f)(mm"'7xixi+1>'-'amn+l)( b

_qyitl
= T0f(2y, . TiTigty e Tap) Y

SO Z(i,0) = (x(o,i+1))71
(3)i>j, withi,j #0for 0 <i<n:

j ] _1)G+D)
L(i,5) = (dzz-‘rl,a o d:z,a)(f)(xoﬁ s ,anr])( 2
i —1)iti
= dn,a(f)(xo’"'?xj—lxja“-axn-l-l)( R
_qyitd
= f(l‘(),...,.I?j_ll'j,...,.’Ij‘il‘i+1,...,$n+1)( 1) !
and
0 —1)G+G+1))
x(jai+1) = (dn—:-ll « )(f)('rov s 7xn+1)( b
_1yititl
= dnoc(f)(x07"~7xixi+la"'7xn+l)( R
_qyititl
= ($0,...71‘j_117j,...,5€i17i+1,...,$n+1)( 1) ’ )
50 T (1) = (T(i+1) 7
4)i=n+1:
n+ _1)(n+1+435)
x(n-‘,—l,j) = (dn+1 « d )(f) (IOa . axn-l—l)( 1)
= dzzl(f)(xo, T 1T, ’xn+1)(*1)n+1+1

_1)ntit+1
= f(fﬂow--,fﬂj—ij--,%n)( Y
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and

Lint2) = (d:ii%,oz ° di,a)(f)(x()v sy Tl

; _ (it +1
= d%’a(f)(wm EEE) 7$n)( %

= f(a?o,...,l‘j_ll‘j,...,l‘n

)(,1)(j+n+2)

)(_1)(n+j+1)+1
)

S0 T(nt1,5) = (T(in+2)) -
Thus for any a € A we have z, = (:Uf(a))*l. Since there is a bijection between A
and B, then we can cancel every z; for all s € S. So 97! 0 9% = 1, as desired. O

3.3 Remark. Let o : G — Aut(A) be a homomorphism.
(a) We can identify F(G°, A) with A under the map f +— f(1). This implies

Z%(G,A) =AY ={ac A:%a=aforall z € G},
the subgroup of G-fixed points of A. Since B°(G,A) = 1 by definition, then
HY(G, A) = AC.
(b) A function f: G — Ais in Z1(G, A) if and only if
flzy) ="f(y) - f(z)

for all x,y € G. The 1-cocycles of G with coefficients in A are called the crossed
homomorphisms from G to A. If the action of G on A is trivial, then the crossed
homomorphisms are exactly the homomorphisms. A function f : G — A is a
1-coboundary if and only if there exists an element a € A such that

flx)="a-a",

for all z € G. These 1-coboundaries are called the principal crossed homomor-
phisms. If G acts trivially on A, then the principal crossed homomorphisms are
also trivial, so H°(G, A) = Hom(G, A).

(c) A function f: G? — A is a 2-cocycle if and only if

“fly, 2) f(xyz) = fzy, 2) f(x,y),

for all z,y,z € G, and f is a 2-coboundary if and only if there exists a function
g : G — A such that

fla,y) ="g(y)g(a)g(ay) ",
for all z,y € G.
(d) A function f: G® — A is a 3-cocycle if and only if

f @y, 2) fw zy, 2) f(w, 2, y) = flwz,y,2) f(w, 2, yz)
for all w,x,y,z € G. Moreover, f is a 3-coboundary if and only if there exists a
function g : G? — A such that
f@,y,2) =gy, 2)g(zy, )" f (2, y2)g(z,y) "

for all z,y,z € G.

(e) If there exists e € N such that a® = 1 for all a € A (we say A is of finite
exponent), then f¢ =1 for all f € F(G™, A) and all n € Ny. In particular, each
coboundary and each cohomology class has an order which divides e.

3.4 Example. Let 1 — K — H - G — 1 be a group extension, let
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h, € H with v(h,;) = x for all z € G, and let (a, k) € par(G, A) be the parameter
system as defined in Proposition 1.4. Then

e(az(a)) = hae(a)hz, hohy = e(i(z,y))hay,

Qg © Qy = Cyg(gy) © Oy, and a,(k(y, 2))k(z,y2) = K(zy, 2)K(T,Y),
for all @ € A, and z,y,2z € G. Since A is abelian, the map « : G — Aut(A4) is
a homomorphism. We also see that k is a 2-cocycle of G with coefficients in A
under the action defined by «a. If (o', k') € par(G, A) is equivalent to (o, k), then
by Lemma 2.3 there exists a function f : G — A such that

a/m = Cay(f(x)) © Qg and Ii/(ﬂf,y) = f(x)ax(f(y))ﬂ(xay)f(xy)ilv
for all z,y € G. Again, since A is abelian, then o/ = a. By rearranging the terms
of k'(x,y), we see k and k' belong to the same cohomology class. Altogether this
implies («, k) and (o, k') are equivalent parameter systems if and only if o = o/
and [k] = [k/] € H2(G, A). Therefore, we have another bijection:

Ext(G, A) = Par(G, A) = U H2(G, A).
acHom(G,Aut(A))
We can see from this that for every a € Hom(G, Aut(A)), the set Ext, (G, A) of
equivalence classes of extensions of G by A which have « as their automorphism
system is in bijection to H2(G, A), and thus it also forms an abelian group. In this
notation, we have

Ext(G, A) = U Exto (G, A).
a€Hom(G,Aut(A))

For every a € Hom(G, Aut(A)), the identity element in Ext, (G, A) is given by the
semidirect product of G by A under the action a.

3.5 Proposition. Let o : G — Aut(A) be a homomorphism and assume G is
finite. Then [f]ICl =1 for all n-cocycles f € Z(G, A) and all n € N.

Proof.

Let n € N, let f € Z(G, A), and let zg,...,z, € G. Then we have

f(x07 L] 7xn71)(_1)n

n
="f(z1,...,2n) - (H F@o, .. wimam, . a,) ).
i=1

If we fix xg,...,2,—1 € G and multiply the above equations for the different ele-
ments x, € G, then we have
f(x07 .. 7xn—1)(71)n|G|
=" [T f@...z) - TICT] f(zo- s micamiy. o) Y
rn€G =1 z,€G

Let g: G™ ! — Aby g(x1,..., 20 1) := [l.cq f(21,.. ., 2n—1,2). Then the above
equation implies

£16 = om0,
and [f]'¢l = 1in H™(G, A). O
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3.6 Corollary. Let G and A be finite groups of relatively prime orders. Then
H(G,A) =1 for all o € Hom(G, Aut(A)) and all n € N.

Proof.

Let k := |G| and | := |A|. Since k and [ are relatively prime, then there exist
elements r, s € Z such that rk + sl = 1. From Remark 3.3(e) and Proposition 3.5
we know [f]¥ =1 and [f]! = 1 for all f € Z"(G, A) and all n € N. Then we also

have [f] = [£]' = (/I = (/)4 (A1) = 1. O

3.7 Remark. The above corollary together with Proposition 2.6 and Remark
2.8 implies that if G and A have relatively prime orders, then every group exten-
sion of G by A splits. In particular, every group extension of G by A is a semidirect
product.

4. CENTRAL EXTENSIONS

As in the last section, let A be an abelian group.

4.1 Proposition. Let G and A be groups, with A abelian, and let (a, k) be a
parameter system with corresponding extension 1 — A — H -+ G — 1. Then
the following are equivalent:

(i) =(4) C Z(H)

(ii) a(g) =ida for all g € G (« is trivial).
Proof.
(i)=(ii): By Proposition 1.4(b), for any = € G,a € A there exists a unique
a,(a) € A such that e(ay(a)) = hye(a)h, . Since e(A) C Z(H), then we have
e(ag(a))hy = hye(ag(a)) = hye(a), which implies (o, (a)) = €(a). The injectivity
of € implies o, (a) = a, so « is trivial.
(ii)=(i): Again by Proposition 1.4(b), for any = € G,a € A there exists a unique
a,(a) € A such that e(a,(a)) = hge(a)h,t. Since « is trivial, then e(a,(a)) =
e(a) = hye(a)h; . By Proposition 1.4(a), for all h € H there exist unique elements
x € G,a € A such that h = h,e(a), which means h;! = e(a)h™t. Thus

e(a) = hoe(a)hy " = (hoe(a))(hy ') = (R)(e(a)h™") = he(a)h™".
Therefore for all h € H, e(a)h = he(a), so e(A) C Z(H). O

4.2 Definition. An extension 1 — A — H -5 G — 1 is called central if
(i) or (ii) in Proposition 4.1 holds.

4.3 Definition. Let f : G> — A be a 2-cocycle (ie. f € Z*(G,A)). We say
f is symmetric if f(x,y) = f(y,x) for all x,y € G.

4.4 Proposition. Let « = 1 and v € Z*(G,A). If (1,k) € par(G,A) with
corresponding extension 1 — A — H 5 G — 1. Then H is abelian if and
only if k is symmetric and G is abelian.

Proof.

Assume H is abelian. Since £(A) is normal in H, then H/e(A) = G is also abelian.
By Proposition 1.4(c), for all 2,y € G there exists a unique x(x,y) € A such that
hzhy = e(k(x,y))hay. Similarly, we have hyhy = e(k(y, x))hy,. By assumption H
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is abelian, so hgh, = hyh,. This implies e(k(z,y))hyy = €(k(y, z))hy,. But since
G is abelian, then xy = yx, s0 hyy = hy,. That leaves e(k(z,y)) = e(k(y, x)). Thus
since ¢ is injective, then k(z,y) = k(y, ).

Now assume « is symmetric and G is abelian. Since « is trivial, then using the
multiplication defined in Proposition 2.4 yields

(a,x)(b,y) = (ab ’%(Iay)wry)v for a7b € Avxay €G.

Since A and G are abelian, then ab = ba, xy = yz for all a,b € A,z,y € G. By
definition,  is symmetric means x(x,y) = x(y, x). Thus we have

(a,2)(b,y) = (ab- k(z,y), zy) = (ba - K(y,z),yz) = (b, y)(a, z),
for all a,b € A, z,y € G, which implies H is abelian. O

5. GROUP EXTENSIONS WITH NON-ABELIAN KERNEL

In this section, we go back to using K, which we do not assume is abelian. We will
write [«, k] for the equivalence class of any element («, k) € par(G, K).

5.1 Definition. An automorphism f € Aut(K) is called an inner automorphism
if f = ¢, for some a € K. The set Inn(K) of inner automorphisms is the im-
age of the homomorphism ¢ : K — Aut(K), a — ¢4, so Inn(K) is a subgroup of
Aut(K). Since focqo f71 = ¢y for all f € Aut(K) and all a € K, then Inn(K)
is also a normal subgroup. Note that Inn(K) = K/Z(K). We call the quotient
Out(K) := Aut(K)/Inn(K) the group of outer automorphisms of K.

5.2 Remark. For each (a,x) € par(G, K) one has a; 0 ay = Cy(a,y) © Oy for
all ,y € G. This shows that the function w : G — Out(K), = — a,Inn(K) is a
group homomorphism. We call w the pairing induced by the automorphism system
a. If (o/,«') is an equivalent parameter system, then o = cf(y) o g for some
function f : G — K, which shows that the pairing w’ induced by o’ is equal to w.
So, each element in Par(G, K) defines a pairing w : G — Out(K). By Schreier’s
Theorem (2.5), every element in Ext(G, K) also defines a pairing. If K is abelian,
then Inn(K) = 1, so Out(K) = Aut(K). Therefore, in the abelian case, there is no
difference between pairings and automorphism systems.

For each w € Hom(G, Out(K)), we denote by ext,, (G, K) (respectively for par (G, K))
the set of extensions of G by K (resp. parameter systems of G in K) which induce
the pairing w. Similarly, we denote by Ext, (G, K) (resp. Par,(G, K)) the set of
equivalence classes of extensions of G by K (resp. parameter systems of G in K)
which induce the pairing w. Thus we have

Ext(G, K) = U Ext, (G, K)
weHom(G,0ut(K))
and _
Par(G,K) = U Par, (G, K).
weHom(G,0ut(K))
Again by Schreier’s Theorem (2.5), this implies Ext,, (G, K) 2 Par,, (G, K) for each
w € Hom(G,Out(K)). It is possible that Ext, (G, K) is empty. Later in this sec-
tion we will see when this happens, and we will also describe Ext,, (G, K) when it
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is non-empty.

5.3 Definition. A subgroup N < G is called a characteristic subgroup of G if
f(N) =N for all fe Aut(K).

5.4 Remark. For each automorphism f € Aut(K), the restriction f|z ) de-
fines an automorphism of Z(K), the center of K, since Z(K) is characteristic in K.
This defines a group homomorphism resZ( K) Aut( ) — Aut(Z(K)) whose ker-
nel contains Inn(XK). By the homomorphism theorem, we obtain a homomorphism
Out(K) — Aut(K), fInn(K) — f|z(x), which we also denote by resIZ((K).

If w € Hom(G, Out(K)), then its composition with resIZ{( x) ives a homomorphism
¢ :=resy gy ow: G — Aut(Z(K)).We will show that Par, (G, K) is already deter-
mined by (.

5.5 Theorem. Let w € Hom(G,Out(K)) with Par(G,K) # 0 and let { =
resIZ((K) ow € Hom(G, Aut(Z(K))). Then the function

Z2(G, Z(K)) x par, (G, K) — par,(G, K), (7,(e, r)) — (a,7k),
with
(ve)(,y) = v(z, y)K(2,y)
for x,y € G, defines an action of the group Z2( ,Z(K)) on the set par, (G, K).

Moreover, this action induces an action of HQ( ,Z(K)) on Par, (G, K) which is
transitive and free. In particular, for any element (o, k) € par, (G, K), the map

)

H( (GaZ(K)) - Paru(G7K)v ['Y] — [l [O@H} = [Oéﬁﬂ]

is a bijection.

Proof.

We first show that for v € Z?(G,Z(K)) and (o, k) € par, (G, K) we also have
(a,vk) € par, (G, K). For all z,y,z € G we have

(v&) (@, y) - (yR)(wy, 2) = v, y)k(2, y)y(2y, 2)k(2Y, 2)
= (@, y)v(zy, 2)k(z, y)K(zy, 2)
= GO, 2) (@, y2)ax(k(y, 2))k(z, y2)
= a;(V(y, 2)k(y, 2))v(2, y2)K(z, y2)
= ax((vr)(y, 2))(v&) (2, y2),
since a(z) = ((z) for each z € Z(K), and

Cyr)(my) © Yoy = Cy(zy)r(z,y) © Qay
= G (I7 y) O Cr(x,y) © Azy
= Cg(z,y) © Qzy = Qg O Oy,
since y(z,y) € Z(K). Moreover, for all (a, x) € par, (G, K) and v, € ZZ(G, Z(K))
we have
*((a, k) = °(a,7k) = (a, d7k) = (e, k)
and '(a, k) = (a,), so we have thus established an action of ZZ(G,Z(K)) on
par,, (G, K).
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Now let (a, k), (&', k') € par (G, K) be equivalent and let v € ZCQ(G7 Z(K)). Then
there exists a function f : G — K such that

o = 4wy © @ and K/ (2, y) = f(2) o (f(y))r(@,y) fay) 7,
for all z,y € G. Multiplying the last equation with v(z,y) yields
(

)
Y,y (2,y) = f@)as(f(y)y(@, y)r(z,y) fay) "
again since y(z,y) € Z(K). This shows that also 7(«a, k) = (a,vk) and 7(o/, k') =
(a’, ') are equivalent. Hence we obtain an action of Z¢(G, Z(K)) on Par, (G, K).
Next, let (o, k) € par, (G, K) and let v € Bg(G, Z(K)). We will show that 7(«, k)
is equivalent to («, k). There exists a function f : G — Z(K) such that y(z,y) =
C(fW)) flay)  f(x) = ax(f(y)) f(xy) =t f(z) for all z,y € G. With this f we have
Az = Cf(z) © Ao
and
(&) (@, y) = (@, y)r(z,y) = f(@)au(f(y)r(z,y) fley)
for all z,y € G, so 7(a, k) is equivalent to (o, k), and thus we have an action of
Hg(G,Z(K)) on Par, (G, K).
Next we show the y action is free. Let 1,72 € Z¢(G, Z(K)) and (a, r) € par,,(G, K)
such that " (a, %) and 7?(a,x) are equivalent. Let v := 47 'y2. Then V(a,x) =
(a, k) is equivalent to (a, k). Thus there exists a function f : G — K such that
s = 5a) 0 g and (@, y)(.y) — f@)a ()R, y) f(y) " for all 2,y € G.
This implies that cy,) = idg for all z € K so that f(z) € Z(K) for all z € K.
So we have y(z,y) = f(z)aa(f(y))f(xy)™" = f(2)C(f(y))f(zy)~". Therefore,
v € B(G, Z(K)) and [v1] = [12] € HE(G, Z(K)).
Finally, we show that the action of HZ(G, Z(K)) on Par,(G, K) is transitive. Let
(a,K),(8, ) € par, (G, K). We will show that there exists v € ZZ(G, Z(K)) such
that (o, k) and 7(83, A) are equivalent. For each z € G we have o, Inn(K) = w(z) =
BeInn(K). Thus there exists an element f(zr) € K such that cy,) o ax = Bs.
We set #'(z,y) = f(x)a.(f(y))r(z,y)f(zy)~! for all z,y € G. Then (3,r') €
par, (G, K) and («, k) is equivalent to (3, ’). Since (8, ) € par, (G, K), then we
have ¢,/(z,) © Bey = Bz © By = Cr(a,y) © Bry and Cpr(z,y) = Cr(z,y) for all z,y € K.
This means v(z,y) := £’ (z,y)\(z,y)"* € Z(K) for all z,y € G. We show that
v E ZE(G,Z(K)). For z,y,z € G we have

z,y) Mz, y) "y (zy, 2)
z,y)y(zy, 2)A(w,y) "
z,y)K (wy, 2)Mzy, 2) " Ma, y) ™

vz, y)y(zy,2) =

= Be(K'(y, 2))K (2, y2) M@, y2) " Ba(M(y, 2)) "
= Be(K'(y, 2)v(2,y2)B(A(y, 2)) !

K (y, 2) My, 2) (e, y2)
G (v(y, 2)v(z, y2).

This implies that (3, k") = 7(8,\) and that («, k) is equivalent to (3, ") =7(8, \).
Thus, the proof is complete. O

\
&Q
—
&

S

5.6 Theorem. Assume that Z(K) = 1. Then |Par,(G,K)| = 1 for every
w: G — Out(K).
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Proof.

For each = € G, choose a, € Aut(K) such that w(z) = a,Inn(K). For all z,y € G
we have aza, Inn(K) = w(z)w(y) = w(zy) = azyInn(K). Thus there exist elements
k(z,y) € K such that oy 0 ay = Ci(py) © Oy for all z,y € G. For all z,y,z € G we
have

Cr(z,y)r(zy,z) © Azyz =  Cr(z,y) © Cr(zy,z) © Qzyz

Cr(m,y) © Cay O Oz

= azoayoaq,

Qz O Cr(y,z) © Ayz

-1
Qi O C(y,z) © Ay~ O Qg O Oy
= Cau(k(y:2)) © Crlz,yz) © Ca(yz)

Cay(k(y,z))r(z,yz) © Xzyz,

and therefore ¢y (y y)r(zy,2) = Caw(r(y,z))n(z,yz)- Since Z(K) = 1, then this implies
k(z,y)k(zy, 2) = az(k(y, 2))k(x, yz) for all z,y, z € G. Hence, (a, k) € par,, (G, K),
and Par, (G, K) is not empty. On the other hand, by Theorem 5.5, Par, (G, K) is
in bijection to Hg(G7 Z(K)), where ¢ := resIZ((K) ow. But since Z(K) = 1, we have
F(G? Z(K)) =1and H}(G,Z(K)) =1. O

5.7 Theorem. Let w : G — Ouwt(K) be a group homomorphism and let { :=
resIZ((K) ow € Hom(G, Aut(Z(K))). Moreover, for each x € G, let a, € Aut(K) be
an automorphism with w(x) = a,Inn(K). Then the following hold:

(a) For all x,y € G there exists an element x(z,y) € K such that ay o oy =
Cx(a,y) © Aay-

(b) Let x(z,y) € K be chosen as in (a). Then for all z,y,z € G the element
9w, y,2) = az(x(y, 2))x(x,y2)x(zy, 2) ! lies in Z(K), and the function 9 : G3 —
Z(K) is an element of Z3(G, Z(K)).

(¢) The cohomology class [9] € HY(G, Z(K)) of the element 9 € Z¢(G, Z(K)) de-
fined in (b) does not depend on the choices of o, € Aut(K) and x(z,y) € K for
z,y € G.

Proof.

(a) For all z,y € G we have

oz, Inn(K) = w(@)w(y) = w(zy) = ayyInn(K),

which implies that a, a0y, € Inn(K).
(b) For all z,y,z € G we have

Co(2,y,2)

_ —1 -1

= Cag(x(y,=) ° x(z,y2) © cx(wy,z) © Cx(;v,y)
_ -1 1 11 - -
= (0l O Cyy(y,2) © O O Ol © Oy O (. O Ol © (L O (L © gy © QO 1

-1 1 1 1

= Qg 00y 00, 00, 0y, 0Q, oa; ooy

=idg,
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so U(z,y,2) € Z(K). Now we show that ¥ € Z¢(G, Z(K)). Let z,y,z,w € G.
Then

C(V(y, 2, w)) ¥z, yz,w)H(z,y, 2)
= az(ay (x(2,w)))aa (X (y, 2w))aw (X (yz, w)) " aw (x(y, 2) " Oz, yz, w) -

V(z,y, 2)
= 0 (0 (x (2, w)))az (X (¥, 2w)) e (X (Y2, w)) ™Iz, Yz, w)ow (x(y, 2)) " -
V(z,y, 2)
= (o (x (2, w)))aw (X (y, 2w)) oz (X (y2, w)) -
-z (x(yz, w)x (@, yzw)x (zyz, w) " x(z,y2) T ow(x(y,2) "
‘ax(X(y, 2))x(z,y2)x (yz, 2) " x(2,y)
= g (ay (x (2, w)))aa (X (y, 2w0))x (2, yzw) x (wyz, w) " x(zy, 2) " X (2, )~
= az(ay (x (2, w))) (X (¥, 2w)) x (z,y)~" -

(z, yzw) x(zy, zw) "' x
z,y)x(zy, zw)x(zyz, w) ' x(zy, )~ x (2, y) 7!
= (o (x (2, w)I(z,y, 2w)x (2, y) x (Y, 2w)x (2yz, w) " x(zY, 2)
X (2, y) oy (X (2, w))x(2y, 2w) x(zyz, w) ™!
X(zy, 2) " x (@, y) T (2, y, 2w)
= x(z, y)d(zy, z,w)x(z,y) "z, y, zw)
= J(zy, z,w)d(x, y, 2w),

X(
“Ix(zy) Tt

as desired.

(c) If, for each z € G we choose af, € Aut(K) such that o/ Inn(K) = w(z) and for
each z,y € G we choose /'(z,y) € K such that o, o o = ¢y/(4,y) © A4, then there
exists a function f : G — K such that o), = c(,) o a. This implies

~
~

Qp OQy = Cf(z) 00z OCr(y) © Ay
= cf(m)oozxocf(y)oaajloawoay
= Cf(@) °Car(f(y)) © Cx(m,y) © Yy
= CH@aw(F@)x(@ 1) © Crlay) © Vay

= Cf@oa(fW)x(zy)flzy)~t © a;w

and so we have

X (2, y) = f(@)ow (f (v)x(z, ) f(zy) " g(x, y)

for all z,y € G with a function ¢ : G x G — Z(K). For all z,y,z € G, the
corresponding function

V(2. y,2) = oy (X (y, 2))X (z, y2)X (wy, 2) "X (2, )~
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satisfies
V' (x,y,2)
= f(@)az (f(y)ay (f(2)x(y, 2) f(y2) gy, 2)) f(2) 7" -
(@) (fy2))x(x,y2) f(xyz) " g(e,yz) -
-g(zy, 2) " f(eyz)x(wy, 2) " awy (f(2)) 7 flay) ™!
-g(2,y) " fay)x (e, 9) raa(f(y) " fx) ™!

= f(@)aa(f(y))az(ay(f(2)))az(x(y, 2)) -
X (@, y2)x(@y, 2) oy (f (2) " )x(@,y) rew (fly) ™) f@) -
az(9(y, 2))g(x,y2)g (l“y’ 2) gz, y)7!

= J(@)aw (f(y)aw(ay (f ()9, y, 2)X (2, y) oy (f(2) ™) -
X, y) " au(f(y)” 1)f( )~ (92 (9)) (@, y, )
= f(@)au(f(y))aw(ay (£(2))) a0y (f(2)71) -
oo (F(y) ™) (@)@, y, 2) (92 (9)) (@, 9, 2)

= 0(x,y,2) (07 (9) (2, y, 2)-

Thus the cohomology classes [] and [¢¥'] coincide. O

5.8 Definition. Let w: G — Out(K) be a homomorphism and let ¢ := resIZ((K) o

w € Hom(G, Aut(Z(K))). The element [J] € H(G, Z(K)) defined in Theorem 5.7
is called the obstruction of w.

5.9 Theorem. Let w : G — Owt(K) be a group homomorphism and let { :=
resIZ((K) € Hom(G, Aut(Z(K))). Then Par, (G, K) # 0 if and only if the obstruc-
tion [0] € HY(G, Z(K)) of w is trivial.

Proof.

Assume Par,(G,K) # 0 and let (a,x) € par,(G,K). Then we have w(z) =
I (K), arz © Gy = Cpi(ay) © Qay, and o (k(y, 2))k(z, y2)k(zy, 2) ez, y) ™t = 1,
for all z,y,z € G. This implies that we can define the obstruction [J] of w using
the elements a, € Aut(K) and k(z,y) € K for z,y € G, and that [J] = 1.
Conversely, if we choose elements o, € Aut(K) such that w(z) = a,Inn(K) for
all z € G, and elements x(x,y) € K such that a, o ay = c¢y(z,y) © Quy for all
x,y € G, then we obtain the obstruction [¢] € Hg (G, Z(K)) of w from the 3-cocycle
I, y,2) == ax(x(y, 2))x (2, y2)x(zy, 2) " Ix(2,y)"t € Z(K), for 2,y,2 € G. Since
[¥] = 1, there exists an element ¢ : G X G — Z(K) such that ¢ = ag(cp). We set
k(z,y) == p(x,y) " tx(z,y) for 2,y € G and we show that (o, k) € par (G, K). For
all x,y,z € G we have

Qg O iy = Cp(z,y) © Czy
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and
rlx,y)r(ey, 2) = olz,y) Xz, y)eley, 2) " x(2y, 2)
= o(z,y)  eley, 2) " x(z y)x(zy, 2)
= g, y2) tau(p(y, 2)H(02(9)) (@, y, 2)x (2, y)x(2y, 2)
= p(z,y2) ey, 2)) MOz, v, 2)x (2, y)x(2y, 2)
= g, y2) aa(p(y, 2) (X, 2))x(z, y2)

= au(k(y, 2))s(z, y2),
which thus completes the proof. O

6. EXAMPLES

To end this paper, we will compute some examples to give greater insight into how
group extensions are structured. In this section, let C),, denote the cyclic group
with n elements and Sym(n) denote the symmetric group on n elements.

6.1 Example. Let K = Cy =< 2z >, G = Cy =< y >, and Cy =< a >.
Then

1—>02—>C2><C2—>CQ—>1

zr—  (z,1)
(T,y) —y
and
1—Cy —Cy —Cy —1

T+ (L2

a [ y
are extensions of G by K.
6.2 Example. Let K = C5 =<z >, G = Cy =< y >, and Sym(3) =< 0,7 >.
Then
1—>Cg—>03><02—>02—>].
z— (z,1)
(,y) r—y
and
1— C3 — Sym(3) — Cy — 1
T o
o +—1
T [ y

are extensions of G by K.

6.3 Example. Let K = Sym(3) and G = Cy. We want to find all groups H
such that 1 — Sym(3) — H — C3 — 1 is a group extension of G by K.
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Since |Z(Sym(3))| = 1, then by Theorem 5.6, we have |Par,(Cs, Sym(3))| = 1 for
every w : Cy — Out(Sym(3)). From Remark 5.2, we have

Par(Cq, Sym(3)) = U Par, (Cs, Sym(3)),
weHom(C2,0ut(Sym(3)))
which implies that |Par(Cq, Sym(3))| = |Hom(Cs, Out(Sym(3)))|. By definition,
Out(Sym(3)) = Aut(Sym(3))/Inn(Sym(3)), so we first want to find Aut(Sym(3)).
Since automorphisms take 2-cycles to 2-cycles and 3-cycles to 3-cycles, then there
are six possible automorphisms:
fiiT—T, 000, fo:T—To,0—0, f3:T—T0%0— 0,

fi:T—T,0 02, fs:iTr 10,0 0%, fo:T > T0% 0 02,

Since fo(fa(r)) = fo(r) = 70 and fu(fa(7)) = fa(r0) = fa(7)fa(0) = T0?, then
Aut(Sym(3)) is not abelian. So |Aut(Sym(3))| = 6 and Aut(Sym(3)) is not abelian,
which implies Aut(Sym(3)) = Sym(3).

From Definition 5.1, we have Inn(G) =2 G/Z(QG) for all groups G. Since Z(Sym(3))
is trivial, then Inn(Sym(3)) = Sym(3). So we have

Out(Sym(3)) =2 Aut(Sym(3))/Inn(Sym(3)) = Sym(3)/Sym(3) = 1,
which means |Hom(C2, Out(Sym(3)))| = 1. Thus the only extension of Cy by
Sym(3) is the direct product H = Sym(3) x Ca.
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