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Kernel Discriminant Analysis Using Case-Specific
Smoothing Parameters

Anil K. Ghosh

Abstract—In Kkernel discriminant analysis, one common practice is to
use a fixed level of smoothing (estimated from training data) for classi-
fying all unlabeled observations. But, in classification, a good choice of
smoothing parameters also depends on the observation to be classified.
Therefore, instead of using a fixed level of smoothing over the entire
measurement space, it may be more useful to estimate the smoothing
parameters depending on that specific observation. Here, we propose a
simple method for this case-specific smoothing. Some benchmark data sets
are analyzed to illustrate the performance of the proposed method.

Index Terms—Bandwidth, Bayes risk, bootstrap, cross validation, kernel
smoothing, misclassification rate, nearest neighbor, p-value.

I. INTRODUCTION

Kernel density estimation [26], [28] is a popular method for non-
parametric density estimation, and it has one well-known application
in kernel discriminant analysis (KDA) [13]. In a J-class classifi-
cation problem, if we have a training sample S = {(x;,¢;);%; €
R, C; €{1,2,...,J},i=1,2,...,n} of n observations, the kernel
estimate for the density function f;(j = 1,2,...,J) can be expressed
as fin(x) = n;lh*d Zmizj K{h™!'(x —x;)}, where n; is the
number of observations from the jth class (> n; =n), K is a
d-dimensional density function symmetric around O, and A is the
associated smoothing parameter known as the bandwidth. These kernel
density estimates are used to construct the KDA rule given by 0y, (x) =
arg maxm; fjh (x), where 7; is the prior probability of the jth class. If
these priors are not known, one usually estimates them using training
sample proportions @; = n;/n(j =1,2,...,J) of different classes.
Many choices for the kernel function K are available in the literature
[26], [28]. Here, we will assume K (t) = (2m)~ %2 exp(—||t/|%/2)
and all competing density functions are continuous.

For J = 2, we can look at KDA also from regression perspective.
Like many other classification techniques, here, we can define an
indicator variable Y, which takes the value 1 and —1 when the ob-
servation comes from Class-1 and Class-2, respectively. Under this set
up, for any given x, g(x) = E(Y|x) = p(1|x) — p(2|x) gives the
difference between the true posterior probabilities of the two classes.
If we use the kernel method for regression, the Nadaraya—Watson [34]
estimate for Y is given by

V= ZK{h—l(xfxi)}Y,-/ZK{h—l(x—xi)}

_ ﬁlflh(x) — fr2f2h(x)

T fin(x) + 7o fan (%)

=p(1x) = p(2[x).
So, one can classity the observation x depending on the sign of Y.
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The smoothing parameter h plays an important role in both re-
gression and classification problems. Since KDA is derived using
kernel estimates of population densities, one may be tempted to use
the value of h that is optimum for kernel density estimation. Several
algorithms are available in the literature [17], [27], [34] for this
purpose. However, while those techniques are quite good for giving
low mean integrated squared error (MISE) of the density estimate,
they may not be appropriate for classification problems [7], [29], [35].
Looking at the classification problem from regression perspective, one
can also adopt the bandwidth selection algorithms [14], [19], [22], [34]
available for kernel regression. These algorithms, in some sense, have
the same spirit as [11], where the authors proposed to choose the band-
width by minimizing the MISE of the density difference. However,
in classification, instead of global accuracy of the regression surface,
we are mainly interested in the regression surface near g(x) = 0.
Therefore, the bandwidths obtained by minimization of global errors
may not work well. In classification problems, one usually minimizes
the cross validation [23] or the bootstrap [5], [12] estimate of the
error rate to select the optimum value of h. Other bandwidth selection
algorithms for classification problems are available in [7] and [12].

All these algorithms use the training data to select the optimum
bandwidth, which is then used for classification of all observations.
However, one should note that in addition to depending on the training
data, a good choice of h depends on the observation to be classified.
Therefore, instead of using a fixed i over the entire measurement
space, it may be more useful to choose the bandwidth adaptively de-
pending on that specific observation. The importance of this adaptive
smoothing has been investigated in the context of density estimation
[11, [24], [31] and regression [20], [25], [30], [33]. However, those
algorithms were designed to achieve different goals, and they may
not be useful for classification, where instead of accuracy of the
density estimate (or regression estimate), the main emphasis is on the
accuracy of the decision rule. In practice, it is possible to have poor
estimates of density functions (or regression functions) which lead
to a good classifier [6], [7]. Therefore, in classification, one needs
to develop a different method for adaptive bandwidth selection. In
this correspondence paper, we propose one such adaptive bandwidth
selection algorithm for KDA, where the bandwidth h is chosen not
only depending on the training data, but also based on the observation
to be classified. The use of the same bandwidth h in all directions
requires some preliminary transformation (standardization) of the data.
We will use the usual moment-based estimate of the dispersion matrix
for this purpose.

II. CASE-SPECIFIC CHOICE OF h

For the case-specific choice of h, we associate the two-class clas-
sification problem (or the regression problem) with the problem of
statistical hypothesis testing. Given the query point x, for any h, one
observes either Y > 0 or Y < 0, but from a statistical point of view,
it is important to know whether the difference between Y and 0 is
statistically significant. Or, in other words, one may be interested in
knowing whether there is any significant difference between 7, flh (x)
and 7o fgh(X) in terms of their expected values. This leads to the hy-
pothesis testing problem H, : E{7; flh(x)} ZE{ﬁ'Qfgh(X)} against
Hy : E{#1fin(x)} < E{#2fon(x)}. Kernel density estimates are av-
erages of independent identically distributed (i.i.d.) random variables.
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Therefore, for a reasonably large sample, one can assume normality
of their distributions. Since 7; — m; and 7o i)ﬂ'g, from Slutskey’s
lemma, it follows that [{7 fi(x) =72 fon (X)} — E{ 71 fin(x) —
2 fon (1)) /738%, (%) + 7353, (x) = N (0, 1), where %, (x) is the
variance of fi,(x) (i = 1,2). Note that s2, (x)=h"2?Var(K{(x—
X)/h})/n;, where X~ f;, and one can use the sample variance

of K{(x—X)/h} to get its unbiased estimate §2,. Since for any

fixed h, 7252, (x )+fr2§2h( )imrfsfh( )+72s2, (x), one can use

({71 f1n(xX) =t fon (x }/\/wlslh +7252, (x)) as the one-sided
p-value for this testing problem, where <I> is the cumulative distribution
function of the standard normal distribution. Clearly, higher val-
ues of o, (x) = |71 f1n(Xx) — T2 fon(x |/\/7r181h + 7583, (x) =
In1 fin (X) — no fon (x \/\/nlslh +ns2, (x) lead to p-values
close to 0 or 1 indicating stronger ev1dence in favor of one of the
two classes. Therefore, one can choose h by maximizing «y (x) over
a suitable interval, and this maximizer hy can be used to construct
the adaptive decision rule §*(x) = arg max 7, f;5, (x). Although we
have used the Gaussian kernel throughout this correspondence paper,
this case-specific bandwidth selection method can be used for other
kernel functions as well. Note that, in addition to training sample
observations, here, we use an unlabeled observation x to construct the
classifier, which is used to predict the class label of the observation x
only. Therefore, in that sense, the resulting classifier can be viewed as
a semisupervised or transductive classifier [3], [36].

If we denote the kth nearest neighbor of x by x(*), one can notice
that for h < ||x — x)|/3, both f, (x) and fay, (x) will be very close
to 0, and that will give no useful information for classification. So, it is
somewhat reasonable to use ||x — x)|| /3 as the lower limit for & (call
it hr,(x)). On the other hand, the use of very large h not only increases
the computing cost by increasing the length of the search interval, but
it also fails to represent the local pattern of the measurement space.
Moreover, if the prior probabilities of two competing classes are not
equal, the use of large h always leads to a decision in favor of the class
having the larger prior [7]. Therefore, if the training samples from the
two classes are not of comparable sizes, and if we estimate 7; by T; =
n;/n, large h will always favor the bigger class, which is not desirable.
To set the upper limit of & (call it hy; (X)), one can borrow the idea from
k-nearest neighbor classification [4], [18], where we consider only k
out of n neighbors of x to predict its class label. Note that if we use
hu (x) = ||lx, x*)]| /3, only first k neighbors of x will have significant
contributions to flh(x) and fgh( ), and the resulting decision rule
will be like a weighted nearest neighbor rule [2]. For nearest neighbor
classification, asymptotic results [4], [18] suggest that k£ should tend to
infinity and k/n should tend to 0 as n tends to infinity. Here, also, we
can use one such choice of k to compute hy(x), and for this choice of
hy (x), error rate of the proposed classifier §* converges to the optimal
Bayes risk. This result is formally presented in the following theorem,
and the proof is given in [10].

Theorem 1: Let hy be the maximizer of ay(x) in the interval
[h1(x) = d(x,xM) /3, hy(x) = d(x,x*))/3], where k — oo and
k/n — 0 as n — oco. Then, the true misclassification rate of the
proposed classifier 6*(x) converges to the optimal Bayes risk.

This theorem suggests that & = C'y/n could be a good option for
some suitably chosen constant C, and here we follow [8] to take k =
2/n. We compute a, (x) for 100 different values of / in the interval
[hL(x), hy(x)] and choose the one that maximizes o, (x).

In classification problems involving J (J > 2) classes, one can per-
form ( ) binary classifications taking one pair of classes at a time and
combme the results of all pairwise classifications by using majority
voting or coupling algorithm [16]. To keep our algorithm simpler,
here, we adopt the voting method, where the tied cases are arbitrarily
assigned to one of the classes having the maximum number of votes.
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TABLE 1
BRIEF DESCRIPTION OF BENCHMARK DATA SETS
Biomed Glass(2C) BUPA Pima Image Vowel Vowel-2 Diabetes Vehicle Glass
d 4 5 5 8 9 10 2 5 18 5
J 2 2 2 2 7 11 10 3 4 6
n 100 100 200 400 210 528 338 100 400 100
ng 94 46 145 368 2100 462 333 45 446 114

d=dimension, J=no. of classes, n=training sample size, no=test sample size.

However, instead of pairwise classification, one can simultaneously
deal with all competing populations and assign the observation to the
class having the maximum value of 7, f;5, (x). To choose hy, we
can set hy,(x) and hy(x) as before, but here, we need an appropriate
analog for v, (x) to be maximized. For a pair of classes i and j, let us

define 3,7 (x) = {nafin (%) = n; fin(x)}/ /0753, + 0353, ()
and S (x) = min,; 8" (x ) Note that 3" (x ) —ﬁ;;’”( ).

and for any given x and h, Bh (x) is positive only for the winning

class. Also, o} (x) = max; }(L“ (x) is expected to be higher when we
have stronger evidence in favor of the winning class. Therefore, o}; (x)
can serve as a measure of evidence in favor of our decision, and we
can maximize o} (x) with respect to h to choose the bandwidth Ay
to be used for classification of x. In the following sections, for data
analytic purpose, along with the pairwise approach, we will also use
this method, and we will refer to them as the pairwise method and
the combined method, respectively. One can verify that the multiclass
version of Theorem 1 holds for both these methods.

III. RESULTS FROM THE ANALYSIS OF BENCHMARK DATA SETS

We use ten benchmark data sets to illustrate the performance of
the proposed method. Four of these data sets have observations from
two competing classes, whereas the rest consists of observations from
three or more populations. A brief description of these data sets is
given in Table I. The 2-D vowel data set (referred to as vowel-2
in Table I and Tables III-V) was generated by Petersen and Barney
[21], and detail description of this data set can be obtained in that
article. The rest of the data sets and their descriptions are available
either at University of California, Irvine (UCI) machine learning
repository (http://www.uci.ics.edu/~mlearn) or at CMU data archive
(http://lib.stat.cmu.edu).

Three of these data sets, namely the image segmentation data,
the vowel recognition data, and the 2-D vowel data (vowel-2), have
specific training and test sets, For these data sets, test set error rates
of different methods are reported in Table III. The rest of the data sets
do not have specific training and test sets. Therefore, we formed these
sets by randomly partitioning the data. This random partitioning was
carried out 500 times to generate 500 training and test samples. For
these data sets, average test set error rates (over these 500 samples)
of different methods are reported in Tables II and III along with
their corresponding standard errors. The sizes of the training and test
samples in each partition are reported in Table I. Throughout this
section, sample proportions of different classes are used as their prior
probabilities, and in all these cases, we standardized the data set using
the usual moment based estimate of the pooled dispersion matrix.

A. Classification Between Two Competing Populations

Here, we use four data sets, namely the biomedical data, the Pima
Indian diabetes data, the BUPA liver disorder data and a subset of the
glass data, to evaluate the performance of the proposed algorithm. For
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TABLE II
AVERAGE MISCLASSIFICATION (IN PERCENT) RATES AND THEIR
STANDARD ERRORS FOR TWO-CLASS PROBLEMS

Biomed Glass (2C) BUPA Pima

MISE-band. 17.01(.15) 20.64(.23) 34.06(.15) 29.13(.08)

Sq.root law 16.65(.14) 21.13(.23) 34.37(.15) 28.96(.08)
Regression  16.67(.13) 21.42(.24) 33.85(.15) 26.22(.07)
Adapt-reg. 17.28(.14) 22.27(.23) 33.87(.15) 28.98(.08)
Cross-valid. 16.93(.13) 22.12(.24) 33.14(.14) 26.58(.08)
Bootstrap ~ 16.58(.13) 21.70(.24) 33.11(.14) 26.28(.07)
Opt-band.  16.78(.14) 22.39(.25) 33.38(.14) 26.05(.07)

Proposed  16.60(.13) 20.84(.24) 32.30(.14) 26.60(.07)

TABLE III
AVERAGE MISCLASSIFICATION (IN PERCENT) RATES AND THEIR
STANDARD ERRORS FOR MULTICLASS PROBLEMS

Image Vowel Vowel-2 Diabetes  Vehicle Glass

MISE-band. 14.71 66.23 18.62 12.15(.19) 22.66(.08) 36.94(.19)

Sq.root law 14.76 66.45 18.32 12.22(.19) 22.65(.08) 36.19(.20)

Regression  8.38 46.54 190.52 10.63(.20) 20.32(.07) 33.52(.16)

Adapt-reg. 871 47.19 24.02 13.89(.19) 22.70(.08) 33.40(.16)

Cross-valid. 10.62 45.89 20.12 10.97(.19) 20.92(.11) 31.35(.17)

Bootstrap ~ 8.00 16.75 19.52 11.10(.20) 20.99(.07) 31.01(.17)

Opt-band.  10.38 44.59 18.92 12.31(.18) 20.74(.07) 33.28(.19)

Proposed(p) 5.90 44.59 22.52 10.70(.18) 20.35(.07) 31.54(.16)

Proposed(c) 6.24 4524 10.82 10.54(.17) 20.38(.07) 31.60(.16)

the biomedical data, we removed the observations with missing values,
and carried out our analysis with the rest 194 observations. In the
BUPA liver disorder data set, we did not consider the discrete variable
“number of half-pint equivalents of alcohol beverages drunk per day”
and used the other five variables for our analysis. In the case of glass
data, although there are 214 observations from six different classes,
here, we considered only 146 observations coming from two larger
classes. An analysis based on all 214 observations will be reported
later. In tables, we will refer to this full data set and its two-class subset
as glass data and glass (2C) data, respectively. However, in this data set
there are four measurement variables for which majority of the values
are zero. We ignored them and used the other five variables.

For these data sets, along with the performance of our proposed
method, we also report the error rates for other standard methods
of bandwidth selection. In density estimation problems, one usually
adopts the least squared cross-validation [26], [28] method to find
out the bandwidths by minimizing the estimated MISE of the density
estimates. We have used this method here to find out the optimal
bandwidths and the resulting classifier (referred to as the MISE-
bandwidth classifier in Tables II, III, and V). Instead of using a fixed
bandwidth for density estimation, one can also go for adaptive kernel
density estimation [1], [24], [31]. Because of the simplicity and the
ease of implementation, here, we have used Abramson’s [1] square
root law for this purpose. In regression problems, one common practice
is to use the least squared cross-validation method to find the optimal
bandwidth, and here also, we have used that method for bandwidth
selection and classification. For adaptive regression using optimal
local bandwidths, we followed the databased bandwidth selection
algorithm of Vieu [33], where 0.05 times the maximum pairwise

1415

distance between the measurement vectors was used as the bandwidth
for the weight function. In addition to these four methods, we have
also reported the performance of the cross-validation method [23] and
that of the bootstrap method proposed in [5]. Because of the stepwise
nature of the estimated error rate, cross-validation method often leads
to multiple minimizers of the error rate. Following the suggestion of
[7], we have chosen the maximum of the optimizers in such cases.
In [7], the authors proposed another method for finding the optimum
bandwidth for classification. Here, we have also used that algorithm,
and the resulting classifier is referred to as the optimal bandwidth
classifier.

Our proposed method performed quite well on these data sets. In
the case of BUPA liver disorder data, it significantly outperformed its
all competitors, whereas in all other cases, it performance was close
to the best ones. On the biomedical data set, all methods except the
MISE-bandwidth classifier and the adaptive regression method had
similar misclassification rates. Error rates of these two classifiers were
marginally higher. On the glass data, the MISE-bandwidth classifier
had the lowest error rate, but the proposed method could match the
performance of this classifier. The bootstrap method, the regression
method and the optimal bandwidth classifier had comparatively higher
misclassification rates in this example. On the Pima Indian diabetes
data set, the optimal bandwidth classifier led to the lowest error
rate, but the performance of the proposed method, and that of the
regression and bootstrap techniques were also quite competitive, and
they significantly outperformed all other kernel density estimate-based
classifiers considered here.

B. Classification Involving More Than Two Populations

In this section, we consider six multiclass problems for further
illustration of the proposed method. For this purpose, we used both
the pairwise and the combined approaches as discussed in Section II.
For the analysis of glass data, we considered the same five variables
we used before, but here observations from all six classes were taken
into consideration. Although there are originally 946 observations in
the vehicle data set, we could use only 846, which are available at UCI
machine learning repository. In the image data set, although there are
19 measurement variables, we carried out our analysis using only nine
variables that were used in [9]. Note that classification problems can
be associated with one-response variable regression problems when
J = 2. For J > 2, one can adopt either the pairwise approach or the
one verses rest method. In the former case, the results of all pairwise
classifications can be combined either using the voting method or using
the coupling algorithm [16]. In the later case, however, we do not need
voting or coupling. If the ith class (¢ = 1,2,...,J) is compared with
the rest, and if we define Y = 1 when the observation belongs to the
ith class and Y = —1 otherwise, Y gives the estimate of 2p(i|x) — 1,
from which one can get p(i|x). We used both these methods but the
results were almost the same. Therefore, here, we report the results
only for the pairwise approach, where voting is used to combine the
results of all pairwise classifications.

Table III clearly shows the superiority of the proposed methods.
On the image segmentation data, both combined and pairwise ap-
proaches significantly outperformed all other bandwidth selection
methods considered here. On the vowel data, apart from the MISE
bandwidth classifier and the square root law, all other methods had
similar error rates. All competing methods except adaptive regression
had similar error rates on vowel-2 data as well. On the diabetes data
and the vehicle data, the regression method and the proposed methods
performed significantly better than their competitors. On the glass data,
bootstrap method yielded the best performance, but the errors rates
of the proposed methods were also quite competitive. To summarize
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Fig. 1. Relative efficiencies of different methods: 1—MISE bandwidth.

2—Square root law. 3—Regression. 4—Adaptive regression. 5—Cross
validation. 6—Bootstrap. 7—Optimal bandwidth. 8—Proposed (pairwise).
9—Proposed (combined).

the overall performance of different methods, we computed their
relative efficiencies for different data sets. In a particular example, the
relative efficiency of any particular classification method ¢ is defined
by the misclassification probability ratio e; = Ag/A;, where A, is
the misclassification rate of the tth classifier and Ay = min; A;.
Clearly, in an example, the best classifier will have e, = 1, while other
classifiers will have e; in (0, 1) interval. Smaller values of e; indicates
the lack of efficiency of the classifier ¢. In each of these ten examples,
we computed these relative efficiencies for different methods, and the
summarized results are graphically presented by box plots [32] in
Fig. 1, which shows the utility of case-specific smoothing techniques.

IV. MORE ON CASE-SPECIFIC SMOOTHING

In the previous sections, for classification of a data point x, we
have used a single common bandwidth A, in all directions. If the
data cloud is spherical, it seems somewhat reasonable to use the same
bandwidth in all directions. This is why standardization is used to
make the data cloud spherical in some sense. However, one should
notice that, even if the data cloud is spherical, all directions may not
always be equally important for classification. For instance, consider
a 2-D problem, where the true class boundary B is of the form
B = {(z1,22);x1 = k}. In this set up, x; will certainly be more
important than x5 for estimation of Y near the true class boundary.
‘When a small change in ;1 near the class boundary is expected to yield
significant change in E(Y|x), E(Y|x) is expected to remain almost
constant in z5. Since Nadaraya—Watson estimate is locally constant,
instead of spherical kernel (kernel with the same bandwidth in all
directions), in such cases, it will be more helpful to use elliptic kernel
function (kernel with different bandwidths in different directions),
with elliptic probability contours having more spread along the Xo-
axis (i.e., parallel to the class boundary). Naturally, on the one side
of the class boundary, we are expected to have the majority of the
observations with Y = 1, and on the other side the majority of the
observations with Y = —1. This elliptic kernel function is expected
to put higher weight on those data points which are likely to have the
same value of Y, and this leads to a better decision rule.

Following this idea, given an observation x, one can look at the rate
of change in the expected value of Y near x along different directions,
and use smaller bandwidths along the directions having higher rate
of change. Since E(Y|x) is the difference between the posterior
probabilities of two classes, higher rate of change gives the indication
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Fig. 2. Spherical and elliptic contours around the observation x.

that we will cross the class boundary relatively quicker if we move
along that direction. Naturally, for classification of x, one would like
to use a kernel function which puts more weight on the observations
lying on the same side of the class boundary, and that is possible if
we use elliptic kernels whose probability contours have more spread
in the direction parallel to the class boundary (see Fig. 2). If B and W
are locally computed between group and within group sum of square
matrices near x, eigenvalues and eigenvectors of M = W~=1/2(W +
B)W ~1/2 give us some idea about the class separability (local linear
separation) near x along different directions. If we use the bandwidth
matrix of the form H = h? M~ for some h > 0, the kernel function
|H|~Y2K(H~'/?(x — x;)) will have elliptic probability contours
with their spread in different directions (in directions of eigenvectors of
M) being proportional to the inverse of the corresponding eigenvalues.
Therefore, it shrinks the bandwidth in the direction where the class
centroids differ most (i.e., the direction that contains maximum infor-
mation about class separability). This type of choice for the bandwidth
of the kernel function has the same spirit as that of DANN metric
considered in [15]. In fact, \/(xl — X2)' M (x1 — x2) is the distance
between x; and x5 in DANN metric, and the corresponding DANN
classifier can be viewed as the proposed kernel classifier for uniform
kernel function K and suitable adaptive choice of h2. For computing
the local estimates of B and W near x, we consider only first kg
neighbors (in terms of Euclidean distance) of x and assign different
weights to them according to their distances. An observation x; has
weight proportional to K ((x; —x)/()\/3)), where \ = ||x,x(®0) .
The choice of the factor 1/3 is mainly motivated by the use of the
Gaussian weight function (kernel function), and it allows only the first
ko neighbors of x to have significant contributions to B and W. For
our data analysis, we chose kg = max{n/5, 50}, when n was bigger
than 50; otherwise, we used ko = min{n, 40}. Alongwith M, h has
to be specified as well. Since different shapes of neighborhoods are
used here for different observations, the use of a fixed h does not
make sense. Therefore, we went for the spatially adaptive choice of
h following the method discussed in Section II.

The importance of using different bandwidths in different directions
is quite evident from Table IV, which shows the error rates for
spherical and elliptic kernel functions. On the biomedical data, the
two-class glass data, the diabetes data and the vehicle data, elliptic
kernel led to significantly better performance. It also improved the
error rate on the image data and the vowel data. In most of the other
cases, error rate remains almost the same. Only in the case of six class
glass data, the use of elliptic kernel led to somewhat higher error rates.
However, one should note that in the glass data, there are some classes
with very few observations (70, 76, 29, 17, 13, and 9 observations in
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TABLE 1V
AVERAGE MISCLASSIFICATION (IN PERCENT) RATES AND THEIR STANDARD ERRORS FOR SPHERICAL AND ELLIPTIC KERNELS
Biomed Glass (2C) BUPA Pima  Image Vowel Vowel-2 Diabetes Vehicle Glass
Spherical (pair.) 16.60 (.13) 20.84 (.24) 32.30 (.14) 26.60 (.07) 5.90 44.59 22.52 10.70 (.18) 20.35 (.07) 31.54 (.10)
Elliptic (pair.)  13.78 (.12) 19.10 (.23) 32.37 (.14) 26.62 (07) 5.19 41.77 22.22 8.26 (.17) 18.62 (.08) 32.52 (.16)
Spherical (comb.) 16.60 (.13) 20.84 (.24) 32.30 (.14) 26.60 (.07) 6.24 4524 19.82 10.54 (.17) 20.38 (.07) 31.60 (.10)
Elliptic (comb.)  13.78 (.12) 19.10 (.23) 32.37 (.14) 26.62 (.07) 5.76 38.74 10.82 7.81 (.17) 17.84 (.06) 32.73 (.17)
TABLE V
AVERAGE CPU TIMES (IN SECONDS) REQUIRED FOR DIFFERENT CLASSIFICATION METHODS
Biomed Glass(2C) BUPA Pima Image Vowel Vowel-2 Diabetes Vehicle Glass
MISE-band.  0.28 0.28 1.18 5.14 0.67 1.89 0.62 0.22 3.48 0.15
Sq.root law 0.29 0.28 1.20 5.22 0.86 1.96 0.65 0.22 3.60 0.15
Cross-valid. ~ 0.29 0.30 123 551 194 1039 3.01 0.32 8.51  0.32
Bootstrap 5.06 5.35 21.44 96.60 28.83 184.38 56.25 5.51 142.23 5.35
Opt-band. 2.17 2.48 6.19 1583 1812 75.97 39.99 3.29 29.16 6.96
Regression 0.41 0.45 1.83 947 649 36.08 7.82 0.66 25.60 0.94
Proposed(p)  0.45 0.27 1.68 15.11 822.42 907.64 44.09 1.02 308.85 6.61
Proposed(c)  0.45 0.27 1.68 15.11 56.88 35.28 5.00 0.26 74.79 0.68

six different classes). After dividing the observations into training and
test sets, we had even smaller number of training sample observations
from these classes, which made it difficult to get reasonable estimates
for B and W. This could be the reason for the poor performance of the
elliptic kernel function in this data set. In this correspondence paper,
although we have reported the error rates only for the classifiers based
on kernel density estimates, for some of these benchmark data sets,
performance of other parametric and nonparametric classifiers have
been reported in [9] and [23]. Performance of our proposed method is
quite comparable to those reported results.

A. Computational Issues

For classification of an observation x, since the proposed method
requires the optimization of ay,(x) or aj (x) over several h, it is
expected to take more time than a classifier that uses a common h
estimated from the training data. However, one should also note that
for finding this common h, standard algorithms like cross validation or
bootstrap may require significant amount of computations, particularly
in the presence of large training data. The proposed method does not
need such resampling techniques to predefine the value of h. This helps
to reduce the computational cost substantially in such cases.

In Table V, we have reported the average CPU times required by
different methods for classification of different data sets. For adaptive
regression, these computing times were much higher, and that is why
we do not consider them for comparison. For instance, in the case of
vowel-2 data set, it took 2544 seconds, while all other methods took
less than 60 s. For the proposed method, we report the CPU time
for classification based on spherical kernel function. The use of the
elliptic kernel led to marginal increase (less than 10% in all cases) in
the average CPU time. From Table V, it is quite transparent that com-
putationally it is always advantageous to use the combined approach.
The pairwise approach required relatively higher computing time
compared to other methods, particularly when we have a bigger test set
consisting of observations from several competing populations. How-
ever, the combined approach reduced this computing cost substantially,
and its average CPU time was comparable to that of the other methods.
Only in the case of image data, when we had to classify 2100 test cases

based on a training sample of size 210, this computing time was
somewhat higher, but it all other cases, it took less time than some of
the classifiers that use a common h estimated from the training data.
However, as we have mentioned before, a fixed bandwidth classifier re-
quires more time for selecting the value of h, but after that, it classifies
the future observations fairly quickly. Therefore, for these classifiers,
the online complexity is very low. In these ten data sets, after the
selection of h, for classifying all test set observations by a fixed band-
width classifier, the average computing times were found to be 0.006,
0.004,0.016, 0.081, 0.235, 0.188, 0.062, 0.003, 0.125, and 0.006 s,
respectively. On the contrary, the proposed method takes more time
(reported in Table V) for classifying the future observations, but it
needs no offline calculation to predefine the value of h.

V. CONCLUDING REMARKS

Here, we present a simple and effective algorithm for case-specific
smoothing in KDA. Construction of a good classifier needs proper
estimation of the class boundary. If the true class boundary is smooth
in one part and wiggly in other part, ideally one should use different
levels of smoothing in those two parts. Although this kind of adaptive
smoothing is quite popular in density estimation and regression prob-
lems, the main focus of those adaptive bandwidth selection algorithms
is on the accuracy of the corresponding function estimates. However,
in practice, it is possible to have poor estimates of density functions
(or regression functions) which lead to a good classifier [6], [7]. This
is because of the special kind of bias variance decomposition of these
function estimates in classification problems and their effect on the
misclassification rate as discussed in [6]. Therefore, instead of using
the adaptive bandwidth selection methods available for regression and
density estimation, one needs to develop a different algorithm for
classification problems. Using the simple concept of p-value, here,
we present one such algorithm and amply demonstrate its usefulness
analyzing several benchmark data sets.

In this correspondence paper, we have assumed normality of the
distribution of kernel density estimates in order to find out the p-value
and the case-specific choice of h. Since kernel density estimates are
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averages of i.i.d. random variables, this is a valid assumption even for
moderately large training samples. However, in small sample cases,
this assumption may not hold, and one needs to adopt the bootstrap
method [5] for this purpose. Although bootstrap is computationally
expensive, but in the case of small training set, this computing cost
will not be significant. The interval [k (x), hy(x)] that we have
used for maximization of oy, (x) or o} (x), is mainly motivated by
Theorem 1, and our empirical experience also supported it. However,
this may not be the optimum choice for some of these data sets, where
a more judicious choice may further improve the performance of the
proposed classifier.
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