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ABSTRACT. There is a substantial literature on the estimation of error rate,
or risk, for nonparametric classifiers. Error-rate estimation has at least two pur-
poses: accurately describing the error rate, and estimating the tuning parameters
that permit the error rate to be mininised. In the light of work on related problems
in nonparametric statistics, it is attractive to argue that both problems admit the
same solution. Indeed, methods for optimising the point-estimation performance
of nonparametric curve estimators often start from an accurate estimator of error.
However, we argue in this paper that accurate estimators of error rate in classifi-
cation generally give poor results when used to choose tuning parameters; and vice
versa. Concise theory is used to illustrate this point in the case of cross-validation
(which gives very accurate estimators of error rate, but poor estimators of tuning
parameters) and the smoothed bootstrap (where error-rate estimation is poor but
tuning-parameter approximations are particularly good). The theory is readily ex-
tended to other methods, for example to the .6324 bootstrap approach, which gives
good estimators of error rate but poor estimators of tuning parameters. Reasons
for the apparent contradiction are given, and numerical results are used to point to
the practical implications of the theory.
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1. INTRODUCTION

Cross-validation is a widely used technique for estimating the risk, or error rate,
of classification procedures. It often gives estimators which are close to unbiased,
and which have good mean squared error properties. In fact, cross-validation is fre-
quently viewed as the method to beat when alternative approaches to risk estimation

are suggested; see, for example, Efron (1983) and Efron and Tibshirani (1997).

One might expect that good performance in estimating risk would be accom-
panied by good performance in determining the values of tuning parameters that
minimise risk. Indeed, in a number of related model-selection problems, computing
a good estimator of error is the first step in approximating the values of the pa-
rameters that minimise error. Early work of this type includes that of Hall (1983),
Bowman (1984), Stone (1984) and Faraway and Jhun (1990).

However, in important ways the problem of risk estimation in classification is
significantly different from a number of apparently similar problems in nonpara-
metric statistics. A major reason is that the tuning parameters used to construct
classifiers may influence performance only in a relatively small number of places,
for example the places where population densities cross. Therefore, the impact that
the parameters have on risk can be relatively minor. As a result, in classification
problems it is possible to construct a particularly accurate estimator of risk which
is of very little value for estimating tuning parameters; cross-validation turns out
to be of this type. The contrary case also arises — empirical risk-based methods
for estimating turning parameters may perform that task very well, but give poor

estimators of risk.

It is unsurprising that this problem is not well understood. Indeed, it is some-
what contradictory to argue that one should not seek an accurate estimator of risk
when attempting to minimise that quantity empirically. However, a consequence of
not fully understanding the problem is that methods such as cross-validation, and
its jackknife or bootstrap competitors, which are designed to minimise risk, are in

practice pressed into service to select tuning parameters. This can be inappropriate.

In the present paper we shall point to the shortcomings of cross-validation for
estimating tuning parameters for classifiers, and also to the advantages of other
approaches that give accurate estimators of tuning parameters but poor estimators
of risk. In order to make our discussion and technical arguments transparent, we
shall treat a relatively simple, univariate problem, where standard kernel estimators

are used as the basis for classifiers. However, similar results can be derived in



multivariate settings, and also when methods other than kernel estimators are used
for classification. In the kernel case, the tuning parameters referred to above are
bandwidths.

In this paper we shall derive theoretical results that address the following
points. (a) The cross-validation estimator of risk is root-n consistent, and in fact
is asymptotically equivalent to a nonparametric maximum likelihood estimator.
(b) Notwithstanding property (a), the part of the cross-validation estimator that
depends on the tuning parameters is very highly stochastically variable, so much
so that it has an unboundedly large number of local extrema which bear no impor-
tant asymptotic relationship to the parameters that actually minimise risk. (c¢) In
marked contrast to (a), a smoothed bootstrap estimator of risk is very highly bi-
ased, and in consequence can have poor convergence rates relative to the cross-
validation approach. (d) Despite the drawbacks noted in (c), the smoothed boot-
strap method produces accurate estimators of the parameters that minimise risk.
(e) The smoothed bootstrap method is particularly robust against inappropriate
choice of smoothing parameters, and in fact those quantities can be selected within

a very broad range without appreciably influencing performance.

Property (e) will be reinforced by our numerical work in section 3, which will
also introduce an adaptive, empirical approach to smoothing the bootstrap. Prop-
erty (b) has been discussed by Hall and Kang (2006), but without a concise mathe-
matical account of the issues involved. The erratic way in which the cross-validation

criterion varies with tuning parameters is well known.

More generally, the theoretical results given in the present paper can be aug-
mented by others, which show that some of the problems that afflict cross-validation
can be reduced by applying Breiman’s (1996) bagging technique to dampen down
the effects of excessive variability. However, it seems difficult to achieve the good
performance of the smoothed bootstrap approach, and for that reason we omit from

this paper a theoretical treatment of bagged cross-validation.

The fact that bagging does not redress all the problems associated with cross-
validation is highlighted in our numerical work, where we treat three additional ap-
proaches: bagged cross-validation, and the bootstrap methods suggested by Efron
(1983) and Efron and Tibshirani (1997), respectively. In terms of their perfor-
mance at estimating tuning parameters, the first and second of these techniques
lie between cross-validation (at the lower-performance end of the scale) and the

smoothed bootstrap (at the upper end). The method of Efron and Tibshirani



(1997) gives particularly poor estimators of tuning parameters.

There is an especially large literature on nonparametric classification. Kernel-
based approaches date from work of Fix and Hodges (1951). More generally, a
large variety of classification methodologies has been developed based on empiri-
cal forms of the Bayes classifier. Relatively recent contributions include those of
Chanda and Ruymgaart (1989), Krzyzak (1991), Lapko (1993), Pawlak (1993),
Lugosi and Pawlak (1994), Devroye, Gyorfi and Lugosi (1996), Lugosi and Nobel
(1996), Ancukiewicz (1998), Yang (1999a,b), Mammen and Tsybakov (1999), Steele
and Patterson (2000) and Lin (2001).

2. MAIN RESULTS

2.1. Error rates and their estimators. Let F' and G denote distributions with
respective densities f and g, and let X = {X1,...,X,,} and Y = {Y¥3,...,Y,,} be
datasets drawn respectively from F' and G. We consider ways of classifying a new

data value, x say, to either the F' or the G population.

Assume that the distributions F' and G have respective prior probabilities p
and 1 — p. Define

A=pf-(1-p)g. (2.1)

The Bayes classifier, Ag say, allocates = to F' or G according as A(z) is positive
or negative, respectively. The corresponding error rate, or risk, for classification of

data on a compact interval Z, is
crta, =p [ HAE) <0} f(@)do+ (1p) [ H{A@) > 0} gla) da
z z

A general class of classifiers can be constructed by replacing A by an estima-
tor, A. Asa prelude to defining A we introduce density estimators f and g, and
their leave-one-out versions f_i and g_;. Let K be a nonnegative kernel and h; and

ho be bandwidths, and put mi =m —1,ny =n —1,
1 & 1 z—Y;
= i(z) = — K J
iy 2 K (555) aw— Y a(T),
p 1 (4) x — X; 1 (4) x—Y;
—ilz) = K : §_i(z) = K j
e mlhl; (%55). Y (7).

where Zy) denotes summation over indices j not equal to 7. Define

A~

A=pf-(1-p)g.
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The empirical classifier Ay, which assigns x to distribution F' if ﬁ(w) > 0, and

to G otherwise, has the following empirical risk:

emperr 4, (hy, hy) = p/II{ﬁ(ac) <0} f(z)dz+ (1—p) L_I{A(w) >0} g(z) dz

Its average value over all possible datasets X and ), i.e. its expected value, is
erra, (b1, ho) = p/ P{A(z) <0} f(x)dz + (1 - p) / P{A(z) > 0} g(z) da
T T

The cross-validation estimator of err 4, is

V(b1 hy) = 2 3" I{Af (X)) <0,X; €T}
1=1

Z HA, (V) >0,Y; €T},  (23)

where Ay i =pfi—(1-p)gand A, ;=pf—(1-p)j.

An alternative way of estimating risk is to resample from smoothed versions
of the empirical distributions of X and Y, conditional on the data in Z =X U ),
using bootstrap methods. Specifically, let f and § denote the versions of f and
g, respectively, at (2.2), constructed using bandwidths hs and h4 in place of hy
and hs. (Potentially, the bandwidths employed at this point can be quite different
from those used to construct the classifier.) Let X* = {X7,..., X} and V* =
{Y{,...,Y.*} denote datasets drawn by sampling randomly, conditional on Z, from
the distributions with respective densities f and g. Construct the versions f * and
g* of f and ¢ from these resamples, on this occasion using the original bandwidths
hi1 and ho:

o L) re-my ()

Put A* = P f *—(1—p) g*. The bootstrap classifier consists of assigning a new data
value x to F' if 3*(9@) > 0, and assigning it to G otherwise.

The long-run error rate of this classifier, conditional on the data Z, is given by
e/I'\I'_Al <h17 h2>
zp/ P{A*(z) < 0| Z} f(z)dz+ (1 - p) / P{A*(z)| Z > 0} §(x) dz
z T

In particular, érr 4, is an approximation to err 4, alternative to the cross-validation

criterion, CV.



2.2. Summary of properties of CV, emperr and err as approximations to risk. It
is known (see e.g. Hall and Kang 2005) that the bandwidths that are optimal in
the sense of minimising the risk err 4, of the empirical classification rule A;, are
generally of the same size as h = n~1/5. Therefore we shall assess risks when the

bandwidths are on this scale.

In this context, the “regret” of the rule A; is of size h*. That is, when both
hy and hy are of size n~1/%, the difference between the risk err4, for A;, and
the risk err 4, for the Bayes classifier, is asymptotic to a constant multiple of h*.
(See e.g. Hall and Kang (2005), and also (2.14) below.) The regret captures all
of the influence that bandwidth choice has on risk. Moreover, the empirical risk,
emperr 4, also equals the Bayes risk plus a term of order h*. However, in the case of
emperr 4, the h* term includes non-negligible stochastic fluctuations, which depend
substantially on h; and hs but in a manner that does not reflect the dependence of

err 4, on those bandwidths.

We shall show that the cross-validation estimator of risk equals a term which
does not depend on either of the bandwidths h; and ho, plus a highly stochasti-
cally volatile quantity which is of size h7/2, and so is an order of magnitude larger
than h*. More particularly, the fluctuations of the cross-validation criterion CV, as
a function of the bandwidths hq and hs, are largely unrelated to the ways in which
either the risk erry4,, or its empirical form emperr 4, , are influenced by the band-
widths. Therefore, minimising the cross-validation criterion does not correspond,
in an asymptotic or in another meaningful sense, to minimising either the true or

the empirical risk.

However, we shall note that CV(hy,ho) is very close to being an unbiased
estimator of err 4, (h1, h2), indeed so close that it captures all the main effects of
bandwidth choice on risk. Therefore, the difficulties that afflict cross-validation

arise from stochastic variability, not systematic error.

The strengths and weaknesses of €rT 4,, as an alternative to CV, are diamet-
ically opposite to those of CV. In particular, err 4, suffers from substantial bias
as an estimator err 4,, but the stochastic variability of that portion of err 4, that
captures the main effects of bandwidth is particularly low. As a result, €T 4, can

be used effectively to choose bandwidths for density-based classifiers.



2.3. Details of properties of cross-validation. We shall assume that:

K is symmetric, compactly supported, integrates to 1 and has two bounded
derivatives; the function A, defined at (2.1), vanishes in Z only at r isolated
points, say yi, ..., Yr, in the interior of Z, and at each point y;, A'(y;) # 0;
f and g are continuous on the real line, and have two Holder-continuous
derivatives in an open neighbourhood of y; for 1 < i < r; m and n increase
together, and n/m — p, where 0 < p < co.

(2.4)

Put h = n~1/°. Given B > 1, let H = H(B) denote the set of values of hu for which
B~! <u < B. We shall take both the bandwidths h; and hsy, used to construct the
estimators at (2.2), to be in H.

For 1 < ¢ < r, let Wx,;, Wys, Gx; and Gy, denote independent stochastic
processes, with Wy; and Wy, being standard Wiener processes, and Gx; and Gy;
Gaussian processes having zero means and covariance given by, for both Z = X and
Z =Y,

COV{gZi (t(l)) , Gz (t(Q))} = /K(s t(l)) K(s t(Q)) ds. (2.5)

Put kK = [K? and ko = [2? K(z)dz. Given 0 < p < oo and uj,us > 0, let

u = (uy,us),

d(y|u) = 5 k2 {pui f"(y) — (1 = p)uz 9" (y)} . (2.6)
Vi) = s [0 F00Y/2 G 0) + (1= ) (00" Gy ) + | u)(] ;
2.7

K

T(w) =Y [p{p f@}* Wxi{Viw)} + (1= 1) 90> Wy (i)}

T

() = § 130 (A @) P p @) urt + (1= ) gl us ')
+3 Z A (y)| " d(ys |[w)?. (2.8)

If Z = [a,b], define yp = a and y,41 = b, and for 1 < i < r+ 1, let L; denote the
number of indices j for which y;_1 < X; <wy; if A <0 on (y;—1,¥;), or the number
of j for which y;_1 <Y; <wy; if A >0 on (y;—1,¥:). Put p;, = p/m in the first of

these cases, and p; = (1 — p)/n in the second.

Theorem 2.1. Assume conditions (2.4). Then the stochastic processes Wx;, Wy ;
and V; can be constructed, depending in each instance on n, such that, with h; =
hu; for j =1 and 2,

r4+1
CV(h1,ho) = piLi + K> T(u) + 0, (h7/?) (2.9)

=1
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where the remainder is of the stated order uniformly in B=! < wuy,us < B, with

B > 1. Furthermore,
E{CV(hy, hs)} = err 4, +o(h*) (2.10)

=erra, + 3 > A () T E{p f(y) — (1—p) d(y:)}” + o(n)
=1 (2.11)
= err4, + h' 7(u) + o(h?), (2.12)

again uniformly in B~ < uy,us < B.

The two main terms on the right-hand side of (2.9), i.e. the series ), p; L;
and the subsequent term h7/2T(u), represent a division of CV(h1, hy) into parts
that represent, respectively, the dominant part of CV that does not depend on
the bandwidths h; and hs, and the dominant part that is influenced by those
bandwidths. In particular, the series ) . p; L; does not depend on hy and ho. Its

expected value equals the risk of the Bayes rule for classification on the interval Z:

r+1
E(Z piLi) =eIT 4, -
i=1

The variance of ), p; L; is of order n=L.

If we were given the values of yq,...,y,, and told also the signs of A on the
intervals between adjacent values of y;, then the nonparametric maximum likelihood
estimator of err 4, would be exactly >, p; L;. In particular, this series has minimum
variance among all unbiased estimators of err 4,, and its convergence rate, n=1/2,
cannot be improved upon. Therefore, the series ) . p; L;, which represents the
dominant part of CV and converges to its expected value at the slower of the rates
for the two respective terms in (2.9), cannot be made significantly more accurate

as an approximation to the Bayes-rule risk err 4, .

However, the term ), p; L; does not provide any information about the ef-
fect of bandwidth on classification performance in neighbourhoods of the points
Yi,---,Yr. Of course, that information is crucial to understanding how properties
of the classifier are influenced by its contruction. We have to pass to the second
term, h7/2 T'(u), on the right-hand side of (2.9), in order to obtain any information
about how h; and ho influence CV(hq, ha).

Revealingly, the second term varies stochastically in a very erratic manner.

Indeed, since the Wiener processes Wyx; and Wy, have fractal sample paths then,



with probability 1, T'(u1,us) has an infinite number of local minima, as a function
of u; and w9, in any rectangle. Indicative of this high degree of volatility, a graph
of a realisation of the function v = T'(u1,us), as a function of u; and ug, is, with

probability 1, a surface of fractal dimension exceeding 2.

These difficulties persist even if we take u; = uy = t, say. (That choice reflects
a common practice of using the same bandwidth to construct density estimators
from either dataset.) Of course, in practice the cross-validation criterion CV (ht, ht)
has only a finite number of local maxima in any nondegenerate interval, but the
fact that the stochastic approximant 7'(¢,¢) has an infinite number of local maxima
there implies that the number of local minima of CV (ht, ht) in the interval increases

without unbound as sample size diverges.

These results provide a theoretical explanation of the observed high degree of
stochastic variability of the cross-validation criterion, in terms of the way it describes
the effect of bandwidth choice on risk. The results also indicate why choosing the
bandwidths to minimise CV is frought with practical difficulty. When using cross-
validation with real data it is found that the criterion has many local minima, few
of which seem more apropriate than the others; and that this problem becomes
more, rather than less, pronounced as sample size increases. Both these properties
are implied by the theoretical results discussed in the two previous paragraphs, and

so the theory provides insight into practice.

On the other hand, results (2.10)—(2.12) assert that the cross-validation crite-
rion is close to being an unbiased approximation to the risk of the empirical rule

based on A.

2.4. Properties of empirical risk. Here we state and discuss a version of Theorem 2.1
for emperr 4, rather than for the cross-validation approximation to the risk. The
empirical risk is not computable in practice, but from some viewpoints one would not
expect the cross-validation approximation to be markedly inferior to the empirical
risk, at least in terms of the way it reflects properties of the bandwidths. In fact, it

is substantially inferior.

Recall that u = (u1,us3), and define 7 = 7 + 71, where 7 is as at (2.8) and
) =3 A’(yi)/ 1o < Vi()} — Plo < Vi()}] dv.
i=1

Theorem 2.2. Assume conditions (2.4). Then, with V; as in Theorem 2.1, and



with h; = hu; for j =1 and 2,
emperrt 4, (h1, ha) = erra, (h1, ha) + h* 71 (u) + 0p (h?)
= err 4, +h* #(u) + op(h?), (2.13)

where the remainders are of the stated orders uniformly in B=' < uy,us < B, for

any B > 1.

A formula for the error of the classification rule A; is obtainable directly from
(2.10) and (2.12):
erra, = erra, + h* r(u) +o(h?), (2.14)

where the positive function 7 is given at (2.8). In particular, (2.14) implies that
the regret is asymptotic to a constant multiple of h*. Result (2.13) shows that the
difference between the empirical risk and the actual risk is of the same size as, but
not asymptotically equal to, the regret. The former, multiplied by h~*, converges
in distribution to a nondegenerate random variable which can take both positive
and negative values, whereas the regret, multiplied by h~%, converges to a positive

constant.

More importantly, a comparison of (2.9), (2.13) and (2.14) shows that there is
no useful connection between the parts of CV(hq, he) that depend on hy and ho, and
the corresponding parts of either the risk err 4, or its empirical version emperr 4 .
In particular, the term h7/2T(u) in (2.9) is an order of magnitude larger than
both h* 7(u) and h*7(u), on the right-hand sides of (2.14) and (2.13) respectively.
Moreover, the fluctuations of T'(u), as a function of u, bear no relationship to those
of 7(u) or 7(u). Therefore, cross-validation cannot be used effectively to choose the

bandwidths that minimise either err 4, or emperr 4, .

2.5. Properties of bootstrap estimator of risk. In the light of what we have learned
in earlier sections, the properties of err 4, (hi, he) are relatively transparent. In
particular, provided the bandwidths hs and hy (used to construct the density esti-
mators f and §) are sufficiently large to ensure that f” and §” are consistent for

f" and ¢”, respectively, the bootstrap analogue of (2.14) holds:
e/r\rfh (h’17 h2) = ér\er + h T(u) + 0p (h4) ) (215)

uniformly in B! < uy,us < B. In (2.15), ert 4, denotes the estimator of err 4,
that is obtained on replacing, in the definition of err 4,, the unknown densities f

and ¢ by their estimators f and §:

&, :p/ [{A(z) < 0} f(z)da + (1 —p)/f{ﬁ(@ > 0} §(z) de,
7 7
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where A = pf— (1 — p)g. Note particularly that err 4, does not depend on the
bandwidths h; and hs.

The quantity err 4, will generally not be a good estimator of err 4,. In partic-
ular, the relatively large values needed for the bandwidths h3 and h, will ensure
that err 4, suffers from significant bias, although (e.g. under the conditions of The-
orem 2.3 below) it will be consistent. However, this inaccuracy is not necessarily a
problem if our aim is determine, from err 4,, the influence that h; and hs have on
the true risk, err 4,. Since érr 4, does not depend on h; and hs then the main effect
of the influence of those quantities is expressed through the term h*7(u) on the
right-hand side of (2.15), and so is exactly the same as main effect of the influence
of hy and ho on err 4, ; see (2.14). Hence, we can use err 4, effectively to choose the

bandwidth that minimises risk.

Theorem 2.3. Assume conditions (2.4), and that the bandwidths hs and hy both
satisfy n!/9)=¢h; — oo and n°h; — 0 for some ¢ > 0. Then (2.15) holds, uniformly
in B~ < wuy,uy < B.

A proof of Theorem 2.3 is similar to that of Theorem 2.1, and so will not be

given.

3. NUMERICAL PROPERTIES

In this section we shall report the results of a simulation study addressing
numerical properties of risk estimators based on cross-validation and the bootstrap.
We know from our theoretical work that having an estimator of risk that is good for
estimating bandwidth, is not necessarily the same as having a good estimator of risk
itself. For example, we showed in section 2 that the bootstrap gives an estimator of
risk that is seriously biased, relative to the estimator produced by cross-validation;
and that the bootstrap approach nevertheless gives better bandwidth estimators.
Both these results are reflected starkly in numerical experiments, although we shall

report here only the results about bandwidth choice.

Likewise, Efron’s (1983) bootstrap method is known not to be a good estimator
of risk, since it usually leads to overestimation (see e.g., Efron and Tibshirani, 1997),
but here we show that it nevertheless performs reasonably well as a bandwidth
selector. On the other hand, Efron and Tibshirani’s (1997) .632+ bootstrap method
gives very good estimators of risk, as that paper shows, but it does not perform

well when used to select bandwidth, as we demonstrate below.

For the most part we consider the case where the distributions with densities
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f and g are equal-probability mixtures of two univariate normal distributions, with
means 0 and 2 (in the case of f) and 1 and 3 (for g), each component having
variance 0.25. The context where the Normal distributions are both replaced by
lognormal distributions, or by Cauchy distributions, will also be discussed. We take
p= % and m = n, and hy = shi, where s denotes the ratio of a measure of the scale

of f to that for g. This approach is often used in practice.

The first panel of Figure 3.1 depicts 100 plots of CV(hy,shy) as a function
of hy, when s is taken equal to 1. Since the two population distributions have the
same variance then this choice of s is reasonable. We shall discuss shortly the case

where s is estimated from data.

Each curve in Figure 3.1 is computed for a different pair (X',)) of random
samples, of sizes m = n = 100. The second panel of the figure shows, for the
same 100 sample pairs, plots of the bootstrap alternative to the cross-validation
criterion, ert 4, (h1, sh1). We used hs = hy = 0.3 when computing the bootstrap

density estimators f *and g*.

The erratic nature of the graphs in the first panel of Figure 3.1 reflects the
high degree of variability of cross-validation, demonstrated theoretically in sec-
tion 2. This suggests that cross-validation has substantial difficulty, relative to
the bootstrap, approximating the optimal bandwidth. That is confirmed by Fig-
ure 3.2, which gives a histogram estimator of the distribution of the bandwidths
that minimise CV(hy, shy) (in the left-hand panel of Figure 3.2) or err 4, (h1, shy)
(in the right-hand panel). In this setting the theoretically optimal bandwidth, in
the sense of minimising risk under the constraint hy = shy, can be shown to be
hy = 0.26, which value is indicated by a small black triangle on the horizontal axes.
The bootstrap bandwidth estimator is close to being unbiased, and has low stochas-
tic variability, whereas the cross-validation estimator is skewed to the right and is
very highly variable. Results for different sample sizes, and for other densities f

and g, are similar.

In order to improve the performance of cross-validation we used the bootstrap
aggregation, or bagging, technique suggested by Breiman (1996). From each sample,
a proportion « (where 0 < a < 1) of data was resampled, without replacement, to
form a new subsample. Cross-validation was applied to this subsample to estimate
the risk function. This step was repeated many times, and an overall estimator
of risk was obtained by averaging. The first panel of Figure 3.3 shows that the

resulting, bagged version of CV (hy, shy) has substantially lower stochastic variation
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than its unbagged counterpart.

Of course, when using the bagged form of CV(hy, shy) to select bandwidth,
we need to correct for the fact that we reduced sample size by the factor a. As
discussed in section 2, it is known that the optimal bandwidth is of size n=1/5,
and so an appropriate correction is readily obtained by taking the bandwidth that
minimises the bagged form of CV(hy, shy), and reducing it by multiplying by the

factor o/,

As an aid to determining the appropriate value of o we experimented with
different training-sample sizes (m = n = 50, 100, 150 and 200) and different values
of a. In each case, we generated 100 different training samples and computed the
true risk function corresponding to the selected bandwidth. Average values of these
risk functions are reported in Figure 3.4, for different values of a and n. It can be
seen that, for n > 100, the method is largely unaffected by different choices of «,
although values in the range 0.2 < o < 0.4 are mildly preferable. Similar results
are obtained for other density pairs (f,g). Therefore we take a = 0.3 in the work

below.

Analogous experiments were conducted to determine appropriate formulae for
the plug-in bandwidths h3 and h4 used in the bootstrap algorithm. Echoing the very
wide theoretical range permitted in Theorem 2.3, and reflecting our experience when
determining the amount of bagging that should be applied, the effect of choice of
smoothing parameter was found to be particularly small for n > 100. Indeed, choice
of hs and hy does not seem to be a significant issue. Our numerical experiments
suggest that if the training-sample sizes are approximately equal then the choices
hs = n%% hy and hy = n°%9 s hy are appropriate in the bootstrap stage, where iy

is the optimum bandwidth estimated by the bagged version of cross-validation.

Figure 3.5 depicts the relative performances of two of the bandwidth selectors
discussed above: bagged cross-validation with sampling fraction equal to 0.3, and
the bootstrap with empirical choice of hg and hy. (Figure 3.2 gave the analogous
histogram in the case of cross-validation.) For comparison we also include the
bootstrap method suggested by Efron (1983), and the .632+ bootstrap method
proposed by Efron and Tibshirani (1997).

Like standard cross-validation based on CV(hq, shy), the .632+ bootstrap does
a good job estimating risk for its own sake, and in particular produces estima-
tors that are significantly less biased than those given by the bootstrap crite-

rion err 4, (h1,sh1). However, also like cross-validation, it has poor performance
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when used to estimate bandwidth. Likewise, Efron’s (1983) method is superior to
eIt 4, at estimating risk; the fact that it is inferior to err 4, when used to choose

bandwidth is not a contradiction.

In practice one would use an estimator, § say, of s, for example the ratio of
standard deviations or of the interquartile ranges. In the normal-mixture case,
results obtained for either of these approaches were virtually identical to that when
s = 1. In particular, Figures 3.1-3.5 were almost unchanged. The results reported
for the remainder of this section will be for the case where s was replaced by the

ratio of interquartile ranges.

Complementing Figure 3.5, Figure 3.6 shows the relative increase, R say, in
regret for five different methods, with R defined as R = (a—b)/b, where a equals the
regret when the empirically chosen version of h; is used, and b is the regret for the
optimal choice of h;. This comparison shows that the rule based on err 4, performs
better than the other four approaches; that cross-validation and the .632+ bootstrap
perform worst; and that bagged cross-validation and Efron’s (1983) approach are

between those two groups.

We carried out the same experiment for the case where the normal mixture is
replaced by a mixture of two lognormal distributions, or a mixture of two Cauchy
distributions. In each setting the components in the mixture were taken to have the
same location and scale parameters as in the normal case. The results are presented
in Figure 3.7, and closely reflect those in Figure 3.6. In particular, apart from the
Cauchy mixture case with n = 50, cross-validation and .632+ bootstrap methods
again give the highest regret ratios. In the Cauchy case, although generally not
for lognormal data, Efron’s bootstrap methods edges out the bootstrap approach

suggested in section 2.

We also explored properties of cross-validation in problems where at least one
of the densities f and g becomes increasingly complex as sample size increases. This
setting favours cross-validation. For example, taking f to be the uniform density
on [0,1] and g(x) = 1 4 cos(2knz), the value of R, in the case of cross-validation,
decreases as k increases across a broad range. The ratio also decreases if k£ and n

increase together, in particular if k = logn.

This reflects the fact that cross-validation is essentially a global procedure; it
performs well at estimating tuning parameters determined by global issues, but
does poorly at estimating those parameters when they have only a local influence.

If two densities cross at only a small number of points, then, since the performance
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of a classifier is determined by properties of the densities close to those points,
optimising the classifier is a distinctly local problem. Therefore, cross-validation
performs poorly. However, as the number of crossing points increases, the problem

becomes more global in nature, and cross-validation becomes more competitive.

4. TECHNICAL ARGUMENT'S

4.1. Preliminary arguments for Theorems 2.1 and 2.2. We shall assume throughout
that » = 1; the case of general r differs only in notational complexity. We shall

write y1 as simply .

Let Z denote a compact interval containing a unique point, y say, for which
A(y) = 0; then, in view of (2.4), A’(y) # 0. Assume, without loss of generality,
that A’(y) > 0. Put A = (logn)2. Since A\/(logn)'/? — oo then it may be proved
using Bernstein’s inequality, and the Holder continuity of K, that for each C' > 0,

P{ﬁf,_i(:c) <0 for all x € Z with z <y — h2),
and ﬁf’_i(ac) >0 for all z € 7 with x > y + h2/\} =1 O(n_c) , (4.1)

and that the same result holds if we replace A #,—i by A. The left-hand side of (4.1)

does not depend on choice of i, and so that results holds uniformly in 1 <7 < m.

Split a sum over 1 < i < m into two parts, the first over i such that | X; —y| <

h2)\ and the second over i such that |X; — y| > h2), denoted by > and .7,

respectively. Write [* and [” for integration over values z in the regions defined

by |x —y| < h2X and |z — y| > h2)\, respectively. Let M_ be the number of indices

i for which X; —y < —h?X and X; € Z, and write R_ to denote the set of points x
for which  —y < —h?X and 2 € Z. Then, by (4.1) and its analogue for 3,

Pli S A (X)) <0,X, €T} = %} —1-0(n" ), (42

m m

(3

P{/”I{ﬁ(az) <0,z eZ} f(x)dx = f(x)da:} =1-0(n°), (43)

R_

for each C > 0.

Write R for the set of values x satisfying |z — y| < h2), let M denote the
number of X;’s that are in R, and conditional on M, let X1, ..., X}, be independent
and identically distributed random variables, independent too of Xi,..., X,, and
Yi,...,Y,, with the distribution of X conditional on X € R. Put

o= o A K () +§3 (5
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S(x) = mihl {;IK(E ;lXj) —jzi: K(x;hX;)}.

Then, f = f + 5, and moreover, f has the same distribution as f . At some points
in our argument we shall replace f by f, with S as a remainder, since doing so
reduces dependence on those data X; and Y; that lie between y — h?\ and y + h2\,

and therefore makes subsequent analysis simpler.

Note that E{S(z)|M} = 0, and that, conditional on M, mhy S(z) can be
written as a sum of 2M independent random variables, each of which is bounded
by Cp (hA)? uniformly in # € R and hy € H. (Here and below, Cy,Cs,... will
denote positive constants. To derive the bound we have used the fact that K
has two bounded derivatives, and also the property K’(0) = 0.) Furthermore, for
some C3 > 0, M is bounded by Csmh?)\ with probability 1 — O(n~°2) for each
C5 > 0. These properties may be used to prove that for each integer k£ > 1, and
with probability 1 — O(n~%) for each C > 0,

sup B{IS()/* | M} < Ca(k) {nh®A (hA)*/ (nh)?} = Ca() (n°X7)".

It now follows from Markov’s inequality, and the Holder continuity of K, that

for each C, e > 0,

P{ sup  |S(z)| > h(9/2)—e} = O(n_c) . (4.4)
TER,h1€H

More simply, for C; sufficiently large and for all C' > 0,

P{ sup {|f(ac)|+|f(m)|}>01} zO(n_C). (4.5)
H

€T, h1€

Combining (4.4) and (4.5), and using the fact that f = f+ S, it can be shown that

. 1 0 (z—X, mo . 1 r— X,
_i(x) = K 1) == — K :
f <x) myhq ; ( hy ) ma f(:v) myhy ( hy >

= ) — : K(w ;f") + Ou), (4.6)

where, for each C, e > 0, and with £ =1,

P{ max sup  |Opi(x)| > h(g/z)—e} = O(n_c) . (4.7)

I<ism geR, hieH
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The analogue of (4.6) when we do not omit the ith data value, and with a

similar but simpler proof, is:

A~

f(@) = [(z) +O1(), (4.8)

where in place of (4.6), and for k =1,

P{ sup  |O(z)| > h(9/2)_€} =0(n9). (4.9)
TER,h1€H

Combining (4.6) and (4.8) with the version of (4.8) that applies to g, rather
than to f; and defining g analogously to f; we see that if we define A = p f—(1—p) g,

we obtain:

Agi(Xi) = A(X;) = (mha) 7 K(0) + ©5:(X,), (4.10)
A(z) = A(z) + Os(z), (4.11)

where O; and O, satisfy (4.7) and (4.9), respectively. (Here and below it will be
assumed that the suprema in (4.7) and (4.9) are taken over hq, hy € H, rather than
simply over h; € H.)

It can be deduced from the pairs of results ((4.2), (4.10)) and ((4.3), (4.11))
that:

M— D 4 Z{ — (mh) T E(0) + 05(X) <0}, (412)

/I{A(m) <0,z €T} f(z)dx

= f(z)dz+ Dy + //I{A(:U) + O(z) < 0} f(z) dx, (4.13)
R_

where 0 < Dy <1 and, for each C' > 0,

P(Dy=0)=1-0(n"°). (4.14)

The next step is to show that the terms ©;(X;) and ©3(z), in (4.12) and
(4.13), can in effect be replaced by deterministic quantities. If we replace ©2;(X})
by h(9/2)=¢ or by —h(9/2)=¢ then, with probability equal to 1 —O(n~C) for all C > 0
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(see (4.7)), we decrease the value of the series in (4.12), or increase it, respectively.

The absolute value of the difference between these two versions of the series equals

Si(hy, hs) = %Z'I{)A(Xj) ~ (mhy)! K(O)) < h<9/2>—6} .

Define u = E(A) = E(A), So(z, by, hs) = A(z) — p(z) and S5 = S»/h%. By
Markov’s inequality, using the fact that the number of summands in the series Z;
is, with probability 1 —O(n~%) for each C > 0, bounded by Cymh?\ for a constant
C7 > 0, and that f is bounded by a constant C5 on the set R, we deduce that, for
all C' > 0,

en = E{ sup  Si(hq, hg)}
hi,ha€H
/

< E[i 3 I{ inf_[A(X;) ~ (mhn) " K(0)] < h(g/z)—e}]

m “— hi,ho€H
J

S Cl CQ h2 A 38327% P{ hl,ii?gfe’}—( ’[L(.T) + SQ($, hl, hg)

— (mhy) "} K(O)’ < h<9/2>—6} +0(n79).
Now, |p(x)| < C3 h?\, uniformly in z € R. Therefore,

en < Cuh2X  sup P{ inf o+ Sa(z, hy, ha)| < h<5/2>—€} +0(n ).
|v|<2C3\, zER hi,h2€R
The quantity S3( -, h1, h2) has the same distribution as h=?2 (3 — ). Approxi-
mating to the latter using the approach of Komlds, Major and Tusnady (1976), and
developing a concentration inequality for the resulting Gaussian process indexed by
hi,he € H, we have:

P{ inf ]v + Sg(;c,hl,hz)’ < h(5/2)—e} _ O(h(5/2)—5—5) :
hi,ha€H

uniformly in |v| < 203\ and = € R, for each § > 0. Therefore, e,, = O(h(®/2)=¢=9 })
for each 0 > 0. It follows that, for each € > 0,

% S I{A;_i(X;) <0,X; €T}
=1

lies with probability 1 between the two values of

M_ 1 ! ~ — —€
=+ =S {AX) — (mhn) K (0) < £hOD7 £ Ry ha), (415)
J



18

where the plus and minus signs are taken respectively, and the nonnegative random

process Rj(h1, hs) satisfies, in the case k = 1,

E{ swp_|Ri(hn, ha)| b = O(h/D=0) (4.16)
hi,ho€H

for each § > 0.

The same argument leads to the analogous result for the process of exceedences
of zero by 397_1(1/,-). In this way it can be shown that for each ¢ > 0, the cross-
validation criterion CV(hq, he) at (2.3) lies with probability 1, for all hq, he € H,
between the two values of

M_ 1 / _

== S AX) - (mhn) T E(0) < 2RO

P {A05) - (nin) K0 <
A U —1 (9/2)—¢
+(1-p) | ==+ 5ZI{A(Y]~) ~ (nhs)"1 K(0) > Th } + Ro(hy, ha),
7 (4.17)

where the plus and minus signs are taken respectively, and the nonnegative random
process Ra(hi, ho) satisfies (4.16) in the case k = 2 and for each § > 0. In (4.17),
N, equals the number of Y;’s for which Y; —y > h%), the two summations are
over j for which |X; —y| < h*X and |Y; — y| < h®), respectively, M and N are the
respective numbers of such indices, and, conditional on M and N, A is independent
of the random variables X; and Y; for the indices j over which the summations are

taken.

Similarly, using (4.13) in place of (4.12), it can be proved that for each € > 0,
emperr 4, lies with probability 1, for all k1, hs € H, between the two values of

p{ - f(z) d:c+//I{A(ac) < +hO/D=e f(z) d:c}

+(1-p) [/ g(x) dz + //I{A(x) > FhO/D7Y g(2) dm] + Rs(h1, ha) ,
R (4.18)

where R_ and R, denote the sets of o for which  —y > h%X and z — y < —h2\,

respectively, and the nonnegative random process Rs(h1, ho) satisfies (4.16).
Define u; = h;/h for j = 1,2, put u = (u1,u2) and let d(y|u) be as at (2.6).

Since f has four bounded derivatives in an open neighbourhood of y, then Taylor

expansion gives:

u(x) = E{A(z)} = Aw) + h*d(y |u) + O(h") ,
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uniformly in values z for which * = y + h?v where |v| < A, and in hy, hy € H.
Moreover, A(x) = h2vA’(y) + O(h*)\?), uniformly in # € R. Hence, for some
e >0,

p(x) = h* {v A'(y) +d(y|u)} + O(h*N\?), (4.19)

uniformly in z € R and in hy, he € H.

Define D = h=2 (A — ). If we repeat the arguments in the paragraphs con-
taining (4.15) and (4.17), but seek only a remainder of h*~¢, rather than h(%/2)=¢ as
at present, then, for sufficiently large n, we can absorb the terms (mhq)~! K(0) and
(nhy)~t K(0) in (4.15) and (4.17) into the remainders +h*~¢ and Fh*~¢. Likewise,
in view of (4.19) we can replace A(z) by h?2{D + vA’(y) + d(y|u)}. Therefore,
multiplying by A~2 on either side of the inequalities in the arguments of the indi-
cator functions, we deduce that for each € > 0, CV(hq, hy) lies with probability 1,

for all hq, ho € 'H, between the two values of

p | DO+ M)+ dy ) < 22
=) | LS 1D 4 W5 8 0) + dly ) > 0| & R o).
7 (4.20)

where V; and W, are defined by X; = y + h?V; and Y; = y + h®W;, and the

nonnegative random process R, satisfies, in place of (4.16),

E{ sup |Rk(h1,h2)\}:0(h4—6—5). (4.21)
hi,ho€H

4.2. Proof of Theorem 2.1. The identity (2.10) can be derived using the methods
leading to Theorem 2.1 of Hall and Kang (2005). Result (2.11) then follows from
that theorem, under the additional condition on f and g that they are bounded away
from zero on an open interval containing Z. (This is not needed here, however, since
the assumptions for Theorem 2.1 are more restrictive about choice of bandwidth.)
Result (2.12) follows from standard properties of density estimators. Therefore we

confine attention to deriving (2.9).

Recall that we assume r = 1 and write y = y;. Define mx = P(|X —y| < h2)\)

and

S (x) = M —mmx {L E{i K(”T_X) I(|X —y| < hQA)} —E{f(a:)}} :

m(l—ﬂx) X hl
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and take dy to be the analogous quantity for Y. Uniformly in € R, we have
E{f(x) - f(y)} = O(h*)) and

(55 ) 10x —al <20}

_ E{K(y;X) (X —y| < hQ)\)}' —0(h? N 7x).

1

Furthermore, 7x — 0 as n — oo, and P(|M — mnx|/m > h{7/2=¢) = O(n=C) for
each ¢,C > 0. Combining these results we conclude that, for each C,e > 0 and in
the case 7 = X,

P{ sup |37 () = 37(y)] > h<9/2>—€} —0o(n°). (4.22)

A similar argument establishes the same result for Z = Y. Therefore, using
(4.22), and defining v(x) = E{D(x)| M, N} (a random function) and Z; = v(y) =
O,{(h\)'/2}, we have:

v(a) = h7 {pdx(z) — (1= p)dy(2)} = Z1 + ¥i(x), (4.23)
where, for kK = 1 and for each ¢,C > 0,

P{ sup g (z)] > h2—€} =0(n9). (4.24)
TER

Put D =D — E(D|M,N) = (1 — E') D, where E’ denotes the operator that
takes expected value conditional on M and N. Write K’ for the derivative of K,

and define
et £ () o ()
{5 e k() ) o,

where X j’ and Yj’ are the new, independent data added to replace those among the
original data X; and Y}, respectively, that lie in R; see the paragraph below that
which contains (4.3). Taylor-expanding D(y+h?v) about D(y), with z = y+h?v and

the quadratic term as remainder, it can be shown that, with ¥, satisfying (4.24),

D(z) = D(y) +v Zs + Va(z). (4.25)
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Combining (4.23) and (4.25) we deduce that
D(z) = D(x) +v(z) = D(y) + Z1 + v Zy + U3(x), (4.26)

where U3 = W, 4+ Uy and satisfies (4.24). Using (4.26) to substitute for D in (4.20),
we deduce that for each € > 0, CV(hy, ho) lies with probability 1, for all hy, he € H,

between the two values of

M. 1 +h*~¢ —{D(y) + Z1 + d(y | u)}
p( I[VJ < A(y) + Zs })

(1) <N+ L[ > HE AR A d@‘“)}D & Ry(h ha).
’ (4.27)

where the nonnegative random process Rj satisfies (4.21) for each 6 > 0. Here
we have used the fact that, with probability equal to 1 — O(n~%) for each C' > 0,
| Z>| < 3 A'(y) for all hy, hy € H.

Let F denote the sigma-field generated by M, N, those values of X; and Y;
that lie outside R, and the added data X/ and Y;. (There are just M X/’s and
N Y/’s.) Put A(v) = (v+ A)/2X. Conditional on F, the variables V; that are
summed over in the first series in (4.27) are independent and identically distributed
with distribution function
F(y + h?*v) — F(y — h?))
F(y+ h2X) — F(y — h?))

Fi(v) = = A(v) + O(h*\)

for |v| < A, where the remainder is of the stated size uniformly in v in this range.

Define
_ D(y)+Zi +d(y|u) _ D(y) +d(y|u)
Ql - / ) QQ - / )
A'(y) + Z2 A'(y)
and observe that for each § > 0,
Qo = +h2=¢ —{D(y) + Z1 +d(y|u)}
' Al(y) + Z2
= Q1+ O0p(h?7¢) = Qo + Oy (h*~¢ + RI/D %) (4.28)

uniformly in Ay, he € H.

Let W be a standard Wiener process, and put B(t) = W(t)—tW(1), a Brownian
bridge. Define

Wix (t) = 202 W{5+ N1t} - W(3)],
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a second standard Wiener process. In this notation,
N2 [B{E + 2N} - B(2)] = Wix(t) — 2NV 2ew(1). (4.29)

Condition on F, and hence also on D(y) and therefore also on Q». Replacing t by
Q2 in (4.29), and using a stochastic approximation to sums of independent random

variables, we see that we may choose B, and hence W;x, such that, uniformly
in hl, hg S H,

=SV < Qo) - 1V < 0))

M1/2
m

= T {R(Q0) ~ Fi(0)} + = [BIF Qo)) = BIF (0)}] + 0, (h7/?)

= Mm@y - o)+ M (B( ) B(3)) o, (17

m 2
1/2
= Y@ - ROy + L BRI CB(3)) 4o, (077)
- % {FL(Q1) — F(0)} + {2m B2 A F(y) }? (20) 72 Wix (Q2) + 0, (h7/?)
= O B2 )} W (Qa) + oy (0772). (4.30)

To obtain the third identity here we employed (4.28) and the fact that M =
O, (mh?)); for the fourth identity, we noted that M/{2mh?X f(y)} converges to 1
in probability, and used the fact that A = (logn)?; and to get the final identity we
used (4.29).

Similarly, we may construct, conditional on F, a Wiener process Wiy that is

independent of W x, such that, uniformly in hq, he € H,

1 Z,{I[Wj - {D/(y) + 7 +d(y\U)}} _w, s 0)}

Al(y) + Zs
== (a2 ()} Wi (@) + 0, (7). (431)

In both (4.30) and (4.31) we can replace Q2 by —Q3, where

Do(y) +d(y|u)
Al(y) ’

where Dy = —h™2(1 — E)ﬁ and E is the expectation operator. Since Qo =
—Q3 + O,(h°), uniformly in hy,hy € H, for § > 0 sufficiently small, then the
remainder after the alteration to (4.30) and (4.31) goes into the o,(h7/?) remainder

Qs =

(4.32)

terms.
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With this modification, combining (4.30) and (4.31) we deduce that the quan-
tity displayed at (4.27) can be written as T +73+o0,(h7/2), uniformly in hy, hy € H,

where

Ty

M~ 1—p)NT M 1—p)N
_pM”  (A-pNT - fpM (A-p) N @
m n m n 2

T3 =h [p{f(y)/m}l/Q Wx (Q3) + (1 —p) {g(y)/n}"/* WY(QB)] ;o (4.33)

Wz (t) = Wiz(—t) for Z = X and Z = Y, and M~ (respectively, NT) is the
number of indices j such that X; <y (Y; > y). Therefore,

CV (hi, ha) = To(h1, ha) + T3(hi, ha) + 0, (h7/?), (4.34)

uniformly in Ay, hy € H.

Note particularly that the Wiener processes Wx and Wy are constructed to
be independent conditional on F. The variable (03 is measurable in F, and so, in
the definition of T5 at (4.33), the processes Wx and Wy, and the random variable

()3, are all independent.
Standard calculations show that, with R = p (M/m) — (1 —p) (N/n), we have:
h2A
BR) = [ Ay+u)du=O{(N?},  swp [Qulhn,ha)] = O (ogn)*/2}
—h2>\ hl,hZEH

and var(R) = O(h"\). Moreover, R depends on neither h; nor hy. From these
properties, recalling that A = (logn)?, we deduce that T, — T} = 0, (h"/?), uniformly
in hi, he € H. Combining these results with (4.34) we deduce that

CV(hl, hg) == Tl(hl, hQ) + Tg(hl, hg) + Op (h7/2) y (435)

uniformly in Ay, he € H.

Standard strong approximation arguments show that the stochastic process

Q3(u1,u2) can be written as

Qs(ur, u2) A(y) = p{p fFW)}'/?Gx(ur) + (1 = p) g(y)"/? Gy (uz) + d(y |u) + 0,(1)
= V(u1,u2) + op(1), (4.36)

where Gx and Gy are independent and identically distributed Gaussian processes,
each with zero mean and covariance given by (2.5), and V has the same definition
as V;, at (2.7), but with y; there replaced by y here. The desired result (2.9), in the
case r = 1 and with A’(y;) = A’(y) > 0, follows from (4.35) and (4.36).
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4.3. Proof of Theorem 2.2. The method of proof here is similar to that given in
section 4.2. There, starting from the result given in the paragraph containing (4.17),
we derived first the result in the paragraph containing (4.27), and from there we
went to (4.35). On the present occasion we replace the result in the paragraph
containing (4.17) by the result in the paragraph containing (4.18), and in this way
show that the quantity

emperr 4, — eIr 4, = / [I{ﬁ(w) <0} — P{ﬁ(w) < O}} A(z)dz

lies, with probability 1, between the two values of
/ [I{A(az) < +h/2=l _ pLA(2) < q:h<9/2>—6}] A(z)dx £ Rg(hy, hy), (4.37)

where the nonnegative random process Rg(h1, he) satisfies (4.16).

Changing variable from x = y + h?v to v, and using the argument leading from
the result in the paragraph containing (4.27) to (4.35), we find that both of the two
quantities in (4.37) equal

W) [ [H < -Qu/A W)~ Plo < @/ A )] v+ op ()
= h*A'(y) /| - [I{v <V(u)} - P{v < V(u)}] dv + o, (h'),

uniformly in hi, he € H, where Q3 is as at (4.32). This result leads directly to (2.13).
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Figure 3.1 : Estimated risk using (a) cross-validation method or (b) the bootstrap.
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Figure 3.2 : Histogram estimators of empirical bandwidth distributions, when band-

widths are selected using (a) cross-validation or (b) the bootstrap.
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(b} Bootstrap with estimated plug-in bandwidth
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Figure 3.3 : Estimated risk for (a) bagged version of cross-validation or (b) bootstrap

using estimated plug-in bandwidths.
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Figure 3.4 : Average risk for the bagged cross-validation rule, expressed as a function

of a, equal to the proportion of the sample that is resampled.
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Figure 3.5 : Histogram estimators of empirical bandwidth distributions, when band-
widths are selected using (a) bagged cross-validation, (b) bootstrap employing esti-
mated plug-in bandwidths, (c) Efron’s (1983) method, or (d) the .632+ bootstrap.
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Figure 3.6 : Relative increase in regret for different classifiers, in the case of normal

mixture distributions.
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Figure 3.7 : Relative increase in regret for different classifiers, in the case of (a) log-

normal mixtures or (b) Cauchy mixtures.
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