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In nearest neighbor classification, one normally uses cross-validation type methods to estimate the optimum value of
k, and that estimated value is used for classifying all observations. However, in classification problems, in addition
to depending on the training sample, a good choice of k depends on the specific observation to be classified. In this
article we propose an adaptive nearest neighbor classification technique, where the value of k is selected depending
on the distribution of competing classes in the vicinity of the observation to be classified. Results on some simulated
and benchmark examples are presented to show the utility of the proposed method.
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1. Introduction

2 one assumes

In nearest neighbor classification,
posterior probabilities of different classes to be con-
stant over a small neighborhood around a query
point x and estimates those probabilities using the
proportions of different classes in the training sam-
ple lying in that neighborhood. As a result, the most
frequent class in that neighborhood has the largest
estimated posterior p(- | x), and it turns out to be the
winner. Usually, a closed ball of radius r(x) is taken
as this neighborhood, where ry(x) is the distance be-
tween x and its k-th nearest data point in the train-
ing sample. Clearly, the size of this neighborhood and
hence the classification result depend on the parame-
ter k. Existing asymptotic results?? suggest that k
should vary with the training sample size n in such
a way that k¥ — oo and k/n — 0 as n — oco. How-
ever, when the sample size is small or moderately
large, there is no theoretical guideline for choosing
the value of k. For a given data set, the optimum
value of k is usually estimated by minimizing the
cross-validation estimate? of misclassification proba-
bility. Of course one can also follow the idea of likeli-
hood cross-validation technique (LCV),%% which es-
timates the optimum value of k by maximizing the
loglikelihood score ;- ; log{p_i(c: | x¢)}, where ¢;
is the class label of the observation x;, and p_¢(j | x¢)
is the posterior probability estimate for the j-th class
at x;, when x; is not used as a training data point.
These cross-validation and LCV methods use the
training data to select a single value of k, and then
that selected value is used for classifying all observa-
tions. However, one should note that in classification

problems, in addition to depending on the training
sample, a good choice of k depends on the specific ob-
servation to be classified. Therefore, instead of using
a fixed value of k over the entire measurement space,
spatially adaptive choice of k£ may be more useful
for classification. In this article, we propose one such
adaptive nearest neighbor classifier, which adopts a
sequential approach (to be discussed in Section 3)
to select the optimum value of k for classifying an
observation.

Throughout this article, we will assume continu-
ity of all population density functions and use the
Fuclidean distance for classification. However, the
description of the adaptive nearest neighbor classi-
fier given in Section 2 will make it quite clear that
the use of the proposed classifier is not restricted to
any special type of distance function, and one may
use Mahalanobis distance” or any other flexible and

adaptive metric®? as well.

2. Methodology

As we have mentioned before, in usual nearest neigh-
bor classification, posterior probabilities of compet-
ing classes are assumed to be constant over a neigh-
borhood around x. Here, we deviate from this usual
notion, and instead of considering p(j | x)’s as fixed
and non-random, we assume a prior distribution of
p( | %),p(2 | X),...
evident that the calculations have to be done at
each x separately, for convenience of our notation,

,p(J | x). Since it is quite

we will drop the term x, and denote p(j | x) by
p;. Similarly, the vector of conditional probabilities

(P1,p2,---,pJ) [23‘1:1 p; = 1] will be denoted by p.



Suppose that for some given k, £, (p) is the prior
distribution of p in the neighborhood (ball of radius
ri(x)) around x. If ¢; of these k neighbors come
from the j-th class, the conditional distribution of
tr = (t1,, b2, -5 t0,) [ijl tj, = k| for given p is
multinomial and its probability mass function can be
expressed as

k! . ti
. . In
’(/J ( |p) tlk!tzk!--'tjklgpj

Therefore, for some fixed k£ and ty, the conditional
distribution of p is given by

G | ) = &(p) Yt | P) / [ o) intta | ) .

In a two-class problem, one will naturally prefer the
first class as compared to the second one if P(p; >
p2 | tx) > P(p2 > p1 | ti), and the evidence in favor
of the first class will increase with the probability
function P(p1 > p2 | ti). Following similar idea, one
can use Cx(p | tx) to define the Bayesian measure of
strength for different populations, where the strength
function for the j-th (j = 1,2,...,J) population is
given by

Sk(d) = /

pj=max {p1,p2,...,ps}

Ce(p | tr) dp.

It is quite transparent from the definition that 0 <
Sk(4) <1 and ijl Sk(4) = 1 if & (p) is the prob-
ability density function of a continuous distribution.
Also, these Bayesian strength functions (BSF) pre-
serve the ordering of usual posterior probability es-
timates (i.e., proportions of different classes in the
neighborhood).® Therefore, for any fixed value of k,
if one goes for classification based on the values of
Sk(4), it will lead to the same result that of usual k-
nearest neighbor classification. Note that the value
of Sk(j) depends on the prior distribution &x(p) as
well, and it has to be chosen appropriately. Uniform
prior distribution is the most convenient one to han-
dle with. Not only it makes the computation of BSF
simpler (we will discuss it in Section 3), it is non-
informative and gives no preference to any of the
classes. Throughout this article, for all data analytic
purpose, we will assume that & (p) is uniform for all
values of k.

In adaptive nearest neighbor classification, in-
stead of using a fixed value of k, we study the results
for a sequence of values of k and choose that one

which leads to the maximum BSF in favor of the
winning population. However, it is not useful to con-
sider all possible values of k since the use of very
large values not only increases the computational
cost but also fails to represent the local pattern of
the measurement space. So, if the training samples
from competing classes are not of comparable size,
use of large k leads to a decision in favor of one of
the larger classes. Therefore, one should set some rea-
sonable upper bound for k. This upper bound is ex-
pected to increase with the sample size n. In nearest
neighbor classification, for the consistency of poste-
rior probability estimates, one needs to shrink the
neighborhood to zero as the sample size increases.
So, it is somewhat reasonable to use a function 3,
of n as the upper bound, which increases with n but
Bn/n — 0 as n — oo. We look at the results for all
k < B, and finally use that one which leads to the
highest strength in favor of the winning population.
Unlike usual nearest neighbor classification, here we
do not need to go for cross-validation type algorithm
to predefine the value of k, and that leads to substan-
tial saving in computational cost, especially when the
training sample is large.

3. Data analytic implementation

We adopt a sequential type approach to find adap-
tive values of k. For classifying an observation x, we
start with the data point nearest to x and then grad-
ually increase the value of k by considering other
data points one by one according to their distances
from x. At each stage, we compute BSF's for different
populations and keep track of the population, which
attained the maximum BSF up to that stage. Given
the value of 3,, and the first k neighbors, one can eas-
ily compute the largest possible strength in future in
favor of other populations. Clearly, the largest value
of this future strength will be attained if the rest of
the observations come from the second best class (i.e.
the class with the maximum number of representa-
tives among the challengers at that stage). If this
largest possible value is smaller than the observed
maximum BSF up to that stage, one can stop there
and classify the observation to the class that achieved
the maximum BSF. For instance, in a two-class prob-
lem, if the upper bound g, is set at 5, and the first
two neighbors of x come from the first population,
one can stop there and take the decision in favor of
the first population. Note that given the first two



neighbors of x, the second population can at most
enjoy the 3-2 majority, but the BSF in favor of the
winning class in that case is smaller than that in the
2-0 case. Therefore, in this case, there is no need to
go for further calculations.

From our discussion in the previous section, it
seems that 8, = C+/n could be a good choice for
the upper bound of k, where C is an appropriate
constant. For this choice of 3,, the adaptive near-
est neighbor classifier requires only O(n) calcula-
tions to classify an observation, whereas it requires
O(n log(n)) computations if we use all possible val-
ues of k. Note that this order of computation O(n)
is the same as that required by the nearest neigh-
bor classifier with a fixed value of k (follows from
computational complexity of order statistics'?). Our
empirical experience suggests that the final result is
reasonable and not very sensitive to the choice of C'if
it lies between 2 and 3. Throughout this article for all
data analytic purpose, we use 3, = 2/n. However,
if this value of (,, exceeds ng = min{ni,na...,ns},
we take 3, = ng. Though this choice of upper bound
is somewhat subjective, it led to fairly good results
in our experiments, which we will see in Section 4.

To compute BSF's for different populations, one
can use the numerical integration method. Given the
value of k£ and the vector t;, the required number of
computations for this approximation is proportional
to /71, where  is the number of grid points chosen
on each axis. Clearly, this computational cost grows
up rapidly with the number of classes J. Therefore,
in the presence of several competing populations, one
has to look for an alternative approximation proce-
dure. If & (p) is uniform, it is easy to see that given
the value of k and tg, p follows a Dirichlet distribu-
tion with parameters k+1; t1x 4+ 1,t0+1,...,tjx +
1 (Z}]:1 tj = k). Therefore, one can easily gener-
ate observations from the appropriate Dirichlet dis-
tribution to approximate BSFs for different popula-
tions. We know that if Xy, X5,..., X are indepen-
dent and X; ~ Gamma(tj, + 1) for j =1,2,...,J,
(X1/5,X5/S,...,X;/S) jointly follows a Dirichlet
distribution with parameters k + 1; t1; + 1,0 +
L.ty +1 (O tjr = k), where S = 7| X
Therefore, P{p; > p; Vi # j | ts} = P{X; >
X; Vi # j}, and hence BSF can be approximated by
generating observations from gamma distributions.
Now, noting the fact that Gamma(t;; + 1) variate
is a sum of t;; + 1 iid exponential variables with

unit mean, one can keep on generating observations
from exponential distributions to approximate BSF
for different populations and for different values of k
in a sequential way. For our data analytic purpose,
we adopted the numerical integration method when
J < 3. For J > 4, BSFs were approximated using
10,000 sets of observations generated from appropri-
ate gamma distributions.

4. Results

We use some simulated and benchmark data sets to
study the performance of the proposed classifier. For
the simulated example (wavefrom datall), taking al-
most equal number of observations from competing
classes, we generated 1000 different training and test
sets of sizes 100 and 1000, respectively. In cases of
salmon data'? and Iris data,'® we formed these train-
ing and test sets by randomly partitioning the data
set 1000 times into two equal halves consisting of
equal number of observations from the competing
classes. For these data sets, average test set misclas-
sification rates of the adaptive nearest neighbor clas-
sifier over these 1000 trials are reported in Table 1
along with their corresponding standard errors in-
side the braces. However, for the vowel recognition
data,' there are specific training and test sets, and
in this case we report the test set error rate only. Er-
ror rates are also reported for LCV and usual cross
validation techniques. A brief description of the data
sets that we use in this section is given below.

Waveform data:'' This is a simulated data set.
For i = 0,1,...,20, define hy(i) = maz{6 — |i —
10,0}, ho(i) = hi[(i — 4) mod 21] and hs(i) =
hi[(@ + 4) mod 21]. Suppose that U ~ U(0,1) and
€'s (i = 0,1,...,20) are i.i.d. N(0,1). Now, for
the three competing classes, measurement variables
X; (1=1,2,...,21) are distributed as

Class-1: Xz = Uhl(’L — 1) + (1 - U)hg(l — 1) + €i—1.
Class-2: Xz = Uhl(’L - 1) + (1 - U)hg(l - 1) +€i—1.
Class-3: Xz = Uhg(l — 1) + (1 - U)hg(l — 1) + €i—1.

Salmon data:*? Tt consists of 100 bivariate obser-
vations on growth ring diameter (freshwater and ma-
rine water) of salmon fish coming either from Alaskan
or from Canadian water.

Iris data:*® Tt contains measurements on four
different features (sepal length, sepal width, petal
length and petal width) on each of 150 observations



coming from three different types of Iris plants : ‘Iris
Setosa’, ‘Iris Virginica’ and ‘Iris Versicolor’ (50 from
each class).

Vowel recognition data:'* It was created by a
spectrographic analysis of vowels in words formed by
an ‘h’ followed by a vowel and then by a ‘d’. There
were 67 persons who spoke different words, and two
lowest resonant frequencies of a speaker’s vocal track
were noted for 10 different vowels. This data set was
split into a training and a test set of sizes 338 and
333, respectively.

As it has been discussed before, in adaptive near-
est neighbor classification, we generate an ensemble
of classifiers and then choose that one which leads
to the maximum BSF in favor of the winning class.
Instead of taking only one value of k, one may also
like to consider the results for all possible values of k
(1 <k <n-1) and use voting or other aggregation
methods to arrive at the final decision. Bagging!'®
and boosting!6:17
gation methods available in the literature. They use
bootstrap'® or weighted bootstrap technique to gen-
erate different subsamples from the training data,
and based on those different subsamples, different
classifiers are developed. Results of these classifica-
tion rules are aggregated using some weight function.
Depending on the error rate A of a classifier, boost-
ing assigns an weight w = log{(1 — A)/A} to it.
Bagging on the other hand uses equal weights for
all classifiers. In our method, we do not require any
resampling technique for generating the classifiers.
Use of different values of k leads to different clas-
sification rules, which can be aggregated using some
weight function. Here, we adopt the weight functions
used by bagging (i.e. uniform weight) and boosting
(i.e. weight proportional to log of the odd ratio) for
aggregation. This essentially leads to simple voting
and weighted voting of all nearest neighbor classi-
fiers. In Table 1, we report the error rates for these
two voting methods as well.

Apart from the salmon data, in all other cases
our proposed method led to the best error rate
among the nearest neighbor classifiers considered
here. In most of these cases, its performance was sig-
nificantly better than its competitors. Weighted vot-
ing method had the best error rate on the salmon
data, but even in that case the adaptive nearest
neighbor classifier did a reasonably good job. In view
of the above data analysis, adaptive nearest neighbor

are the two most popular aggre-

classification seems to be better than using a single
value of k for classification of all observations.

Table 1. Misclassification rates of different classifiers

Waveform Salmon Iris Vowel
LCV 20.1 (.06) 9.2 (.10) 3.9 (.06) 25.5
Cross-valid. 20.1 (.07) 10.1 (.11) 4.2 (.06) 21.9
Voting 26.7 (.09) 9.1 (.11) 6.3 (.08) 67.2
Wt. voting  22.9 (.08) 8.9 (.11) 5.6 (.08) 22.8
Adaptive 18.9 (.06) 9.2 (.09) 3.8 (.06) 21.3
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