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¤�µÔÚÈ��
Çþ�Þ÷ �¤ °�Âõ ýÂ±� ý�û�µ¡�¨ ¥� ùøÂð ø¢ �î ¢¤�¢ ¢��ø Ã�ó� ÷� ¤¢ ��Ìì ø¢
ÓþÂã�) �Ìê-M ø (À���±� �¤ ]16[ ÓþÂã� ý�Â�) Â±�-C∗ ¥� À��¤�±ä �î ,À�û¢üõ
.Àª ��±�� ]19[ ü÷���î�î ø ]21 ,20[ ö�µ¨� Í¨�� °��Â� �� �î (À���±� �¤ 10.3.1
X �î ´¨� ´¿þÂØþ C(X) � � Â ±�-C∗ Âû �î À�îüõ ö�� � À�ÔÜð-ö�µ¨� �b �Ìì
�b ÎÖ÷ öøÀ� �¤�¬ ]6 ,2[ ¤¢ üØÆÔª��� .� .]16[ ´¨� é¤øÀ¨�û ø ù¢ÂÈê ý�Ìê
,¤�À÷�Âî ý�ì ü¨À�Þª¤� Ûõ�î ý�û�ÖÜ�-f ¥� ýø .´¨� �µ¡�¨ �¤ À�ÔÜð-ö�µ¨�
]6[) À�µÆû ñ¢�ãõ Ýû �� �î ´¨� ù¢Âî ��±�� ø ,´¨� ù¢Âî ù¢�Ôµ¨� �ûÂ±�-C∗ �� ÂÒ��µõ
Ûõ�î �ÖÜ�-f Âû �î À�îüõ ö��� À�ÔÜð-ö�µ¨� �b �Ìì �b ÎÖ÷ öøÀ� �¤�¬ .(À���� �¤
.´¨� ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê L �î ´¨� ´¿þÂØþ C(L) �� ¤�À÷�Âî ý�ì ü¨À�Þª¤�
C(MA) �� A ù�Ú÷� Àª�� ¤�À÷�Âî ý�ì ü¨À�Þª¤� Ûõ�î �ÖÜ�-f ×þ A Âð� ,ùø�ä ��
á��¤ ]6 ,2[ ��) ´¨� A �b µÆ� ý�úó�Àþ�-` �b Þû ÝþÂêMA ö� ¤¢ �î ´¨� ´¿þÂØþ
´¨¢ �� ¤¢ �õ �� üØÆÔª��� .� Í¨�� À�ÔÜð-ö�µ¨� �b �Ìì �� ©ÂÚ÷ á�÷ ßþ� .(À��î
¤¢ �õ üþ�ú÷ éÀû .¢�Þ÷ ×Þî �ó�¨¤ ßþ� ¤¢ ü÷���î�î �b �Ìì �bÎÖ÷ öøÀ� �¤�¬ ö¢¤ø�
ø ý�û¢�Þ÷ �õ ¤�Ã�� .´¨� ü÷���î�î �b �Ìì �bÎÖ÷ öøÀ� �¤�¬ ö¢¤ø� ´¨¢ �� �ó�¨¤ ßþ�
ø ñ�Àþ�-` ý�úÞþÂê Ýþ�ù¢Âî ù¢�Ôµ¨� �î ü���ª� ø �ÎÖ÷ öøÀ� ý¦�ó���� ý�úØ��Ø�

.À�µÆû �µÆ� ý�úó�Àþ�-`

¤¢ �¤ üþ�ú÷ �b �Ìì ø ,Ý��îüõ �ãó�Îõ 3 ÛÊê ¤¢ Ûõ�î ¤�Ï �� �¤ Ý�û�Ôõ ßþ� �õ
�� �¤ ¤�À÷�Âî ü¨À�Þª¤� Ûõ�î Åþ¤ ý�û�Ìê ,¤�î ßþ� ý�Â� .Ý��îüõ ��±�� 4 ÛÊê
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2 ¤�µÔÚÈ��

.(9.4.4 ùb¤�Ãð) À�µÆû ñ¢�ãõ Ýû �� �î Ý��îüõ ��±�� ø Ý��îüõ ÂÒ��µõ �û�Ìê-M

���¤� Åþ¤ ý�û�Ìê ý�Â� �¤ §�ÂµªÂþ�ø-ö�µ¨� �b �Ìì �b ÎÖ÷ öøÀ� �¤�¬ ,ß��»Þû
.(À��î �ã��Âõ ]18[ �� ��Ìì ×�¨�î �¤�¬ ý�Â�),(7.4.4 �b �Ìì) Ý�û¢üõ
.Ý��îüõ Ýû�Âê ´¨� ô¥� �ó�¨¤ ßþ� �b ãó�Îõ ý�Â� �î �¤ �»÷� ,1 ÛÊê ¤¢

´Æ¿ ÷ Ç¿ � ¤¢ .Ý � � îü õ � ã ó� Î õ Ç¿ � � ¨ ¤¢ �¤ � ú óøÀ õ-` ,2 ÛÊê ¤¢
�ú÷� ß�� �bÎ��¤ ø ,Ý��î üõ ÓþÂã� �¤ �úóøÀõ-f Â��¨ ø ,ý�ì ý�úóøÀõ-` ,�úóøÀõ-f

¤¢ .À� µÆû ý�� ó¢�ãõ ý�ú¨�î üÚÞû �î Ý� �îüõ �Ñ��õ .Ý� �îüõ �ã ó�Îõ �¤
ñøÀõ �î Ý��îüõ ��±�� .Ý�û¢ üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ �ûÂÆî ý�úóøÀõ-` ôø¢ Ç¿�
�� �� �fõøÃó �¤ (`) ý�û�ó¢�ãõ üóø ¢Â�üõ �¤� �� �þ�� ñøÀõ ¥� �¤ (f) ý�û�ó¢�ãõ �ûÂÆî
ô�¨ Ç¿� ¤¢ .´¨� ùÀª �µ¡�¨ 4.2.2 ùbÂÊ±� ¤¢ ö� ùÀ��î ¢¤ �b ÷�Þ÷ ,¢Â� üÞ÷ �¤�
�î ,À÷�ªüõ �ãó�Îõ ø ���¤� Åþ¤ ý�Ìê ø �úóøÀõ-` ý�Â� üØþ¦�ó���� ý�û¤�µ¡�¨
ý�û�Ìê ý�Â� ý��ó�±÷¢ À� ý¦�ó���� ø �úóøÀõ-` ý�Â� ´¡���Øþ ý¦�ó���� ¥� À��¤�±ä

.Åþ¤
�î ,Ýþ¥�¢Â �üõ �úóøÀõ-` ý�úÔ�Ï �b ÎÖ÷ öøÀ� �¤�¬ �b ã ó�Îõ �� ,3 ÛÊê ¤¢
ø ,ñ�Þ�Æî�õ Ó�Ï �b ÎÖ÷ öøÀ� �¤�¬ ,ÛÞ�î Ó�Ï �b ÎÖ÷ öøÀ� �¤�¬ ¥� À��¤�±ä
L(M) üð¢ÂÈê �î Ý�û¢üõ ö�È÷ Ç¿� ß�µÆ¿÷ ¤¢ .�µÆ� ý�úó�Àþ�-` ý�úÔ�Ï
´÷Âû�î ¤�Ï �� L(M) ,M ñøÀõ-f Âû ý�Â� ø ,M ñøÀõ-` ý¤�À÷�Âî �� ´¨� ñ¢�ãõ
�� L(M) ,S ü�Â® ý�û�ä�Þ¹õ °Üè� ý�Â� �î Ý��î üõ ��±�� ,ß��»Þû .´¨� ñ�õÂ÷
ñ�Þ�Æî�õ Ó�Ï ö¢�� ÝÑ�õ �f õ�î ��±�� ý�Â� °ÜÎõ ßþ� ¥� .´¨� ´¿þÂØþ L(S−1M)

Ó�Ï ø¢ ùÀª ù¢�¢ ���¤� ý¦�ó���� ø¢ �� ÂÒ��µõ .¢�ªüõ ù¢�Ôµ¨� ôø¢ Ç¿� ¤¢ SL(M)

.À÷�ª üõ �ãó�Îõ ÛÊê ßþ� ô�¨ Ç¿� ¤¢ �î Ýþ¤�¢ �µÆ� ý�úó�Àþ�-`

öøÀ� �¤�¬ üþ�ú÷ éÀû ßþ� .¢�ªüõ ü¨¤Â� 4 ÛÊê ¤¢ Àª �µÔð �î üþ�ú÷ éÀû
Ç¿� ¤¢ .¢�ª üõ �ãó�Îõ ÛÊê ßþ� Â¡� Ç¿� ¤¢ �î ´¨� ü÷���î�î ö�ðø¢ �b ÎÖ÷
¤¢ .¢�ª üõ ù¢�¢ ö�È÷ À÷Àª �ãó�Îõ üÜ±ì ÛÊê ¤¢ �î üþ�úÔ�Ï ö¢�� ¤�µØ÷�ê ´Æ¿÷



3 ¤�µÔÚÈ��

ø ,À÷�ªüõ �ãó�Îõ �µ¨��� üÖ�Ö� â���� Åþ¤ ý�Ìê ö¢�� ¤�µØ÷�ê ö� ¥� Àã� Ç¿�
�b �Ìì) ¢�ªüõ ��±�� ø ö��� ô�¨ Ç¿� ¤¢ �î ´¨� üÖ�õ� ¤�µØ÷�ê ø¢ ßþ� ß�� ë�½ó�
ø �µ¡�¨ �¤ §�ÂµªÂþ�ø-ö�µ¨� �b �Ìì �b ÎÖ÷ öøÀ� �¤�¬ Ý�Þã� 4 Ç¿� ¤¢ .(1.3.4
�µêÂð ¤�î �� ü÷���î�î ö�ðø¢ ��±�� ý�Â� �fÞ�ÖµÆõ �î (7.4.4 �b �Ìì) Ý��î üõ ��±��

.¢�ªüõ
��Ìì ßþ� .Ýþ¥�¨üõ �¤ Ã�ó�÷� ¤¢ Çþ�Þ÷ �b �Ìì ×þ �bÎÖ÷ öøÀ� �¤�¬ ,5 ÛÊê ¤¢
´ª�Ú÷ Âû ý�Â� �î ,´¨� C(X) ýø¤ üÖ�Ö� Åþ¤ â���� ý�Â� ×�¨�î Çþ�Þ÷ ×þ
�î Àû¢ üõ ´±Æ÷ x ∈ X ö�� �ÎÖ÷ ×þ ,φ(1) = 1 �î φ : C(X) → R üÖ�Ö� Åþ¤
]16[) α ∈ C(X) Âû ý�Â� x̂(α) = α(x) ¥� ´¨� �¤�±ä x̂ �b Î��® ö� ¤¢ �î ,φ = x̂

��¿µ÷� Û¬� ¥� x �bÎÖ÷ ö¢Âî É¿Èõ öøÀ� ×�¨�î ��±�� ¤¢ .(À���±� �¤ 163 .«
.¢�ªüõ ù¢�Ôµ¨�

ø M ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê ¥� é¤øÀ¨�û ø ù¢ÂÈê ý�Ìê ý�¹� �ó�¨¤ ßþ� ¤¢
¥� ù¢�Ôµ¨� �� p̃ .¢�ªüõ ù¢�Ôµ¨� ,´¨� ñø� �Ìä ×þ p ∈ M ö� ¤¢ �î p̃ ¥� x̂ ý�¹�
�î ¢�ª üõ ��±�� Å³¨ .¢�ªüõ ÓþÂã� p̃(α) üÖ�Ö� ¢Àä ßµ¡�¨ ¤¢ À��î¢¢ ý�úªÂ�
p =

∨
coz(kerφ) ö� ¤¢ �î ,´¨� φ(1)p̃ �¤�¬ �� φ : C(M) → RÅþ¤ ´ª�Ú÷ Âû

,ñø� ý�Ìä� ,Åþ¤ ý�úµª�Ú ÷ ß� � ×þ � � ×þ ÂÒ� � � ×þ �õ�¢� ¤¢ .(2.2.5 Ý ó)
Ýû Âð� .(4.2.5 �b �Ìì) Ý��îüõ ¢�¹þ� À�µÆû Fix(η) ¤¢ �î üóø� ý�úó�Àþ�-` ø
� î Ý � � î �À � � KM ö�� ÝÑ � õ �f õ� î Ý þÂ ê ×þ Ý � ÷�� �üõ ,Àª� ± ÷ ÝÑ � õ �f õ� î M

ý�Ìä� ø Åþ¤ ý�úµª�Ú÷ ß�� ×þ �� ×þ ÂÒ��� ×þ ¤�Ï ß�Þû ø C(M) ' C(KM)

� ã ó� Î õ 6.2.5 ùb¤�Ã ð ¤¢˜ø̂ß� � �b Î ��¤ Å ³¨ .(5.2.5 �b �Ì ì) Ý þ¤�¢ ∑
KM ñø�

.À�µÆû Â��Â� �¤�¬ �� ¤¢ q̃ ø p̃ �î Ý����üõ ø ,¢�ªüõ
�î Õ�õ� ßþ� .¢�ªüõ ü¨¤Â� ÂÔÊÞû ý�Ìä� ø ñø� ý�Ìä� ß�� �bÎ��¤ ,´þ�ú÷ ¤¢
´¨� �Î��¤ ßþ� �b¹�µ÷ ×þ ,¢¤�À÷ ¢��ø ñø� �Ìä ¥� Âµð¤Ã� �Øþ Â�è ÂÔÊÞû �Ìä º�û

.(7.2.5 �b¹�µ÷)



1 ÛÊê
Àõ� ¤¢ Ç��

.Ýþ¥�¢Â� üõ Ýþ¤�¢ ���µ�� �ó�¨¤ ßþ� ¤¢ �î ü±ó�Îõ �� ,ÛÊê ßþ� ¤¢

�µ¨¤ 1.1
.À�þ�Þ÷ á��¤ ]17 ,1[ �� �û�µ¨¤ ¢¤�õ ¤¢ ÂµÈ�� �ãó�Îõ ý�Â�

� � ù�ÂÞû ,· · · , C, B,A ö�� üþ� �ª� ¥� C ö�� ü¨�î �µ¨¤ ×þ ÓþÂã � 1.1.1
:´¨� Âþ¥ ý�ûüðÄþø

.¢�ªüõ ù¢�¢ ´±Æ÷ homC(A,B) ö�� ý��ä�Þ¹õ ,���ª� ¥� (A, B) �ø¥ Âû �� (i

B �� A ¥� ÝÆ�ê¤�õ ø Ý�û¢üõ ö�È÷ f : A → B � � �¤ f ∈ homC(A, B) Âû
.Ý�þ�ðüõ

ö�� °�îÂ� â��� ×þ (A,B,C) üb ª �¨ Âû ý�Â� (ii

homC(B, C)× homC(A,B) → homC(A,C)

(g, f) Ã g ◦ f

4



5 Àõ� ¤¢ Ç�� .1 ÛÊê

f : A → B ø g : B → C ø h : C → D Â û ý�Â � � î ý¤�Ï � � ,¢¤�¢ ¢��ø
Ýþ¤�¢

h ◦ (g ◦ f) = (h ◦ g) ◦ f

ý�Â� �î ý¤�Ï �� ¢¤�¢ ¢��ø idA : A → A ö�� üÞÆ�ê¤�õ ,C ¤¢ A Âû ý�Â� (iii

.f ◦ idA = f ø idA ◦ g = g ,g : B → A ø f : A → B Âû

üµ¿þÂØþ �¤ f : A → B ÝÆ�ê¤�õ .Àª�� �µ¨¤ ×þ C Ý��î ­Âê ÓþÂã� 2.1.1
.g ◦ f = idA ø f ◦ g = idB �î ý¤�Ï �� Àª�� ¢���õ g : B → A ù�ð Âû Ý�þ�ð

ñ�·õ 3.1.1
Set �� �ú÷� ß�� â���� ø �û�ä�Þ¹õ ô�Þ� ¥� ùÀª Û�ØÈ� �î �¤ �û�ä�Þ¹õ �b µ¨¤ (1

.Ý�û¢üõ Çþ�Þ÷

â���� ø ý¦�ó���� ý�û�Ìê ô�Þ� ¥� ùÀª Û�ØÈ� �î �¤ ý¦�ó���� ý�û�Ìê �b µ¨¤ (2
.Ý�û¢üõ Çþ�Þ÷ Top �� �ú÷� ß�� �µ¨���

ùb¢�� ÷� ¡ ,À ª� � C ¤¢ �� � ª� ¥� ý�ù¢�� ÷� ¡ {Ai|i ∈ I} Ý � � î ­Â ê ÓþÂ ã � 4.1.1
{Ai|i ∈ I} ý�Â� (�ÂÌÞû) �Â® ×þ �¤ ({li : Ai → C}i∈I) {πi : P → Ai}i∈I

:ù�ð Âû Ý�þ�ðüõ
ÝÆ�ê¤�õ ×þ ,({gi : Ai → A}i∈I) {fi : A → Ai}i∈I ùb¢��÷�¡ Âû ø A üb ª Âû ý�Â�
Âû ý�Â� �î ý¤�Ï �� Àª� � ¢���õ (g : C → A) f : A → P ö�� ¢Âê �� ÂÊ½�õ

.(g ◦ li = gi) πi ◦ f = fi ,i ∈ I
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¥� {Ai|i ∈ I} ö� � ù¢�� ÷� ¡ Â û �Â Ì Þ û ø �Â ® ,Set �b µ ¨¤ ¤¢ ñ� · õ 5.1.1
.´¨� ¢���õ �û�ä�Þ¹õ

ýÂ þ� Ê � â ��� � � � ù�Â Þ û (ü �¤� î¢ �Â Ì Ü ¬� �) P =
∏

i∈I Ai ,â ì�ø ¤¢
üó�Þª â���� �� ù�ÂÞû (�Ã¹õ á�Þµ��) C =

⋃̇
Ai ø ;´¨� Set ¤¢ �Â® {πi : P → Ai}

.´¨� Set ¤¢ �ÂÌÞû li : Ai → C

�¤ ö� �î B �� A ¥� ö�Úã��� ×þ .À�ª�� �µ¨¤ ø¢ B ø A Ý��î ­Âê ÓþÂã� 6.1.1
ø B ���ª� �� �¤ A ���ª� �î ö�÷�ì ×þ ¥� ´Æ�¤�±ä Ý�û¢üõ ö�È÷ F : A → B ¢�Þ÷ ��

:�î ý¤�Ï �� ¢Â�üõ B ý�ûÝÆ�ê¤�õ �� �¤ A ý�ûÝÆ�ê¤�õ
F (idA) = idFA (1)

À ª� � � µ ª�¢ ü � ã õ g ◦ f � î A ¤¢ g ø f Ý Æ � ê¤� õ ø¢ Â û ý�Â � (2)
.F (g ◦ f) = (Fg) ◦ (Ff)

F Ý�þ�ðüõ ù�Ú÷� F (g ◦ f) = (Ff) ◦ (Fg) Ý�ª�� �µª�¢ (2) üðÄþø ý�� �� Âð�
.´¨� ¢¤ø¢�� ö�Úã��� ×þ

ÓþÂã� 7.1.1
ö� ý�ûÝÆ�ê¤�õ ø ���ª�) ×��î �µ¨¤ ×þ Ã�÷ I ø �µ¨¤ ×þ C Ý��î ­Âê (1
×þ ¥� ´¨� �¤�±ä ,I ÅþÀ÷� �� ô�Âð�þ¢ ×þ ¥� ¤�Ñ�õ .Àª�� (À�µÆû �ä�Þ¹õ
ö�È÷ Ã� ÷ {dt

ij}t ¢�Þ÷ � � �¤ ô�Âð� þ¢ �¤�¬ ßþ� ¤¢ .D : I → C ö�� ö�Úã�� �
.´¨� i tij−→ j ÝÆ�ê¤�õ ù¤�Ú÷ dt

ij : Di → Dj �î Ý�û¢üõ

D ü�øÂ ¡ �b ÷� þ� � ×þ ¥� ¤� Ñ � õ .À ª� � C ¤¢ ô�Â ð� þ¢ × þ D Ý � � î ­Â ê (2
Âû ý�Â � �î ý¤�Ï �� ´¨� {A ti−→ Di}i∈I ö�� �ûÝÆ�ê¤�õ ¥� ù¢�� ÷�¡ ×þ

:Ý�ª�� �µª�¢ tij : i −→ j
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A
fi−→ Di i

fj ↘ ↙ dt
ij ↙ tij

Dj j

.dt
ij ◦ fi = fj :ü�ãþ ¢�ª �¹���

¥� ´Æ�¤�±ä ¢�ªüõ ù¢�¢ ö�È÷ lim→ D �� �î D ö�� ô�Âð�þ¢ ×þ "À�' ¥� ¤�Ñ�õ (3
:Âþ¥ ü÷�ú� ´�¬�¡ �� ,{P πi−→ Di}i∈I ö�� ü�øÂ¡ �b ÷�þ��

ö�� �µØþ ÝÆ�ê¤�õ ×þ ,{A fi−→ Di}i∈I ö�� ÂÚþ¢ ü�øÂ¡ �b ÷� þ� � Âû ý�Â�
.πi ◦ f = fi :i ∈ I Âû ý�Â� �î ý¤�Ï �� Àª�� ¢���õ f : A → P

¢�Þ ÷ � � ø ¢�ªüõ ÓþÂã � À� ö�ðø¢ ö�� �ä � � Ã � ÷ "À½Þû' °��Â � ß�Þû �� (4
.Ý�û¢üõ Çþ�Þ÷ co lim→ D

ÓþÂã� 8.1.1
×þ ¥� ¤�Ñ�õ .À�ª�� ö�Úã�� � ,F, G : A → B ø �µ¨¤ ø¢ B ø A Ý��î ­Âê (1
¥� η = {ηA}A∈A ö�� ý��ó�± ÷¢ ,G ö�Úã�� � �� F ö�Úã�� � ¥� üã�±Ï ÛþÀ±�
Âû ý�Â � ø ηA : FA → GA ,A Âû ý�Â � �î ý¤�Ï � � ´¨� B ý�ûÝÆ� ê¤�õ

:¢�ª �¹��� Âþ¥ ¤�¢�Þ÷ ,A �µ¨¤ ¤¢ f : A → B ÝÆ�ê¤�õ
FA

ηA−→ GA

Ff ↓ ↓ Gf

FB
ηB−→ GB

ßþ� ¤¢ .Àª�� üµ¿þÂØþ ,A Âû ý�Â� ηA ù�ð Âû Ý�þ�ð üã�±Ï üµ¿þÂØþ ×þ �¤ η

.F ≈ G Ý�Æþ�÷üõ ø À�µ¿þÂØþ G ø F Ý�þ�ðüõ �¤�¬
Âû ´¨� üµ¿ þÂØ þ F Ý� þ� ðüõ .Àª� � ö�Úã �� � F : A → B Ý� � î ­Âê (2
ø F ◦ G = idB � î ý¤�Ï � � Àª� � ¢��� õ G : B → A ö�� ü ÷�Ú ã �� � ù� ð

.G ◦ F = idA
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�µ¨¤ ø¢ ß�� ý¥¤�Ýû ,F Ý�þ�ðüõ .Àª�� ö�Úã��� F : A → B Ý��î ­Âê (3
�î ý¤�Ï �� Àª�� �µª�¢ ¢��ø G : B → A ù�ð Âû ´¨�

F ◦G ≈ idB , G ◦ F ≈ idA

ÓþÂã� 9.1.1
üì�½ó� G Ý�þ�ðüõ ,À�ª�� ö�Úã��� ø¢ G : B → A ø F : A → B Ý��î ­Âê (1
â��� ×þ ,B ∈ B ø A ∈ A Âû ý�Â� ù�ð Âû ,G a F Ý�Æþ�÷üõ ø ´¨� F ²�

ö�� üþ�¨ø¢

θA,B : homA(GB, A)
∼−→ homB(B, FA)

,A ø B ¤¢ °��Â� �� ,A f−→ A′ ø B′ g−→ B Âû ý�Â� �î ý¤�Ï �� Àª�� ¢���õ
:¢�ª �¹��� Âþ¥ ¤�¢�Þ÷

GB
α−→ A homA(GB,A)

θA,B−→ homB(B,FA) B
β−→ FA

↓ ↓ ↓ ↓
GB′ f◦α◦Gg−→ A′ homA(GB′, A′)

θA′,B′−→ homB(B′, FA′) B′ Ff◦β◦g−→ FA′

.Ff ◦ θA,B(α) ◦ g = θA′,B′(f ◦ α ◦Gg) ü�ãþ

ÓþÂã� 10.1.1
ø ���ª� ù�ð Âû Ý�þ�ðüõ A �b µ¨¤Âþ¥ ×þ �¤ B .Àª�� �µ¨¤ ×þ A Ý��î ­Âê (1
A°�îÂ� ÛÞä ÀþÀ½� Ã�÷ ö� °�îÂ� ÛÞä ø À�ª�� A ¤¢ üÚÞû B ý�ûÝÆ�ê¤�õ

.Àª�� üØþ A ü÷�Þû �� Ã�÷ ö� ý�ûü÷�Þû ø Àª��
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ë�½ó� i : B → A ñ�Þª ö�Úã��� ù�ð Âû Ý�þ�ð ü¨�Øã÷� �¤ A ¥� B �µ¨¤Âþ¥ (2
B Âð§�Øã÷� ¤�µØ÷�ê ,R �� �¤�¬ ßþ� ¤¢ .Àª�� �µª�¢ R : A → B ö�� ü³�

.Ý�þ�ðüõ A ¤¢

Â þ¥ ô�Ø�� ,�¤�¬ ßþ� ¤¢ .Àª� � A �b µ¨¤Â þ¥ ×þ B Ý��î ­Âê ��Ìì 11.1.1
:À�ó¢�ãõ

.´¨� R Âð§�Øã÷� ý�¤�¢ ø ´¨� A ü¨�Øã÷� �b µ¨¤Âþ¥ B (i

rA : A → R(A) ö�� üÞÆ�ê¤�õ ø R(A) ö�� üÿ�ª ,A ¤¢ A üb ª Âû ý�Â� (ii
×þ ,B ¤¢ f : A → B ö�� ÝÆ�ê¤�õ Âû ý�Â� �î ý¤�Ï �� ¢¤�¢ ¢��ø B ¤¢
ô�Âð�þ¢ �î ý¤�Ï �� Àª�� ¢���õ B �� R(A) ¥� f ö�� ¢Âê �� ÂÊ½�õ ÝÆ�ê¤�õ

:¢�ªüõ �¹��� Âþ¥
A

rA−→ R(A)

f ↘ ↙ f

B

��Ìì 12.1.1
ùb¤�Ú÷ À½Þû �� �¤ ô�Âð�þ¢ ×þ À½Þû ü�ãþ "À�îüõ ÐÔ� �¤ À½Þû' ²� üì�½ó� (1

."À�îüõ ÐÔ� �¤ À�' ´¨�¤ üì�½ó� ø ¢Â�üõ ô�Âð�þ¢ ö�

."À�îüõ ÐÔ� �¤ À½Þû' ,Âð§�Øã÷� ö�Úã��� (2

À½Þû ¥� ü¬�¡ á�÷ �ÂÌÞû) À�îüõ ÐÔ� �¤ �ÂÌÞû ,Âð§�Øã÷� ö�Úã��� (3
.(´¨�
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âõ�� Â±� 2.1
.À��î á��¤ ]12[ �� Ç¿� ßþ� ÂµÈ�� ����Ã� ý�Â�

ÓþÂã� 1.2.1
n ÛÞä ×þ �¤ An f−→ A �¤�¬ �� â��� Âû .Àª�� �ä�Þ¹õ ×þ A Ý��î ­Âê (1

.´¨� ý�Ìä ×� �bä�Þ¹õ A0 ø n ≥ 0 ö� ¤¢ �î ,Ý�þ�ð A ýø¤ üþ��
N ∪ {0} �b ä�Þ¹õ ¥� ý��ó�±÷¢ �� ù�ÂÞû τ ö�� ý��ä�Þ¹õ "�ûÂ±� ö��¥' ×þ (2
×þ λ � î ¢� ªü õ � µ Ô ð ,nλ = n ø λ ∈ τ ù� ð Â û .´¨� {nλ|λ ∈ τ} ö��

.λ ∈ τn Ý�Æþ�÷üõ �þ ø ´¨� üþ�� �n ´õ�ä
ö� ¤¢ �î ,(A, (λA)λ∈τ ) ö�� üû�Úµ¨¢ ¥� ´Æ�¤�±ä τ á�÷ ¥� (âõ��) Â±� ×þ (3

.´¨� A ýø¤ üþ�� nλ ÛÞä ×þ λA ,λ ∈ τ Âû ý�Â� ø ´¨� �ä�Þ¹õ A

ñ�·õ 2.2.1
ø τ = {¦, ()−1,1} ö� ¤¢ � î ,´¨� < G, ()−1,1 > ö�� ýÂ ±� ,ùøÂ ð ×þ (1
ëÀ¬ Âþ¥ ��¢�ãõ ¤¢ ,ùø�ä �� .(2,1,0) ¥� ´Æ�¤�±ä ö� � � ÂÒ�� µõ �b ó� ± ÷¢

.À�îüõ

(x.y).z = x.(y.z) : G1

x.1 = 1.x = x : G2

xx−1 = x−1.x = 1 : G3

�b ó�± ÷¢ ø τ = {∨,∧} ö� ¤¢ �î ,´¨� < L,∨,∧ > ö�� ýÂ±� ,�Ø±Èõ ×þ (2
1.3.0 ÓþÂã� L4 �� L1 ��¢�ãõ ¤¢ Â±� ßþ� ,(2,2) ¥� ´Æ�¤�±ä ö� �� ÂÒ��µõ
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.À�îüõ ëÀ¬

�¤ f : A → B â �� � .À � ª� � τ á� ÷ ¥� Â ± � ø¢ B ø A Ý � � î ­Â ê ÓþÂ ã � 3.2.1
,a1, · · · , an ∈ A ø λ ∈ τn ø n ∈ N Âû ý�Â� ù�ð Âû ,Ý�þ�ðüõ üµ¿þÂÞû

f(λA(a1, · · · , an)) = λB(f(a1), · · · , f(an))

�� ×þ f ù�ð Âû Ý�þ�ð üµ¿þÂØ� �¤ ö� Àª�� �ª�� f ù�ð Âû Ý�þ�ð üµ¿þ¤øÂ� �¤ f

.Àª�� üþ�¨ø¢ ù�ð Âû Ý�þ�ð üµ¿þÂØþ �¤ f üµ¿þÂÞû .Àª�� ×þ

.Àª�� A ýø¤ ý¥¤�Ýû �bÎ��¤ ×þ θ ø τ á�÷ ¥� Â±� ×þ A Ý��î ­Âê ÓþÂã� 4.2.1
ù�ð Âû Ý�þ�ð üµÈú�Þû �¤ θ

:Ý�ª�� �µª�¢ ,aiθbi �î ,b1, · · · , bn, a1, · · · , an ∈ A ø λ ∈ τn ø n ∈ N Âû ý�Â�

λA(a1, · · · , an)θλA(b1, · · · , bn)

�� A/θ ýø¤ �¤ λA/θ ÛÞä ,(n ≥ 0) λ ∈ τn Âû ý�Â � ,Àª� � üµÈú�Þû ×þ θ Âð�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬

λA/θ(a1/θ, · · · , an/θ) =
λA(a1, · · · , an)

θ

.´¨� ÓþÂãµª�¡ ë�ê ÛÞä ,´¨� üµÈú�Þû ×þ θ �î �¹÷� ¥�

ø Àª� � A ýø¤ ý¥¤�Ý û �b Î ��¤ × þ θ ø τ á� ÷ ¥� Â ± � ×þ A Â ð� � �Ì ì 5.2.1
:À�ó¢�ãõ Âþ¥ ô�Ø�� ù�Ú÷� ,Àª�� Âþ�Ê� üã�±Ï â��� γ : A → A/θ

.´¨� A ýø¤ üµÈú�Þû �bÎ��¤ ×þ θ (1

.´¨� üµ¿þÂÞû ×þ γ (2
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�¤�¬ ßþ� ¤¢ a1, · · · , an ∈ A ø λ ∈ τn Ý��î ­Âê (1) ⇒ (2) :��±��
γ (λA(a1, · · · , an)) =

λA(a1, · · · , an)

θ
= λA/θ(a1/θ, · · · , an/θ) = λA/θ(γ(a1), · · · γ(an))

.´¨� üµ¿þÂÞû γ Å�
ß þ� ¤¢ .aiθbi ø b1, · · · , bn, a1, · · · , an ∈ A, λ ∈ τn Ý � � î ­Â ê (2) ⇒ (1)

Å� ,ai/θ = bi/θ �¤�¬
λA(a1, · · · , an)

θ
= γ (λA(a1, · · · , an)) = λA/θ(γ(a1), · · · γ(an))

= λA/θ(γ(b1), · · · , γ(bn)) = γ(λA(b1, · · · , bn))

=
λA(b1, · · · , bn)

θ

2 .´¨� üµÈú�Þû θ Å�

üµ¿þÂÞû ×þ f : A → B ø À�ª�� τ á�÷ ¥� Â±� B ø A Ý��î ­Âê ��Ìì 6.2.1
üµÈú�Þû ×þ Kerf = {(a, b)|f(a) = f(b)}ÓþÂã� �� ,f �b µÆû �¤�¬ ßþ� ¤¢ .Àª��

.´¨� A ýø¤

�¤�¬ ßþ� ¤¢ .λ ∈ τn ø (a1, b1), · · · , (an, bn) ∈ Kerf Ý��î ­Âê :��±��
f(λ(a1, · · · , an)) = λ(f(a1), · · · , f(an)) = λ(f(b1), · · · , f(bn)) = f(λ(b1, · · · , bn))

2.´¨� üµÈú�Þû ×þ Kerf ü�ãþ .λ(a1, · · · , an)(Kerf)λ(b1, · · · , bn) Å�

(üµ¿þÂØþ ý�û��Ìì) ��Ìì 7.2.1
ß�� üþ�ûüµ¿þÂÞû β : A → C ø α : A → B Ý��î ­Âê (�þÃ¹� �b �Ìì ) (1
üµ¿þÂÞû ×þ ,�¤�¬ ßþ� ¤¢ .Kerβ ⊆ Kerα ø À �ª� � τ á� ÷ ¥� ý�ûÂ ±�

.v ◦ β = α �î ý¤�Ï �� ¢¤�¢ ¢��ø v : C → B ö�� ¢Âê �� ÂÊ½�õ
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.Àª�� �ûÂ±� ¥� üµ¿þ¤øÂ� ×þ f : A → B Ý��î ­Âê (üµ¿þÂØþ ñø� �b �Ìì ) (2
ý¤�Ï �� ¢¤�¢ ¢��ø f : A/Kerf → B ö�� üþ�µØþ üµ¿þÂØþ �¤�¬ ßþ� ¤¢

.f(a) = f(a) �î
üµÈú�Þû üþ�û�Î��¤ ψ ⊆ θ ø Â±� ×þ A Ý��î ­Âê (üµ¿þÂØþ ôø¢ �b �Ìì) (3
ýø¤ üµÈú�Þû ×þ θ/ψ = {(a/ψ, b/ψ)|aθb} ,�¤�¬ ßþ� ¤¢ .À�ª�� A ýø¤

.A/ψ
θ/ψ

' A
θ
Ýþ¤�¢ ø ´¨� A/ψ

:��±��
ÓþÂãµª�¡ v �¤�¬ ßþ� ¤¢ .c = β(a) ö� ¤¢ �î v(c) = γ(a) Ý��îüõ ÓþÂã� (1)

.v ◦ β = α �î ´¨� üã��� �ú�� ,ùø�ä �� .´¨� üµ¿þÂÞû ø
¢�ªüõ ´ê�þ �µØþ v ,(1) ´ÞÆì ö¢Â� ¤�î �� ø ,β = γ ø α = f ö¢�¢ ¤�Âì �� (2)

.f = v Ý�û¢üõ ¤�Âì .v ◦ β = α �î
´��� üµ��¤ �� .Ý��îüõ ÓþÂã� f(a/ψ) = a/θ �bÎ��® �� �¤ f : A/ψ → A/θ (3)
üµ¿þÂØþ (2) �� ���� �� Å� .´¨�ª�� üµ¿þÂÞû ×þ f Å� Kerf = θ/ψ ¢�ªüõ
´��� ÝØ� ø f(a/ψ) = a/θ ,a ∈ A Âû ý�Â� �î ´Æû f : A/ψ

θ/ψ
→ A/θ ö�� �µØþ

2 .´¨�

ý�ûüµÈú�Þû ô�Þ� �bä�Þ¹õ Con(A) ø τ á�÷ ¥� Â±� ×þ A Ý��î ­Âê ��Ìì 8.2.1
ø ∧

i∈I

=
⋂

θi ö� ¤¢ �î ,´¨� Ûõ�î �Ø±Èõ ×þ (Con(A),⊆) ù�Ú÷� .Àª�� A ýø¤
∨

i∈I

θi = {(a, b) ∈ A2|∃x0, · · · , xn ∈ A,∃ik ∈ I : x0 = a, xn = b, xkθikxk+1}

Ý��î ´��� ´¨� üê�î :��±��
θ = {(a, b)|∃x0, · · · , xn ∈ A : x0 = a, xn = b, xkθikxk+1 : ik ∈ I}

.´¨� üµÈú�Þû
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ø m ∈ N ¢Â î ­Â ê ö�� �ü õ .(a1, b1), · · · , (an, bn) ∈ θ ø λ ∈ τn Ý � � î ­Â ê
xim = bi ø xi0 = ai � î ý¤�Ï � � ¢¤�¢ ¢��ø 1 ≤ j ≤ m ø 1 ≤ i ≤ n ,xij ∈ A

Å � .λ(x1j, · · · , xnj)θλ(xij+1, · · · , xnj+1) ,j Â û ý�Â � ß þ�Â �� � � .xijθxi(j+1) ø
´ �� � Ý Ø � ø λ(a1, · · · , an) = λ(xi0, · · · , xi0)θλ(xim, · · · , xim) = λ(b1, · · · , bn)

2 .´¨�

ø ¢�ªüõ �µÔð �ûÂ�çµõ �ä�Þ¹õ �î Àª�� �ä�Þ¹õ ×þ X Ý��î ­Âê ÓþÂã� 9.2.1
X ýø¤ τ á�÷ ¥� (ý�ûôÂ � � þ) ý�û�ÜÞ� �ä�Þ¹õ �¤ T (X) .Àª� � �ûÂ ±� ö� �¥ τ

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø Ý�þ�ðüõ
.X ∪ τ0 ⊆ T (X) (1

.λ(p1, · · · , pn) ∈ T (X) ù�Ú÷� ,(n ≥ 0) λ ∈ τn ø p1, · · · , pn ∈ T (X) ù�ð Âû (2
�î ´êÂð ÂÑ÷ ¤¢ τ á�÷ ¥� Â±� ×þ ö���ä �� ö���üõ �¤ T (X) �î ´¨� ¼®�ø
Ý�Æþ�÷üõ p ∈ T (X) ö�� �Ìä Âû ý�Â� .´¨� ùÀª ÓþÂã� (ii) ¤¢ ö� ñ�Þä�
ö� ý�û�ÜÞ� ¤¢ ùÀª �µ ê¤ ¤� î � � Â � ç µ õ Â · î�À� ù�ð Âû ,p = p(x1, · · · , xn)

.Àª�� (x1, · · · , xn)

Âû .Àª�� X ýø¤ τ á�÷ ¥� ý�û�ÜÞ� �ä�Þ¹õ T (X) Ý��î ­Âê ÓþÂã� 10.2.1
�þ p ≈ q ¢�Þ÷ �� �¤ < p, q > �b ó¢�ãõ .Ý�õ�÷üõ �ó¢�ãõ ×þ �¤ T (X) × T (X) �Ìä

.Ý�û¢üõ ö�È÷ p = q

Â±� ×þ A ø X ýø¤ τ á�÷ ¥� �ÜÞ� ×þ p(x1, · · · , xn) Ý��î ­Âê ÓþÂã� 11.2.1
Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ pA : An → A â��� .Àª�� τ á�÷ ¥�

ù�Ú÷� Àª�� xi ö�� Â�çµõ ×þ p Âð� (1)
∀a1, · · · , an ∈ A pA(a1, · · · , an) = ai
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.´¨� ô� i �b Ôó�bõ Âþ�Ê� â��� pA ´ó�� ßþ� ¤¢ ü�ãþ
¤¢ ,λ ∈ τk �î ,Àª�� λ(p1(x1, · · · , xn), · · · , pk(x1, · · · , xn)) �¤�¬ �� p Âð� (2)

�¤�¬ ßþ�

pA(a1, · · · , an) = λA(pA
1 (a1, · · · , an), · · · , pA

k (a1, · · · , an))

Âû À�îüõ ëÀ¬ p ≈ q �b ó¢�ãõ ¤¢ A Ý�þ�ð .Àª�� τ á�÷ ¥� Â±� ×þ A Ý��î ­Âê
.Àª�� ¤�ÂìÂ� pA(a1, · · · , an) = qA(a1, · · · , an) ,a1, · · · , an ∈ A Âû ý�Â� ù�ð

°�Âõ ýÂ±� ý�û¤�µ¡�¨ 3.1
.À��î á��¤ ]10[ �� Ç¿� ßþ� ÂµÈ�� ����Ã� ý�Â�

: Ý��îüõ ÓþÂã� ,a, b ∈ G ø Àª�� üÜ�� ùøÂð-l ,G Âð� üÜ�� ý�úûøÂð-l 1.3.1

a+ = a ∨ 0, a− = (−a) ∨ 0, |a| = a ∨ (−a)

Ýþ¤�¢ �¤�¬ ßþ� ¤¢

a = a+ − a−, |a| = a+ + a−, a+ ∧ a− = 0, |a + b| ≤ |a|+ |b|

´¨� ¤�ÂìÂ� Âþ¥ Í��ø ¤ ,Àª�� üÜ�� ùøÂð-l ×þ G Ý��î ­Âê ��Ìì 2.3.1
(a ∨ b) = (a− b)+ + b (1

2(a ∨ b) = |a− b|+ a + b (2
|na| = |n||a| Ýþ¤�¢ ,n ∈ Z Âû ý�Â� (3

.´Æ�÷ üû��µõ �b ±�Âõ �Ìä º�û ý�¤�¢ G (4
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¢���õ xi ∈ G ù�Ú÷� (1 ≤ i ≤ n) yi ≥ 0 �î 0 ≤ x ≤ y1 + y2 + · · · + yn Âð� (5
.x = x1 + x2 + · · ·+ xn ø 0 ≤ xi ≤ yi �î ý¤�Ï �� ´¨�

(.À��î �ã��Âõ ]10[ Birkhoff ��µî ��) :��±��

¢�Àä� ö�À�õ ýø¤ E ý¤�¢Â� ý�Ìê ,Åþ¤ ý�Ìê ×þ ¥� ¤�Ñ�õ Åþ¤ ý�Ìê 4.3.1
a ≤ b �î r ∈ Q+ ø a, b, c ∈ E Âû ý�Â� �î ≤ ü�Ã� °��Â� ×þ �� ù�ÂÞû ,´¨�þ�ð

.Àª�� Å��� ×þ (E,≤) ø ra ≤ rb ø a + c ≤ b + c Ý�ª�� �µª�¢
: Ý��îüõ ÓþÂã� r ∈ Q ø a, b ∈ E ø Àª�� Åþ¤ ý�Ìê ×þ E Âð�

a+ = a ∨ 0, a− = (−a) ∨ 0, |a| = a ∨ (−a)

Ýþ¤�¢ �¤�¬ ßþ� ¤¢

a = a+ − a−, |a| = a+ + a−, a+ ∧ a− = 0, |a + b| ≤ |a|+ |b|

]13[ .|ra| = |r||a| ¤�Î��Þû ø
ø À ª� � Å þ¤ ý�Ì ê × þ E Â ð� (Å þ¤ .é �b þÃ ¹ � ´ �¬� ¡) � �Ì ì 5.3.1
�� ´¨� ¢���õ xi ∈ E ù�Ú÷� (1 ≤ i ≤ n) yi ≥ 0 �î 0 ≤ x ≤ y1 + y2 + · · · + yn

.x = x1 + x2 + · · ·+ xn ø 0 ≤ xi ≤ yi �î ý¤�Ï
( 3�½Ô¬ ]13[):��±��

ù�ð Âû Ý�þ�ð ñ�Àþ� �¤ E Åþ¤ ý�Ìê ¥� ,I ý¤�¢Â� ý�ÌêÂþ¥ ×þ ÓþÂã� 6.3.1
.Àû¢ �¹�µ÷ �¤ a ∈ I ,b ∈ I ø |a| ≤ |b|

supS �î S ⊆ I Âû ý�Â� ù�ð Âû Ý�þ�ðüõ À÷�� �¤ E Åþ¤ ý�Ìê ¥� I ñ�Àþ� ×þ
.supS ∈ I ,Àª�� ¢���õ

,A ⊆ E Ý��î ­Âê .|a| ∧ |b| = 0 ù�ð Âû a ⊥ b Ý�Æþ�÷üõ ,a, b ∈ E Ý��î ­Âê
.Ý�û¢üõ ö�È÷ A⊥ ¢�Þ÷ �� �¤ {C ∈ E|x ⊥ a,∀a ∈ A} �bä�Þ¹õ
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À÷�� ,B(A) ø ,A ⊆ E ,Àª�� Ûõ�î Åþ¤ ý�Ìê ×þ E À��î ­Âê ��Ìì 7.3.1
E = A⊥ ⊕ B(A) �¤�¬ ßþ� ¤¢ .(A Ûõ�ª ý�ûÀ÷�� �Þ� í�Âµª�) A Í¨�� ùÀª À�ó��

.A⊥⊥ = B(A) ø
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�ÎÖ÷ öøÀ� ý¦�ó���� 4.1
üõ ùÀ�÷��¡ ,Ý��î üõ ¤øÂõ �û ÝþÂê ¢¤�õ ¤¢ �¤ ¸þ�µ÷ ø Óþ¤�ã� ¥� üÌã� ÛÊê ßþ� ¤¢

.À�î �ã��Âõ ]9[ ø ]1[ â��Âõ �� ÂµÈ�� ��ä�Ï� ý�Â� À÷���
x ∈ L ø S ⊆ L Âû ý�Â� ù�ð Âû Ý�þ�ð üõ ÝþÂê ×þ �¤ L Ûõ�î �Ø±Èõ ×þ 1.4.1

Ý�ª�� �µª�¢

x ∧∨
S =

∨{x ∧ s : s ∈ S}

ù�ð Âû Ý�þ�ð üõ üÞþÂê üµ¿þÂÞû �¤ h : L → M .À�ª�� ÝþÂê M ø L Ý��î ­Âê
ý�û üµ¿þÂÞû �� ù�ÂÞû �û ÝþÂê ô�Þ� �µ¨¤ .À�î ÐÔ� �¤ üû��µõ ´�õ ø ù��¿ó¢ ë�½ó�

.Ý�û¢ üõ ö�È÷ Frm �� �¤ üÞþÂê
:¢Â� ô�÷ ö��� üõ ÝþÂê ý�úó�·õ ö���ä �� �¤ Âþ¥ ¢¤��õ

�b Ø±Èõ ø ,Ûõ�î ñ�� ý�ûÂ±� ,Ûõ�î ý�ûÂ�¹÷¥ ,ÂþÁ� âþ¥�� ø üû��µõ ý�û �Ø±Èõ
.X ý¦�ó���� ý�Ìê ×þ ¥�� ý�û �ä�Þ¹õ ô�Þ� ¥� ÛØÈµõ O(X)

�ä�Þ¹õ Âþ¥ ù�Ú÷� a =
∨

S Âð� ù�ðÂû Ý� þ�ð üõ ù¢ÂÈê �¤ a ∈ L �Ìä 2.4.1
.a =

∨
T �î ý¤�Ï �� Àª�� ¢���õ T ö�� S ¥� üû��µõ

üõ ýÂ±� ;Àª�� ù¢ÂÈê e ü�ãþ ö� �Ìä ßþÂµð¤Ã� ù�ðÂû Ý�þ�ð üõ ù¢ÂÈê �¤ L ÝþÂê
.¢�ª �µª�÷ ù¢ÂÈê ý�û�Ìä ë�½ó� �¤�¬ �� ö� �Ìä Âû ù�ðÂû Ý�þ�ð

¥� üì�½ó� �¤�¬ �� ö��µ� �¤ L �Ìä Âû ù�ðÂû Ý�þ�ð üõ ýÂ±� �¤ L ÝþÂê 3.4.1
.´ª�÷ L ù¢ÂÈê ý�û�Ìä

,a, b ∈ L ù¢ÂÈê �Ìä ø¢ Âû ý�Â�ø ýÂ±� ,ù¢ÂÈê ù�ðÂû Ý�þ�ð üõ ´÷Âû�î �¤ L ÝþÂê
.Àª�� ù¢ÂÈê Ã�÷ a ∧ b
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u, v ∈ L ,a ∨ b = e�î a, b ∈ L Âû ý�Â� ù�ðÂû Ý�þ�ð üõ ñ�õÂ÷ �¤ L ÝþÂê 4.4.1
´÷Âû�î ¤�Ï �� �¤ L .u∧ v = 0 ø a∨ u = e = b∨ v �î ý¤�Ï �� À�ª�� �µª�¢ ¢��ø
.Àª�� ñ�õÂ÷ ↓ c ÝþÂê ,c ù¢ÂÈê �Ìä Âû ý�Â� ø Àª�� ´÷Âû�î ù�ðÂû Ý�þ�ð üõ ñ�õÂ÷

Ý�Æþ�÷ üõ ø ,´¨� b Âþ¥ �f õ�î a Ý�þ�ð üõ .Àª�� ÝþÂê ×þ L Ý��î ­Âê 5.4.1
�î ý¤�Ï �� Àª�� �µª�¢ ¢��ø (cnk) k = 0,1, · · · ,2n ö�� ý��ó�±÷¢ ù�ðÂû ,a ≺≺ b

c00 = a, c01 = b, cnk = cn+1,2k, cnk ≺ cn,k+1

.a ≤ b ù�Ú÷� a ≺ b Âð� ø a ≺ b ù�Ú÷� a ≺≺ bÂð� ,a, b ∈ L Âû ý�Â� ß��»Þû
Âþ¥ �f õ�î ý�Ìä� ë�½ó� ö� �Ìä Âû ý�Â� ù�ðÂû Ý�þ�ð üõ ÝÑ�õ �f õ�î �¤ L ÝþÂê

.Àª�� ¢�¡
h(x) = 0 Âð� ù�ðÂû Ý�þ�ð üõ ñ�Ú� �¤ h : M → L üÞþÂê üµ¿þÂÞû 6.4.1
�ª�� h Âð� .x = e ù�Ú÷� h(x) = e Âð� ù�ðÂû Ý�þ�ð üõ ñ�Ú� Ýû ø ,x = 0 ù�Ú÷�

.Ý�þ�ð üõ´ÞÆì �¤�¡ �¤ ö� ,Àª��
ëÀ¬ Âþ¥ ý�ú�ðÄþø ¤¢ ù�ð Âû Ý�þ�ð üõ �µÆû ×þ �¤ n : L → L ´ª�Ú÷ 7.4.1
ý�Â� (N3 ;n(x) ≤ n(y) ù�Ú÷� x ≤ y Âð�(N2 ;x ≤ n(x) ,x ∈ L Âû ý�Â� (N1 À�î

.n(x ∧ y) = n(x) ∧ n(y) (N4 ;n2(x) = n(x) Ý�ª�� �µª�¢ x ∈ L Âû
n : L → Fix(n) ø Fix(n) = {a ∈ L : n(a) = a}ù�Ú÷� Àª�� L ýø¤ �µÆû×þ n Âð�

.´¨� ´ÞÆì �¤�¡ ´ª�Ú÷ ×þ
¤¢ �î Ý�þ�ð üõ Âð á�±ª� �µÆû �¤ ö� �î ´¨� ùÄþø �µÆû ×þ ý�¤�¢ L ù¢ÂÈê ÝþÂê Âû

.¢¤�¢ ü¨�¨� ÇÖ÷ �ÂÏ ßþ�
ù�ðÂû Ý�þ�ð üõ ×��î-a �¤ x .x, a ∈ L ø .Àª�� ù¢ÂÈê ÝþÂê ×þ L Ý��î ­Âê
.s(a) =

∨{x ∈ L|Àª�� ×��î-a,x} Ý�û¢ üõ ¤�Âì .a ∨ y = e ù�Ú÷� x ∨ y = e

: �î ¢�ª üõ ´���
üõ ÓþÂã� �µÆû ×þ s : L → L ´ª�Ú÷ ø ´¨� ×��î-a �Ìä ßþÂµð¤Ã� s(s) (1
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.À�î
Ýû ´ÞÆì �¤�¡ ßþÂµØ��î �ú�� ,s : L → SL ù�Ú÷� SL = Fix(s) Ý�û¢ ¤�Âì Âð� (2

.´¨� L ¥� ñ�Ú�
ñ�Ú� Ýû ø ö�±Æ� Âþ¥ ´ÞÆì �¤�¡ �ú�� s : L → SL ø ´¨� ö�±Æ� Âþ¥ ,SL (3

.´¨� ù¢ÂÈê SL ß��»Þû .´¨�
]4[ .Max(L) = Max(SL) =

∑
(SL) Ýþ¤�¢ ù¢ÂÈê ÝþÂê Âû ý�Â�(4



2 ÛÊê
Åþ¤ ý�û�Ìê ø �úóøÀõ-`

,�úóøÀõ-f ´Æ¿÷ Ç¿� ¤¢ .Ý��îüõ �ãó�Îõ Ç¿� �¨ ¤¢ �¤ �úóøÀõ-` ,ÛÊê ßþ� ¤¢
�ãó�Îõ �¤ �ú÷� ß�� �b Î��¤ ø ,Ý��î üõ ÓþÂã� �¤ �úóøÀõ-f Â��¨ ø ,ý�ì ý�úóøÀõ-`

ôø¢ Ç¿� ¤¢ .À� µÆû ý�� ó¢�ãõ ý�ú¨�î üÚÞû �î Ý��îüõ �Ñ��õ .Ý� �îüõ
�ûÂÆî ñøÀõ �î Ý��îüõ ��±�� .Ý�û¢ üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ �ûÂÆî ý�úóøÀõ-`

� � � � �f õøÃ ó �¤ (`) ý�û� ó¢� ã õ ü óø ¢Â �üõ �¤� � � � þ� � ñøÀõ ¥� �¤ (f) ý�û� ó¢� ã õ
ô�¨ Ç¿� ¤¢ .´¨� ùÀª �µ¡�¨ 4.2.2 ùbÂÊ±� ¤¢ ö� ùÀ��î ¢¤ �b ÷�Þ÷ ,¢Â� üÞ÷ �¤�
�î ,À÷�ªüõ �ãó�Îõ ø ���¤� Åþ¤ ý�Ìê ø �úóøÀõ-` ý�Â� üØþ¦�ó���� ý�û¤�µ¡�¨
ý�û�Ìê ý�Â� ý��ó�±÷¢ À� ý¦�ó���� ø �úóøÀõ-` ý�Â� ´¡���Øþ ý¦�ó���� ¥� À��¤�±ä

.Åþ¤

�û ñøÀõ-l 1.2
ÓþÂã� �¤ ñøÀõ-l �Àµ�� .Ý��îüõ ü¨¤Â� �¤ �úóøÀõ-` ø Åþ¤ ý�û�Ìê ÛÊê ßþ� ¤¢

.Ý��îüõ ¤øÂõ ö� ¢¤�õ ¤¢ �¤ Ýúõ ý�û��Ìì Å³¨ ø Ý��îüõ

21
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�¤ M ñøÀõ-A .Àª�� üþ�¹��� ø ¤�ÀØþ �ÖÜ�-l ×þ A Ý��î ­Âê ÓþÂã� 1.1.2
×þ �¤ M .A+M+ ⊆ M ø Àª�� üþ�¹��� ùøÂð-l ×þ M ù�ðÂû Ý�þ�ð ñøÀõ-l ×þ

.a(m ∧ n) = am ∧ an Ý�ª�� �µª�¢ a ∈ A+ Âû ý�Â� ù�ðÂû Ý�þ�ð ñøÀõ-f

�¤�¬ ßþ� ¤¢ .Àª�� A �ÖÜ�-l ýø¤ ñøÀõ-l ×þ M Ý��î ­Âê (1 ��Ìì 2.1.2
.|am| ≤ |a||m| ;m ∈ M ø a ∈ AÂû ý�Â�

.a(m ∨ n) = am ∨ an ;a ∈ A+ Âû ý�Â� Âð� �ú��ø Âð� ´¨� ñøÀõ-f ×þ M (2
.|am| = a|m| ;a ∈ A+ Âû ý�Â� Âð� �ú��ø Âð� ´¨� ñøÀõ-f ×þ M (3

�Áó a(−m), am ≤ a|m| �¤�¬ ßþ� ¤¢ .a ∈ A+ Ý��î ­Âê �Àµ�� (1) :��±��

|am| = (−am) ∨ am ≤ a|m| = |a||m|

Ýþ¤�¢ .Àª�� ù��¿ó¢ a ∈ A Ý��î ­Âê ñ��
|am| = |(a+−a−)m| ≤ |a+m|+|a−m| ≤ a+|m|+a−|m| = (a++a−)|m| = |a||m|

.´¨� ¼®�ø −(m ∨ n) = (−m) ∧ (−n) �bÎ��¤ �� ���� �� (2)
,a ∈ A+ ø Àª�� ñøÀõ-f ×þ M Ý��î ­Âê (3)

a|m| = a(m ∨ (−m)) = am ∨ (−am) = |am|

.´¨� ñøÀõ-f ×þ M (2) �� ������
Ý��î ­Âê .Àª�� ¤�Âì Â� |am| = a|m| �bÎ��¤ ,a ∈ A+ Âû ý�Â� Ý��î ­Âê ÅØãÜ�

Ýþ¤�¢ .a ∈ A+ ø m,n ∈ M

2a(m ∨ n) = a(|m− n|+ m + n) = |am− an|+ am + an = 2(am) ∨ (an)

Â� ��� a(m ∨ n) = (am) ∨ (an) Ýþ¤�¢ ,´Æ�÷ üû��µõ �b ±�Âõ �Ìä º�û ý�¤�¢ M ö��
.´¨� ñøÀõ-f ×þ M ßþ�
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�¤ f : M → N üµ¿þÂÞû-A .À�ª�� ñøÀõ-lø¢ N ø M Ý��î ­Âê ÓþÂã� 3.1.2
.f(m ∨ n) = f(n) ∨ f(n) ø f(m ∧ n) = f(m) ∧ f(n) ù�ðÂû Ý�þ�ð üµ¿þÂÞû-l

Àª�� üµ¿þÂÞû-l ×þ f Âð� ùÂÊ±� 4.1.2

f(|a|) = |f(a)|, f(a+) = f(a)+, f(a−) = f(a)−

á�÷ ¥� ý� �ó¢�ãõ §�î ×þ ,A �ÖÜ�-l ýø¤ ý�úóøÀõ-f ô�Þ� §�î ÂîÁ� 5.1.2
.´¨� Âþ¥ ý�û �ó¢�ãõ �� +, .,−,∨,∧,0

�úóøÀõ ý�û �ó¢�ãõ (1
(m ∨ n) + p = (m + p) ∨ (n + p) (2

−(m ∨ n) = (−m) ∧ (−n) (3
a(m ∨ n) = (am) ∨ (an) ,a ∈ A+ Âû ý�Â� (4

,b ∈ I ø |a| ≤ |b| ù�ð Âû Ý�þ�ð ñ�Àþ� �¤ M ñøÀõ-l ¥� I ñøÀõÂþ¥ ÓþÂã� 6.1.2
.Àû¢ �¹�µ÷ �¤ a ∈ I

Çþ�Þ÷ L(M) �� �¤ M ý�úó�Àþ� ô�Þ� �b ä�Þ¹õ ,Àª�� ñøÀõ-l ×þ M Ý��î ­Âê
.Ý�õ�÷üõ M �b �óø� Ó�Ï �¤ L(M) .Ý�û¢üõ

�ûÂÆî ñøÀõ-l 2.2
.Ýþ¥�¢Â� üõ �ûÂÆî ñøÀõ-l ü¨¤Â� ø ÓþÂã� �� Ç¿� ßþ� ¤¢
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�ä�Þ¹õ ×þ S ⊆ A+ ø Àª� � ° �Â õ � Ö Ü� ×þ A Ý � � î ­Âê ÓþÂã � 1.2.2
ü�Ã� °��Â� �¤�¬ ßþ� ¤¢ .0 6∈ S �î Àª�� (�µÆ� �Â® �� ´±Æ÷ ø 1 ∈ S)ü�Â®

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ ���¤ S−1A ýø¤ ,≤
ý¤�Ï �� Àª�� ¢���õ w ∈ S ù�ðÂû ;a/s ≤ b/t Ý�þ�ðüõ ,s ∈ S ø a, b ∈ A Âû ý�Â�

.w(sb− at) ≥ 0 �î

�¤�¬ ßþ� ¤¢ S ⊆ A+ ø ´¨� °�Âõ�ÖÜ� ×þ A Ý��î ­Âê ��Ìì 2.2.2
.´¨� °�Âõ �ÖÜ� ×þ S−1A (1

.´¨� °�Âõ ý�û�ÖÜ� üµ¿þÂÞû ×þ i(x) = x/1 �Î��® �� i : A → S−1A â��� (2
.´¨� ñøÀõ-f ×þ S−1A ù�Ú÷� Àª�� ñøÀõ-f ×þ A Âð� (3
.´¨� üµ¿þÂÞû-l ×þ i ù�Ú÷� Àª�� ñøÀõ-f ×þ A Âð� (4

ýø¤ ÓþÂãµª�¡ ü�Ã� °��Â� ×þ leq �b Î��¤ �î Ý��îüõ ´��� �Àµ�� (1) :��±��
ü÷¤�Ö�¢�� ´�¬�¡ ý�Â� .´¨�¤�¢ �¤ ü¨�Øã÷� ´�¬�¡ ≤ �î ´¨� ¼®�ø .´¨� S−1A
�î ý¤�Ï �� ¢¤�¢ ¢��ø w, w′ ∈ S ,�¤�¬ ßþ� ¤¢ a/s ≥ b/t ø a/s ≤ b/t Ý��î ­Âê
�î .a/s = b/t �Áó ww′(ta− sb) = 0 �¹�µ÷ ¤¢ .w′(at− bs) ≥ 0 ø w(bs− at) ≥ 0

.À�îüõ ´��� �¤ ü÷¤�Ö�¢�� ´�¬�¡ ßþ�
ßþ� ¤¢ b/t ≤ c/k ø a/s ≤ b/t Ý��î ­Âê ,ý¤Áð�Â � ´�¬�¡ ��±�� ý�Â� ñ��
Â���� .w′(tc− bk) ≥ 0 ø w(bs− at) ≥ 0 �î ý¤�Ï �� ¢¤�¢ ¢��ø w,w′ ∈ S ,�¤�¬

ßþ�

ww′t(sc− ka) = ww′(stc− skb) + ww′(skb− tka) ≥ 0

.À�îüõ ´��� �¤ ý¤Áð�Â� ´�¬�¡ ßþ� �î .c/k ≤ a/s ü�ãþ
¤¢ .c/k ∈ S−1A ø a/s ≤ b/t Ý��î ­Âê ,A ö¢�� °�Âõ �ÖÜ� ��±�� ý�Â� ñ��

�¤�¬ ßþ�
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w(at− sb) ≤ 0 ⇒ wk2(at− sb + stc− stc ≤ 0

⇒ w(ak2t + stkc− k2sb− sktc) ≤ 0

⇒ w(tk(ak + sc)− sk(bk + tc)) ≤ 0

⇒ (ak + sc)/sk ≤ (bk + tc)/tk

⇒ a/s + c/k ≤ b/t + c/k

�î ý¤�Ï �� À÷¤�¢ ¢��ø w,w′ ∈ S �Áó ,b/t ≥ 0 ø a/s ≥ 0 Ý��î ­Âê ñ��

wb ≥ 0, w′a ≥ 0 ⇒ ww′ab ≥ 0

⇒ (ab)/(st) ≥ 0

⇒ (a/s)(b/t) ≥ 0

.´¨� °�Âõ �ÖÜ� ×þ A �Áó
.´¨� ¼®�ø �î ,x/1 ≤ y/1 ù�Ú÷� x ≤ y Âð� Ý��î ´��� ´Æ�ê�î (2)

.a/s, b/t ∈ S−1A Ý��î ­Âê .´¨� �ÖÜ�-l ×þ S−1A �î Ý��îüõ ´��� �Àµ�� (3)
Ý��îüõ �ä¢�

a/s ∧ b/t = (ta ∧ sb)/(st), a/s ∨ b/t = (ta ∨ sb)/(st)

�Âþ¥ ,b/t, a/s ≤ (ta ∨ sb)/(st) �î Ý��îüõ ���� �Àµ��
t(ta ∨ sb)− stb = t2a ∨ tsb− tsb ≥ 0
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s(ta ∨ sb)− sta = t2b ∨ tsa− tsa ≥ 0

�� À÷¤�¢ ¢��ø w1, w2 ∈ S �¤�¬ ßþ� ¤¢ .a/s, b/t ≤ c/k �î Ý��î ­Âê ñ��
�î ý¤�Ï

w1(sc− ka) ≥ 0, w2(tc− kb) ≥ 0

�¹�µ÷ ¤¢
w1w2stc ≥ w1w2tka, w1w2stc ≥ w1w2skb

�Áó
w1w2stc ≥ w1w2ska ∨ w1w2skb

= w1w2(ta ∨ sb)

�¹�µ÷ ¤¢
w1w2(stc− k(ta ∨ sb)) ≥ 0⇒ c/k ≥ (ta ∨ sb)/st

.a/s ∨ b/t = (ta ∨ sb)/st ßþ�Â���� ø

b/t, a/s ≥ � î Ý � � îü õ � �� � �À µ �� a/s ∧ b/t = (ta ∧ sb)/st �� ± �� ý�Â �
�Âþ¥ ,(ta ∧ sb)/(st)

t(ta ∧ sb)− stb = t2a ∧ tsb− tsb ≤ 0
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s(ta ∧ sb)− sta = t2b ∧ tsa− tsa ≤ 0

�� À÷¤�¢ ¢��ø w1, w2 ∈ S �¤�¬ ßþ� ¤¢ .a/s, b/t ≥ c/k �î Ý��î ­Âê ñ��
�î ý¤�Ï

w1(sc− ka) ≤ 0, w2(tc− kb) ≤ 0

�¹�µ÷ ¤¢
w1w2stc ≤ w1w2tka, w1w2stc ≤ w1w2skb

�Áó
w1w2stc ≤ w1w2ska ∧ w1w2skb

= w1w2(ta ∧ sb)

�¹�µ÷ ¤¢
w1w2(stc− k(ta ∧ sb)) ≤ 0⇒ c/k ≤ (ta ∧ sb)/st

.a/s ∧ b/t = (ta ∧ sb)/st ßþ�Â���� ø

:Ý��îüõ ü¨¤Â� �¤ s−1A ,ö¢�� �ÖÜ�-f ¯Âª ñ��
Ýþ¤�¢ ßþ�Â���� .wc ≥ 0 �î ´Æû ý�w �¤�¬ ßþ� ¤¢ ,c/k ≥ 0 Ý��î ­Âê
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(wc)/(kw)(a/s ∨ b/t)) = (wc)/(wk)((ta ∨ sb)/(st))

= (wtca ∨ wscb)/(wkst)

= w(tca ∨ scb)/(wkst)

= (tca ∨ scb)/(ksb)

= (ca/ks) ∨ (cb/kt)

= (ktca ∨ kscb)/(k2st)

= (tca ∨ scb)/(kst)

ßþ�Â����

c/k(a/s ∨ b/t) = (ca)/ks ∨ (cb/kt)

,Ýþ¤�¢ (3) ¤¢ ∧ ø ∨ ñ�õÂê �� ��� (4)

x/1 ∨ y/1 = (x ∨ y)/1, x/1 ∧ y/1 = (x ∧ y)/1

.À�îüõ ÐÔ� �¤ ∧ ø ∨ ,i ßþ�Â����

Ý þ¤�¢ ∧ ø ∨ ñ�õÂ ê � � ��� � � � ù� Ú ÷� Àª� � � Ö Ü�-f ×þ A Â ð� ùÂÊ± � 3.2.2
Ýþ¤�¢ ¤�Î��Þû ø .a/s ∧ b/s = (a ∧ b)/s ø a/s ∨ b/s = (a ∨ b)/s

|a/s| = (a/s) ∨ (−a/s) = (a ∨ (−a))/s = |a/s|
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(a/s)+ = (a/s) ∨ (0/1) = (a ∨ (0))/s = a+/s

(a/s)− = (−a/s) ∧ (0/1) = ((−a) ∧ 0)/s = a−/s

A ¤¢ ü�Â® �b ä�Þ¹õÂþ¥ ×þ S ø Àª�� �ÖÜ�-f ×þ A Ý��î ­Âê ��Ìì 4.2.2
´Æþ��ÖÜ�-f ×þ S−1A �¤�¬ ßþ� ¤¢ .s ≥ 1 Ý�ª�� �µª�¢ s ∈ S Âû ý�Â� �î Àª��

.L(A) ∼= L(S−1A) �î
φ(J) = S−1J = {a/s|a ∈ �b Î ��® � � φ : L(A) → L(S−1A) â �� � ø¢ :�� ± ��
�Àµ�� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ψ(I) = I ∩ A �bÎ��®�� ψ : L(S−1A) → L(A) ø J, s ∈ S}

�Âþ¥ ,À�ª�� üõ A ø S−1A ý�úó�ùÀþ�-l °��Â� �� I ∩ A ø S−1J �î Ý��îüõ ´ì¢

|x| ≤ |y|, y ∈ I ∩ A

⇒ |x/1| = |x|/1 ≤ |y|/1 = |y/1|, y/1 ∈ I

⇒ x/1 ∈ I

⇒ x ∈ I ∩ A

ø .´¨� A ñ�ùÀþ�-l ,I ∩ A À�îüõ ´��� ßþ� �î

|x/s| ≤ |y/t|, y ∈ S−1J, y ∈ J

⇒ w(s|y| − t|x|) ≥ 0



30 Åþ¤ ý�û�Ìê ø �úóøÀõ-` .1 ÛÊê

⇒ ws|y| ≥ wt|x|) = |wtx|

⇒ wtx ∈ J

⇒ x/s = wtx/wts ∈ S−1J

.´¨� S−1A ñ�ùÀþ�-l ,S−1J À�îüõ ´��� Ã�÷ ßþ� �î
Ýû §�Øãõ â��� ø .À��îüõ ÐÔ� �¤ ⊆ ñ�Þª �bÎ��¤ ψ ø φ �î À��î ���� �õ�¢� ¤¢

:�Âþ¥ À�µÆû ÂÚþ¢

S−1J ∩ A = J, S−1(I ∩ A) = I

J ⊆ S−1J ∩ A, S−1(I ∩ A) ⊆ I �î Ý��îüõ ���� ë�ê �b Î��¤ ø¢ ��±�� ý�Â�
¢��ø s ∈ S ø a ∈ J �¤�¬ ßþ� ¤¢ x ∈ S−1J ∩ A Ý��î ­Âê ö��î� .À�µÆû ¼®�ø
,J ö�� ßþ�Â���� ,|a/s| = |a|/s ≤ |a|Å� ,s ≥ 1 ö�� .a/s = x �î ý¤�Ï �� À÷¤�¢

.´¨� ¤�ÂìÂ� S−1J ∩ A = J ü�ãþ .x ∈ J �¹�µ÷ ¤¢ .a/s ∈ J ,´¨� ñ�ùÀþ�-l

ßþ�Â���� .a ∈ A, s ∈ S �î a/s ∈ I Ý��î ­Âê ,ÂÚþ¢ �bÎ��¤ ��±�� ý�Â�

a = sa/s ∈ I ⇒ a ∈ I ∩ A ⇒ a/s ∈ S−1(I ∩ A)

.S−1(I ∩ A) = I ßþ�Â����
.L(A) ∼= L(S−1A) ø ù¢�� üÞþÂê ý�ûüµ¿þÂÞû ψ ø φ �¹�µ÷ ¤¢

Ý � û¢¤�Â ì ü � ã þ ,Ý þÂ � Ú � ß Ø Þ õ ´ ó� � ß þÂ µ ð¤Ã � �¤ S Â ð� ùÂ Ê ± � 5.2.2
Ûõ�ª �î ´Æþ�ì ý��ÖÜ�-f ßþÂµØ��î S−1A �¤�¬ ßþ� ¤¢ .S = {s ∈ A|s ≥}
ö�È÷ Ã ¢�Þ÷ �� �¤ S−1A ´ó�� ßþ� ¤¢ .¢�ªüõ ù¢�¢ ö�È÷ Àã� �b �Ìì ¤¢ �î .´¨� A

.Ý�÷��¡üõ A ý�ì Çª�� �¤ ö� ø ,Ý�û¢üõ
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¥� Â ð§� Ø ã ÷� × þ â ì�ø ¤¢ ø .´¨� ¤� µ Ø ÷� ê × þ Ã � � A Â Ò� � � � �Ì ì 6.2.2
.Àª��üõ ý�ì ý�û�ÖÜ�-f �� �û�ÖÜ�-f

â �� � �¤�¬ ß þ� ¤¢ .À ª� � ü µ ¿ þÂ Þ û-l ×þ f : A → B Ý � � î ­Â ê :�� ± ��
ÓþÂãµª�¡ â��� ßþ� .Ý��îüõ ÓþÂã� f̃(a/s) = f(a)/f(s) �b Î��® �� �¤ f̃ : Ã → B̃

.À�îüõ ÐÔ� �¤ ñ�Þä� �bÞû f̃ â��� �î Ý��îüõ ´��� ñ�� .f(s) ≥ f(1) = 1 �Âþ¥ ´¨�
:âÞ� ÛÞä ÐÔ�

f̃(a/s + b/t) = f̃((ta + sb)/st)

= (f(t)f(a) + f(s)f(b))/f(s)f(t)

= f(a)/f(s) + f(b)/f(t)

= f̃(a/s) + f̃(b/t)

:�Â® ÛÞä ÐÔ�

f̃((a/s)(b/t) = f̃(ab/st)

= (f(a)f(b))/f(s)f(t)

= (f(a)/f(s))(f(b)/f(t))

= f̃(a/s)f̃(b/t)

:∨ ÛÞä ÐÔ�
f̃(a/s ∨ b/t) = f̃((ta ∨ sb)/st)

= (f(t)f(a) ∨ f(s)f(b))/f(s)f(t)
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= f(a)/f(s) ∨ f(b)/f(t)

= f̃(a/s) ∨ f̃(b/t)

:∧ ÛÞä ÐÔ�

f̃(a/s ∧ b/t) = f̃((ta ∧ sb)/st)

= (f(t)f(a) ∧ f(s)f(b))/f(s)f(t)

= f(a)/f(s) ∧ f(b)/f(t)

= f̃(a/s) ∧ f̃(b/t)

¤�Ñ�õ ßþ� ý�Â� .´¨�¤�¢ �¤ ü÷�ú� ´�¬�¡ i : A → Ã �î Ý��îüõ ´��� ñ��
ßþ� ¤¢ .µ¨� ý�ì �b ÖÜ�-f ×þ B �î Àª�� üµ¿þÂÞû-l ×þ g : A → B Ý��î ­Âê

:Ý��îüõ ÓþÂã� �¤�¬

ḡ : Ã → B; ḡ(a/s) = g(a)g(s)−1

ÓþÂãµª�¡ ḡ ßþ�Â���� .´¨� ÂþÁ� öø¤�ø g(s) ,g(s) ≥ 1 ö�� �î Ý��îüõ ����
.´¨� üµ¿þÂÞû-l ḡ �î Ý��îüõ ´��� ñ�� .´¨�

:âÞ� ÛÞä ÐÔ�

ḡ(a/s + b/t) = ḡ((ta + sb)/st)

= g(ta + sb)g(st)−1
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= (g(t)g(a) + g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 + g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

:�Â® ÛÞä ÐÔ�

ḡ((a/s)(b/t)) = g(ab)g(st)−1

= g(a)g(b)f(s)−1f(t)−1

= g(a)f(s)−1(f(b)f(t)−1

= ḡ(a/s)ḡ(b/t)

:∨ ÛÞä ÐÔ�

ḡ(a/s ∨ b/t) = ḡ((ta ∨ sb)/st)

= g(ta ∨ sb)g(st)−1

= (g(t)g(a) ∨ g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 ∨ g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

:∧ ÛÞä ÐÔ�
ḡ(a/s ∧ b/t) = ḡ((ta ∧ sb)/st)
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= g(ta ∧ sb)g(st)−1

= (g(t)g(a) ∧ g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 ∧ g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

Âû ý�Â� �î Àª�� ö��� h : Ã → B Ý��î ­Âê .´¨�µØþ ḡ �î Ý�û¢üõ ö�È÷ ñ��
:�¤�¬ ßþ� ¤¢ .h(a/1) = g(a) ,a ∈ A

h(a/s) = h((a/1)(1/s) = g(a)h(s−1) = g(a)h(s)−1 = g(a)g(s)−1 = ḡ(a/s)

.´¨� Âð§�Øã÷� ×þ ë�ê ¤�µØ÷�ê Å� .´¨�µØþ üðÄþø ßþ� �� ḡ ßþ�Â����

1/n ,n ∈ N Âû ý�Â� �Âþ¥ Â±�-Q ×þ A ö�� ý�ì �b ÖÜ�-f Âû ùÂÊ±� 7.2.2
�b �Ìì ßþ�Â���� .¢¤�¢ ü�ãõ (m/n)a ;a ∈ A ø m/n ∈ QÂû ý�Â� ßþ�Â���� .¢¤�¢ ü�ãõ
.´¨� Â±�-Q ×þ A �î ¢Âî ­Âê ö��� üõ L(A) �b ãó�Îõ ý�Â� �î À�îüõ ö��� 4.3

.Ýþ¥�¢Â�üõ �ûÂÆî ñøÀõ-l �� ö��î�

ü�Â® �ä�Þ¹õ ×þ S ⊆ A+ ø Àª�� °�Âõ �ÖÜ� ×þ A Ý��î ­Âê ÓþÂã� 9.2.2
,≤ ü�Ã� °��Â� �¤�¬ ßþ� ¤¢ .Àª�� A ýø¤ °�Âõ ñøÀõ ×þ M ø .0 6∈ S �î Àª��

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ ���¤ S−1M ýø¤
ý¤�Ï �� Àª�� ¢���õ w ∈ S ù�ðÂû ;a/s ≤ b/t Ý�þ�ðüõ ,s ∈ S ø a, b ∈ M Âû ý�Â�

.w(sb− ta) ≥ 0 �î
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�b ä�Þ¹õ Âþ¥ ×þ S ⊆ A+ ø Àª�� °�Âõ�ÖÜ� ×þ A Ý��î ­Âê ��Ìì 10.2.2
�¤�¬ ßþ� ¤¢ 0 6∈ S �î Àª�� ü�Â®
.´¨� °�Âõ ñøÀõ ×þ S−1M (1

°�Âõ ý�ûñøÀõ-A üµ¿þÂÞû ×þ i(x) = x/1 �Î��® �� i : M → S−1M â��� (2
.´¨�

.´¨� ñøÀõ-f ×þ S−1M ù�Ú÷� Àª�� ñøÀõ-f ×þ M Âð� (3
.´¨� üµ¿þÂÞû-l-A ×þ i ù�Ú÷� Àª�� ñøÀõ-f ×þ M Âð� (4

ýø¤ ÓþÂãµª�¡ ü�Ã� °��Â� ×þ leq �b Î��¤ �î Ý��îüõ ´��� �Àµ�� (1) :��±��
ü÷¤�Ö�¢�� ´�¬�¡ ý�Â� .´¨�¤�¢ �¤ ü¨�Øã÷� ´�¬�¡ ≤ �î ´¨� ¼®�ø .´¨� S−1M
�î ý¤�Ï �� ¢¤�¢ ¢��ø w, w′ ∈ S ,�¤�¬ ßþ� ¤¢ a/s ≥ b/t ø a/s ≤ b/t Ý��î ­Âê
�î .a/s = b/t �Áó ww′(ta− sb) = 0 �¹�µ÷ ¤¢ .w′(ta− sb) ≥ 0 ø w(sb− ta) ≥ 0

.À�îüõ ´��� �¤ ü÷¤�Ö�¢�� ´�¬�¡ ßþ�
ßþ� ¤¢ b/t ≤ c/k ø a/s ≤ b/t Ý��î ­Âê ,ý¤Áð�Â � ´�¬�¡ ��±�� ý�Â� ñ��
Â���� .w′(tc− kb) ≥ 0 ø w(sb− ta) ≥ 0 �î ý¤�Ï �� ¢¤�¢ ¢��ø w,w′ ∈ S ,�¤�¬

ßþ�
ww′t(sc− ka) = ww′(stc− skb) + ww′(skb− tka) ≥ 0

.À�îüõ ´��� �¤ ý¤Áð�Â� ´�¬�¡ ßþ� �î .c/k ≤ a/s ü�ãþ
¤¢ .c/k ∈ S−1M ø a/s ≤ b/t Ý��î ­Âê ,M ö¢�� °�Âõ ñøÀõ ��±�� ý�Â� ñ��

�¤�¬ ßþ�

w(ta− sb) ≤ 0 ⇒ wk2(ta− sb + stc− stc ≤ 0

⇒ w(k2ta + stkc− k2sb− sktc) ≤ 0
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⇒ w(tk(ka + sc)− sk(kb + tc)) ≤ 0

⇒ (ka + sc)/sk ≤ (kb + tc)/tk

⇒ a/s + c/k ≤ b/t + c/k

�Á ó ,x/t ∈ S−1M ø a/s ∈ S−1A � î x/t ≥ 0 ø a/s ≥ 0 Ý � � î ­Â ê ñ� �
�î ý¤�Ï �� À÷¤�¢ ¢��ø w, w′ ∈ S

wx ≥ 0, w′a ≥ 0 ⇒ ww′ax ≥ 0

⇒ (ax)/(st) ≥ 0

⇒ (a/s)(x/t) ≥ 0

.´¨� °�Âõ �ÖÜ� ×þ M �Áó
.´¨� ¼®�ø �î ,x/1 ≤ y/1 ù�Ú÷� x ≤ y Âð� Ý��î ´��� ´Æ�ê�î (2)

.a/s, b/t ∈ S−1M Ý��î ­Âê .´¨� ñøÀõ-l ×þ S−1M �î Ý��îüõ ´��� �Àµ�� (3)
Ýþ¤�¢ a, b ∈ M Âû ý�Â� Ý��îüõ �ä¢�

a/s ∧ b/t = (ta ∧ sb)/(st), a/s ∨ b/t = (ta ∨ sb)/(st)

�Âþ¥ ,b/t, a/s ≤ (ta ∨ sb)/(st) �î Ý��îüõ ���� �Àµ��

t(ta ∨ sb)− stb = t2a ∨ tsb− tsb ≥ 0
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s(ta ∨ sb)− sta = t2b ∨ tsa− tsa ≥ 0

�� À÷¤�¢ ¢��ø w1, w2 ∈ S �¤�¬ ßþ� ¤¢ .a/s, b/t ≤ c/k �î Ý��î ­Âê ñ��
�î ý¤�Ï

w1(sc− ka) ≥ 0, w2(tc− kb) ≥ 0

�¹�µ÷ ¤¢

w1w2stc ≥ w1w2tka, w1w2stc ≥ w1w2skb

�Áó

w1w2stc ≥ w1w2ska ∨ w1w2skb

= w1w2(ta ∨ sb)

�¹�µ÷ ¤¢

w1w2(stc− k(ta ∨ sb)) ≥ 0⇒ c/k ≥ (ta ∨ sb)/st

.a/s ∨ b/t = (ta ∨ sb)/st ßþ�Â���� ø

b/t, a/s ≥ � î Ý � � îü õ � �� � �À µ �� a/s ∧ b/t = (ta ∧ sb)/st �� ± �� ý�Â �
�Âþ¥ ,(ta ∧ sb)/(st)

t(ta ∧ sb)− stb = t2a ∧ tsb− tsb ≤ 0
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s(ta ∧ sb)− sta = t2b ∧ tsa− tsa ≤ 0

�� À÷¤�¢ ¢��ø w1, w2 ∈ S �¤�¬ ßþ� ¤¢ .a/s, b/t ≥ c/k �î Ý��î ­Âê ñ��
�î ý¤�Ï

w1(sc− ka) ≤ 0, w2(tc− kb) ≤ 0

�¹�µ÷ ¤¢
w1w2stc ≤ w1w2tka, w1w2stc ≤ w1w2skb

�Áó
w1w2stc ≤ w1w2ska ∧ w1w2skb

= w1w2(ta ∧ sb)

�¹�µ÷ ¤¢
w1w2(stc− k(ta ∧ sb)) ≤ 0⇒ c/k ≤ (ta ∧ sb)/st

.a/s ∧ b/t = (ta ∧ sb)/st ßþ�Â���� ø

:Ý��îüõ ü¨¤Â� �¤ s−1M ,ö¢�� ñøÀõ-f ¯Âª ñ��
Ýþ¤�¢ ßþ�Â���� .wa ≥ 0 �î ´Æû ý�w �¤�¬ ßþ� ¤¢ ,a/k ≥ 0 Ý��î ­Âê
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(wa)/(kw)(x/s ∨ y/t)) = (wa)/(wk)((tx ∨ sy)/(st))

= (wtax ∨ wsay)/(wkst)

= w(tax ∨ say)/(wkst)

= (tax ∨ say)/(ksb)

= (ax/ks) ∨ (ay/kt)

= (ktax ∨ ksay)/(k2st)

= (tax ∨ say)/(kst)

ßþ�Â����
a/k(x/s ∨ y/t) = (ax)/ks ∨ (ay/kt)

,Ýþ¤�¢ (3) ¤¢ ∧ ø ∨ ñ�õÂê �� ��� (4)
x/1 ∨ y/1 = (x ∨ y)/1, x/1 ∧ y/1 = (x ∧ y)/1

.À�îüõ ÐÔ� �¤ ∧ ø ∨ ,i ßþ�Â����

-ùÂÊ±� 1.2.2
a/s∨ b/s = (a∨ b)/s Ýþ¤�¢ ∧ ø ∨ ñ�õÂê �� ���� �� ù�Ú÷� Àª�� ñøÀõ-f ×þ M Âð�

Ýþ¤�¢ ¤�Î��Þû ø .a/s ∧ b/s = (a ∧ b)/s ø
|a/s| = (a/s) ∨ (−a/s) = (a ∨ (−a))/s = |a/s|
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(a/s)+ = (a/s) ∨ (0/1) = (a ∨ (0))/s = a+/s

(a/s)− = (−a/s) ∧ (0/1) = ((−a) ∧ 0)/s = a−/s

ý�û�Ìê ø �úóøÀõ-` ýø¤ üØþ¦�ó���� ý�û¤�µ¡�¨ 3.2
Åþ¤

üþ�ÂÚÞû ø ��� ý�û�ó�±÷¢ Û·õ Åþ¤ ý�Ìê ¤¢ ÂÚþ¢ Ý�û�Ôõ üêÂãõ �� ÛÊê ßþ� ¤¢
ý�ûñ�Àþ� Ó�Ï �¹�µ÷ ¤¢ ø �µÆ� ý�úó�Àþ� �ú÷� ¥� ù¢�Ôµ¨� �� ø Ýþ¥�¢Â�üõ ,�û�ó�±÷¢

.Ý�þ�Þ÷üõ üêÂãõ �¤ �µÆ�

.Àª�� Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ÓþÂã� 1.3.2
Àª�� ¤�ÂìÂ � n = 1,2, · · · Âû ý�Â� nx ≤ a Âð� ù�ð Âû Ý�þ�ð ü¨À�Þª¤� �¤ E

.x ≤ 0 ù�Ú÷�
Âð� .xm ≤ xn ,n ≤ m Âû ý�Â� ù�ð Âû Ý� þ�ðüõ üóøÃ÷ �¤ (xn)n≥1 �b ó� ± ÷¢ ×þ
.xn ↓ x Ý�Æþ�÷üõ ù�Ú÷� x = inf{xn|n ≥ 1} ø Àª�� E ¤¢ üóøÃ÷ �ó�±÷¢ ×þ (xn)n≥1

.¢�ªüõ ÓþÂã� ö�ðø¢ �¤�¬ �� Ã�÷ xn ↑ x

�� �þ ø yn → y ,n →∞ üµìø Ý�Æþ�÷ üõ ø Ý�þ�ðüõ y �� �ÂÚÞû �¤ (yn)n≥1 �b ó�±÷¢
�� Àª�� ¢���õ (xn)n≥1 �b ó�±÷¢ ×þ ù�ð Âû Ý�û¢üõ Çþ�Þ÷ o− limn→∞ yn = y ¢�Þ÷

.|yn − y| ≤ xn ,n ∈ N Âû ý�Â� ø xn ↓ 0 �î ý¤�Ï
.Ý�þ�ðüõ ��� �b ó�±÷¢ ×þ �¤ À�î ëÀ¬ xn ↓ 0 ¯Âª ¤¢ �î (xn)n≥1 �b ó�±÷¢



41 Åþ¤ ý�û�Ìê ø �úóøÀõ-` .1 ÛÊê

�î À�ª�� E Åþ¤ ý�Ìê ¤¢ üþ�û�ó�±÷¢ (yn)n≥1 ø (xn)n≥1 Ý��î ­Âê ù¤�Ãð 2.3.2
�¤�¬ ßþ� ¤¢ .α, β ∈ Q ø yn → y ø xn → x ,n →∞ üµìø

o− limn→∞(αxn + βyn) = αx + βy (1

o− limn→∞(xn ∨ yn) = x ∨ y ø o− limn→∞(xn ∧ yn) = x ∧ y (2

¤�µÆ� �¤�¬ ßþ� ¤¢ Àª�� Åþ¤ ý�Ìê ×þ E ø A ⊆ E Ý��î ­Âê ÓþÂã� 3.3.2
�î Ý��îüõ ÓþÂã� a = o− limn→∞ αn ô�Þ� �b ä�Þ¹õ Ý�û¢üõ Çþ�Þ÷ A ¢�Þ÷ �� �¤ A

.A = A ù�ð Âû Ý�þ�ð �µÆ� �¤ A .an ∈ A

À�îüõ ëÀ¬ Âþ¥ ß�÷��ì ¤¢ ,3.3 ¤¢ ¤�îÁõ ýÂ�ð ¤�µÆ� ùÂÊ±� 4.3.2
.A ⊆ B ù�Ú÷� A ⊆ B Âð� (3) A = A (2) A ⊆ A (1)

À÷�� ×þ B ø E ¥� ñ�Àþ� ø¢ J ø I ø Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ��Ìì 5.3.2
�¤�¬ ßþ� ¤¢ Àª�� E ¥�

.´¨� ñ�Àþ� ×þ Ã�÷ I (1

.´¨� À÷�� ×þ I ù�Ú÷� Àª�� ÂÔ¬�÷ ��� �b ó�±÷¢ ×þ ý�¤�¢ E Âð� (2

.´¨� À÷�� ×þ B (3

.I ∩ J = I ∩ J (4

.´¨� E ý¤�¢Â� ý�ÌêÂþ¥ I �î ´¨� ¼®�ø 2.3 ùb¤�Ãð ¥� ù¢�Ôµ¨� �� (1) :��±��
� � ¢¤�¢ ¢� �ø an ∈ J ß þ�Â �� � � .a ∈ J ø 0 < x ≤ |a| Ý � � î ­Â ê
�Á ó .0 − limn→∞ |an| = |a| � ¹ � µ ÷ ¤¢ .0 − limn→∞ an = a � î ý¤� Ï
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.|an| ∧ x ∈ J ,n Âû ý�Â� �Âþ¥ x ∈ J ßþ�Â���� x = |a| ∧ x = 0− limn→∞(|an| ∧ x)

ß þ�Â �� � � (0 ≤ x+ ≤ |x| �Â þ¥) |x|, x+ ∈ J ù� Ú ÷� a ∈ J ø |x| ≤ |a| Â ð�
.´¨� ñ�Àþ� ×þ J Å� x = 2x+ − |x| ∈ J

ø S ⊆ I Ý��î ­Âê .an ↓ 0 �î Àª� � E ¥� ý�� ó� ± ÷¢ (an)n≥1 Ý��î ­Âê (2)
ÓþÂã � Õ±Ï ßþ�Â �� � � x − an < x Ýþ¤�¢ n ≥ 1 Âû ý�Â � .Àª� � ¢���õ x = supS

.xan ≤ sn ≤ x �î ý¤�Ï �� ´¨� ¢���õ sn ∈ S ,supS

.x ∈ I �¹�µ÷ ¤¢ x = o− limn→∞ sn ßþ�Â���� 0 ≤ x− sn ≤ an �¹�µ÷ ¤¢
.´Æ� ÷ ÂÔ¬� ÷ �� � �b ó� ± ÷¢ ý�¤�¢ E �î ¢Âî ­Âê ö�� �üõ (2) � � ��� � � � (3)

.´¨� À÷�� ×þ B = B ßþ�Â����
x = o− limn→∞ an ù�Ú÷� x ∈ I ∩J Ý��î ­Âê .´¨� ¼®�ø I ∩J ⊇ I ∩ J (4)

.(n ∈ N) bn ∈ J .an ∈ I ö� ¤¢ �î x = o− limn→∞ bn ø
.x− = o− limn→∞ a−n = o− lim b−n ø x+ = o− limn→∞ a+

n = o− lim b+
n ßþ�Â����

x+, x− ∈ I ∩ J �¹�µ÷ ¤¢ x− = o− limn→∞ a−n ∧b−n ø x+ = o− lim a+
n ∧b+

n �¹�µ÷ ¤¢
.I ∩ J = I ∩ J �¹�µ÷ ¤¢ .x = x+ − x− ∈ I ∩ J �Áó



3 ÛÊê
�ÎÖ÷ öøÀ� ý�úÔ�Ï

ÛÞ�î Ó�Ï �bÎÖ÷ öøÀ� �¤�¬ 1.3
�� �¤ E ý�úó�Àþ� ô�Þ� �b ä�Þ¹õ Àª�� Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ÓþÂã� 1.1.3

.Ý�õ�÷üõ E �b �óø� Ó�Ï �¤ L(E) .Ý�û¢üõ Çþ�Þ÷ L(E)

.Àª�� Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ��Ìì 2.1.3
.´¨� ÝþÂê ×þ ⊆ �� ù�ÂÞû L(E) (1

.E = [a] �î ý¤�Ï �� Àª�� ¢���õ a ∈ E Âð� �ú�� ø Âð� ´¨� ù¢ÂÈê I ∈ L(E) (2

�±ª Ûõ�î Å��� ×þ L(E) ü�ãþ .´¨� I ÝÞµõ �±ª I⊥ ,I ∈ L(E) Âû ý�Â� (3
.I∗ = I⊥ �î ´¨� ¤�¢ ÝÞµõ
:Ýþ¤�¢ Àª�� Ûõ�î E Âð� ø

.Àª�� À÷�� ×þ I Âð� �ú�� ø Âð� ´¨� ÝÞµõ ý�¤�¢ I ∈ L(E) (4

.´¨� ö�µ¨� Â±� ×þ L(E) (5

43
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:��±��
� î ´¨� ¼®�ø .Àª� � E ý�ú ó�À þ� ¥� ý�ù¢�� ÷� ¡ {Hi|i ∈ I} Ý � � î ­Âê (1)
Ý � û¢üõ ö�È ÷ ´¨� Û õ� î Å� �� ×þ L(E) ßþ�Â �� � � .´¨� ñ�À þ� × þ ⋂

i∈I Hi

.´¨� ñ�Àþ� ×þ ∑
Hi Ý�û¢ ö�È÷ ´Æ�ê�î ,∨i∈I Hi =

∑
i∈I Hi

.(1 ≤ k ≤ n) hk ∈ Hik � î |a| ≤ |h1 + · · · + hn| ,a ∈ E Ý � � î ­Â ê
0 ≤ xi ≤ |hi| ,Å þ¤ � þÃ ¹ � ´ �¬� ¡ Õ ± Ï Å � .|a| ≤ |h1| + · · · + |hn| ù� Ú ÷�
Å � À � µ Æ û ñ�À þ� � û Hi ö� � .|a| = x1 + · · · + xn � î ý¤� Ï � � À ÷¢� �� õ
�Á ó a+ ∈ ∑

i∈I Hi � î ¢� ªü õ ´ �� � ° � �Â � ß � Þ û � � .|a| ∈ ∑
i∈I Hi ø xi ∈ Hi

.´¨� ñ�Àþ� ×þ ∑
Hi ü�ãþ .a = 2a+ − |a| ∈ ∑

i∈I Hi

H ∩∑
i∈I Hi =

∑
i∈I H ∩Hi Ý��îüõ ´��� ,L(E) ö¢�� ÝþÂê ��±�� ý�Â� ñ��

Ý � � î ­Â ê .´ ¨� ¼ ®�ø ∑
i∈I H ∩ Hi ⊆ H ∩ ∑

i∈I Hi .H ∈ L(E) ö� ¤¢ � î
n = 2 Âð� .hk ∈ Hik �î |x| = h1 + · · · + hn ø x ∈ H ßþ�Â���� .x ∈ H ∩∑

i∈I Hi

Ýþ¤�¢ Àª��

|x| = |x| ∧ (h1 + h2) ≤ (2|x|) ∧ (|x|+ h1) ∧ (|x|+ h2) ∧ (h1 + h2)

= (|x|+ |x| ∧ h1) ∧ (h2 + |x| ∧ h1)

= |x| ∧ h1 + |x| ∧ h2 ∈
∑

i∈I

H ∩Hi

Ýþ¤�¢ n ýø¤ ��ÂÖµ¨� ¥� ù¢�Ôµ¨� �� ßþ�Â����

|x| = |x| ∧ (h1 + · · ·+ hn) ≤ |x| ∧ u1 + · · ·+ |x| ∧ un ∈
∑

i∈I

H ∩Hi

x ∈ ∑
i∈I H ∩Hi ´¨� ñ�Àþ� ×þ ∑

i∈I H ∩Hi ö�� ø |x| ∈ ∑
i∈I H ∩Hi �¹�µ÷ ¤¢

.À�îüõ Ûõ�î �¤ L(E) ö¢�� ÝþÂê ��±�� ßþ�
� î ¢� ªü õ �¹ � µ ÷ I =

∑
a∈I [a] ¥� ß þ�Â �� � � À ª� � ù¢Â È ê I Ý � � î ­Â ê (2)

�Â þ¥ I = [a1] + · · · + [an] = [|a1| ∨ · · · ∨ |an|] � î ý¤� Ï � � À ÷¤�¢ ¢� �ø ai ∈ I
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a = |a1| ∨ · · · ∨ |an| Ý�û¢üõ ¤�Âì .´¨� ¤�ÂìÂ� a, b ∈ E Âû ý�Â� [a]+ [b] = [|a| ∨ |b|]
.I = [a] ßþ�Â����

�î ¢Âî ­Âê ö��� üõ .I =
∨

α∈Λ Iα =
∑

α∈Λ Iα ø I = [a] Ý��î ­Âê ,ÅØäÂ�
.Iα = [aα] �î ý¤�Ï �� ´¨� ¢���õ aα ∈ I

� î ý¤� Ï � � ´ ¨� ¢� �� õ 0 ≤ ut ∈ [aαt ] ß þ�Â �� � � .[a] =
∑

α∈Λ[aα] Å �
�î ´¨� ¼®�ø .|a| = u1 + · · ·+ uk

[a] ⊆ [u1] + · · ·+ [uk] ⊆ [aα1 ] + · · ·+ [aαk
] ⊆ [a]

.´¨� ù¢ÂÈê I ü�ãþ ,I =
∨k

t=1[aαt ] ßþ�Â����
«�¡ ´ó�� ¤¢ |x| ∧ |y| = 0 ,y ∈ I Âû ý�Â� �Áó .x ∈ I ∩ I⊥ Ý��î ­Âê (3)

.I ∩ I⊥ = 0 ü�ãþ .x = 0Å� |x| = 0 �¹�µ÷ ¤¢ |x| ∧ |x| = 0

Å� |x| ∧ |y| ∈ I ∩ J Ýþ¤�¢ y ∈ I Âû ý�Â� .x ∈ J ø I ∩ J = 0 Ý��î ­Âê ñ��
�î À�îüõ ´��� ßþ� .J ⊆ I⊥ ßþ�Â���� .x ∈ I⊥ �¹�µ÷ ¤¢ .x ⊥ y ü�ãþ |x| ∧ |y| = 0

.´¨� I ÝÞµõ �±ª ,I⊥
Âð� �ú�� ø Âð� ´¨� ÝÞµõ ý�¤�¢ I Å� ,I⊥ = I∗ ö�� .I ∈ L(E) Ý��î ­Âê (4)

.I ⊕ I⊥ = I + I⊥ = I ∨ I⊥ = E

Â ð� � ú � � ø Â ð� ´¨� Ý Þ µ õ ý�¤�¢ I ß þ�Â �� � � ,E = B(I) ⊕ I⊥ Â Ú þ¢ éÂ Ï ¥�
I = B(I) Âð� �ú�� ø Âð� ´¨� ÝÞµõ ý�¤�¢ I ,I ⊆ B(I) ö�� I ⊕ I⊥ = B(I) ⊕ I⊥

.Àª�� À÷�� ×þ I Âð� �ú�� ø Âð� ü�ãþ
¤�ÂìÂ� I∗ ∨ I∗∗ = eL(E) ,I ∈ L(E) Âû ý�Â� ßþ�Â���� .E = I⊥ ⊕ I⊥⊥ Ýþ¤�¢ (5)

.´¨� ö�µ¨� Â±� ×þ ,L(E) ßþ�Â���� ´¨�

ù�ð Âû Ý�þ�ð ¤�À÷�Âî �¤ E .Àª�� Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ÓþÂã� 3.1.3
.E = [u] �î ý¤�Ï �� Àª�� ¢���õ u ≥ 0
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��Ìì 4.1.3
r ∈ Q ,a ∈ E Âû ý�Â� �î Àª�� ¢���õ u ∈ E+ Âð� �ú�� ø Âð� ´¨� ¤�À÷�Âî E (1

.|a| ≤ r|u| �î ý¤�Ï �� Àª�� ¢���õ
.´¨� ýÂ±� ÝþÂê ×þ L(E) (2

.Àª�� ¤�À÷�Âî E Âð� �ú�� ø Âð� ´¨� ù¢ÂÈê L(E) (3

.¢�ªüõ �¹�µ÷ ÓþÂã� ¥� üµ��Â� (1):��±��
.¢�ªüõ �¹�µ÷ 2.1.3 �b �Ìì ¥� Ã�÷ (3) ,¢�ªüõ �¹�µ÷ 2.1.3 �b �Ìì ¥� (2)

,b ∈ I ø |a| ≤ |b| ù�ð Âû Ý�þ�ð ñ�Àþ� �¤ M ñøÀõ-l ¥� I ñøÀõÂþ¥ ÓþÂã� 5.1.3
.Àû¢ �¹�µ÷ �¤ a ∈ I

Çþ�Þ÷ L(M) �� �¤ M ý�úó�Àþ� ô�Þ� �b ä�Þ¹õ ,Àª�� ñøÀõ-l ×þ M Ý��î ­Âê
.Ý�õ�÷üõ M �b �óø� Ó�Ï �¤ L(M) .Ý�û¢üõ

��Ìì 6.1.3
.Àª�� ñøÀõ-l ×þ M Ý��î ­Âê

.´¨� ÝþÂê ×þ ⊆ �� ù�ÂÞû L(M) (1
� î ý¤� Ï � � À ª� � ¢� �� õ m ∈ M Â ð� � ú � � ø Â ð� ´¨� ù¢Â È ê I ∈ L(M) (2

.M = [m]

:��±��
�î ´¨� ¼®�ø .Àª� � M ý�ú ó�À þ� ¥� ý�ù¢�� ÷�¡ {Hi|i ∈ I} Ý� � î ­Âê (1)
Ý � û¢üõ ö�È ÷ ´¨� Ûõ� î Å� �� ×þ L(M) ßþ�Â �� � � .´¨� ñ�À þ� ×þ ⋂

i∈I Hi

.´¨� ñ�Àþ� ×þ ∑
Hi Ý�û¢ ö�È÷ ´Æ�ê�î ,∨i∈I Hi =

∑
i∈I Hi
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.(1 ≤ k ≤ n) hk ∈ Hik � î |m| ≤ |h1 + · · · + hn| ,m ∈ M Ý � � î ­Â ê
0 ≤ xi ≤ |hi| ý¤ø�¢� þ ¤¢ (5)� �Ì ì Õ ± Ï Å � .|m| ≤ |h1| + · · · + |hn| ù� Ú ÷�
Å � À � µ Æ û ñ�À þ� � û Hi ö� � .|m| = x1 + · · · + xn � î ý¤� Ï � � À ÷¢� �� õ
�Á ó m+ ∈ ∑

i∈I Hi � î ¢�ªüõ ´�� � °� �Â � ß �Þû � � .|m| ∈ ∑
i∈I Hi ø xi ∈ Hi

.´¨� ñ�Àþ� ×þ ∑
Hi ü�ãþ .m = 2m+ − |m| ∈ ∑

i∈I Hi

H ∩∑
i∈I Hi =

∑
i∈I H ∩Hi Ý��îüõ ´��� ,L(M) ö¢�� ÝþÂê ��±�� ý�Â� ñ��

Ý � � î ­Â ê .´ ¨� ¼®�ø ∑
i∈I H ∩ Hi ⊆ H ∩ ∑

i∈I Hi .H ∈ L(M) ö� ¤¢ � î
n = 2 Âð� .hk ∈ Hik �î |x| = h1 + · · · + hn ø x ∈ H ßþ�Â���� .x ∈ H ∩∑

i∈I Hi

Ýþ¤�¢ Àª��

|x| = |x| ∧ (h1 + h2) ≤ (2|x|) ∧ (|x|+ h1) ∧ (|x|+ h2) ∧ (h1 + h2)

= (|x|+ |x| ∧ h1) ∧ (h2 + |x| ∧ h1)

= |x| ∧ h1 + |x| ∧ h2 ∈
∑

i∈I

H ∩Hi

Ýþ¤�¢ n ýø¤ ��ÂÖµ¨� ¥� ù¢�Ôµ¨� �� ßþ�Â����

|x| = |x| ∧ (h1 + · · ·+ hn) ≤ |x| ∧ u1 + · · ·+ |x| ∧ un ∈
∑

i∈I

H ∩Hi

x ∈ ∑
i∈I H ∩Hi ´¨� ñ�Àþ� ×þ ∑

i∈I H ∩Hi ö�� ø |x| ∈ ∑
i∈I H ∩Hi �¹�µ÷ ¤¢

.À�îüõ Ûõ�î �¤ L(M) ö¢�� ÝþÂê ��±�� ßþ�
� î ¢� ªü õ �¹ � µ ÷ I =

∑
m∈I [m] ¥� ß þ�Â �� � � À ª� � ù¢Â È ê I Ý � � î ­Â ê (2)

I = [m1] + · · · + [mn] = [|m1| ∨ · · · ∨ |mn|] � î ý¤� Ï � � À ÷¤�¢ ¢� �ø mi ∈ I

Ý � û¢ü õ ¤�Â ì .´ ¨� ¤�Â ìÂ � m,n ∈ M Â û ý�Â � [m] + [n] = [|m| ∨ |n|] �Â þ¥
.I = [m] ßþ�Â���� m = |m1| ∨ · · · ∨ |mn|

�î ¢Âî ­Âê ö��� üõ .I =
∨

α∈Λ Iα =
∑

α∈Λ Iα ø I = [m] Ý��î ­Âê ,ÅØäÂ�
.Iα = [mα] �î ý¤�Ï �� ´¨� ¢���õ mα ∈ I
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� î ý¤� Ï � � ´¨� ¢� �� õ 0 ≤ ut ∈ [mαt ] ß þ�Â �� � � .[m] =
∑

α∈Λ[mα] Å�
�î ´¨� ¼®�ø .|m| = u1 + · · ·+ uk

[m] ⊆ [u1] + · · ·+ [uk] ⊆ [mα1 ] + · · ·+ [mαk
] ⊆ [m]

.´¨� ù¢ÂÈê I ü�ãþ ,I =
∨k

t=1[mαt ] ßþ�Â����

u ≥ 0 ù�ð Âû Ý�þ�ð ¤�À÷�Âî �¤ M .Àª�� ñøÀõ-l ×þ M Ý��î ­Âê ÓþÂã� 7.1.3
.M = [u] �î ý¤�Ï �� Àª�� ¢���õ

��Ìì 8.1.3
,m ∈ M Âû ý�Â � � î Àª� � ¢��� õ u ∈ M+ Â ð� � ú � � ø Â ð� ´¨� ¤�À ÷�Â î M (1

.|m| ≤ a|u| �î ý¤�Ï �� Àª�� ¢���õ a ∈ A+

.´¨� ýÂ±� ÝþÂê ×þ L(M) (2

.Àª�� ¤�À÷�Âî M Âð� �ú�� ø Âð� ´¨� ù¢ÂÈê L(M) (3

.¢�ªüõ �¹�µ÷ ÓþÂã� ¥� üµ��Â� (1):��±��
7.1.3 �b �Ìì ø ý¤�À÷�Âî ÓþÂã� ¥� Ã�÷ (3) ø ,¢�ªüõ �¹�µ÷ 7.1.3 �b �Ìì ¥� (2)

.¢�ªüõ �¹�µ÷

M �¤�¬ ßþ� ¤¢ .Àª�� A �b ÖÜ�-l ýø¤ ñøÀõ-l ×þ M Ý��î ­Âê Ýó 9.1.3
.[m] ∩ [n] = [m ∧ n] Ý�ª�� �µª�¢ m, n ∈ M+ Âû ý�Â� Âð� �ú�� ø Âð� ´¨� ñøÀõ-f

�Î ��¤ .m, n ∈ M+ Ý � � î ­Â ê .Àª� � ñøÀ õ-f ×þ M Ý � � î ­Â ê :�� ± ��
.´¨� ¼®�ø [m ∧ n] ⊆ [m] ∩ [n]
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,|x| ≤ am, bn �î ý¤�Ï �� À÷¢���õ a, b ∈ A+ ßþ� Â���� .x ∈ [m] ∩ [n] Ý��î ­Âê
.x ∈ [m ∧ n] �¹�µ÷¤¢ .|x| ≤ a′m ∧ a′n = a′(m ∧ n) Ýþ¤�¢ ,a′ = a + b Ý�ûÀ�õ ¤�Âì

.À�î üõ ��±�� �¤ [m] ∩ [n] = [m ∧ n] ýø�Æ� ßþ�
ý�Â� ýø�Æ� ßþ� Õ±Ï .Àª�� ¤�Âì Â� m,n ∈ M+ Âû ý�Â� ýø�Æ� Ý��î ­Âê ,ÅØä Â�
Ý� �î ­Âê ñ�� .am ∧ an = 0 Ýþ¤�¢ ,m ∧ n = 0 �î m,n ∈ M+ ø a ∈ A+ Âû

Ýþ¤�¢ ,m,n ∈ M+ ø a ∈ A+

(m− (m ∧ n)) ∧ (n− (m ∧ n)) = (m ∧ n)− (m ∧ n) = 0

Ýþ¤�¢ Û±ì �Î��¤ Â���� �¹�µ÷ ¤¢
0 = a(m− (m ∧ n)) ∧ a(n− (m ∧ n)) = (am− a(m ∧ n)) ∧ (an− a(m ∧ n))

= (am ∧ an)− a(m ∧ n)

.´¨� ñøÀõ-f ×þ M ü�ãþ (am ∧ an) = a(m ∧ n) ßþ� Â����

�¤�¬ ßþ� ¤¢.Àª��A �b ÖÜ�-l ýø¤ ñøÀõ-f ×þ M Ý��î ­Âê 10.1.3 ��Ìì
.´¨� ñ�õÂ÷ ´÷Âû�î ¤�Ï �� L(M)

L(M) Û±ì Ýó �� ��� ,À�µÆû [m] �¤�¬ �� L(M) ù¢ÂÈê ý�û�Ìä ö�� :��±��
I + J = [m] Ý��î ­Âê .Ý��î üõ ü¨¤Â� �¤ ö� ö¢�� ñ�õÂ÷ ¯Âª ñ�� .´¨� ´÷Âû�î
�î ý¤�Ï �� À÷¤�¢ ¢��ø m2 ∈ J ø m1 ∈ I Å� .m ∈ E+ ø I, J ∈ L(M) ö� ¤¢ �î
.v = |m1| − |m1| ∧ |m2| ø u = |m2| − |m1| ∧ |m2| Ý�û¢ üõ ¤�Âì .m = m1 + m2

ÂÚþ¢ éÂÏ ¥� .I + [u] ⊆ [m] ßþ� Â���� ø u ∈ J Ýþ¤�¢

m = |m| ≤ |m1|+ |m2| = (|m1|+ |m1| ∧ |m2|) + u

�î ¢�ª üõ ´�� � °��Â � ß�Þû �� .[m] = I + [u] ü�ãþ .m ∈ I + [u] ßþ� Â � � � �
Ýþ¤�¢ ß��»Þû .[m] = J + [v]

u∧v = (|m1|−|m1|∧|m2|)∧(|m2|−|m1|∧|m2|) = |m1|∧|m2|−|m1|∧|m2| = 0
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.À�î üõ ��±�� �¤ ��Ìì ßþ� .[u] ∩ [v] = [u ∧ v] = 0 �Áó

ñ�Þ�Æî�õ Ó�Ï �bÎÖ÷ öøÀ� �¤�¬ 2.3
.[a] ∩ [b] = [a ∧ b] Ýþ¤�¢ ,a, b ∈ E+ Âû ý�Â� ø E Åþ¤ ý�Ìê Âû ý�Â� Ýó 1.2.3

Ý��î ­Âê .´¨� ¼®�ø [a] ∧ [b] ⊇ [a ∧ b] :��±��
Ý�û¢üõ ¤�Âì .|x| < ra, sb �î ý¤�Ï �� ´¨� ¢���õ r, s ∈ Q+ Å� .x ∈ [a] ∩ [b]

.À�îüõ ´��� �¤ Ýó ßþ� .x ∈ [a∧b] �¹�µ÷ ¤¢ .|x| ≤ r′a∧r′b Ýþ¤�¢ ßþ�Â���� .r′ = r+s

ý¤�Áð¢�Þ÷ 1.2.3
Ý��î ­Âê .Àª�� u > 0 �î E = [u] ø Àª�� ¤�À÷�Âî Åþ¤ ý�Ìê ×þ E Ý��î ­Âê

.Ý�û¢üõ ö�È÷ p �� �¤ pu Ý��îüõ ÓþÂã� �¤�¬ ßþ�¤¢ p ∈ Q

SL(E) �¤�¬ ßþ� ¤¢ .Àª�� ¤�À÷�Âî Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ��Ìì 2.2.3
.´¨� ÝÑ�õ �f õ�î

0 < p ≤ 1 ¤¢ �î p ý�þ�ð ¢Àä ø a ∈ E Âû ý�Â� �î Ý��îüõ ´��� �Àµ�� :��±��
.[(a− p)+] << [a] Ýþ¤�¢ L(E) ¤¢ À�î ëÀ¬

[(a− p)+] < [(a− q)+] Ýþ¤�¢ 0 < p < q Âû ý�Â� Ý��îüõ ´��� ¤�Ñ�õ ßþ� ý�Â�

(a− q)+ + (a− p)− = (a− q) ∨ 0+ (p ∨ a) ∨ 0

= (a ∨ q)− q + (p ∨ a)
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= 0 ∨ (q − a) + (p− q) ∨ (a− q)

≥ p− q = p− q > 0

�¹�µ÷ ¤¢

[(a− q)+] + [(a− p)] ⊇ [(a− q)+ + (a− p)−] ⊇ [p− q] = E

[(a − p)+] ∩ [(a − p)−] = 0 �¹� µ ÷ ¤¢ .(a − p)+ ∧ (a − p)− = 0 ÂÚ þ¢ éÂÏ ¥�
.[(a− p)+] ≺ [(a− q)+] Ýþ¤�¢ ßþ�Â����

,J ∈ SL(E) Âû ý�Â � ö�� .´¨� ÝÑ�õ �f õ�î SL(E) �î Ý�û¢üõ ö�È÷ ñ��
(SL(E) ¤¢) J = s(J) =

∨{s[a]|a ∈ J+} Ýþ¤�¢ .(L(E) ¤¢) J =
⋃{[a]|a ∈ J+}

s[a] =
∨{s[(a − p)+]|0 < p ≤ 1} ,a ∈ E+ Âû ý�Â� Ý��î ´��� ´Æ�ê�î �½�µ÷ ¤¢

ö� ¤¢ � î s[a] = s(I) Ý � � î ´ �� � ´ ¨� ü ê� î ü � ã þ .´ ¨� ¤�Â ìÂ � SL(E) ¤¢
´��� ´¨� üê�î ßþ�Â���� .´¨� ¼®�ø s(I) ⊆ s[a] .I =

⋃{[(a− p)+]|0 < p ≤ 1}
r > 0Å� ,e ∈ [a] + J �¹�µ÷ ¤¢ .[a] + J = E Ý��î ­Âê .´¨� ×��î �I ,[a] Ý��î
Ýþ¤�¢ ,b = 1

r
|b1| Ý�û¢üõ ¤�Âì .u ≤ ra + b1 �î ý¤�Ï �� À÷¢���õ b1 ∈ J ø Q ¤¢

0 <
1
r
≤ a +

1
r

b1 = a + b

⇒ [a ∨ b] = [a] + [b] ⊇ [a + b] ⊇ [
1
r

] = E

⇒ ∃p, q ∈ Q;0 < p < q < a ∨ b

⇒ q − p ≤ (a− p) ∨ (b− p) ≤ (a− p)+ ∨ b ∈ I + J

⇒ q − p ∈ I + J

⇒ I + J = E
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.´¨� ´��� ÝØ� ø ´¨� ×��î �I ,[a] ü�ãþ

Ý � û¢¤�Â ì ü � ã þ ,Ý þÂ � Ú � ß Ø Þ õ ´ ó� � ß þÂ µ ð¤Ã � �¤ S Â ð� ùÂ Ê ± � 3.2.3
Ûõ�ª �î ´Æþ�ì ý��ÖÜ�-f ßþÂµØ��î S−1A �¤�¬ ßþ� ¤¢ .S = {s ∈ A|s ≥}
ö�È÷ Ã ¢�Þ÷ �� �¤ S−1A ´ó�� ßþ� ¤¢ .¢�ªüõ ù¢�¢ ö�È÷ Àã� �b �Ìì ¤¢ �î .´¨� A

.Ý�÷��¡üõ A ý�ì Çª�� �¤ ö� ø ,Ý�û¢üõ

¥� Â ð§� Ø ã ÷� × þ â ì�ø ¤¢ ø .´¨� ¤� µ Ø ÷� ê × þ Ã � � A Â Ò� � � � �Ì ì 4.2.3
.Àª��üõ ý�ì ý�û�ÖÜ�-f �� �û�ÖÜ�-f

â �� � �¤�¬ ß þ� ¤¢ .À ª� � ü µ ¿ þÂ Þ û-l ×þ f : A → B Ý � � î ­Â ê :�� ± ��
ÓþÂãµª�¡ â��� ßþ� .Ý��îüõ ÓþÂã� f̃(a/s) = f(a)/f(s) �b Î��® �� �¤ f̃ : Ã → B̃

.À�îüõ ÐÔ� �¤ ñ�Þä� �bÞû f̃ â��� �î Ý��îüõ ´��� ñ�� .f(s) ≥ f(1) = 1 �Âþ¥ ´¨�
:âÞ� ÛÞä ÐÔ�

f̃(a/s + b/t) = f̃((ta + sb)/st)

= (f(t)f(a) + f(s)f(b))/f(s)f(t)

= f(a)/f(s) + f(b)/f(t)

= f̃(a/s) + f̃(b/t)

:�Â® ÛÞä ÐÔ�

f̃((a/s)(b/t) = f̃(ab/st)

= (f(a)f(b))/f(s)f(t)
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= (f(a)/f(s))(f(b)/f(t))

= f̃(a/s)f̃(b/t)

:∨ ÛÞä ÐÔ�

f̃(a/s ∨ b/t) = f̃((ta ∨ sb)/st)

= (f(t)f(a) ∨ f(s)f(b))/f(s)f(t)

= f(a)/f(s) ∨ f(b)/f(t)

= f̃(a/s) ∨ f̃(b/t)

:∧ ÛÞä ÐÔ�

f̃(a/s ∧ b/t) = f̃((ta ∧ sb)/st)

= (f(t)f(a) ∧ f(s)f(b))/f(s)f(t)

= f(a)/f(s) ∧ f(b)/f(t)

= f̃(a/s) ∧ f̃(b/t)

¤�Ñ�õ ßþ� ý�Â� .´¨�¤�¢ �¤ ü÷�ú� ´�¬�¡ i : A → Ã �î Ý��îüõ ´��� ñ��
ßþ� ¤¢ .µ¨� ý�ì �b ÖÜ�-f ×þ B �î Àª�� üµ¿þÂÞû-l ×þ g : A → B Ý��î ­Âê

:Ý��îüõ ÓþÂã� �¤�¬

ḡ : Ã → B; ḡ(a/s) = g(a)g(s)−1
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ÓþÂãµª�¡ ḡ ßþ�Â���� .´¨� ÂþÁ� öø¤�ø g(s) ,g(s) ≥ 1 ö�� �î Ý��îüõ ����
.´¨� üµ¿þÂÞû-l ḡ �î Ý��îüõ ´��� ñ�� .´¨�

:âÞ� ÛÞä ÐÔ�

ḡ(a/s + b/t) = ḡ((ta + sb)/st)

= g(ta + sb)g(st)−1

= (g(t)g(a) + g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 + g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

:�Â® ÛÞä ÐÔ�

ḡ((a/s)(b/t)) = g(ab)g(st)−1

= g(a)g(b)f(s)−1f(t)−1

= g(a)f(s)−1(f(b)f(t)−1

= ḡ(a/s)ḡ(b/t)

:∨ ÛÞä ÐÔ�

ḡ(a/s ∨ b/t) = ḡ((ta ∨ sb)/st)

= g(ta ∨ sb)g(st)−1
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= (g(t)g(a) ∨ g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 ∨ g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

:∧ ÛÞä ÐÔ�

ḡ(a/s ∧ b/t) = ḡ((ta ∧ sb)/st)

= g(ta ∧ sb)g(st)−1

= (g(t)g(a) ∧ g(s)g(b))g(s)−1g(t)−1

= g(a)g(s)−1 ∧ g(b)g(t)−1

= ḡ(a/s) + ḡ(b/t)

Âû ý�Â� �î Àª�� ö��� h : Ã → B Ý��î ­Âê .´¨�µØþ ḡ �î Ý�û¢üõ ö�È÷ ñ��
:�¤�¬ ßþ� ¤¢ .h(a/1) = g(a) ,a ∈ A

h(a/s) = h((a/1)(1/s) = g(a)h(s−1) = g(a)h(s)−1 = g(a)g(s)−1 = ḡ(a/s)

.´¨� Âð§�Øã÷� ×þ ë�ê ¤�µØ÷�ê Å� .´¨�µØþ üðÄþø ßþ� �� ḡ ßþ�Â����

1/n ,n ∈ N Âû ý�Â� �Âþ¥ Â±�-Q ×þ A ö�� ý�ì �b ÖÜ�-f Âû ùÂÊ±� 5.2.3
�b �Ìì ßþ�Â���� .¢¤�¢ ü�ãõ (m/n)a ;a ∈ A ø m/n ∈ QÂû ý�Â� ßþ�Â���� .¢¤�¢ ü�ãõ
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.´¨� Â±�-Q ×þ A �î ¢Âî ­Âê ö��� üõ L(A) �b ãó�Îõ ý�Â� �î À�îüõ ö��� 4.3

ü�Â® �b ä�Þ¹õÂþ¥ ×þ S ø Àª�� °�Âõ�ÖÜ� ×þ A Ý��î ­Âê ��Ìì 6.2.3
ñøÀõ-f ×þ M Ý��î ­Âê ø .s ≥ 1 Ý�ª�� �µª�¢ s ∈ S Âû ý�Â� �î Àª�� A ¤¢
�î ´¨� S−1A °�Âõ �b ÖÜ� ýø¤ ñøÀõ-f ×þ S−1M �¤�¬ ßþ� ¤¢ .Àª�� A ýø¤

.L(M) ∼= L(S−1M)

φ(J) = S−1J = {a/s|a ∈ �b Î��® � � φ : L(M) → L(S−1M) â�� � ø¢ :��± ��
.ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ψ(I) = I ∩M �b Î��®�� ψ : L(S−1M) → L(M) ø J, s ∈ S}
,À�ª�� üõ M ø S−1M ý�úó�ùÀþ�-l °��Â� �� I ∩M ø S−1J �î Ý��îüõ ´ì¢ �Àµ��

�Âþ¥

|x| ≤ |y|, y ∈ I ∩M

⇒ |x/1| = |x|/1 ≤ |y|/1 = |y/1|, y/1 ∈ I

⇒ x/1 ∈ I

⇒ x ∈ I ∩M

ø .´¨� M ñ�ùÀþ�-l ,I ∩M À�îüõ ´��� ßþ� �î

|x/s| ≤ |y/t|, y ∈ S−1J, y ∈ J

⇒ w(s|y| − t|x|) ≥ 0

⇒ ws|y| ≥ wt|x|) = |wtx|

⇒ wtx ∈ J

⇒ x/s = wtx/wts ∈ S−1J
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.´¨� S−1M ñ�ùÀþ�-l ,S−1J À�îüõ ´��� Ã�÷ ßþ� �î
Ýû §�Øãõ â��� ø .À��îüõ ÐÔ� �¤ ⊆ ñ�Þª �bÎ��¤ ψ ø φ �î À��î ���� �õ�¢� ¤¢

:�Âþ¥ À�µÆû ÂÚþ¢

S−1J ∩M = J, S−1(I ∩M) = I

J ⊆ S−1J ∩M, S−1(I ∩M) ⊆ I �î Ý��îüõ ���� ë�ê �b Î��¤ ø¢ ��±�� ý�Â�
¢��ø s ∈ S ø a ∈ J �¤�¬ ßþ� ¤¢ x ∈ S−1J ∩M Ý��î ­Âê ö��î� .À�µÆû ¼®�ø
,J ö�� ßþ�Â���� ,|a/s| = |a|/s ≤ |a|Å� ,s ≥ 1 ö�� .a/s = x �î ý¤�Ï �� À÷¤�¢

.´¨� ¤�ÂìÂ� S−1J ∩M = J ü�ãþ .x ∈ J �¹�µ÷ ¤¢ .a/s ∈ J ,´¨� ñ�ùÀþ�-l

ßþ�Â���� .a ∈ M, s ∈ S �î a/s ∈ I Ý��î ­Âê ,ÂÚþ¢ �bÎ��¤ ��±�� ý�Â�

a = sa/s ∈ I ⇒ a ∈ I ∩M ⇒ a/s ∈ S−1(I ∩M)

.S−1(I ∩M) = I ßþ�Â����
.L(M) ∼= L(S−1M) ø ù¢�� üÞþÂê ý�ûüµ¿þÂÞû ψ ø φ �¹�µ÷ ¤¢

Ý � û¢¤�Â ì ü � ã þ ,Ý þÂ � Ú � ß Ø Þ õ ´ ó� � ß þÂ µ ð¤Ã � �¤ S Â ð� ùÂ Ê ± � 7.2.3
×þ M Âð� .Ý�û¢üõ ö�È÷ M̃ ¢�Þ÷ �� �¤ S−1M ´ó�� ßþ� ¤¢ .S = {s ∈ A|s ≥}
°�Âõ �b ÖÜ� ýø¤ ñøÀõ-f ×þ M̃ �¤�¬ ßþ� ¤¢ ,Àª�� A °�Âõ �b ÖÜ� ýø¤ ñøÀõ-f

ý�Â� �î ´¨� ßþ� Û±ì �b �Ìì �b¹�µ÷ ßþ�Â���� .´¨� Â±�-Q ×þ ù¤��Þû Ã �î .´¨� Ã
.´¨�Â±�-Q ×þ A �î ¢Âî ­Âê ö���üõ ù¤��Þû ,L(M) ü¨¤Â�

ø ,Àª�� A ¤¢ ü�Â® �bä�Þ¹õÂþ¥ ×þ S ø Àª�� °�Âõ�ÖÜ� ×þ AÂð� �¹�µ÷ 8.2.3
.SL(M) ∼= SL(M̃) �¤�Ê�þ� ¤¢ .Àª�� A ýø¤ ñøÀõ-f ×þ M Âð�
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ñøÀõ-f ×þ M ø Àª�� Â±�-Q ø ¤�À÷�Âî °�Âõ �ÖÜ� ×þ A Âð� ��Ìì 9.2.3
.´¨� ù¢ÂÈê ø ÝÑ�õ �f õ�î SL(M) ù�Ú÷� Àª�� A ýø¤ ¤�À÷�Âî

0 < p ≤ 1 ¤¢ �î p ý�þ�ð ¢Àä ø a ∈ M Âû ý�Â� �î Ý��îüõ ´��� �Àµ�� :��±��
.[(a− p)+] << [a] Ýþ¤�¢ L(M) ¤¢ À�î ëÀ¬

[(a− p)+] < [(a− q)+] Ýþ¤�¢ 0 < p < q Âû ý�Â� Ý��îüõ ´��� ¤�Ñ�õ ßþ� ý�Â�
(a− q)+ + (a− p)− = (a− q) ∨ 0+ (p ∨ a) ∨ 0

= (a ∨ q)− q + (p ∨ a)

= 0 ∨ (q − a) + (p− q) ∨ (a− q)

≥ p− q = p− q > 0

�¹�µ÷ ¤¢
[(a− q)+] + [(a− p)] ⊇ [(a− q)+ + (a− p)−] ⊇ [p− q] = E

[(a − p)+] ∩ [(a − p)−] = 0 �¹� µ ÷ ¤¢ .(a − p)+ ∧ (a − p)− = 0 ÂÚ þ¢ éÂÏ ¥�
.[(a− p)+] < [(a− q)+] Ýþ¤�¢ ßþ�Â����

,J ∈ SL(M) Âû ý�Â� ö�� .´¨� ÝÑ�õ �f õ�î SL(M) �î Ý�û¢üõ ö�È÷ ñ��
(SL(E) ¤¢) J = S(J) =

∨{S[a]|a ∈ J+} Ýþ¤�¢ .(L(M) ¤¢) J =
⋃{[a]|a ∈ J+}

S[a] =
∨{S[(a− p)+]|0 < p ≤ 1} ,a ∈ M+ Âû ý�Â� Ý��î ´��� ´Æ�ê�î �½�µ÷ ¤¢

ö� ¤¢ � î S[a] = S(I) Ý � � î ´ �� � ´ ¨� ü ê� î ü � ã þ .´ ¨� ¤�Â ìÂ � SL(M) ¤¢
´��� ´¨� üê�î ßþ�Â���� .´¨� ¼®�ø S(I) ⊆ S[a] .I =

⋃{[(a− p)+]|0 < p ≤ 1}
Å� ,u ∈ [a] + J �¹�µ ÷ ¤¢ .[a] + J = M Ý��î ­Âê .´¨� ×��î �I ,[a] Ý��î
,´¨� ¤�À ÷�Â î A ö�� .u ≤ ra + b1 �î ý¤�Ï � � À ÷¢���õ b1 ∈ J ø A ¤¢ r > 0

ñ�� .u ≤ ra + b1 ≤ na + b1 ßþ�Â���� .0 < r < n �î ý¤�Ï �� ¢¤�¢ ¢��ø n ∈ N

Ýþ¤�¢ �¹�µ÷¤¢ ,b = 1
n
|b1| Ý�û¢üõ ¤�Âì
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0 <
1
n
≤ a +

1
n

b1 = a + b

⇒ [a ∨ b] = [a] + [b] ⊇ [a + b] ⊇ [
1
n

] = M

⇒ ∃p, q ∈ Q;0 < p < q < a ∨ b

⇒ q − p ≤ (a− p) ∨ (b− p) ≤ (a− p)+ ∨ b ∈ I + J

⇒ q − p ∈ I + J

⇒ I + J = M

ö¢�� ù¢ÂÈê ��±�� ý�Â� .´¨� ÝÑ�õ �f õ�î SL(M) �Áó ø ´¨� ×��î �I ,[a] ü�ãþ
SL(M) �Áó ù¢�� ù¢ÂÈê L(M) ,´¨� ¤�À÷�Âî M ö�� �î Ý��î ���� ´Æ�ê�î SL(M)

.´¨� ´��� ÝØ� �¹�µ÷ ¤¢ .´¨� ù¢ÂÈê Ã�÷

A ýø¤ ¤�À÷�Âî ñøÀõ-f ×þ M ø ¤�À÷�Âî °�Âõ �ÖÜ� ×þ A Âð� �¹�µ÷ 10.2.3
.´¨� ù¢ÂÈê ø ÝÑ�õ �f õ�î SL(M) ù�Ú÷� Àª��

�î a/s ∈ Ã Ý��î ­Âê ¤�Ñ�õ ßþ� ý�Â� .´¨� ¤�À÷�Âî Ã Ý��îüõ ´��� �Àµ�� :��±��
.|a| ≤ n �Øþ¤�Ï �� ¢¤�¢ ¢��ø n ∈ N ,´¨� ¤�À÷�Âî A ö�� .s ≥ 1 ø a ∈ A ö� ¤¢

ßþ�Â����
|a/s| = |a|/s ≤ |a|/1 ≤ n/1 = n

.´¨� ¤�À÷�Âî Ã� ÷ M̃ �î ¢�ªüõ ´�� � °��Â � ß�Þû �� .´¨� ¤�À÷�Âî Ã �¹�µ ÷ ¤¢
2.2.3 �b �Ìì Â� ��� Å� ´¨� Â±�-Q Ã ö�� .´¨� Ã ýø¤ ñøÀõ-f ×þ M̃ Å�
�f õ�î Ã�÷ SL(M) 8.2.3 �b �Ìì Â� ��� ßþ�Â���� ø .´¨� ù¢ÂÈêø ÝÑ�õ �f õ�î SL(M̃)

.´¨� ù¢ÂÈêø ÝÑ�õ
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ö� Þ û � � ,À ª� � ù¢Â È ê ö� ¤¢ 1 ∈ L �Ìä � î Àª� � Û õ� î Å � �� ×þ L Â ð�
�¤�¬ ßþ� ¤¢ .¢Âî ÓþÂã� �¤ sL : L → L Âðá�±ª� ö���üõ 7.4.1 ¤¢ ���Èõ ÛØª
ö� ¤¢ 1 ∈ L �Ìä �î ´¨� ù¢ÂÈê �î ´¨� Ûõ�î Å��� ×þ �È�Þû SL = Fix(s)

ù¤��Þû ,A ý�úó�ùÀþ� �b Þû Å��� ùbÀª á�±ª� ,SId(A) ,A �b ÖÜ�Âû ý�Â� .´¨� ù¢ÂÈê
,SId(A) ,A ý�ì �b ÖÜ�-f Âû ý�Â� .(]3[ Ù���¤�û-üØÆÔª���) ´¨� ÝþÂê ×þ
ý�Â� üóø .(]1[ üØÆÔª���) ´¨� Â��Â� SL(A) �� ,A ý�úó�ùÀþ� �bÞû Å��� ùbÀª á�±ª�
.´Æ�÷ ¤�ÂìÂ� ,ý�ì üê�®� ¯Âª ¤ÀìÂû �� Åþ¤ ý�û�Ìê üµ� ø �úóøÀõ-l ø �úóøÀõ

.À��î ���� Âþ¥ ñ�·õ �� °ÜÎõ ÂµÈ�� öÀª ¥�� ý�Â�

.À�µÆ�÷ ´¿þÂØþ üµ� �þ Â��Â� Ýû�� üÜî ��� ¤¢ Ssub(M) ø SL(M) ñ�·õ 11.2.3
ü�ãþ ,ý��Ôó�õ °��Â��� M = R2 ø ,üã�±Ï °��Â� �� A = R Ý��î ­Âê ñ�·õ ö���ä ��
ñøÀõ-f ×þ M �î ´¨� ¼®�ø .y ≤ y′ ø x ≤ x′ Âð� �ú�� ø Âð� (x, y) ≤ (x′, y′)

.´¨� Ûõ� î ø ü¨À�Þª¤� ,´¡�� �Ø þ ,¤�À ÷�Â î Åþ¤ ý�Ìê ×þ M âì�ø ¤¢ ,´¨�
:�Âþ¥ .À�µÆ�÷ Ã�÷ ´¿þÂØþ üµ� ø Â��Â� Ssub(M) ø SL(M)

Ssub(M) = {Rx|x ∈ M} �î üó�� ¤¢ L(M) = {0,M} ∼= 2

.ssub(M)(Rx) = Rx �Á ó ,´¨� ñ�Þ �Æî� õ Rx ,x 6= ø x ∈ M Âû ý�¥� � � ö��
üØþ �î Ssub(M) = {Rx|x ∈ M} �î üó�� ¤¢ SL(M) = {0, M} ∼= 2 �¹�µ ÷¤¢

.À�µÆ�÷

�µÆ� ý�úó�Àþ�-` Ó�Ï 3.3
ø ,I 7−→ I �bÎ��® �� cE : L(E) → L(E) Ý�û¢üõ ¤�Âì ý¤�Ãð ¢�Þ÷ 1.3.3

.Ý�õ�÷üõ �µÆ� ý�ûñ�Àþ� ô�Þ� Ó�Ï �¤ Cl(E) = {I|cE(I) = I = I}
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ø Ûõ�î Åþ¤ ý�Ìê Âð� À�µÆû ´¿þÂØþ ñ�Þ�Æî�õ Ó�Ï ø �µÆ� ý�ûñ�Àþ� Ó�Ï
.Ý����üõ �¤ Âþ¥ �b �Ìì ö� ¥� Û±ì .Àª�� ¤�À÷�Âî ´¡���Øþ ¤�Ï ��

Cl(E) �¤�¬ ßþ� ¤¢ .Àª�� Ûõ�î Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ��Ìì 2.3.3
�� ø ´¨� ö�±Æ�Âþ¥ ´ÞÆì �¤�¡ ×þ cE : L(E) → Cl(E) ø ö�±Æ�Âþ¥ ÝþÂê ×þ
.´¨� ñ�Ú� Ýû cE ù�Ú÷� Àª�� ¤�À÷�Âî ´¡���Øþ ¤�Ï �� Åþ¤ ý�Ìê ×þ E Âð� ùø�ä

ø E = J + J⊥ Ý��îüõ �ä¢� .I ⊂ J ø I, J ∈ Cl(E) Ý��î ­Âê :��±��
J⊥ ¤¢ (xn)n≥1 ö�� ý��ó�±÷¢ �¤�¬ ßþ� ¤¢ .x ∈ J⊥ Ý��î ­Âê .E 6= I + J⊥

Ýþ¤�¢ h ∈ J Âû ý�Â� .x = O − limn→∞ xn �î ý¤�Ï �� ¢¤�¢ ¢��ø

|x| ∧ |h| = O − lim
n→∞(|xn| ∧ |h|) = O − lim

n→∞0 = 0

.´¨� �µÆ� J⊥ ü�ãþ ,x ∈ J⊥ ßþ�Â����
¤¢ .´¨� ÂÔ¬�÷ ��� �b ó� ± ÷¢ ×þ E Å� .´¨� ü¨À�Þª¤� ,´¨� Ûõ�î E ö��

.E = B(J)⊕ J⊥ = J ⊕ J⊥ ´¨� Ûõ�î E ö�� ø B(J) = J = J �¹�µ÷
.x 6∈ I + J⊥ Ý��îüõ �ä¢� .x ∈ J \ I Ý��î ­Âê ,E 6= I + J⊥ ��±�� ý�Â� ñ��
ßþ�Â���� .x = a + b �î ý¤�Ï �� ´¨� ¢���õ b ∈ J⊥ ø a ∈ I ,Àª�� x ∈ I + J⊥ Âð�

.¢¤�¢ Ëì��� x 6∈ I �� ßþ� ø .b = 0 �¹�µ÷ ¤¢ ,b = x− a ∈ J ∩ J⊥

ÂÚÜÞä ×þ cE : L(E) → L(E) ,(4) 5.3.3 �b �Ìì ø 2.2.2 ùbÂÊ±� �� ���� ��
� î ´¨� � µ Æ û × þ ß þ�Â �� � � ,À � îü õ Ð Ô� �¤ ü û� � µ õ í�Â µ ª� � î ´¨� ¤� µ Æ �
.´¨� ö�±Æ� Âþ¥ ´ÞÆì �¤�¡ í cE ,ÝþÂê ×þ Cl(E) �¹�µ÷ ¤¢ ,fix(cE) = Cl(E)

.E = [u] �î Àª�� ö��� E ¤¢ u > 0 ø E = J Ý��î ­Âê ,ö�þ�� ¤¢
Ý��î ­Âê Ý�÷�� �üõ .u = O − limn→∞ un �î ¢¤�¢ ¢��ø J ¤¢ (un)n≥1 �b ó�± ÷¢
ý¤� Ï � � ´ ¨� ¢� �� õ (xn)n≥1 �� � �b ó� ± ÷¢ ,Ó þÂ ã � � � � �� � � � .u > nn > 0

Å� ´¨� ¤�À ÷�Â î ´¡�� � Ø þ ¤�Ï � � Åþ¤ ý�Ìê ×þ E ö�� .u − un ≤ xn � î
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�¹�µ÷ ¤¢ .xm ≤ ru �î ý¤�Ï �� ¢¤�¢ ¢��ø m ∈ N ø 0 < r < 1

0 < u− um ≤ xm ≤ ru ⇒ 0 < (1− r)u ≤ um

⇒ 0 < u ≤ 1
1− r

um ∈ J

⇒ u ∈ J

.´¨� ñ�Ú� Ýû cE Å� .E = J ßþ�Â����

�¤�Ê�þ� ¤¢ .Àª�� ¤�À÷�Âî ´¡���Øþ ¤�Ï �� ø Ûõ�î Åþ¤ Ý��î ­Âê �¹�µ÷ 3.3.3
:hSE = cE �î ý¤�Ï �� ¢¤�¢ ¢��ø h : SL(E) → CL(E) üµ¿þÂØþ ×þ

L(E)
SE−→ SL(E)

cE ↘ ↓ h

Cl(E)

.´¨� ¼®�ø (3)6.1.3 ø 8.2.3 �b �Ìì �� ���� �� :��±��
Ó�Ï ø ñ�Þ�Æî�õ Ó�Ï ë�ê Ó�Ï ¤¢ �î Ý��î ´��� Ýþ¤�¢ ÀÊì Ç¿� ßþ� �õ�¢� ¤¢

:Ý��îüõ ���� Âþ¥ Ýó �� ö� ¥� Û±ì .À�µÆû ÝÑ�õ �f õ�î ø¢ Âû �µÆ� ý�ûñ�Àþ�

.Àª�� ¤�À÷�Âî ´¡���Øþ ¤�Ï �� ø Ûõ�î Åþ¤ ý�Ìê ×þ E Ý��î ­Âê �¹�µ÷ 4.3.3
.´¨� ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê Cl(E) �¤�¬ ßþ� ¤¢

.´¨� ¼®�ø 2.2.3 �b �Ìì ø 4.2.3 �b¹�µ÷ ¥� ù¢�Ôµ¨� �� :��±��

ÝÑ�õ �f õ�î Ã�÷ ýÂµÞî Íþ�Âª ´½� �µÆ� ý�ûñ�Àþ� Ó�Ï �î ´¨� ÂîÁ� �� ô¥�
´¨� 5.3.3 �b �Ìì âì�ø ¤¢ .¢�ªüÞ÷ �µêÂð ¤�î �� Àã� Ç¿� ¤¢ 4.3.3 �b¹�µ÷ ø .´¨�

.´¨� ¤�¢¤�¡Â� ýÂµÈ�� ´�Þû� ¥� �î
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ü¨À�Þª¤� ø ¤�À÷�Âî ´¡���Øþ ¤�Ï �� Åþ¤ ý�Ìê ×þ E Ý��î ­Âê ��Ìì 5.3.3
.´¨� ù¢ÂÈê ø ÝÑ�õ �f õ�î Cl(E) �¤�¬ ßþ� ¤¢ Àª��

,ôø¢ ´ÞÆì 4.2.3 �b �Ìì �� ��� �Âþ¥ ´¨� ¼®�ø Cl(E) ö¢�� ù¢ÂÈê :��±��
L(E) ö� � ,´ ¨� ñ� Ú � Ý û ø ü Þ þÂ ê ´ ª� Ú ÷ × þ cE : L(E) → CL(E)

�f õ� î Cl(E) Ý � � îü õ ´ �� � ñ� � .´ ¨� ù¢Â È ê Ã � ÷ Cl(E) Å � ´ ¨� ù¢Â È ê
Ý þ¤�¢ .(L(E) ¤¢) J =

⋃{[a]|a ∈ J+} ,J ∈ Cl(E) Â û ý�Â � ö� � .´¨� ÝÑ � õ
Ý��î ´��� ´¨� üê�î 5.2.3 ����� �¹�µ÷ ¤¢ .(Cl(E) ¤¢) J = J =

∨{[a]|a ∈ J+}
üê�î ü�ãþ .´¨� ¤�ÂìÂ� Cl(E) ¤¢ [a] =

∨{[(a− p)+]|0 < p ≤ 1} ,a ∈ E+ Âû ý�Â�
¼®�ø I = [a] .I =

⋃{[(a − p)+]|0 < p ≤ 1} ö� ¤¢ �î [a] = I Ý��î ´��� ´¨�
,´¨� ü¨À�Þª¤� E ø a− (a− n−1) = n−1 ö�� .a ∈ I Ý��îüõ ´��� ñ�� .´¨�
a = a+ = O− limn→∞(a−n−1)+ Å� a = a− limn→∞ a−n−1 �¹�µ÷ ¤¢ .n−1 ↓ 0

.´¨� ´��� ÝØ� ø a ∈ I �Áó

´ª�Ú÷ ×þ f : A → B ø À�ª�� Åþ¤ ý�Ìê ø¢ B ø A Ý��î ­Âê ÓþÂã� 6.3.3
¤¢ (xn)n≥1 ��� �b ó�±÷¢ Âû ý�Â� ù�ð Âû Ý�þ�ð �µ¨��� Åþ¤ ´ª�Ú÷ ×þ �¤ f .Àª�� Åþ¤

.Àª�� ��� B ¤¢ (f(xn))n≥1 �b ó�±÷¢ ,A

:ù�Ú÷� .Àª�� Åþ¤ ´ª�Ú÷ Ùþ f : A → B Ý��î ­Âê Ýó 7.3.3
.f(xn) ↓ f(x) ù�Ú÷� xn ↓ x Âð� .1

.f(a) = O − limn→∞ f(an) ù�Ú÷� a = O − limn→∞ an Âð� .2

�õ� .f(tn) ↓ 0 ßþ�Â���� .tn ↓ 0 �¤�¬ ßþ� ¤¢ .tn = xn − x Ý�û¢üõ ¤�Âì (1) :��±��
.f(xn) ↓ f(x) �¹�µ÷ ¤¢ ,f(tn) = f(xn)− f(x)
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ø f(tn) ↓ 0 �¹�µ÷ ¤¢ .|a− an| ≤ tn ø tn ↓ 0 �î ¢¤�¢ ¢��ø (tn)n≥1 �b ó�±÷¢ (2)

|f(a)− f(an)| = f(|a− an|) ≤ f(tn)

.f(a) = O − limn→∞ f(an) �î ´¨� ü�ãõ ßþÀ� ßþ� ø
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�úÔ�Ï ý�û¤�µØ÷�ê 1.4
,ü¨À�Þª¤� ø ¤�À÷�Âî ´¡���Øþ ¤�Ï �� Åþ¤ ý�û�Ìê ô�Þ� �b µ¨¤ ý¤�Ãð¢�Þ÷ 1.1.4

.Ý�û¢üõ Çþ�Þ÷ BdARsz �� �¤ �ú÷� ß�� �µ¨��� Åþ¤ ý�û´ª�Ú÷ �� ù�ÂÞû
â ì�ø ¤¢ .´¨� ¤� µ Ø ÷� ê ×þ E 7−→ SL(E) � î Ý � � î ´ �� � ü µ��¤ � � À þ� ª � õ
ý�ûñ�Àþ� ,¤�µØ÷�ê ß��� ×þ ßµª�¢ ý�Â� .´Æ�÷ ¤�µØ÷�ê üÜî ´ó�� ¤¢ L 7−→ SL

¢� ªü õ ´ �� � Ç¿ � ß þ� �b �Ì ì ß þÂ ¡� ¤¢ .¢� ªü õ Ó þÂ ã � � ú ÷� Ó � Ï ø � µ Æ �
.¢�ªüõ Û� ë�ê ÛØÈõ °��Â� ßþ� �� ø ´¨� ¤�µØ÷�ê ×þ E 7−→ Cl(E)

��Ìì 2.1.4
E ¥� J ñ�ùÀþ� Âû ý�Â� ù�Ú÷� Àª�� �µ¨��� Åþ¤ ´ª�Ú÷ ×þ f : E → D Âð� .1

.Lf(J) ⊆ Lf(J) Ýþ¤�¢

.´¨� KCRFrm �� BdARsz ¥� ¤�µØ÷�ê ×þ E 7−→ Cl(E) �bÎ��® .2

65
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�� ¢�ªüõ ´ê�þ J ¤¢ (an)n≥1 �b ó�±÷¢ �¤�¬ ßþ� ¤¢ ø a ∈ J Ý��î ­Âê (1) :��±��
ßþ�Â���� .f(a) = O− lim f(an) ´¨� �µ¨��� f ö�� .a = O− limn→∞ an �î ý¤�Ï

.Lf(J) ⊆ Lf(J) �½�µ÷ ¢ f [J ] ⊆ Lf(J) �î ´¨� ü�ãõßþÀ� ßþ� .f(a) ∈ Lf(J)

ö�� ø ´¨� ÓþÂãµª�¡ Lf/Cl(E) : Cl(E) → cl(D) Ýþ¤�¢ (1) �� ���� �� (2)
ô�Âð�þ¢ ø ´¨� ¤�µØ÷�ê L(.)

L(E)
cE−→ Cl(E)

Lf ↓ Lf/Cl(E)

L(D)
CD−→ Cl(D)

.´¨� ¤�µØ÷�ê E 7−→ Cl(E) ,¢�ªüõ �¹���

. ´¨� ¤�µØ÷�ê ×þ C : KCRFrm → BdUARsz �¹�µ÷ 3.1.4
ö� . ´¨� ¤�µØ÷�ê ×þ E 7−→ Cl(E) = ME �b Î��® ,18.3 ��Ìì �� ���� ��
ßþ� ø , ´¨�M ´¨�¤ ë�½ó� C, �î Ý���� üõ Âþ¥ ��Ìì ¤¢ .Ý�û¢ üõ ö�È÷M �� �¤

.Àû¢ üõ ´¨À� �¤ ü÷���î�î ��Ìì �ÎÖ÷ öøÀ� ý¦�ó���� �¤�¬

�µ¨��� üÖ�Ö� â���� ¤�µØ÷�ê 2.4
.´¨� ¤�µØ÷�ê ×þ Ý�û¢üõ ö�È÷M �� �¤ ö� �î E 7−→ Cl(E) �î ÝþÀþ¢ Û±ì Ç¿� ¤¢
Âû ý�¥� �� ¤�µØ÷�ê ßþ� .Ý��îüõ �À�� ´¨�¤ ë�½ó� ×þ ¤�µØ÷�ê ßþ� ý�Â� Ç¿� ßþ� ¤¢
üêÂãõ Ç¿� ßþ� ¤¢ �î) ´¡���Øþ Åþ¤ ý�Ìê ×þ ,L ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê
ÓþÂã� L ýø¤ �µ¨��� üÖ�Ö� â���� �� �î ¢�ªüõ ù¢�¢ ´±Æ÷ ü¨À�Þª¤� ø (¢�ªüõ

.¢�ªüõ
�¤ ö� ø Ý�û¢üõ ö�È÷ R�� �¤ ÝþÂê ßþ� .Ý��îüõ ÓþÂã� �¤ üÖ�Ö� ¢�Àä� ÝþÂê �Àµ��

:ÝþÂ�ðüõ Âþ¥ Í��ø ¤ �� ù�ÂÞû �þ�ð ¢�Àä� ¥� (p, q) ý�û�ø¥ Í¨�� ùÀª À�ó�� ÝþÂê
(p, q) ∧ (r, s) = (p ∨ r, q ∧ s) (R1)



67 �ÎÖ÷ öøÀ� ü÷���î�î ö�ðø¢

(p, q) ∨ (r, s) = (p, s) ù�Ú÷� p ≤ r < q < s Âð� (R2)

(p, q) =
∨{(r, s)|p < r < s < q} (R3)

e =
∨{(p, q)|p, q ∈ Q} (R4)

C(L) Ý��î ­Âê ñ�� .R ' O(R) ÛØ÷�Âê � �Üõ¤¥ �b ä�Þ¹õ �b þÂÑ÷ ¤¢ �î À��î ����
.� Í¨�� �ÖÜ� �f ö���ä �� C(L) .Àª�� L �� R ¥� üÞþÂê ý�ûüµ¿þÂÞû ô�Þ� �ä�Þ¹õ

.´¨� ùÀª �ãó�Îõ (]2[ ø ]1[) üØÆÔª���
�ûÛÞä ßþ� � � �î Ý� � îüõ ÓþÂã � C(L) ýø¤ �¤ (−,∨,∧, ., +) ý�ûÛÞä ñ��

((]2[ ø ]1[) üØÆÔª���) .Àû¢üõ �ÖÜ� �f ×þ Û�ØÈ�
(Q ýø¤ üó�Þãõ ý¦�ó���� ��) �µ¨��� ÛÞä ×þ 3 : Q2 → Q Ý��î ­Âê (1)

Ý��îüõ ÓþÂã� ,p, q ∈ Q Âû ý�Â� .α, β ∈ C(L) ø Àª��
α3β(p, q) =

∨{α(r, s) ∧ β(t, u)|(r, s)3(t, u) ≤ (p, q)}

t < y < s ø r < x < s ù�ð Âû �î ´¨� ü�ãõ ßþÀ� (r, s)3(t, u) ≤ (p, q) ö� ¤¢ �î
.p < x3y < q ù�Ú÷�

.(−α)(p, q) = α(−q,−p) (2)
r(p, q) = [[p < r < q]] �� ø Ý�û¢üõ ö�È÷ r �� �¤ ÂÒ��µõ ´��� ,r ∈ Q Âû ý�Â� (3)
�þ 0 ¤�ÀÖõ ø ´¨� ö� ö¤ø¢ ùb¤�Ãð üµ¨¤¢ ¤�ÀÖõ [[...]] ´õ�ä ö� ¤¢ �î Ý��îüõ ÓþÂã�

.À�îüõ ¤��µ¡� �¤ 1
×þ �� ßþ�Â���� .Ý��îüõ �ãó�Îõ Åþ¤ ý�Ìê ×þ ö���ä �� �¤ C(L) ,�¹�þ� ¤¢ �õ�
ÓþÂã� rα = rα �¤�¬ �� α ∈ C(L) ø r ∈ Q Âû ý�Â� �î Ýþ¤�¢ ���µ�� Âó�Ø¨� �Â®

.´¨� �ÖÜ� ö���ä �� C(L) �Â® ýø�Æ� ´¨�¤ ´Þ¨ �Â® �î Ý��îüõ
C(L) ö¢�� �ÖÜ� �f ¥� ,¢¥�¨üõ Åþ¤ ý�Ìê ×þ �¤ C(L) �î üþ�ûüðÄþø �b Þû

Âþ¥ ý�ûüðÄþø Ã� �� ¢�ªüõ �¹�µ÷
α ∈ C(L), r, s ∈ Q (r + s)α = rα + sα .1
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.rα ≥ 0 ù�Ú÷� α ≥ 0 ø r ≥ 0 Âð� .2

´¨� üê�î (2) ��±�� ý�Â� ø r + s = r + s Ý��î ´��� ´¨� üê�î (1) ��±�� ý�Â�
.r ≥ 0 ù�Ú÷� r ≥ 0 Âð� Ý��î ´���

.À�îüõ ´��� Àã� Ýó �¤ �ú÷� ø¢ Âû

.α ∈ C(L) ø r, s ∈ Q ø ÝþÂê ×þ L Ý��î ­Âê Ýó 1.2.4
.r3s = r3s Ýþ¤�¢ 3 : Q2 → Q �b µ¨��� ÛÞä Âû ý�Â� .1

.(−,0) =
∨{(p,0)|p < 0} ö� ¤¢ �î ,α(−,0) = 0 Âð� �ú�� ø Âð� α ≥ 0 .2

.(0,−) =
∨{(0, p)|o < p} ö� ¤¢ �î ,α(0,−) = 0 Âð� �ú�� ø Âð� α ≤ 0 .3

ö� ¤¢ �î .α(p,−) ≤ β(p,−) p ∈ Q Âû ý�Â� ù�Ú÷� ,β ∈ C(L) ø α ≤ β Âð� .4
.(p,−) =

∨
p<q(p, q), (−, p) =

∨
q<p(q, p)

.p, q ∈ Q Ý��î ­Âê :��±��
.r3s(p, q) = 0 Ý � � îü õ ´ �� � .0 = r3s(p, q) Ý � � î ­Â ê :ñø� ´ ó� �
ö� � .(x, y)3(z, w) ≤ (p, q) � î À � ª� � ö� � � x, y, z, w ∈ Q Ý � � î ­Â ê
.´¨� ´¨¤¢� ÷ z < s < w � þ x < r < y ý�ûù¤�Ãð ¥� üØþ ,[[p < r3s < q]] = 0

�¹�µ÷ ¤¢ ø ,[[x < r < y]] ∧ [[z < s < w]] = 0 ßþ�Â����

r3s(p, q) =
∨{[[x < r < y] ∧ [[z < s < w]|(x, y)3(z, w) ≤ (p, q)]] = 0

¤�Â ì .p < r3s < q ß þ�Â �� � � ,r3s(p, q) = 1 Ý � � î ­Â ê :ôø¢ ´ ó� �
§� Ø ã õ ùb¤� Ú ÷ V ´ Ö � Ö � ¤¢ .V = {(t1, t2) ∈ Q2|p < t13t2 < q} À � û¢
� î ý¤� Ï � � ´ ¨� ¢� �� õ x, y, z, w ∈ Q �Á ó ø ´ ¨� < p, q > ¥� � ùb¥� �
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ø (x, y)3(z, w) ≤ (p, q) �î ´¨� ü�ãõ ßþÀ� ßþ� .(r, s) ∈< x, y > x < z, w >⊆ ∨

.[[x < r < y]] = 1 = [[z < s < w]]

ßþ�Â����

1 =
∨{[[x < r < y]] ∧ [[z < s < w]]|(x, y)3(z, w) ≤ (p, q)} = r3s(p, q)

.r3s = r3s �Áó
Ýþ¤�¢ .p < 0 ø α ≥ 0 Ý��î ­Âê (2)

α(p,0) = (0 ∨ α)(p ∨ 0) =
∨{[[r < 0 < s]] ∧ α(z, w)|(r, s) ∨ (z, w) ≤ (p,0)}

=
∨{[[r < 0 < s]] ∧ α(z, w)|[[r < 0 < s]] = 0} = 0

¤¢ .[[r < 0 < s]] = 0 ü�ãþ s ≤ s ∨ w ≤ 0 ù�Ú÷� (r, s) ∨ (z, w) ≤ (β,0) Âð� �Âþ¥
.α(−,0) = 0 �¹�µ÷

Ý��î ´��� ´¨� üê�î .p, q ∈ Q ø α(−,0) = 0 Ý��î ­Âê ,ÅØäÂ�

α ∧ 0(p, q) = [[p < 0 < q]] = 0(p, q)

,(p, r) ∧ (p, q) ≤ (p, q) ,r > q Âû ý�Â� ö�� .[[p < 0 < q]] Ý��î ­Âê :ñø� ´ó��
Ýþ¤�¢

α ∧ 0(p, q) =
∨{α(r, s) ∧ [[z < 0 < w]]|(r, s) ∧ (z, w) ≤ (p, q)}

≥ ∨{α(p, r) ∧ [[p < 0 < q]]|r > q}

= α(
∨
r>q

(p, r))

= α((p,−) ∨ (−,0))

= α(e) = 1
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.α ∧ 0(p, q) = 1 �¹�µ÷ ¤¢
.[[p < 0 < q]] = 0 Ý��î ­Âê :ôø¢ ´ó��

ù�Ú÷� (r, s) ∧ (z, w) ≤ (p, q) Âð� �Áó .0 ≤ p < q Ý��î ­Âê
�¹�µ÷ ¤¢ .[[z < 0 < w]] = 0

α ∧ 0(p, q) =
∨{α(r, s) ∧ [[z < 0 < w]]|(r, s) ∧ (z, w) ≤ (p, q)} = 0

ù�Ú÷� [[z < 0 < w]] = 1 ø (r, s) ∧ (z, w) ≤ (p, q) Âð� �Áó .p < q ≤ 0 Ý��î ­Âê
�¹�µ÷ ¤¢ .(r, s) ≤ (p, q)

α ∧ 0(p, q) =
∨{α(r, s) ∧ [[z < 0 < w]]|(r, s) ∧ (z, w) ≤ (p, q)}

≤ ∨{α(r, s) ∧ [[z < 0 < w]]|(r, s) ≤ (p, q)}

≤ ∨{α(r, s)|(r, s) ≤ (p, q)}

≤ α(
∨{(r, s)|(r, s) ≤ (p, q)})

= α(p, q) ≤ α(−,0) = 0

.α ≥ 0 ü�ãþ ´¨� ¤�ÂìÂ� α ∧ (p, q) = [[p < 0 < q]] �¤�¬ Âû ¤¢ ßþ�Â����
.¢�ªüõ �¹�µ÷ (2) ¥� (3)

ù�Ú÷� .p ∈ Q Ý��î ­Âê (4)

α(p,−) = (α ∧ β)(p,−) =
∨{α(r, s) ∧ β(z, w)|r, z ≥ p}

=
∨{β(z, w)|z ≥ p} = β(p,−)

Àª�� ÝþÂê ×þ L Ý��î ­Âê ��Ìì 2.2.4
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.´¨� ü¨À�Þª¤� C(L) .1

.´¨� ¤�À÷�Âî C(L) ù�Ú÷� Àª�� ù¢ÂÈê L Âð� .2

Û±ì Ýó �� ���� �� �Áó .(n = 1,2, · · ·) α ≤ n−1 ø α ∈ C(L) Ý��î ­Âê (1) :��±��
.α(0,−) =

∨∞
n=1 α(n−1,−) = 0 ßþ�Â���� .α(n−1,−) = 0 Ýþ¤�¢ n ∈ N Âû ý�Â�
.´¨� ü¨À�Þª¤� C(L) À�îüõ ´��� ßþ� .α ≤ 0 Û±ì Ýó Â���� �¹�µ÷ ¤¢

n ,´¨� ù¢ÂÈê L ö�� .∨∞
n=1 α(−n, n) = 1 Ýþ¤�¢ .α ∈ C(L) Ý��î ­Âê (2)

(α− n)(0,−) = α(n,−) = 0 �¹�µ÷ ¤¢ .α(−n, n) = 1 �î ý¤�Ï �� ¢¤�¢ ¢��ø ý�
¤¢ .−n ≤ α ≤ n ,Û±ì Ýó �� ßþ�Â���� .(α + n)(−,0) = α(−,−n) = 0 ß��»Þû ø

.´¨� ¤�À÷�Âî C(L) ü�ãþ ,C(L) = [1] �î ´¨� ü�ãõ ßþÀ� ßþ� .α ∈ [1] �¹µ�÷
´ª�Ú ÷ .Àª� � üÞ þÂ ê ü µ¿ þÂÞû ×þ f : L → L′ Ý � � î ­Âê ùÂÊ± � 3.2.4
×þ C(f) ö�� .Ý��îüõ ÓþÂã� α 7−→ f ◦ α �b Î��® �� �¤ C(f) : C(L) → C(L′)

Ý��î ­Âê ñ�� .À�îüõ ÐÔ� �¤ ∨,∧, ., + ,(À��î ù�Ú÷ �¤ ]1[)´¨� üÞþÂê üµ¿þÂÞû
Ýþ¤�¢ .r ∈ Q

C(f)(rα) = C(f)(r), C(f)(α) = r.C(f)(α) = rC(f)(α)

Åþ¤ ´ª�Ú÷ ×þ C(f) �¹�µ ÷ ¤¢ .(À�îüõ ÐÔ� �¤ 1 ø 0 f) C(f)(r) = r �Â þ¥
.Ýþ¤�¢ �¤ Âþ¥ �b �Ìì �¹�µ÷ ¤¢ .´¨�

C(f) : C(L) → C(L′) Àª�� üÞþÂê üµ¿þÂÞû ×þ f : L → L′ Âð� ��Ìì 4.2.4
.´¨� Åþ¤ ´ª�Ú÷ ×þ

Åþ¤ ý�Ì ê E ,À ª� � Å þ¤ ´ª� Ú ÷ × þ f : E → D Â ð� (1) � �Ì ì 5.2.4
. ´¨� �µ¨��� Åþ¤ ´ª�Ú÷ f ù�Ú÷� ,Àª�� ü¨À�Þª¤� D ø ´¡���Øþ
. ´¨� ´¡���Øþ C(L) , L ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê Âû ý�Â� (2)
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´ª�Ú÷ ×þ C(f) , KCRfrm ý¤�Ú��î ¤¢ f : L → L′ üÞþÂê üµ¿þÂÞû Âû ý�Â� (3)
. ´¨� �µ¨��� Åþ¤

. ´¨� ¤�À÷�Âî C(L) ù�Ú÷� ,Àª�� ù¢ÂÈê L Âð� (4)
E ö� � .k ∈ N Ý � � î ­Â ê . in E ,xn ↓ 0 Ý � � î ­Â ê (1) :�� ± ��
.0 ≤ xm < k−1 ;m ≥ mk �î ý¤�Ï � � ´¨� ¢���õ mk ∈ N . ´¨� ´¡�� �Ø þ
ø D ö� � .E = [u] ö� ¤¢ � î ,0 ≤ f(xm) ≤ f(k−1) = k−1f(u) ß þ�Â �� � �

.´¨� �µ¨��� f ü�ãþ .f(xn) ↓ 0 ßþ�Â���� ,inf{k−1f(u)|k = 1,2, ·} = 0

ø 0 < p < r ø αn ↓ 0 � î À ª� � � ó� ± ÷¢ × þ αn ∈ C(L) Ý � � î ­Â ê (2)
αn(p,−) ≥ αn+1(p,−) ø αn(−, p) ≤ αn+1(−, p) Ýþ¤�¢ n ≥ 1 Âû ý�Â � .r > 0

Ý��î ­Âê .αn ≤ p �î ý¤�Ï �� À÷¤�¢ ¢��ø n ∈ N ø 0 < p < r Ý��î ´�� � .
Ý � û¢ ü õ ¤�Â ì .αn(−, p) 6= 1 ø αn(p,−) 6= 0 �¹ � µ ÷ ¤¢ αn 6≤ p ,n, p Â û ý�Â �
,bp 6= 0 Ýþ¤�¢ ¤�Ï ß�Þû ø .ap ∧ bp = 0 ø ap 6= 1 Ýþ¤�¢ .ap =

∨∞
n=1 αn(−, p)

Âû ý�Â� �¤�¬ ßþ� ¤¢ .bp = 0 �î ý¤�Ï �� Àª�� �µª�¢ ¢��ø 0 < q < r Âð� �Âþ¥
,L üð¢ÂÈê ö¢Â� ¤�Ø� �� �� �Áó ap ≥ αm(−, p) ∨ αm(q,−) = 1 Ýþ¤�¢ q < p < r ,p
�f õ�î L ö�� ñ�� .´¨� Ëì��� ßþ� ø αn(−, p) = 1 �î ý¤�Ï �� ¢¤�¢ ¢��ø n ∈ N

.Ý�û¢ üõ ¤�Âì .0 < coz(α) ≤ bp �î ý¤�Ï �� ¢�ª üõ ´ê�þ α ∈ C(L) ,´¨� ÝÑ�õ
�¹�µ÷ ¤¢ .0 < β ≤ p ø coz(β) ∧ ap = 0 Ýþ¤�¢ .np ≥ α ö� ¤¢ �î ,β = 1

n
|α|

(β − αn)(0,−) =
∨{β(r, s) ∧ αn(z, w)|(r, s)− (z, w) ≤ (0,−)}

=
∨{β(r, s) ∧ αn(z, w)|z < w ≤ r < s}

=
∨{β(r, s) ∧ αn(z, w)|z < w ≤ r < s ad w > 0 ad r ≤ p}
(ice αn > 0 a 0 < β ≤ p)

≤ cozβ ∧ αn(−, p) ≤ cozβ ∧ ap = 0
Ëì��� ¤¢ αn ↓ 0�� �î .(1.4 Ýó ¥� ù¢�Ôµ¨� ��) 0 < β ≤ αn ,n Âû ý�Â� ßþ� Â����
´¡���Øþ ßþ� .αn ≤ p < r �î ý¤�Ï �� ¢¤�¢ ¢��ø 0 < p < r ø n ßþ�Â���� .´¨�

.À�î üõ ´��� �¤ C(L) ö¢��
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.¢�ª üõ �¹�µ÷ (2) ø (1) ¥� (3)
ýn ´¨� ù¢ÂÈê L ö�� ∨∞

n=1 α(−n, n) Ýþ¤ �¢ .α ∈ C(L) À��î­Âê (4) ��±�� ý�Â�
0 = α(n,−) = (α− n)(0,−) �¹�µ÷ ¤¢ .α(−n, n) = 1 �î ý¤�Ï �� ¢�ª üõ ´ê�þ
�Áó .−n ≤ α ≤ n ,1.4 Ýó ¥� ù¢�Ôµ¨� �� ø 0 = α(−,−n) = α + n(−,0) ßþ�Â���� ø

2.À�î üõ ´��� �¤ C(L) ö¢�� ¤�À÷�Âî ßþ� .α ∈ [1]

�û¤�µØ÷�ê ß�� ë�½ó� 3.4
CL = M : BUARsz → KCRFrm ¤�µØ÷�ê �î Ý��îüõ ý¤ø�¢�þ 2.1.4 �b �Ìì ¥�
ë�½ó�M �î Ý��î üõ ��±�� Âþ¥ �b �Ìì ¤¢ .´¨� ¤�µØ÷�ê ×þ E 7−→ ME �b Î��® ��

.´¨� C ²�

.´¨� C ²� ë�½ó�M ��Ìì 6.2.4
�� �¤ ϕL : LC(L) → L .Àª�� ÝÑ�õ �f õ�îø ù¢ÂÈê ÝþÂê ×þ L À��î ­Âê :��±��
×þ ϕL �î Àþ¢ ö��� üõ üð¢�¨ �� .Ý��î üõ ÓþÂã� ϕL(I) =

∨
x∈I+ coz(x)�Î��®

Ý��î ­Âê ¤�Ñ�õ ßþ� ý�Â� .´¨� ñ�Ú� Ýû ϕL ß��»Þû . ´¨�ª�� üÞþÂê üµ¿þÂÞû
�� ¢¤�¢ ¢��ø q > 0 �Áó |α|(0,−) = e �Áó coz(|α|) = e ,Ýþ¤�¢ �¹�µ÷ ¤¢ .coz(α) = e

,ßþ�Â���� |α| > q > 0 �î ý¤�Ï �� ¢¤�¢ ¢��ø q > 0 ü�ãþ |α|(q,−) = e �î ý¤�Ï
[α] = C(L) = eLC(L)

,´¨� LC(L) ñ�Ú� Ýû ´ÞÆì �¤�¡ ßþÂµØ��î CC(L) : LC(L) → ClC(L) ö��
.σL ◦CC(L) = ϕL �î ý¤�Ï �� ¢¤�¢ ¢��ø σL : MC(L) → L ö�� �µØþ üµ¿þÂÞû ×þ
�î ý¤�Ï �� ¢¤�¢ ¢��ø σL : MC(L) → L ö�� üþ�µØþ üµ¿þÂÞû ÂÚþ¢ �¤�±ä ��

.< α >= [α] ö� ¤¢ �î σL(< α >) = coz(α) ,α ∈ C(L) Âû ý�Â�
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τE(a) = â �¤�¬ � � �¤ τE : E → C(M(E) ,E ∈ BdUARsz Â û ý�Â � ,ñ� �
.Ý � � î üõ ´�� � .â(p, q) =< ((a − p) ∧ (q − a))+ > ö� ¤¢ �î Ý � � î üõ ÓþÂã �
´��� Àþ�� . ´¨� �µ¨��� τA Ý��î üõ ´��� áøÂª ý�Â� .Àû¢ üõ ë�½ó� ×þ (σL, τA)

,â ¦ b = â ¦ b̂ Ýþ¤�¢ r ∈ Q ø a, b ∈ E Âû ý�Â� ø ¦ = +,∨,∧ ÛÞä Âû ý�Â� �î Ý��î
.(x ∧ y)+ = x+ ∧ y+ Ýþ¤�¢ ,x, y ∈ E Âû ý�Â� �î Ý��î üõ ���� �Àµ�� .(̂ra) = râ ø

ý�û �Î��¤ ßþ�Â����

(̂−a)(p, q) =< (−a− p)+ ∧ (q + a)+ >= â(−q,−p) = (−â)(p, q)

,r ≥ 0 Âû ý�Â� ø

(̂ra) =< (ra−p)+∧(q−ra)+ >= (a−r−1p)+∧(r−1q−a)+ >= â(r−1p, r−1q) = (râ)(p, q)

.À�î üõ ´��� �¤ (̂ra) = râ �bÎ��¤
Ýþ¤�¢ .(r, s) + (w, z) ≤ (p, q) �î À�ª�� ö��� p, q, r, s, , w, z ∈ Q Ý��î ­Âê

(a + b− p) ≥ (a− r + b− w) = 2((a− r) ∧ (b− w) + (a− r) ∧ (b− w))

= 2(2((a− r) ∧ (b− w)) + d) ≥ 4((a− r) ∧ (b− w))

� ¹ � µ ÷ ¤¢ .d = (a − r) ∨ (b − w) − (a − r) ∧ (b − w) ≥ 0 ö� ¤¢ � î
.(a− r)+ ∧ (b− w)+ ≤ 1

4(a + b− p)+

�Áó .(s− a)+ ∧ (z − b)+ ≤ 1
4(q − a− b)+ ,���Èõ ¤�Ï ��

〈
((a− r) ∧ (s− a))+

〉
∩

〈
((b− w) ∧ (z − b))+

〉
⊆

〈
((a + b− p) ∧ (q − a− b)+

〉

´��� ýø�Æ� ,R ö¢�� ÝÑ�õ ¥� ù¢�Ôµ¨� �� �¹�µ÷ ¤¢ .â + b̂(p, q) ≤ â + b(p, q) ßþ�Â� ���
.¢�ª üõ

ý¤�Ï �� ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ p, q, r, s, t, u ∈ Q ø .ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ ∧ ÛÞä ñ��
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ßþ�Â���� .p ≤ r ∧ t, s ∧ u ≤ q Ýþ¤�¢ ù�Ú÷� (r, s) ∧ (t, u) ≤ (p, q) �î

(a− r) ∧ (b− t) ≤ (a− p) ∧ (b− p) = (a ∧ b)− p

ÂÚþ¢ éÂÏ ¥�

(s− a) ∧ (u− b) ≤ (q − a) ∨ (q − b) = q − (a ∧ b)

ö�È÷ �¤ â∧ b̂ = â ∧ b ,Rö¢�� ÝÑ�õ ¥� ù¢�Ôµ¨� �� �î â∧ b̂(p, q) ≤ â ∧ b(p, q) ßþ�Â����
.Àû¢ üõ

τE �¹�µ÷ ¤¢ .¢Âî ù¢�Ôµ¨� ö��� üõ ,a ∨ b = −((−a) ∧ (−b)) �bÎ��¤ ¥� ,∨ ÛÞä ý�Â�
.¢�ª üõ �¹�µ÷ (1)5-4 �b �Ìì ¥� τE üÚµ¨��� .´¨� Åþ¤ ´ª�Ú÷ ×þ

:Ý��î üõ ´��� �¤ ë�½ó� ��¢�ãõ ,ñ��

σMEMτE
= idME, (CσL)τCL = idCL

p, q ∈ Q ø α ∈ C(L) ,a ∈ E Âû ý�Â� Ý��î ´��� ´Æ�ê�î
.coz(â) =< a > ø coz(((α− p) ∧ (q − α))+) = α(p, q)

¤¢ .q − a ≤ p − a Ý þ¤�¢ .p < q ≤ 0 Ý � � î ­Â ê ¤� Ñ � õ ß þ� ý�Â �
ß þ�Â �� � � (q − a)+ ∈< a > ü � ã þ 0 ≤ (q − a)+ ≤ (−a)+ ≤ |a| � ¹ � µ ÷
ßþ� Â �� � � ø a − p < a Ýþ¤�¢ 0 ≤ p < q ´ó�� ¤¢ .((a − p) ∧ (q − a))+ ∈< a >

ßþÀ� ßþ� .((a − p) ∧ (q − a))+ ∈< a > �¹�µ ÷ ¤¢ 0 < (a − p)+ < a+ ∈< a >

­Âê ,ýø�Æõ�÷ ÅØä ��±�� ý�Â� .coz(â) =
∨

0≤p<q

p<q≤0
â(p, q) ≤< a > �î ´¨� ü�ãõ

â(0, q) = 〈(a ∧ (q − a))+〉 =< a+ > Ý þ¤�¢ .q >2a � î Àª� � ö� � �q ∈ Q Ý � � î
�Á ó .a− ∈ â(−,0) � î ¢�ª üõ ´�� � � ��È õ ý¤�Ï � � .a+ ∈ â(0,−) �¹ � µ ÷ ¤¢

.coz(â) =< a > ü�ãþ .a = a+ − a− ∈ cozα̂
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:¢�ª üõ ´��� Âþ¥ Í��ø ¤ ¥� ù¢�Ôµ¨� �� ë�½ó� ôø¢ �ó¢�ãõ
coz ((α− p)+ ∧ (q − α)+) = ((α− p)+ ∧ (q − α))

+
(0,−)

=
∨ {(α− p) ∨ ◦(r, s) ∧ (q − α) ∨ ◦(z, w)|r, z ≥ 0}

=
∨ {(α− p)(r, s) ∧ (q − α)(z, w)|r, z > 0}

=
∨ {α(r + p, s + p) ∧ α(q − w, q − z)|r, z ≥ 0}

= α




∨

r,z≥0
s>r u>z

(r + p, s + p) ∧ (q − w, q − z)




= α((p,−) ∧ (−, q))

= α(p, q)

2 .À�î üõ ��±�� �¤ ��Ìì ßþ�

§�Âµª�Âþ�ø ö�µ¨� �b �Ìì �bÎÖ÷ öøÀ� �¤�¬ 4.4
��±�� Åþ¤ ý�Ìê ö���ä �� C(L) ý�Â� �¤ §�Âµª�Âþ�ø -ö�µ¨� �b �Ìì Ç¿� ßþ� ¤¢
üõ �µê�þ Ý�Þã� §�Âµª�Âþ�ø -ö�µ¨� �b �Ìì �b ÎÖ÷ öøÀ� �¤�¬ �¤ ��Ìì ßþ� .Ý��îüõ
�¤�¬ .´¨� �µê�þ Ý�Þã� ÛØª ßþÂ� üÜî Ýû ø ´¨� �ÎÖ÷ öøÀ� �¤�¬ Ýû �Âþ¥ ,Ý�õ�÷
.´¨� ùÀª ��±�� ø ö��� ]18[ ¤¢ Åþ¤ ý�Ìê ö���ä �� C(X) ý�Â� ��Ìì ßþ� ×�¨�î

.À��î á��¤ ]4[ �� ´¨� ùÀª ù¢¤ø� Âþ¥ ¤¢ �î ¸þ�µ÷ ø �úÔþÂã� üÌã� ý�Â�

ùÀ��î �À� �¤ S ⊆ C(L) �b ä�Þ¹õ Âþ¥ .Àª�� ÝþÂê ×þ L Ý��î ­Âê ÓþÂã� 1.3.4
.¢�ª À�ó�� Coz(S) Í¨�� L �ð Âû Ý�þ�ðüõ

:�Âþ¥ ,´¨� ñ¢�ãõ ÓþÂã� ßþ� �� ¯�Ö÷ ùÀ��î�À� ×�¨�î ÓþÂã� ùÂÊ±� 2.3.4
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Â þ¥ ×þ A ø Àª� � é¤øÀ¨�û ø ù¢ÂÈê ý�Ìê ×þ X Ý��î ­Âê ��Ìì 3.3.4
A ù�Ú÷� À��î À�ó�� �¤ O(X) ,A ÂÔÊÞû ý�û �ä�Þ¹õ Âð� .Àª�� C(X) ¥� �Øþ Â±�
Ã�÷ °ÜÎõ ßþ� ÅØä ,Àª�� C(X) Å��� Âþ¥ A Âð� ß��»Þû .´¨� ¯�Ö÷ ùbÀ��î�À�

.´¨� ¤�ÂìÂ�

Àª�� ùÀ��î �À� �î C(L) Â±� Âþ¥-R Âû (§�Âµª�Âþ�ø -ö�µ¨� �b �Ìì) ��Ìì 4.3.4
.´¨� ñ�Ú� ´¡���Øþ ¤�Ï �� C(L) ¤¢

ÀþÀ½� �î Ý��îüõ ÓþÂã� �¤ L ¥� w �Ìä ×þ �� α ∈ C(L) ÀþÀ½� ¢�Þ÷ �¹�þ� ¤¢
.´¨� ÂÒ��µõ ,¥�� �ä�Þ¹õ ×þ �� �µ¨��� â��� ×þ

,Ý�û¢üõ ö�È÷ α|w ¢�Þ÷ �� �î L ¥� w �Ìä ×þ �� α ∈ C(L) ÀþÀ½� ��Ìì 5.3.4
α °�îÂ� âì�ø ¤¢ �î ,α|w(r, s) = α(r, s) = α(r, s) ∧ w �î R →↓ w ¥� ´¨� �¤�±ä

.´¨� x Ã x ∧ w �bÎ��® �� L →↓ w üµÞÆì �¤�¡ ´ª�Ú÷ ��

�î À ÷¤�¢ ¢��ø m ∈ Z �î wm ,k üã� ±Ï ¢Àä ø α ∈ C(L) Âû ý�Â � Ý ó 6.3.4
k ∈ Z Âû ý�Â� �î ý¤�Ï �� rm ∈ Q ß��»Þû ø ,À�û¢üõ Çª�� ×þ Û�ØÈ�

−1/k ≤ (α− rm)|wm ≤ 1/k

.

Âþ¥ Âû (�µê�þ Ý�Þã� §�Âµª�Âþ�ø -ö�µ¨� �b �Ìì �b ÎÖ÷ öøÀ� �¤�¬) ��Ìì 7.3.4
C(L) ¤¢ ´¡���Øþ ¤�Ï �� ,Àª�� �µª�¢Â� ¤¢ �¤ 1 ø Àª�� ùÀ��î �À� �î E Å���-�Ìê

.´¨� ñ�Ú�
À � � î ­Â ê .À ª� � ü ã � ± Ï ¢À ä × þ k ø α ∈ C(L)+ Ý � � î ­Â ê :�� ± ��
´¨� ùÀª ù¢¤ø� 6.4.4 Ýó ¤¢ �î rm ∈ Q ø ,Àª�� L ¤¢ Çª�� ×þ C = {wm|m ∈ Z}
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ø

−1/k ≤ (α− rm)|wm ≤ 1/k, m ∈ Z

,L ö¢�� ÝÑ�õ �f õ�î ¥� ù¢�Ôµ¨� �� .w ∈ C Ý��î ­Âê

w =
∨{x ∈ L : x ≺ w} =

∨{∨{coz(α) : α ∈ E, coz(α) ≤ x} : x ≺ w}

=
∨{coz(α)|α ∈ E, coz(α) ≺ w}

.´ ¨� L ý�Â � Ç ª� � × þ {coz(α)|α ∈ E, coz(α) ≺ w, w ∈ C} � ¹ � µ ÷ ¤¢
� î ý¤� Ï � � À ÷� ªü õ ´ ê� þ α1, · · · , αn ,L ü ð¢Â È ê ¥� ù¢� Ô µ ¨� � � ß þ�Â �� � �
¢¤�¢ ¢� �ø r > 0 × þ ß þ�Â �� � � .coz(αi) ≺ wi ø coz(α1) ∨ · · · ∨ coz(αn) = e

Ý þ¤�¢ .βi = |αi|
r
∧ 1/n Ý � û¢ü õ ¤�Â ì .r ≤ |α1| + · · · + |αn| � î ý¤� Ï � �

Ý � û¢ü õ ¤�Â ì ñ� � .1 = β1 + ... + βn ø ,coz(βi) = coz(αi) ≺ wi ,βi ∈ E

.|α− β| ≤ 1/k Ý��î üõ �ä¢� ö��î� .β = r1β1 + · · ·+ rnβn, β ∈ E

�� �î w ∈ C ′ = {w1, coz(β1)
∗} ∧ · · · ∧ {wn, coz(βn)∗} Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â�

Ýþ¤�¢ .´¨� Çª�� ×þ ]3[ ¥� 1 ùb¤�Ãð �� ����

(α− β)|w =
∑

(αβi − riβi)|w =
∑

((α− ri)|w)(βi|w)

�þ −1/k ≤ (α − ri)|w ≤ 1/k ßþ�Â���� ø ,w ≤ coz(βi)
∗ �þ i, w ≤ wi Âû ý�Â� ñ��

�¹�µ÷ ¤¢ .coz(βi|w) = coz(βi) ∧ w �Âþ¥ ,βi = 0

−1/kβi|w ≤ ((α− ri)|w)(βi|w) ≤ 1/kβi|w

Â��ç� Çª�� ×þ ¤¢ w ö�� .−1/k ≤ (α − β)|w ≤ 1/k Ýþ¤�¢ ,i ýø¤ âÞ� �� �Áó
.Ý�µ¨��¡üõ �î ´¨� ýÃ�� ö�Þû ßþ� .−1/k ≤ α− β ≤ 1/k ,À�îüõ

ø(]4[) ´¨� C(L) ¥� Å��� Âþ¥ ×þ C(L) ¥� �µÆ� Â±�-R Âû ö�� ùÂÊ±� 8.3.4
.Àû¢ üõ �¹�µ÷ �¤ 4.4.4 �b �Ìì ,7.4.4 �b �Ìì
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ü÷���î�î �b �Ìì �bÎÖ÷ öøÀ� �¤�¬ 5.4
öøÀ� �¤�¬ üþ�ú÷ éÀû ßþ� .¢�ªüõ ü¨¤Â� ÛÊê ßþ� ¤¢ Àª �µÔð �î üþ�ú÷ éÀû
�¤ E ´¡���Øþ ø ü¨À�Þª¤� ¤�À÷�Âî Åþ¤ ý�Ìê Âû .´¨� ü÷� ��î�î ö�ðø¢ �b ÎÖ÷

.´¨� ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê ×þ L �î ,À÷�È÷ C(L) ¤¢ ö���üõ

. ´¨� ×þ �� ×þ τE ø ´¨� üµ¿þÂØþ σL ,1.3.4��Ìì ý�û¢�Þ÷ �� Ýó 1.4.4

ßþ� Â���� .À�î üõ À�ó�� �¤ L ,{coz(α)|α ∈ C(L)}´¨� ÝÑ�õ �õ�î L ö�� :��±��
����,σL ö¢�� ×þ �� ×þ ��±�� ý�Â� .´¨�ª�� σL Å� σL(< α >) = coz(α) ö��

.À�µÆû ÝÑ�õ ø ù¢ÂÈê ø¢ ÂûMC(L) ø L ø ´¨� ñ�Ú� σL �î Ý��î üõ
ß þ�Â �� � � â = 0 Ý � � î ­Â ê ,τE ö¢� � × þ � � × þ ö¢�¢ ö� È ÷ ý�Â �
τE Å� .a = 0 ü�ãþ ,< a >=< 0 > �¹�µ÷ ¤¢ ,{0} =< 0 >= coz(â) =< a >

.´¨� ×þ �� ×þ

éÂÏ ø¢ �b�ª� ö¢Âî ¢øÀ½õ ¥� ù¢�Ôµ¨� �� ,üØþ¤�Ú��î ë�½ó� ×þ ¥� ùÂÊ±� 2.4.4
.¢¤ø� ´¨À� ,Û¬�� ý¤�Ú��î Âþ¥ ø¢ ß�� ý¥¤� Ýû ×þ ö��� üõ ,�û ý¤�Ú��î

ÝþÂê Âû ý�Â� �Âþ¥ ,¢¤�À÷ ���µ�� �b�ª� ö¢Âî ¢øÀ½õ �� �û ÝþÂê éÂÏ ¥� «�¡ ë�½ó� ßþ�
Âþ¥ ÓþÂã� ¥� ù¢�Ôµ¨� �� ø .´¨� üµ¿þÂØþ σL : MC(L) → L ,L ÝÑ�õ �f õ�î ø ù¢ÂÈê

.Ý��î üõ ¢øÀ½õ �¤ Åþ¤ ý�û�Ìê éÂÏ

.Àª�� �ª�� τE ù�ð Âû Ý�þ�ð üõ Ûõ�î �¤ E Åþ¤ ý�Ìê ÓþÂã� 3.4.4

,ßþ� Â���� .´¨� Ûõ�î ¤�Ï �� C(L) Å� ´¨� üµ¿þÂØþ τC(E) ö�� ùÂÊ±� 4.4.4
ø ,ù¢ÂÈê ø ÝÑ�õ �f õ�î ý�ûÝþÂê ý¤�Ú��î ø¢ ß�� ý¥¤� Ýû ×þ 1.3.4 ��Ìì ë�½ó�
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öøÀ� ý¦�ó���� �¤�¬ ßþ� ø .´¨� Ûõ�î ü¨À�Þª¤� ´¡���Øþ ¤�À÷�Âî Åþ¤ ý�û�Ìê
.´¨� ùÀª í�� ��¿µ÷� Û¬� ¥� �î ´¨� ü÷���î�î ��Ìì �ÎÖ÷



5 ÛÊê
öøÀ� ý¦�ó���� ¤¢ Åþ¤ ´ª�Ú÷ Çþ�Þ÷

�ÎÖ÷
��Ìì ßþ� .Ýþ¥�¨üõ �¤ Ã�ó�÷� ¤¢ Çþ�Þ÷ �b �Ìì ×þ �b ÎÖ÷ öøÀ� �¤�¬ ,ÛÊê ßþ� ¤¢
´ª�Ú÷ Âû ý�Â� �î ,´¨� C(X) ýø¤ üÖ�Ö� Åþ¤ â���� ý�Â� ×�¨�î Çþ�Þ÷ ×þ
�î Àû¢ üõ ´±Æ÷ x ∈ X ö�� �ÎÖ÷ ×þ ,φ(1) = 1 �î φ : C(X) → R üÖ�Ö� Åþ¤
]16[) α ∈ C(X) Âû ý�Â� x̂(α) = α(x) ¥� ´¨� �¤�±ä x̂ �b Î��® ö� ¤¢ �î ,φ = x̂

��¿µ÷� Û¬� ¥� x �bÎÖ÷ ö¢Âî É¿Èõ öøÀ� ×�¨�î ��±�� ¤¢ .(À���±� �¤ 163 .«
.¢�ªüõ ù¢�Ôµ¨�

ø M ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê ¥� é¤øÀ¨�û ø ù¢ÂÈê ý�Ìê ý�¹� �ó�¨¤ ßþ� ¤¢
¥� ù¢�Ôµ¨� �� p̃ .¢�ªüõ ù¢�Ôµ¨� ,´¨� ñø� �Ìä ×þ p ∈ M ö� ¤¢ �î p̃ ¥� x̂ ý�¹�
�î ¢�ª üõ ��±�� Å³¨ .¢�ªüõ ÓþÂã� p̃(α) üÖ�Ö� ¢Àä ßµ¡�¨ ¤¢ À��î¢¢ ý�úªÂ�
p =

∨
coz(kerφ) ö� ¤¢ �î ,´¨� φ(1)p̃ �¤�¬ �� φ : C(M) → RÅþ¤ ´ª�Ú÷ Âû

,ñø� ý�Ìä� ,Åþ¤ ý�úµª�Ú ÷ ß� � ×þ � � ×þ ÂÒ� � � ×þ �õ�¢� ¤¢ .(2.2.5 Ý ó)
Ýû Âð� .(4.2.5 �b �Ìì) Ý��îüõ ¢�¹þ� À�µÆû Fix(η) ¤¢ �î üóø� ý�úó�Àþ�-` ø
� î Ý � � î �À � � KM ö�� ÝÑ � õ �f õ� î Ý þÂ ê ×þ Ý � ÷�� �üõ ,Àª� ± ÷ ÝÑ � õ �f õ� î M
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ý�Ìä� ø Åþ¤ ý�úµª�Ú÷ ß�� ×þ �� ×þ ÂÒ��� ×þ ¤�Ï ß�Þû ø C(M) ' C(KM)

�ã ó�Î õ 6.2.5 ùb¤�Ã ð ¤¢ q̃ ø̂ß� � �b Î ��¤ Å³¨ .(5.2.5 �b �Ìì) Ý þ¤�¢ ∑
KM ñø�

.À�µÆû Â��Â� �¤�¬ �� ¤¢ q̃ ø p̃ �î Ý����üõ ø ,¢�ªüõ

x̂ �bÎÖ÷ öøÀ� �¤�¬ 1.5
{r ∈ Q : α(−, r) ≤ a} ý�û �ä�Þ¹õ .α ∈ C(M) ø ,a ∈ M ,ÝþÂê M Ý��î ­Âê
Âû ý�Â� .Ý�û¢üõ ö�È÷ L(a, α) ø U(a, α)�� °��Â� �� �¤ {s ∈ Q : α(s,−) ≤ a} ø

:âì�ø ¤¢ .r ≤ s �î ´¨� ¼®�ø s ∈ U(a, α) ø r ∈ L(a, α)

¤¢ ,α ∈ C(M) ø ,Àª�� ñø� p ∈ M ø ,Àª�� ÝþÂê ×þ M Ý��î ­Âê Ýó 1.1.5
Çþ�Þ÷ p̃ �� �¤ ö� �î ´¨� À��î¢¢ ©Â� ×þ L = L(p, α), U = U(p, α) �¤�¬ ßþ�

.Ý�û¢üõ
ö�� .L ∪ U = Q Ýþ¤�¢ α(−, r) ∧ α(r,−) = 0 ¥� ù¢�Ôµ¨� �� ,´¨� ñø� p ö�� :��±��

.À�îüõ ��±�� �¤ Ýó ßþ� .U 6= Q ���Èõ ¤�Ï �� ø L 6= Q ;∨L α(−, r) ≤ p

�Ö Ü�-f üµ¿þÂÞû ×þ p̃ : C(M) −→ R ù�Ú ÷� ,Àª� � ñø� p Âð� ù¤�Ã ð 2.1.5
.´¨� ¤�À÷�Âî Åþ¤ ´ª�Ú÷ ×þ p̃ : C(M) −→ R ,«�¡ ´ó�� ¤¢ .´¨�û

ý�Â� �î Ý��î üõ ´��� .Àª�� �µ¨��� ÛÞä ×þ ¦ : R2 −→ R Ý��î ­Âê :��±��
ø r ∈ L(p, α¦β) �î Ý � � î ­Âê .p̃(α¦β) = p̃(α) ¦ p̃(β) Ý þ¤�¢ α, β in C(M) Âû

ÓþÂã� §�¨� Â� ßþ� Â���� ø α¦β(−, r) ≤ p Ýþ¤�¢ .s ∈ U(p, α¦β)

∨{α(−, z) ∧ β(−, w) : (−, z) ¦ (−, w) ≤ (−, r)} ≤ p
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.w ≤ p̃(β) � þ z ≤ p̃(α) �¹�µ ÷ ¤¢ .β(−, w) ≤ p� þ α(−, z) ≤ p ,´¨� ñø� p ö��
ßþ� Â����

(p̃(α), p̃(β)) 6∈ (−∞, z)× (−∞, w)

ü�ãþ
(p̃(α), p̃(β)) 6∈ ⋃{(−∞, z)× (−∞, w) : (−, z) ¦ (−, w) ≤ (−, r)}.

ß þ�Â �� � � .p̃(α) ¦ p̃(β) 6∈ (−∞, r) � �� È õ ¤� Ï � � ø .´ ¨� � µ ¨� � � ¦ ö� � � �
,À � µÆû � µ¨� � � +, .,∨,∧ ý�ú ÜÞä ö�� ñ�� .´¨� Â ��Â � p̃(α¦β) � � p̃(α) ¦ p̃(β)

�î ¢�ªüõ ùÀþ¢ üµ��Â � ø .À�î üõ ÐÔ� �¤ +, .,∨,∧ ý�úÜÞä p̃ : C(M) −→ R

2 .p̃(1) = 1

ý¦� ó� �� � ¤¢ C(M ) ýø¤ Åþ¤ ´ª�Ú ÷ Çþ� Þ ÷ 2.5
�ÎÖ÷ öøÀ�

ø e : LC(M) → M ý� ú µ ª� Ú ÷ .À ª� � Ý þÂ ê × þ M Ý � � î ­Â ê Ý ó 1.2.5
`(x) = {α ∈ ø e(I) =

∨
Coz(I) ý�û �Î ��® � � ° � �Â � � � �¤ ` : M → LC(M)

�¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã� C(M) : coz(α) ≤ x}
.´¨� ` ²� ë�½ó� e (1)

Âð� �ú��ø Âð� I ∈ Fix(η) ø ´¨� �µÆû ×þ η = ` ◦ e : LC(M) → LC(M) (2)
.I = {α : coz(α) ≤ x} �î Àª�� �µª�¢ ¢�� ø x ∈ M

.e ◦ ` = idM ,Àª�� ÝÑ�õ �f õ�î M Âð� (3)
.´¨� ñ�Ú� Ýû η ù�Ú÷� Àª�� ù¢ÂÈê M Âð� (4)
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.´¨� ¼®�ø (1) :��±��
Ý � � î ­Â ê ñ� � .¢� ªü õ �¹ � µ ÷ (1) ¥� η ü ÷�� � ¢� ¡ ø â � ¨� � ü ðÄ þø (2)

Ýþ¤�¢ ,α ∈ η(I) ∩ η(J) ø I, J ∈ LC(M)

coz(α) ≤ (
∨

Coz(I)) ∧ (
∨

Coz(J)) =
∨

Coz(I ∩ J)

η(I) ∩ η(J) = η(I ∩ J) ýÂ ��Â � ü ú þÀ �� ÷ éÂ Ï ß þ� .α ∈ η(I ∩ J) ß þ�Â �� � �
Ý þ¤�¢ .η(I) = I Ý � � î ­Â ê ôø¢ ´ Þ Æ ì �� ± �� ý�Â � .À � îü õ �� ± �� �¤
Ý � � î ­Â ê Å Ø ä Â � .{α : coz(α) ≤ ∨

Coz(I)} = `e(I) = η(I) = I

¤¢ ,coz(α) ≤ e(I) =
∨

Coz(I) ≤ x ßþ�Â �� � � .α ∈ η(I) ø I = {α : coz(α) ≤ x}
.η(I) = I Å� .α ∈ I �¹�µ÷

e`(x) =
∨{α ∈ C(M) : coz(α) ≤ �Á ó .´¨� ÝÑ�õ �f õ�î M Ý��î ­Âê (3)

.x} = x

¢��ø α1, · · · , αk ∈ I �¹�µ÷ ¤¢ .η(I) = C(M) ø ,Àª�� ù¢ÂÈê M Ý��î ­Âê (4)
.α = |α1|+· · ·+|αk| ∈ I Ý�û¢üõ ¤�Âì .coz(α1)∨· · ·∨coz(αk) = e �î ý¤�Ï �� ¢¤�¢
ý¤�Ï �� ¢¤�¢ ¢�� ø r > 0 üð¢ÂÈê ¥� ù¢�Ôµ¨� �� ø ,α(0,−) = coz(α) = e Ýþ¤�¢
Ýû η �Áó .I = C(M) ü�ãþ ,r ∈ I �¹�µ÷ ¤¢ ø 0 < r ≤ α ßþ�Â±�� .α(r,−) = e �î

2 .´¨� ñ�Ú�
.Àª�� ÝþÂê ×þ M Ý��î ­Âê Ýó 2.2.5

� î p ñø� � Ì ä Â û ø φ : C(M) → R ¤�À ÷�Â î Å þ¤ ´ ª� Ú ÷ Â û ý�Â � (1)
.φ = p̃ Ýþ¤�¢ ,e(kerφ) ≤ p

ù�Ú÷� Àª�� ÝÑ�õ �f õ�î M Âð� ø ,kerφ ∈ Fix(η) ù�Ú÷� e(kerφ) < e Âð� (2)
.´¨� M ¤¢ ñø� �Ìä ×þ e(kerφ)

ßþ�Â��� � ,coz(α) ≤ e(kerφ) ≤ p �¤�¬ ßþ� ¤¢ .α ∈ kerφ À��î ­Âê :��±��
Ýþ¤�¢ ,r < 0 < s �î r, s ∈ Q Âû ý�Â�

α(−, r) ∨ α(s,−) ≤ coz(α) ≤ p
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.À�îüõ ��±�� �¤ kerφ ⊆ kerp̃ �î α ∈ kerp̃ ßþ�Â���� ,p̃(α) = 0ÓþÂã� �� ���� �� �Áó

.d ◦ φ = p̃ �î ý¤�Ï �� ¢¤�¢ ¢��ø d : R→ R ü�ãþ ,¢�ªüõ �þÃ¹� φÎ¨�� p̃ �¹�µ÷ ¤¢
¥� üÎ¡ ÛþÀ±� �ú�� ü÷�Þû ´ª�Ú÷ ¤�Î��Þû ø d(1) = d(φ(1)) = p̃(1) = 1 ö�� �õ�

2 .φ = p̃ Ýþ¤�¢ ,À�îüõ ÐÔ� �¤ 1 �î ´¨� R �� R

­Âê .kerp̃ = `(p) Ýþ¤�¢ ,p ∈ M ñø� �Ìä Âû ý�Â� �î Ý��îüõ ��±�� �Àµ�� (2)
� � ß þ� ø coz(α) ≤ p Â ð� � ú � � ø Â ð� α ∈ kerp̃ �¤�¬ ß þ� ¤¢ .α ∈ C(M) Ý � � î
�Ìä ×þ ,PIT ¥� ù¢�Ôµ¨� �� .e(kerφ) < e Ý��î ­Âê ñ�� .´¨� ñ¢�ãõ α ∈ `(p)

(1) ¥� ù¢�Ôµ¨� � � ßþ�Â �� � � .e(kerφ) ≤ p �î ý¤�Ï �� ¢¤�¢ ¢��ø p ∈ M ö�� ñø�
ö¢� � ñø� �� ± �� ý�Â � ö� þ� � ¤¢ .η(kerφ) = kerφ �¹� µ ÷ ¤¢ .kerφ = kerp̃ = `(p)

Ýþ¤�¢ .x ∧ y ≤ e(kerφ) Ý��î ­Âê e(kerφ)

`(x) ∧ `(y) = `(x ∧ y) ≤ `e(kerφ) = η(kerφ) = kerφ

�� ,´¨� ÝÑ�õ �f õ�î M ö�� �Áó .`(y) ≤ kerφ �þ `(x) ≤ kerφ ,´¨� ñø� kerφ ö��
×þ ü�ãþ .y = e`(y) ≤ e(kerφ) �þ x = e`(x) ≤ e(kerφ) ,(3)1.2.5 Ýó ¥� ù¢�Ôµ¨�

2 .´¨� ñø� �Ìä

φ : C(M) → R ,Àª�� ÝÑ�õ �f õ�î ø ù¢ÂÈê ÝþÂê ×þ M Ý��î ­Âê Ýó 3.2.5
C(M) ¥� ñ�Àþ�-` ×þ U ø ,Àª� � M ¥� ñø� �Ìä ×þ p ,Àª� � Åþ¤ ´ª�Ú÷ ×þ
ø e(kerp̃) = p ,φ = φ(1) ˜e(kerφ) �¤�¬ ßþ� ¤¢ .U ∈ Fix(η) �î ý¤�Ï �� Àª��

.U = kerẽ(U)

� î ´ ¨� ¼ ®�ø .φ′ = φ
φ(1)

Ý � û¢ü õ ¤�Â ì .φ(1) 6= 0 Ý � � î ­Â ê :�� ± ��
ù� Ú ÷� e(kerφ) = e Â ð� .kerφ′ = kerφ ø ´ ¨� ¤�À ÷�Â î Å þ¤ ´ ª� Ú ÷ × þ φ′

η ,(4)1.2.5 Ýó �� ��� ,´¨� ù¢ÂÈê M ö�� .η(kerφ) = `e(kerφ) = `(e) = C(M)

,(2)2.2.5 Ýó �� ��� Å� .´¨� Ëì��� �î kerφ = C(M) ßþ�Â���� ,´¨� ñ�Ú� Ýû



86 �ÎÖ÷ öøÀ� ý¦�ó���� ¤¢ Åþ¤ ´ª�Ú÷ Çþ�Þ÷

�Áó . φ
φ(1)

= φ′ = k̃erφ ,(1)2.2.5 Ýó �� ��� �¹�µ÷ ¤¢ ø ,´¨� ñø� �Ìä ×þ e(kerφ)

.φ = φ(1) ˜e(kerφ)

e(kerp̃) = e`(p) = Ýþ¤�¢ kerp̃ = `(p) ¥� ù¢�Ôµ¨� �� ø (2)2.2.5 ��±�� �� ���� ��
.p

Âû ý�Â� Âð� �ú�� ø Âð� α ∈ U �¤�¬ ßþ� ¤¢ .α ∈ C(M) Ý��î ­Âê ,ö�þ�� ¤¢
.ẽ(U)(α) = 0 ñ¢�ãõ ¤�Ï �� �þ ,α(−, r) ∨ α(s,−) ≤ coz(α) ≤ e(U) ,r < 0 < s

Ý��î ­Âê ¤�Ñ�õ ßþ� ý�Â� .´¨� ñø� �Ìä ×þ e(U) Ý��î ´��� ´Æ�ê�î ßþ�Â����
�Áó .x ∧ y ≤ e(U)

`(x) ∧ `(y) = `(x ∧ y) ≤ `e(U) = η(U) = U

,M ö¢� � Ý Ñ � õ �f õ� î � � � �� � � � � ¹ � µ ÷ ¤¢ .`(y) ≤ U � þ `(x) ≤ U ß þ�Â �� � �
2 .´¨� ñø� e(U) ü�ãþ .y = e`(x) ≤ e(U) �þ x = e`(x) ≤ e(U)

Àª�� C(M) ýø¤ ÂÔ¬�÷ Åþ¤ ý�úµª�Ú÷ �b Þû �bä�Þ¹õ ý�Â� �¤ R(C(M),R) ¢�Þ÷
ÓþÂã� �¤ Âþ¥ ý�úµª�Ú÷ ñ�� .Àª�� Fix(M) ¥� ñø� ý�úó�Àþ�-` �b Þû �b ä�Þ¹õ U ø

F (φ) = (φ(1), e(kerφ)) �bÎ��® �� F : R(C(M),R) → R+ ×∑
M :Ý��îüõ

G(r, p) = rp̃ �bÎ��® �� G : R+ ×∑
M → R(C(M),R)

H(φ) = (φ(1), kerφ) �bÎ��® �� H : R(C(M),R) → R+ × U
.K(r, U) = rẽ(U) �bÎ��® �� K : R+ × U → R(C(M),R)

K öø¤�ø H ß��»Þû ø ,G öø¤�ø F ,M ÝÑ�õ �f õ�î ÝþÂê Âû ý�Â� ��Ìì 4.2.5
.À�µÆû ÂÚþÀØþ öø¤�ø ,∑ M ø U ýø¤ °��Â� �� ` ø e ÀþÀ½� ß��»Þû .´¨�

¥� ù¢�Ôµ¨� �� .r ∈ R+ ø ,U ∈ U ,p ∈ ∑
M ,φ ∈ R(C(M),R) Ý��î ­Âê :��±��

Ýþ¤�¢ .φ(1) > 0 ø ,´¨� ñø� e(kerφ) ,(2)2.2.5 Ýó
G ◦ F (φ) = G(φ(1), e(kerφ)) = φ(1) ˜e(kerφ) = φ
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F ◦G(r, p) = F (rp̃) = (rp̃(1), e(ker(rp̃))) = (r, e`(p)) = (r, p)

K ◦H(φ) = K(φ(1), kerφ) = φ(1) ˜e(kerφ) = φ

H ◦K(r, U) = H(rẽ(U)) = (rẽ(U)(1), ker(rẽ(U))) = (r, u)

2 .` ◦ e(U) = η(U) = U ø e ◦ ` = idM Ýþ¤�¢ (3)1.2.5 Ýó ¥� ù¢�Ôµ¨� �� ,ö�þ�� ¤¢ ø

ù�Ú÷� .Àª�� M ¤¢ Coz(M) Í¨�� ùÀª À�ó�� ÝþÂê Âþ¥ KM Ý��î ­Âê ù¤�Ãð 5.2.5
� î ,´ ¨� û� Ö Ü �-f ü µ ¿ þÂ Þ û × þ ω = c(i) : C(KM) → C(M) (1)

.´¨� ñ�Þª ´ª�Ú÷ i : KM ↪→ M

ß��� Ã�÷ KM ù�Ú÷� Àª�� ù¢ÂÈê M Âð� ,ùø�ä �� .´¨� ÝÑ�õ �f õ�î KM (2)
.´¨�

öø¤�ø F : R(C(M),R) À R+ × ∑
KM : G ù� Ú ÷� À ª� � ù¢Â È ê M Â ð� (3)

.G(r, p) = rp̃ ◦ ω−1 ø F (φ) = (φ(1), e(ker(φ ◦ ω))) ö� ¤¢ �î ,À�µÆû ÂÚþÀØþ
ý�Â � .´ ¨� û� Ö Ü �-f ü µ ¿ þÂ Þ û × þ ω � î ´ ¨� ¼ ®�ø (1) :�� ± ��
,r, s ∈ Q Â û ý�Â � .À ª� � C(M) ¤¢ α : R → M Ý � � î ­Â ê ,ω ö¢� � � ª� �
.Im(α) ⊆ KM �Á ó ø ,α(r, s) = coz((α − r)+ ∧ (s − α)+) ∈ Coz(M) ⊆ KM

.´¨� α ù¤�Ú÷ ÀþÀ½� α ö� ¤¢ �î ,ω(α) = i ◦ α = α ßþ�Â����
,β : R → KM Â û ý�Â � ø ,coz(α) = coz(α) ,α : R → M Â û ý�Â � (2)
Í ¨� � KM � ¹ � µ ÷ ¤¢ .Coz(KM) = Coz(M) ß þ�Â �� � � .coz(β) = coz(ω(β))

.´¨� ÝÑ�õ �f õ�î KM �Áó .¢�ª üõ À�ó�� Coz(KM)

,(2)2.2.5 Ýó ¥� ù¢�Ôµ¨� �� ø ,´¨� ÝÑ�õ �f õ�î ø ù¢ÂÈê KM (2) ¥� ù¢�Ôµ¨� �� (3)
­Âê ñ�� .´¨� ÓþÂãµª�¡ F �¹�µ÷ ¤¢ .´¨� KM ¥� ñø� �Ìä ×þ e(ker(φ ◦ ω))
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ù�Ú÷� .φ ∈ R(C(M),R) ø (r, p) ∈ R+ ×∑
KM Ý��î

F ◦G(r, p) = F (rp̃ ◦ ω−1)

= (rp̃(1), e(ker(rp̃ ◦ ω−1 ◦ ω))) = (r, e(ker(rp̃))) = (r, e`(p)) = (r, p)

G◦F (φ) = G(φ(1), ˜e(ker(φ ◦ ω))) = φ(1) ˜e(ker(φ ◦ ω))◦ω−1 = φ◦ω◦ω−1 = φ

2 .À�îüõ ��±�� �¤ ÝØ� ßþ�
ö�� �û�ÖÜ�-f üµ¿þÂÞû ×þ .Àª� � Ý þÂ ê ×þ M Ý� �î ­Âê ù¤�Ãð 6.2.5
Âû ý�Â� �î ý¤�Ï �� ¢¤�¢ ¢��ø ψ(α) = τ ◦∑

α �b Î��®�� ψ : C(M) → C(
∑

M)

.p̂ ◦ ψ = q̃ ,p ≤ q

ñ�� .´¨� ÓþÂãµª�¡ ψ ,´¨� �µ¨��� ψ(α) ,α ∈ C(M) Âû ý�Â� ö�� :��±��
.ψ(α ¦ β) = ψ(α) ¦ ψ(β) Ý�û¢üõ ö�È÷ .¦ ∈ {+,∨,∧, .} Ý��î ­Âê

üÖ�Ö� ¢Àä ×þ ψ(α) ,p ∈ ∑
M ø α ∈ C(M) Âû ý�Â� �î Ý��îüõ ���� �À��

,r, s ∈ Q Âû ý�Â� �î ´¨�

r ≤ ψ(α)(p) ≤ s ⇔ α((−, r) ∨ (s,−)) ≤ p

Ýþ¤�¢ .ψ(β)(p) = b ø ψ(α)(p) = a Ý�û¢üõ ¤�Âì

r ≤ a ≤ s ⇔ α((−, r) ∨ (s,−)) ≤ p

r ≤ b ≤ s ⇔ β((−, r) ∨ (s,−)) ≤ p

Ý�û¢üõ ö�È÷ ñ��

r ≤ a ¦ b ≤ s ⇔ (α ¦ β)((−, r) ∨ (s,−)) ≤ p
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� î À � ª� � ö� � � x, y ∈ Q Ý � � î ­Â ê .r ≤ a ¦ b ≤ s Ý � � î ­Â ê
�¹�µ÷ ¤¢ .(−, x) ¦ (−, y) ≤ (−, r)

(−∞, x)× (−∞, y) ⊆ ¦−1(−∞, r) ⇒ (a, b) 6∈ (−∞, x)× (−∞, y)

⇒ a 6< x or b 6< y

⇒ α(−, x) ∧ β(−, y) ≤ p

�Áó

α ¦ β(−, r) = {α(−, x) ∧ β(−, y) : (−, x) ¦ (−, y) ≤ (−, r)} ≤ p

.α ¦ β(s,−) ≤ p ���Èõ ¤�Ï �� ø
(a, b) 6∈ �î Ý�û¢ ö�È÷ ´Æ�ê�î .α ¦ β((−, r)∨ (s,−)) ≤ p Ý��î ­Âê ,ÅØä Â�
�Á ó ,(−∞, x) × (−∞, y) ⊆ ¦−1(−∞, r) �î Ý � � î ­Âê .¦−1(−∞, r), ¦−1(s,−)

�þ α(−, x) ≤ p �¹�µ÷ ¤¢ ,α(−, x) ∧ β(−, y) ≤ p ßþ�Â���� .(−, x) ¦ (−, y) ≤ (−, r)

�¹�µ÷ ¤¢ .(a, b) 6∈ (−∞, x)× (−∞, y) ,ßþ�Â���� .y ≤ b�þ x ≤ a �Áó .β(−, y) ≤ p

(a, b) 6∈ ⋃{(−∞, x)× (−∞, y) : (−, x) ¦ (−, y) ≤ (−, r)} = ¦−1(−∞, r)

.(a, b) 6∈ ¦−1(s, +∞) ���Èõ ¤�Ï �� ø
ø p ≤ q � î À � ª� � ñø� ý� û� Ì ä p, q Ý � � î ­Â ê ôø¢ ´ Þ Æ ì �� ± �� ý�Â �
Ý � � î ­Â ê ¤� Ñ � õ ß þ� ý�Â � .p̂ ◦ ψ(α) = q̃ � î Ý � û¢ü õ ö� È ÷ .α ∈ C(M)

ø r ≤ q̃(α) ≤ s � ¹ � µ ÷ ¤¢ .α((−, r) ∨ (s,−)) ≤ p ≤ q �Á ó ,r ≤ ψ(α)(p) ≤ s

2 .ψ(α)(p) = q̃(α) ßþ�Â����

ù�Ú÷� .À�ª�� M ¤¢ ñø� �Ìä ø¢ p, q Ý��î ­Âê �¹�µ÷ 7.2.5
p̃ = q̃ ⇔ Coz(M)∩ ↓ p = Coz(M)∩ ↓ q (1)

(p, q) = {x ∈ M : p < ö� ¤¢ �î ,(p, q) ∩ Coz(M) = ∅ ù�Ú÷� p ≤ q Âð� (2)
.x < q}
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.Coz(M) ∩ (p, e) = ∅ (3)
Ý�ª� � � µª�¢ r, s ∈ Q ø α ∈ C(M) Âû ý�Â � Â ð� �ú � � ø Â ð� p̃ = q̃ (1) :�� ± ��
�¹�µ÷ ,´¨� α(r, s) �¤�¬ �� Coz(M) �Ìä Âû ö�� .α(r, s) ≤ p ⇔ α(r, s) ≤ q

.¢�ªüõ Û¬��
(1) ¥� ù¢�Ôµ¨� �� ø ,p̃ = p̂ψ = q̃ ,6.2.5 ùb¤�Ãð �� ���� �� .p ≤ q Ý��î ­Âê (2)

.(p, q) ∩ Coz(M) = ∅ �¹�µ÷ ¤¢ .Coz(M)∩ ↓ p = Coz(M)∩ ↓ q Ýþ¤�¢
¢��ø q ≥ x ö�� ñø� �Ìä ×þ ,PIT ¥� ù¢�Ôµ¨� �� .x ∈ (p, e) �î Ý��î ­Âê (3)
.x 6∈ Coz(M) �Áó ,(p, q) ∩ Coz(M) = ∅ (2) �� ���� �� ø x ∈ (p, q) ßþ�Â���� .¢¤�¢

2 .Coz(M) ∩ (p, e) = ∅ ü�ãþ
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